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1 Introduction

The classical calculus is called the Newton-Leibniz calculus, which contains
the differential calculus and the integral calculus. The differential calculus
was proposed by Newton in 1665 [1,2] and by Leibniz in 1684 [3]. The integral
calculus was coined by Newton in 1665 [1,2] and by Leibniz in 1686 [4]. Based
on the Newton-Leibniz calculus, the vector calculus, denoted by Hamilton in
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1844 [5], by Tait in 1890 [6], by Heaviside in 1893 [7], and by Gibbs in 1901]8],
was applied in the fields of mechanics, hydrodynamics, and electricity [9].

The calculus with respect to monotone functions is one of the classes of the
general calculus operators [10,11]. This theory consists of the differential calcu-
lus with respect to monotone function, which is called the Leibniz derivative
due to Leibniz [12,13], and the integral calculus with respect to monotone
function, which is called the Stieltjes integral due to Stieltjes [14]. The inte-
gral calculus with respect to monotone function was developed by Widder [15],
by Horst [16] and by Stoll [17], respectively. The vector calculus with respect
to monotone function was proposed in [18].

The scaling laws are the connections between the fractal geometry and measure
in various complex phenomena [19,20]. The experimental evidence for the flow
in the extended self-similarity scaling laws was considered in [21]. The scaling
laws for the turbulent flow in the pipes were presented in [22,23]. The scaling
laws for the wall-bounded shear flows were developed in [24]. The self-similarity
scaling laws in turbulent flows was discussed in [25].

The scaling-law calculus, which is considered to develop the connection be-
tween the fractal geometry and calculus with respect to monotone function-
s, was proposed to model the scaling-law behaviors [11,26]. The Gauss [27],
Ostrogradsky [28], Stokes [29] and Green [30] tasks have not been extended
in the sense of the scaling-law calculus. Due to the present investigation for
the scaling-law differential calculus and the scaling-law integral calculus, the
scaling-law vector calculus has not been developed based on the vector cal-
culus with respect to monotone function. Motivated by the present idea, the
aim of the present paper is to propose the definitions for the scaling-law vec-
tor calculus, to present its fundamental theorems, and to suggest the potential
and important applications in scaling-law flows. The structure of the paper
is designed as follows. In Section 2, the general calculus operators are given.
In Section 3, the theory and properties of the scaling-law vector calculus are
presented. In Section 4, the scaling-law Navier-Stokes-type equations for the
scaling-law flows are discussed. Finally, the conclusions are given in Section 5.

2 Preliminaries

In this section, we introduce the definitions and theorems of the general calcu-
lus operators containing the calculus with respect to monotone function and
scaling-law calculus.



2.1 The calculus with respect to monotone function

Let g (t) = (pod) (t) = ¢ (I (t)), where ¥ (t) is the monotone function, e.g.,
I () = dv (t) /dt > 0.

Let A () be the set of the continuous derivatives of the functions ¢ (¢) with
respect to the variable 1 in the domain <.

Let = (v) be the set of the continuous derivatives of the functions 9 (¢) with
respect to the variable ¢ in the domain RN.

Let us consider the set of the continuous derivatives of the composite functions,
defined as follows:

R (po) = {po(t) 10 (t) € Ap), 0 €=(I)}.
2.2  The Leitbniz derivative

Let ¢y € R (py). The Leibniz derivative of the function ¢y (t) is defined as
[11,18,26]
1) 1 d(pﬁ (t)
D( t) = . 1
t,9 9019( ) 16 (t) dt ( )
The geometric interpretation of the Leibniz derivative is the rate of change

of the functional ¢y (t) with the function 9 (¢) in the independent variable ¢
[11,18,26).

