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Abstract

In this paper, we study the problem for a nonlinear elliptic system involving fractional Laplacion: $$ \begin{cases} \ (-

\Delta) " {\frac{\alpha}{2} }u=|x| " {\gamma}u " {p}v {q+1}\\ \ (-\Delta) {\frac{\beta}{2}}v=|x|"{\tau}u"{p+1}v"{q}, \end{cases}
$$ where $0<\alpha,\beta<2,$ $p,q>0\ and\ \max\{p,q\}\geql,$ $\alpha+\gamma>0,\beta+\tau>0,3 $n\geq2$. First of

all, while in the subcritical case, i.e. $n+\alpha+\gamma-p(n-\alpha)-(q+1)(n-\beta)>08$, $n+\beta+\tau-(p+1)(n-\alpha)-
q(n-\beta)>0%, we prove the nonexistence of positive solution for the above system in $\mathbb{R}"{n}$. Moreover, though
$Doubling\ Lemma$ to obtain the singularity estimates of the positive solution on bounded domain $\Omega$. In addi-

tion, while in the critical case, i.e. $n+\alpha+\gamma-p(n-\alpha)-(q+1)(n-\beta)=0$, $n+\beta+\tau-(p+1)(n-\alpha)-
q(n-\beta)=08, we show that the positive solution of above system are radical symmetric and decreasing about some point by

using the method of $Moving\ planes$ in $\mathbb{R}"{n}$.
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Abstract: In this paper, we study the problem for a nonlinear elliptic system involv-
ing fractional Laplacion:

(=A)2u = |z[TuPort!,

(—A)gv = |z|TuP o,
where 0 < «,8 < 2, p,qg > 0 and max{p,q} > 1, a+~v > 0,0+7 >0, n > 2. First
of all, while in the subcritical case, i.e. n+a+vy—pn —a)—(¢g+ 1)(n —F) > 0,
n+p+7—(p+1)(n—a)—q(n—p) >0, we prove the nonexistence of positive solution
for the above system in R™. Moreover, though Doubling Lemma to obtain the singularity
estimates of the positive solution on bounded domain €). In addition, while in the critical
case, i.e. n+a+y—pn—a)—(¢g+1)(n—8) =0, n++7—(p+1)(n—a)—q(n—p3) =0,
we show that the positive solution of above system are radical symmetric and decreasing
about some point by using the method of Moving planes in R™.
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Singularity estimates.

1 Introduction

In this paper, we study the following system

(—A)5u = [z urvtt,
(—A)20 = [z urties,

where 0 < o, f < 2, p,q¢ > 0 and max{p,q} > 1, a+~v>0,0+7>0,n>2.
We also assume that

ntaty—pn—a)=(¢+1)(n—-75)=0;

n+B8+17—((p+1)(n—a)—qn—-7p)>0;



The system (1.1) and the corresponding parabolic problem appear in the study
of static Schrodinger theory and Bose Einstein condensate with two components
([15]). Tt also can be used to describe competition of biological population. In recent
years, the fractional Laplacian has attracted much attention from the mathemati-
cal community due to its nonlocality and widespread applications. It can be used
to model diverse physical phenomena. For instance, in the diffusion process, the
operator was used to derive heat kernel estimates for many symmetric jump-type
processes (see [1]) and to study the acoustic wave equation. In astrophysics, it is
used to model the dynamics in the Hamiltonian chaos (see [25]). It also has various
applications in probability and finance, in which this operator is defined as the gen-
erator of -stable Lvy processes that represent random motions, such as the Brownian
motion and the Poisson process (see [8]), anomalous diffusion and quasi-geostrophic
flows, turbulence and water waves, molecular dynamics, and relativistic quantum
mechanics of stars, see ([3], [5], [24]) and it also plays an important roles in the
theory of nonlinear partial differential equations.

The fractional Laplacian in R™ is a nonlocal pseudo-differential operator, we
assuming the form

(—A)%u :anapv/ Mdy

w | —ylrte
u(x) - u(y) (1.2)

=Clq lim ST+

=0 Jpm\p.(0) [T —
where C), , is a normalization constant and PV represents the Cauchy principal
value.
1.1 Nonexistence and Symmetry

In this subsection, we study the following system

(=A)zu = |z|'uPvi*t, z € R,
(—A )gv |z[TuP Tl x e R, (1.3)
>0, v>0, x € R™.

where 0 < o, f < 2, p,q > 0 and max{p,q} > 1, a+~v>0,0+7>0,n>2.
We define the solution of (1.3) in the distribution sense. Let

|u(z)]
Lo={u:R" >R [ 29 g« ool
{u | Rn 1_{_’x|n+a 4 }
e [u(z)]
ulx
Lsg={u:R" =R —————dy < 00
s = | feo T s <20

Obviously, the integral in (1.3) is well defined for u € L, NCLl v e LynCLL.