Let ¢y € R (¢p). The total Leibniz-type differential with respect to monotone
function 9 () of the function gy (¢), denoted as dey (t) = dp (9 (t)), is defined
as

dg (t) = (90 (£) Doy (1)) dt. (2)
2.3 The Stieltjes integral

Let &y € R (Py). The Stieltjes integral of the function ®y (¢) in the interval
[a,b] is defined as [11,18,26]

2900 (0= [ 20090 . 3)

a

Similarly, the geometric interpretation of the Stieltjes integral is the area en-
closed by the integrand function ®y (¢) and the function ¥ (¢) in the indepen-



dent variable t € [a, b] [11,18,26].
Their properties are given as follows:

(O1) The chain rule for the Leibniz derivative is given as follows [18]:
DO {ps (1)} =0 (9) - Dijgea (1), ()
where OW (p) = dO (p) /de.

(02) The change-of-variable theorem for the Stieltjes integral reads as follows
[18]:

o113 (09 (9) - Dy () = © {pa (1)} — © {py (a)}. (5)

2.4 The Leibniz-type partial derivatives

Let © = O (2,y,2) = O (a(2),5(y),7(2)), where alV (z) > 0, B (y) > 0
and v (2) > 0.

The Leibniz-type partial derivatives of the scalar field © are defined as [18]

1 00
Vg~ _ - “¥
9209 = [0 () O ©)
ayﬂ - £ (y) Oy (7)
and
1 00
Mg —
%249 = S0 8. ®)
respectively.

The total Leibniz-type differential of the scalar field © is defined as [18]:
o = (oW (x)0)0) dz + (B (y) 040) dy + (v () 01©) d=.  (9)

which leads to

dz
dt’

e

do dy
dt

7 (10)

+ (v () 0e)



2.5 The scaling-law calculus

Let us consider the set of the continuous derivatives of the composite functions,
defined as follows:

R (pn) = {po () - o (t) € M), ¥ € E(D)},
where the fractal scaling law is defined as [19,20]
V(t) = A" (11)

with the normalization constant A\ > 0, the radius ¢ > 0, and the scaling
exponent n > 0.

Here, we take —00 <t < 00, —00 < A < 00 and —oo < 1 < 00.

2.6 The scaling-law derivative

Let o € R (py), e.g.0y (1) = (p o (A7) (1) = ¢ (A7),

The scaling-law derivative of the function ¢, (t) is defined as [11,26]

SL (1) Cdey(t) 1 dpy (F)
Den O =G0wy = a1 ar (12)

The geometric interpretation of the scaling-law derivative is the rate of change
of the functional ¢, (¢) with the function ¥ = At” in the independent variable
t [11,26].

Let ¢, € R (¢,). The total scaling-law differential of the function ¢, (), de-
noted as dy, (t), is defined as [11,26]

dey (t) = "DV, (t)d (M7) = (At 5D g, (1)) dt. (13)
2.7 The scaling-law integral

Let @, € R (®,). The scaling-law integral of the function ®, (¢) in the interval
[a,b] is defined as [11,26]

SETM e, (1) = / B, () d (M") = / B, (£) At~ dt. (14)



Similarly, the geometric interpretation of the scaling-law integral is the area
enclosed by the integrand function @, (t) and the function ¥ (¢) = A" in the
independent variable ¢ € [a, b] [11,26].

Their properties are presented as follows:

(P1) The chain rule for the scaling-law derivative is given as follows [11,26]:
D0 {0y (1)} = 6 (9) £ DM, (1), (15)

where OW (p) = dO (p) /de.

(P2) The change-of-variable theorem for the scaling-law integral can be given
as follows [11,26]:

LI (O (9) - DMy, (1)) = © {p, (0} — O fp, (@} (16)

2.8 The scaling-law gradient

In order to discuss the scaling-law gradient, we consider the Cartesian-type
coordinate system (AlxDl, AoyP2, )\32D3>, which leads to the Cartesian coor-

dinate system (z,y, z), where the scaling exponents Dy = Dy = D3 = 1 and
)\1 == )\2 = )\3 = 1

In the Cartesian-type coordinate system ()\193D1, AoyP2 )\32D3), the scaling-
law gradient is defined as

D17D27D3

v )\17)\27)\3 (17)

=i (MD1P 1) OV + j (A DayP2 1) O + k (AsD3zPa 1) 0LV,

where ¢, 7 and k are the unit vector in the Cartesian coordinate system.