It is not easy to deal with the problems involving a nonlocal fractional Laplacian
operator due to the nonlocal charactrristic of these operators. The first method to
handle such problems is known as the extended method, which was introduced
by Caffarelli and Silvestre [4]. Namely, a nonlocal problem ivolving the fractioal
Laplacian is transformed into a higher dimensional local prolem.

oc’



The study of the solution v : R® — R of the equation involving fractional
Laplacian needs its extension U : R" x [0,00) — R given by

{ div(y'=oVU) =0, (z,y) € R" x [0, 00),
U(z,0) = g(z).

Then

(—A)¥g(x) = —Cpp lim ylﬁaa—zl, v ER

y—0t
The other method is the integral equations method, such as method of moving
planes in integral forms to study their equivalent corresponding integrals ([16],[17]).
That is, if we choose the integral equations method to study the well-known nonlin-
ear partical differential equation:

we need an equaivalent integral form:

n+p

u(z) = /R W) g

n |z =yl

Recently, Zhang et al. in [28] studied the problem for a nonlinear elliptic system
involving fractional Laplacion:
{ (—A)iu = |z|TuPv?t, (14)
2D =

|z |TuP o,

where 0 < a < 2, p,q > 0 and max{p,q} > 1, 7 > 0, n > 2. They showed that the
positive solution of above system are radially symmetric and decreasing about origin
by using the method of Moving planes in R™. Moreover, while in the subcritical case
pHg+1< 7”%227, they proved the nonexistence of positive solution for the above
system in R"™, then though Doubling Lemma to obtained the singularity estimates
of the positive solution on bounded domain 2.

After routine calculations like in [12], assume u, v € L, N C,.! and satisfy

JREN
o(@)(~A)Fo(e)dr = [ ol (@) ()6 o)z, (1.6

JREN i

for any ¢(x) € C§°, where

N}

U(SE)(—A)%(ﬂf)de:/ 2| ()0 () ¢(@) dar, (1.5)

n

IN+)

[ a8 o

is defined by the Fourier transform

| lelra©)o(e)de,



where 4 and gg are the Fourier transform of u and ¢ respectively. Zhang et al. also
obtained that system (1.3) as defined above is equivalent to integral system

|z —y[n—o

v(x) = [n lyl7u? " (y)v? (y) dy, v >0 in R™.

[z —y[n—=

{ x) fR” Mdy, u > 0iin R, ()

Ma et al. in [19] studied the nonexistence of positive solutions for the following
fractional Hénon system

u=|x|%P, xR
v=|z|'u?, xeR", (1.8)
u>0,v>0 ze&R"

where 0 < a < 2, 1 < p, ¢ < 00, a,b > 0, n > 2. Using a direct method of
moving planes, they have been proved the non-existence of positive solution in the
subcritical case 1 < p < 2fate 1] < ¢ < ntatd Noreover, they also proved (1.8)

equivalence the following integral system

{ u(@) = Ci Wdy’ (1.9)
o(0) = Cs o P8
under certain suitable conditions.
In [14], Li concerned the following elliptic system
{ —Au = (q + 1)utP, u>0 €R" (1.10)
—Av = (p+ 1udtlo?, v>0 €R"

where n > 3, p, ¢ > 0 and max{p,q} > 1. They discussed the nonexistence of
positive solution in subcritical case and stable solution in supercritical case, the
necessary and sufficient conditions of classification in the critical case, and by us-
ing the Liouville theorem of (1.10), they estimated boundary blow-up rate, i.e.

u(z),v(x) < C’dist_ﬁ(m, 0R2), where Q C R™ is a bounded domain.

Chen [6] proved that when n > 3 and min{p, ¢} > 0, if (u,v) solve (1.10), then
it also solves the integral system

au v +1
(x Cl fRn ‘yl ‘: y)|np2 )dy7
o (1.11)
v(x) = Chy fR” Wd%
for some positive constants C, Cl.
In [2], the author dealed with the local and global behaviour of the positive
solution of the semilinear elliptic system in R"(n > 3)

1.12
—Av = |z|7ulT P, v>0 €R" (1.12)

{ —Au = |z|utvPt u>0 €R",
where o, p, ¢ € R, and p, ¢ > 0. Their main results are the fact that the solution
satisfy Harnack inequality when p+ ¢+ 1 < ”*2 in the local estimates. If not, they
also given the precise behaviour of the solutlon



Li et al. in [12] studied the following weighted system of partial differential
equations

(=A)2u = |z|~%0P, 2z € R,
(=A)zv = |z[tu!, x€R", (1.13)
u>0,v>0 zeR"
where p,g > 1, 0 < a <nand 0 < s,t < a. They first established the equivalence
between partial differential system and weighted integral system

) nvi—y()lsd
{ = Jor o W (1.14)

ul(y)
(#) = Jgn EETEamiA

Then, in the critical case of Z 1+ m = n—a, they showed that every pair of positive
solution (u, v) are radially symmetric about the origin. While in the subcritical case,
they proved the nonexistence of positive solution.

Remark 1. Inspired by aforementioned work, we can obtain that system (1.3) as

defined above is equivalent to integral system

_ ly["uP () v (y) "
T) = Jgn ——2dy, u>01in R
{ Rr el (1.15)

_ ly|"uP T (y) v (y) n
:c—Rn P dy, v >0 in R™

The following is our main theorems.
If p and ¢ is subcritical, we will show that there actually is no positive solution.

Theorem 1.1. Assume that v € L, N C’llocl, v e LN Cllocl, and max{p,q} > 1.
Let (u,v) is a pair of positive solutions for (1.3), then in subcritical case, namely,
n+t+a+y—pn—a)—(¢+1)(n—0)>0n++7—(p+1)(n—a)—qn—p) >0,
(1.3) has no positive solutions.

If p and q is critical, we will show that the solution is radical symmetric.
Theorem 1.2. Assume that u € L, N Cll, v € Lz N CLl, and max{p,q} > 1.
Let (u,v) is a pair of positive solutions for (1.3), then in critical case, namely,
ntaty—pn—a)=(¢+1)(n—=F)=0n+p+7—-(p+1)(n—a)—qn—-p) =0,
(1.8), w and v must be radially symmetric with the some center.

1.2 Singularity estimate

Finally, we consider a problem on the bounded domain

Ay = x| uPyrtt 0

= |z|TuPtv?,  x € Q,

where 0 < o, 8 < 2, p,q > 0 and max{p,q} > 1, a+~v > 0,6+7>0,n > 2
2 C R" is a bounded domain. We will estimate boundary blow-up rate. The
following Doubling Lemma which is developed by Polacik-Quittner-Souplet [20]
plays a key role to obtain the estimate.

Lemma 1.3 (Doubling Lemma) Let (X,d) be a complete metric space and let & #
D C ¥ C X, with ¥ closed. Set I' = ¥/D. Finally let M : D — (0,00) be



bounded on compact subsets of D and fix a real K > 0. If y € D 1is such that
M (y)dist(y,I") > 2K, then there exists v € D such that

M (z)dist(z,T) > 2K, M(x) > M(y),
M(z) < 2M(x) for all z € D N Br/m)().

Based on this Lemma, we establish the equivalence between the Liouville theo-
rem of (1.3) and the estimate of boundary blow-up rate for solutions of (1.16), and
combining with the nonexistence of the positive solution of (1.3) we can obtain that
the following result.

Theorem 1.4. Letn+a+v—pn—a)—(¢q+1)(n—0) >0,n++7—(p+
1)(n—a)—q(n—B) > 0. The following conclusions are equivalent:

(1) The system (1.3) has no bounded positive classical solution;

(17) Positive solution (u,v) of (1.16) satisfies estimates of the boundary blow-up rate

u(z) < Cdist™ 7+ (z,09), (1.17)

v(x) < C’dist_ﬁ(x,@f)). (1.18)

Thoughout the paper, we use C' to denote a generic constant whose value may
be different from line to line or even in the same line.

The paper is organized as follows: In Section 2, we given some notations and
some necessary lemma. In Section 3, we complete the proof of Theorem 1.1 and
Theorem 1.2 by the moving plane. In Section 4, we use the Double Lemma to prove
Theorem 1.4.