Let us consider the scaling-law scalar field, defined by:

X=X (/\1[L'Dl, /\QyD2, )\32D3) . (18)



The scaling-law gradient of the scaling-law scalar field X is given as

Dla D27 D3
v )\17 )\27 )\3 X
— 3 ()\1D1.’L'D1_1) a:g:l)X +] ()\2D2yD2—1> a;l)X + k ()\3D32D3_1> agl)X

(19)
From (17) and (18) we have that

dX
= /\1D1TL’D171 82(31)de + )\2D2yD271 6(1)Xdy + )\3D32’D371 8§1)Xd2
( ) ( ), ( )

(Dl,Dg,D3> (Dl,DQ,Dg)
(20)

where n is the unit normal to the surface, dl is the distance measured along
the normal n, and dl = ndl = idx + jdy + kdz.

The scaling-law direction derivative of the scaling-law scalar field X along the
normal n is defined as

(D17D27D3) (Dl,DQ,Dg)
AL, Ao, A
AX g\ Mdeds Jy g\ ) (21)

dl "

The scaling-law Laplace-like operator, denoted as

2D1,2D,,2D3 Dy, Dy, D3 Dy, Dy, D3
v )\17)\27)\3 _ V )\17)\27>\3 V >\17>\2;>\3 : (22>

of the scaling-law scalar field X is defined as

2D1,2D5,2D5
\V/ >\17 >\27 )\3 X
= [(MDaP 1) 0] X 4 [(AaDay? 1) O] X + [(AaDszPo71) 0] X,
(23)
Let the scaling-law vector field, defined by:
O =0 (Ma™, Ay, A32"™%) = Oyi + 0,5 + O.k. (24)



The scaling-law divergence of the scaling-law vector field O is defined as

2D,.2D,. 2D;
v A1; Az, Az .0 (25)
= (>\1D1£L'D171) 83(61)690 + ()\gDQyD271) 8?51)63/ + ()\3D32D371) agl)éz

The scaling-law curl of the scaling-law vector field O is defined as

9Dy, 2Dy, 2Ds
\V4 )\17 )\27 )\3 « A

O

= (AlDlIDlil) agl) (AgDQ?JDQ*l) 6151) ()\3D32D371) 89)

Ox Gy Oz

)\QDQyDgfl 8(1) )\3D32D371 agl) ' )\1D1$D171 ag(cl) /\3D32D371 agl) »

— v i — J

o, 0. o, 0.
. (MDyzP1=1) 0 (A DyyP2~1) A B}

O, O,
= (()\QDQ@/DQ_I) 02(/1)6,2 — ()\3D32D3_1) agl)(/jy) 7
+ (()\3D32’D3 1) 8§1)6x - ()\1D1$UD1_1) ag(cl)éz) J
+ ((/\1D11‘D1 1) 89(01)6y — (/\ngyD2 l) 8351)61~> ]{?

(26)

The properties for the scaling-law gradient can be presented as follows:
(Dl,Dg,Dg) (Dl,DQ,Dg)
V >\17)\27>\3 « V )\17>\27>\3 < 6

(27)
Dy, Dy, Dy D1, Dy, Dy 2D1,2D5,2D5
:v )\17)\27)\3 v )\1a)\27)\3 6 _v )\17)\27)\3 6

)




(Dl,DQ,Dg) (Dl,Dz,Dg)
v )\17)\27)\3 . V )\17)\27)\3 % 6 _ 07 (28)

and

(D17D27D3) <D17D27D3) (D17D27D3>
V >\17>\27>\3 (XY) _ YV /\17/\27/\3 X —i—XV /\17/\27A3 }/v7 (30>
where Y =Y (AlxDl, Aoy, /\32D3).

3 The scaling-law vector calculus

Let 1= (AlxDl, AoyP2, )\32D3) be the scaling-law vector line.

The arc length is presented as follows:

L
(= [ar
bO
2 2 2
=/ V (MDiaP 1) ()7 + (MeDayP21)* () + (AsDszPo=1)? () dt,
(31)
where
dr)” dy ’ dz\?
— Di—1 2 %Y Do—1 2 [ %Y Ds—1 2 (02
dl $(>\1D1x ) (dt> + (A2 Doy ) (dt> + (A3 D3zls 1) (dt> dt.
(32)

The scaling-law line integral of the scaling-law vector field 0 along the curve
1, denoted by II, is defined as

H:/bwﬂ:/émﬂ, (33)
l y4



which leads to

M= [O-dl= [0 ndl

V4 V4
M DyzP1=1) O,dz 4 (Mo DayP>~1) Oydy + (AsDszPs~1) O.dz, )
( ) ( ) ( ) (

6\\

where the element of the scaling-law line is

dl = ndl
=i (MDwwP ) do + j (AeDayP> ) dy + k (AsDs2P 1) dz - (35)
= id (MaPr) + jd (MayP2) + kd (As2™*)

with the unit vector n tangent to the scaling-law vector line 1.

From (34) we give

b
Il = / [<A1D1$D1—1) 6xCZ + (/\2D2yD2—1> (A)yzlg + ()\3D32D3—1) Gzcj;] o
| (36)
since
(MDlxDl_l) O,dx + (/\2D2yD2—1) O,dy + ()\3D32D3—1) O.d> -

= [(MDue” 1) 0. % + (AeDay™ ) O, % + (AaDaz™ 1) O] dt.

Zdt

Let S=S5 ()\1.I‘D1, )\2yD2).

The scaling-law double integral of the scaling-law scalar field X on the region
S, denoted by M (X), is defined as

M(X) = [[ XdS
S
— fS[X(AlDwDH) (A\aDayP21) dady (38)

= foTd (M) d (Aay®s),

where dS = (M DyzP 1) (\DyyP2 1) dady = d (M) d (Ay™?) is the el-

ement of the scaling-law area.

10



Thus, we have that

M(X) = ff XdS

d b
=[|/X (/\1D1ID1_1) dl‘] (/\2D2yD2_1) dy

: |o (39)
= fX ()\QDQ?/DTl) dy] <>\1D1$D171) dx

“%&@%@

an (AlxDl)] d (AQy%) = f lf Xd ()\gyDZ)] d (AlxDl),
where x € [a,b] and y € [c, d].

The scaling-law volume integral of the scaling-law scalar field X in the domain

Q) is defined as
— [ff Xav
Q
= [If X (MD1a?1) (AaDayP2 1) (As D3zPs 1) dadyd (40)
Q

- X () () (7).

where

dV = (M D1 71) (A DayP2 1) (AsD3zPo 1) dadyd:z
= d (MaP) d (Ay?) d (322

is the element of volume.

Thus, we have that

jg;ff XdV = Jf [f ( fx (AlDlxD1_1> dx) (AaDayP>1) dy] (\aDszP271) d2

X )\QDQyDZ ) </\1D1:BD1’1) dx] (AngzDS’l) dz

Il
g%w*%m "’%m g’%c-*%ca

X )\3D3zD3 )(AQDZW )dy] (AlDlxDl‘l) dx

Xd /\lxD1> AoyP2 d()\3zD3>

b
{
d
fXd AoyP2 )d (\aPr) d()\gzD3>
f
f

Xd (M2 )d (Aey™) d(AlxDl),

(41)
where x € [a,b], y € [¢,d] and z € [f, g].

11



Let the scaling-law surface be defined by S =S (/\lxDl, AoyP2, /\32D3).