2 Preliminaries

In this section, we will given some notations and some necessary lemma to proof
of Theorem 1.1 and Theorem 1.2.

2.1 Notations

In this subsection, we given some notatons, in order to study the symmetry and
monotonicity of positive solutions for fractional systems (1.3) by a direct method of
moving planes. We are not able to carry the method of moving planes on u and v
directly since there is no any decay conditions on u and v.

To overcome this difficulty, we make a Kelvin transform. Denote

0

{ a<x> - ‘x—z%\”_&u<|§:zzo\2 + Zo)a

_ _.0
U(J:) = |$_Z(1)|n7,ev<|;_;o‘2 + ZO)’

(2.1)

be the Kelvin transform centered at any given point 2°.
When 2V is the origin, while the proof for a general 2" is entirely similar. Namely,

(2.1) becomes
{ u(zr) = W%au(ﬁ)a (2.2)



be the Kelvin transform of v and v centered at the origin.
It is easy to see

1 N 1

u(z) ~ T v(x) ~ Gk for large |z|. (2.3)
By (2.2), we have
a _ 1 a Xz
(—=A)zu(z) =|$|n+a(—A)2U(W)
1
= ™ ) (24)
! (2) 7" ().

 Jg[rretrpinia) (gt (n—p)

Similarly, we have

o 1
v(z) = |z [ B+ D (=) —a(n—5)

[SliY

(=4)

T (2)v!(x).

Let a =n+a+y—pn—a)—(¢g+1)(n—p),b=n+5+7—(p+1)(n—a)—q(n—75),
then (1.3) becomes

(—A)2a = gpa'v*!, xR,
(—A)20 = Z @,z e R, (2.5)
u>0, v>0, reR"”

Define the moving planes
Ty={zeR"|z; =X\ XeR}
and the region to the left of the plane
Ya={rzeR" |z <A AeR}

Let
J')\ — (2)\ — X1, Lo, -, In)

be the reflection of the point x = (xy,- - -, z,) about the plane T}, and
ur(z) = u(a?), va(z) =v(a?).

Now, assume that (u, v) solves the fractional system (1.3). We denote

{Uﬂ@zuﬂ@—u@% 26
Va(z) = oa(z) — 0(z),
to compare the value of u,(x) with @(z) and v, (z) with v(x) respectively.
By system (1.3), we have
(~A)EUA) = el ()00 (@) — e (@)77 (1),
{ (~)5Va(a) = e (@)08() — et () (o). =0



2.2 Necessary Lemma

In order to proof of Theorem 1.1 and Theorem 1.2, we will show the key ingre-
dients in the method of moving planes such as narrow region principle and decay at
infinity.

Lemma 2.1 (Narrow Region Principle [27]) Let Q C {z | A =1 < 21 < A}
be a bounded narrow region in ¥y for [ > 0 small. Assume that u € £, N C..,

v € LgNCLL are lower semi-continuous on Q. If b;(z) and ¢;(x) are positive and
bounded from below in Q, i =1, 2,

(=4 (2.8)
U(x) >0, V(r)>0, in 3,\Q,
Ux(z) ==U(x), Vi(z)=-V(x), in Q,
then for sufficiently small [, we get
U(x) >0, V(x)>0, Vzel (2.9)

Furthermore, if U(z) = 0 and V(x) = 0 at some point in 2, then
Ulx)=0, V(z)=0 ae xe€R"™
For an unbounded narrow region €2, if we suppose

lim U(z) > 0, lim V(x) >0,

the above conclusions also hold.
Lemma 2.2 (Decay at Infinity) Let 2 be an unbounded region in ¥,. Assume
that u € Lo, NCY v e LsN C’llo’c1 satisfy the following equations

loc»

(—A)EU(T/) > bi(z)U(z) + c1(z)V(2), in €,
(—A)2V(x) > bo(z)U(x) + co(z)V(x), in Q, (2.10)
U(x)>0, V(r)>0, in X\, '
U)\(ZE) = _U<$>’ VA(‘Z‘) = —V(ZE), n Q7
where { 1
by(x) ~ W—aﬂ’ c1(x) ~ W, |z| — oo, (2.11)
ba(z) ~ W e1(x) ~ m% 2] = oo, (2.12)

and b;(z) and ¢;(z) are nonnegative in , i = 1, 2.
Then, there exists a constant R, which depends on b;(z) and ¢;(z), ¢ = 1,2, but
is independent of U(x) and V' (z), such that if
U(x°) = migrzl U(r) <0, V(z')= migrzl V(z) <0, (2.13)
Te S

then
2’| < R, or |z'|<R.