The scaling-law surface integral of the scaling-law vector field O on the scaling-
law surface 0€) of the domain € is defined as

//O-dsz//é-ads, (42)
o0 o0

where a = dS/|dS| = dS/dS is the unit normal vector to the scaling-law
surface 02 with dS = |dS|, and
dS =id (AyP2) d (As2™*) + jd (M) d (As2?) + kd (MaP) d (Aay™)
=i (AeDayP2 1) (NsDszP+ 1) dydz + j (M D12 71) (AsDszPe 1) dadz

+k (M DyzP 1) (A DayP2 1) dady

(43)
is the element of the scaling-law surface.

From (42) and (43) we present

[/O-ds

o0

= g O.d (MayP2) d (Aa2P2) + Oyd (MzPr) d (As2P2) + Oud (MzPr) d (Aay™?)

=[] Oa (MaDayP21) (AsDszP71) dydz + [[ O, (MDraP 1Y) (AsDszPs~1) dadz
o0 o0

+ bfé Gz ()\1D1£17D1_1> <)\2D2yD2_1) dxdy.

R (44)
The flux of the scaling-law vector field O across the scaling-law surface €2,
denoted by G (O), is defined as

G(0) = #6 -dS. (45)

The scaling-law divergence of the scaling-law vector field O is defined as

(D17D27D3>
A17A27A3 A . 1 A
A,

where the scaling-law volume V' is divided into a large number of small sub-
volumes AV, with the scaling-law surfaces A(2,,, and dS is the element of
the scaling-law surface 0€2 bounding the solid 2.

12



Here, (17) is equal to (46) in the Cartesian-type coordinate system.

The scaling-law curl of the scaling-law vector field O is defined as

(Dl,Dz,Dg>
M ) A1 [
Al

where dl is the element of the scaling-law vector line, AS,, is a small scaling-
law surface element perpendicular to n, A/, is the closed curve of the bound-
ary of AS,,, and n is oriented in a positive sense.

Here, (18) is (47) in the Cartesian-type coordinate system.

From (46) we present the scaling-law Gauss-Ostrogradsky-like theorem for the
scaling-law vector calculus as follows.

Let us consider that

¢ O -ndS =¢p0-ds

00 09 R R

_ g%s ?xd (AayP2) d (Xs2P) + Oyd (Ma) d (A)\32D3) +0.d (MaP) d (Ay™?)
= g?lﬁ 0O, (x\ngyDrl) ()\3D3ZD3’1) dydz + 3?23 O, ()xlDlxD“l) <A3D32D3*1> dxdz

+ g%ﬁ O. (MDy2P11) (Ao DyyP2 1) dady.

(48)
The scaling-law Gauss-Ostrogradsky-like theorem for the scaling-law vector
calculus states that

DI)D27-D3

#v< )\1’)\2’)\3)~6dV#6~adS (49)
Q o0

or

DlaD27D3

#v( A1’A2’Ai“’)-6dv#O-ds. (50)
) o0
When Dy = Dy = D3 =1 and A\ = Ay = A3 = 1, (49) becomes the Gauss-
Ostrogradsky theorem, proposed by Gauss in 1813 [27] and by Ostrogradsky
in 1828 [28].

13



From (47) we present the scaling-law Stokes-like theorem for the scaling-law
vector calculus as follows.

We now consider that

0
= ¢ 61 /\1D11’D1_1) dz + (/jy ()\2D2?JD2_1> dy + 62 ()\3D32D3_1) dz (51)
¢
;ﬁ@xd (MaPr) + Oyd (Aey?) + O.d (Xs22).

The scaling-law Stokes-like theorem for the scaling-law vector calculus states
that

(DlaDQaD?))
# ANERCIECIVANNG -adS:ygﬁ-dl (52)
o0 ¢
or
(D17D27D3)
# v\ Adzds )G -dszygé-dl. (53)
o0 ¢

Here, when Dy = Dy = D3 = 1 and A} = Ay = A3 = 1, (52) is the Stokes
theorem, proposed by Stokes in 1845 [29].