Proof. The proofs are analogous to the ones that [27]. For easily to read, we give

outline of the proof.
By the elementary calculation, we derive

Ul) ~ Uly)
|20 — y[rte

(=A)2U(2°) =Cp o PV

Rn

dy

v [ U=V, U|<930> =V
RM\Ey [T7 —

s, |20 =yt

Cpapv{ [ ZE) =00, / V@) - Un)

‘ZL’O _ y|n+a N |£L’0 _ y/\‘n+a

Za

_copv{ [ YE)=UW), +/ U@@’) +U(y)

s, 20—yt N Tl
20U (2°
SC(n’O‘PVV/ 0 <x)\ 2L+a
b |20 — y*|

For fixed )\, when |z°] > X and |z!| > ), it is easy to derive

/ 1 du > 1
_— y = _—
o |JI0 _y)\|n+a ’x0|a

Combining (2.14) with (2.15), we have

(—A)%U(:co)< ¢ U(z?).

2

Similarly, we obtain
C
V(zk V(2!

It follows from the first inequality of (2.10) and (2.16) that

C
’xo’aU(‘rO) > ¢ (2" V(21).
Similarly, we obtain
c 1 1
WV(xl) > bo(z)U(x7).
From (2.18) and (2.19), we get
PRV () = AV (@) > el Phe U
T (0%

That is,

<1.
|20t |Per (a0)ba(2t) T

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

However, for |2°] and |x!| sufficiently large, the above inequality is equivalent to

|x0|,3+'y|$1|a+'r’



which is a contradiction.
Therefore, there exists R > 0 such that

2’| <R, or |z'|<R.
This completes the proof. O
The following Lemma 2.3 and Lemma 2.4 are also crucical for us in [28].

Lemma 2.3. For )\ negative large, there exists a constant C' > 0 and ¢ > 0 such
that
U(z), Va(z) > C >0, = € B(0*)\{0*}. (2.20)

Lemma 2.4. For A < 0, if either of Us(z), Vi(z) > 0, but not identically 0. Then
there exists a constant C > 0 and € > 0 such that

Us(z), Vi(z) > C >0, z € B(0OM)\{0*}, (2.21)
where \ defined as the following (3.12).

3 Proof of Theorem 1.1 and Theorem 1.2

3.1 System in subcritical case

In this subsection, we will use the method of moving planes to prove Theorem
1.1, namely, in the subcritical case, we show that (1.3) has no positive solution.
Proof of Theorem 1.1. By the definition of U, and V), we have

lim Uy(z) =0, ‘llim Vi(x) = 0.
T|—00

|z| =00
Define
Yy={rzeX\|U\z) <0}, X{={zeX,|Viz)<O0}.

The proof consists of two steps.
Step 1. we show that when A sufficiently negative.

Ux(z), Va(z) >0, Vo € £,\{0"}. (3.1)

By an elementary calculation, for x € ¥{ N XY, we derive

(~8) 10 e) =@ o) - ) o)
RN @) - @i @) - @i @)
- @)
(o~ B @) + T @ @) - (@) @)
> ) 0) — () ()
— @)~ B @) + B o) — )0 )
> R (@)~ 0 0) + (@) - () o)



For the above inequality, applying the Mean Value Theorem, we obtain

(-2)3 @) 2 |f|a (@ ()07(E) (9 () — 9(a)) + 07 (@)@ () () — ()]
Z%ag(@m(:@)wx) + %@q“(x)ap‘l<x)UA(x)

Zbl(]?)U)\(I') + Cl(l’)V)\(l’),

where ¢ and 7 are valued between 2* and z, and

(@) = e @ @), ) = o)
Therefore, we obtain
(=A)2U(z) > by (2)Us(2) + 1 (2)Va(2). (3.2)
It is easy to derive that
1 1
by(x) ~ [zt cr(z) ~ [Z[oFE |z = o0
Similarly, we get
8
(—A)2Va(2) = bao(x)Ux(2) + c2(2)Va(2), (3.3)
where o o
by(z) = Wﬂp(ﬂf)’q(ﬂf), co(x) Wﬂ’§+1(w)@q_1(w)
We have ] ]
ba(z) ~ [z o) ~ [P || = .
Suppose there exists some points z° such that
0y .
Ux(z”) = min Ux(x) < 0.
We claim that
o c 0 0
(—A)2Uy\(z) < WU)\(.%' ), |27 > A (3.4)

In fact, we have

1 1
A A
/EA |20 — y[rte B.o@) |20 — y|"te

1
> — d 3.9
- /B;zo(acl) 4n+a‘x0’n+o¢ Y ( )

- 4n+a|x0|a’

where w, is the area of n dimensional unit sphere and Bgo(z') C R™\X, with
ot = (3|2°| + 29, 29, - - -, 1y).