With use of (52) and (53), we present the scaling-law Green-like theorem and
identities for the scaling-law vector calculus as follows.

The scaling-law Green-like theorem for the scaling-law vector calculus states

f (MD1aPr1) Opda + (Ao DayP2 1) Oydy

= ‘[5[ ((/\1D1$D171) SL@S)CA)y — (/\QDQyD271> SLﬁ?Sl)(A)m> (/\1D11’D171) ()\2D2yD271) dl’dy,

(54)
where S is the domain bounded by the scaling-law contour /.

The scaling-law Green-like identity of first type via scaling-law vector calculus

14



states that

D17D27D3 2D172D272D3 D17D27-D3 D17D27D3

fffv )\17)\27)\3 XV /\17/\27/\3 Y—I—V /\17/\27/\3 YV
Q

D17D27D3

A Mg, A
—gpxa. 7 Myas.
o0

(55)

The scaling-law Green-like identity of second type via scaling-law vector cal-
culus states that

(D17D27D3) (2D1,2D2,2D3) (2D172D2,2D3>
fffv )\1a)\27)\3 | xv )\17)\27)\3 Y — YV )\17)\2a)\3 X dV
Q

D17D27D3 D17D27D3

A Ao, A A Ao, A
| xa. Uy —ve,) T x| as.

(56)
Here, the Green theorem and identities, proposed by Green in 1828 [30], are the
special cases of the Green-like theorem and identities when Dy = Dy = D3 =1
and>\1:)\2:)\3:1.

4 On the Navier-Stokes-type equations of the scaling-law flow

Let us consider the coordinate system, defined as
()\otDO, APt Ay, /\3zD3) = MotP0 + in P+ oy + kAP, (57)

where i, j and k are the unit vector, and \gt™° is the fractal scaling law [31]
with the normalization constant Ay > 0, the time ¢ > 0, and the scaling
exponent —oo < Dy < o0.

Let = =E ()\otDO, APt Ay, )\3zD3) be the scaling-law scalar fluid field.

15
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The total scaling-law differential of the scaling-law scalar field is given as
follows:

== ()\oDotDO—l) 8§1)Edt + (AlDlxD1—1) aﬂ(gl)de + ()\ZDQyDz—l) aggl)Edy

+ <)\3D32D3_1) 8§1)Edz,
(58)
which leads to

2= — (XgDotPo 1) 9;VE + (M DaxPr1) o= 1 (X, DyyP21) 9V =du
( Jor'=+ ( ) OVEE + ( )

dt z y Tdt

T (AsDyePa ) DNz,
(59)
From (59) the material scaling-law derivative of the scaling-law fluid density

= is defined as

D17D27D3

D= A1, A2, Az

— = (NDot™ ) V2 + vV

= 60
Dt ; (60)

where v = (0x/0t, 0y/0t, 0z /0t) = iv, + ju, + kv, are denoted as the velocity
vector.

When Dy = Dy = Dy = D3 =1 and A\g = A} = Ay = A3 = 1, (58) is the Euler
notation of the material derivative [32], and (60) is the Stokes notation of the
material derivative [33,34].

From (60) the transport theorem for the scaling-law flow can be given as
follows:

D17D27D3

D
o [[[2v = [ | Gonue>y oz 0w A A2 T2y, o

Q(t) Q(t)

which, by using (49), yields that

D = _ Do—1 V= -
B /// EdV = # (AoDot™ ) 0fVZav + ¢p Zv - dS (62)
Q) Q(t) )

Q(t)

16



since

D17D27D3

///v-v( AL Az, As >EdV #E(U-a)dsz #Ev-ds, (63)

Q(t) 29(1) o0(t)

where 0€) () is the surface of € (¢), a is the unit normal to the scaling-law
surface, and v is the velocity vector.

Taking Dy = D1 = Dy = D3 =1 and \yg = Ay = Ay = A3 = 1, we obtain the
Reynolds transport theorem [35].

The conservation of the mass of the scaling-law flow is given as

D17D27D3
(AoDQtDO_l) at(l)p 4+v-V >\17 >\27 >\3 P = 0 (64)
or
D17D27D3
AL, Ao, A
(AoDot™ ) oV p+ W\ T2 (wp) =0 (65)
because
(D17D27D3)
D AL, Ao, A
Dt///pdV:/// (NoDot™ ) oV p+0- VN T Ay, (66)
Q(t) Q(t)

which is derived from the mass of the scaling-law flow, defined as
M = ﬂ/ pdV (67)
Q(t)
where p and M are the density and mass of the scaling-law flow, respectively.

Here, for Do = D1 = Dy = D3 = 1 and A\g = A\; = Ay = A3 = 1, (64) is the
conservation of the mass [32].

The Cauchy-type strain tensor for the scaling-law flow, denoted by w, is de-
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fined as
(Dl,D2,D3) (Dl,DQ,Dg)
1
o= - v >\17>\27>\3 'U+U'V )\17)\27)\3 ) (68)

From Dy = Dy = Dy = D3 =1 and Ay = A} = Ay = A3 = 1, (68) becomes
the Cauchy strain tensor [36], and can be applied to describe the power-law
strain [37].

The scaling-law Stokes-type strain tensor for the scaling-law flow, denoted
byw, is defined as

(Dl,D2>D3) <D17D27D3)

1

w:§ v )\17)\27/\3 v—v-V )\17)\27)\3 . (69)

The scaling-law Stokes-type velocity gradient tensor for the scaling-law flow,
Dl; D27 D3

denoted by V At A2 Ag

(DlaDQaD?))
VAR VAR

D17D27D3 Dl,DQ,Dg
:% \V/ >\17>\2a>\3 "U+’U'V )\1,)\2,)\3

- v, is presented as follows:

(70)
(Dl,Dz,Ds) (Dl,Dz,Ds)
AL, A2, A AL, A2, A
+% v 1y N2y A3 -'U—U-V 1, N2, A3
The stress tensor for the scaling-law flow, denoted by U, is defined as
U = —pl + 2ph, (71)
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where p is the shear moduli of the viscosity, and I is the unit tensor.

Here, (69) and (70) are the generalized cases of the Stokes strain tensor and
Stokes velocity gradient tensor [33], when Dy = D; = Dy = D3 = 1 and
)\0:>\1:)\2:>\3:1.

The conservation of the momentums for the scaling-law flow is given as follows:

D
Dt///pvde// WdV+#U-dS (72)
Q(t) Q(t) S(t)

where W represents the specific body force.

Therefore, we have that

(Dl,Dz,D3> (Dl,DQ,Dg)
(/\ODOtDO_l) o () +v-V AL, A2, A3 (pv) = V AL, A2, Ag U+ W

(73)
since
( D17 D27 D3 )
A, A, A
[ | (oDt 1) Y (pv) +v- VN "0 727 (puy | dV
Q(t)
(74)
(Db D27 D3 )
)\17 )\27 )\3
= W+V -y | dv,
g
where

(D17D27D3)
D
o [ oav = [[] 1 opat ) 8 oy 0w\ A v

Q(t) Q(t)
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and

(DlaDQaDS)
#U-dS:///V AvAnds ) gy (76)
S(t) Q(t)

From (71) we have

(DI,D%DS) (D1,D2,D3) (2D1,2D2,2D3)
v )\17)\27)\3 . U _ _v >\17 >\27 >\3 D + MV >\17 >\27 >\3 v (77>

such that

(D17D27D3)
FU-ds=[]|V Udv
Q(t)

>\17 >\27 >\3
S(t) (78)
D17D27D3) (2D172D2a2DS)
:_fffv )\17)\27)\3 pdV—l—fffﬂV )\17)\27)\3 dV
Q(t) Q(t)
It follows from (78) that
5 JIJ (pv)dv = [[f WdV + ¢f U - dS
Q(t) Q(t) S(t)
(Dl,DQ,Dg) (2D1,2D2,2Dg)
_ fffv )\17 )\27 )\3 pdV + fff ,uV )\17 )\27 )\3 UdV + fff de
Q(t) Q(t) Q(t)
(79)
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From (66) we obtain

I (pv)dv

Q(t)

<D17D27D3)
— (I | (oot 1) 0 o)+ v 0\ A2 ()| ay
O(f)

2Dy, 2D,,2D;

>pdv+fffw( At Ay As )Udv—l-ffdeV

Q(t) Q(t)

(D17D27D3
:_fffv >\17>\27>\3
Q(t

(Dl,DQ,Dg) (2D1,2D2,2D3>

Ao, A A Ao A

:fff —V >\17 25 N\3 p+uv 15 N2y /A3 U+W dV
0

_ (80)
Therefore, from (66) we present
(Db D27 D3 )
0 | (oot ) 60 (pw) +v- v \ 02285 S gy
Q(t)
L . - (81)

(D17D2,D3) (2D1,2D272D3)
= Il |-V A Ao Ay p+uV Avdeds ) av,
which leads to

(DI,DZ,D:;) (DI,DZ,D:;)
At Ao A A Ao, A
()\ODOtDO_l)@(l)(pv)—i—v-V b 72, 723 (pv) = =V b2 s D

(2171, 2D2,2D3>
+,LLV )\17)\27)\3 v +W
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In view of (82), we obtain

(D17D27D3>
o upm ot s g\ ek
(83)
(2D1,2D2,2D3)
A1, Az, A
= —V@BNp 4 v 17225 73 v+ W,
which yields that
D17 D27 D3
A1, Ay A
()\QDotDO_1> at(l)U +v-V b7 73
(84)
9D,,2D,,2Ds
AL A A
— —%V(a,ﬂﬁ')p + %V 1 2 3 v _|_ %
From (65) we give
<D17-D27-D3
v )\17)\27)\3 - 0. (85)

Thus, the scaling-law Navier-Stokes-type equations of the scaling-law flows
can be written as follows:

(D17D27-D3)
(AoDotPr 1) 8P (pu) + v 0\ M0 S ()

(D1,D2,D3) (2D172D2,2D3)
(86)
_ _v )\1a>\2;)\3 p—i—ﬂV )\17)\27)\3 U+W,

D17D27D3
v )\17)\27)\3 o=0

)
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or

D17D27D3
AL, Ao, A
(AoDotDO_l) at(l)U—FU'V b 72, 73
2Dy, 2D,, 2Ds
(87)
A1, Ao, A
— _Ixg(asm I 1, A2, A3 w
— _Ly(esny 4 8y vt W,
D17D27D3
A1, Ao, A
V 1, N2, A3 v =0.

On putting Dy = Dy = Dy = D3 =1 and A\ = A\; = Ay = A3 = 1 in (86) and
(87), we obtain the Navier-Stokes equations [33,38].

5 Conclusion

In the present study, the scaling-law vector calculus, which is connected be-
tween the vector calculus and fractal geometry, was proposed due to the cal-
culus with respect to monotone functions. The works of Gauss-Ostrogradsky,
Stokes and Green were extended based on the scaling-law vector calculus.
Making use of the material scaling-law derivative and transport theorem of
the scaling-law flows, the conservations of the mass and momentums for the
scaling-law flow were considered, and the scaling-law Navier-Stokes-type equa-
tions of the scaling-law flows were discussed in detail. The obtained formulas
are efficient and accurate for solving the challenge for the scaling-law flows.
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