11



By (2.14) and (3.5), we can derive that (3.4).
Combining (3.2) with (3.4), we obtain

C
|x0|aU>\(x0) > by (a”)Va(2°) + e () Un(2"). (3.6)
By the degeneracy of by(z) at infinity and (3.6), for sufficiently negative A,

C

|20

Ux(2%) > c1(2)) Vi (29). (3.7)

Now, we suppose that there is some point z! such that

Vi(z') = min Vy(z) < 0.

LUEEA
Similar to (3.4), we obtain

C

8
(—A)2V)\(z) < WVA(xl), |zt > A (3.8)
Combining (3.3) with (3.8), we have
C
WV)\(Qsl) > by(x")Ux(z') + ca(z!)Va(ah). (3.9)

From the degeneracy of co(x) at infinity and (3.9), for sufficiently negative A, we
have C

|17
Combining (3.7) with (3.10), we deduce
C

|17

Va(zt) > by(zh Uy (21). (3.10)

Va(zh) = ba(a)Ux(2") > ba(ah)]2”|"er (2”) Va(a?)
> by(a')|2°| %1 () Va ().

Using the degeneracy of by(x) and ¢;(x) at infinity, we have

1 1
¢ V)\(l’l) >

1
i ) 2 i e @)

Namely,

1 1 1
|t [t ' |20]B+7 = 7

for sufficiently negative A, the inequality does not hold.
From Lemma 2.2, for sufficiently negative \, at least one of Uy and V) are
greater than or equal to 0. Without loss of generality, we assume that

Ux(x) >0, zeS\{0*. (3.11)

The following proves that (3.11) to Vy is also true. In fact, if V) is negative
somewhere in $,\{0"}, then there must exist some T € ¥,\{0*} such that

Vi(Z) = min V) (z) < 0.

TEX )\

12



From previous arguments of (3.3) and (3.8), we have

0> &w:@ > (—A)3VA(D) > by(@)Ux(T) + ex(D)VA(3),

For the above inequality, combining with (3.10), we deduce

0> %V)&f)
> bo(Z)Un(T) + Chy(T)co(7)|7|°Ur(Z)
> 0.

It is a contradiction, and then we complete Step 1.
Step 2. The Step 1 provides a starting point, from which we can now move the
plane T} to the right as long as (3.1) holds to its limiting position. Let

A=sup{A<0|U, >0, V, >0, Vo € 5,\{0*},p < A}. (3.12)
We claim that B
A =0,
or

Us(z) =0, Vi(z) =0, Vze ;\{0'}. (3.13)

If not, we suppose that A< 0, we have proved that the plane T can be moved
further right. Namely, there exists some small § > 0, such that for any A € (A, A+9),
we have

Ux(z) >0, Va(z) >0, Ve X3\{0'}, (3.14)
which is a contradiction with the definition of \. Therefore, we deduce
A=0.

Practically, when A < 0, we have
Us(z) >0, Vi(z) >0, Vze3\{0"}. (3.15)

Otherwise, at least one of Us(x) and Vj(z) is greater than or equal to zero.

Without loss of generality, we may assume that Uy(x) > 0, namely, there exists
some point T such that

Us(Z) = min Us(z) =0.
ze%;\ {04}

It follows that

(=A)2Us (%) =Cp o PV / r_(]idy

]Rn I_ |7’l+0¢
~U; —U-
—C,u PV / —(ld 4 Cy o PV / #dy
|rv—y| R\, Irﬂ— |7t
(v) / i(y) (3.16)
CMPV/ —d +CpoPV _Uw
|z — y["+e |T — yA |t Y
1 1
SCn,a/ ~ 3 - 7= Us Yy dy
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On the other hand,

(=) U3(E) = @0 @) — e (B )
:|;|aup(x)v§+l(;z) |;|aup(£)vq“(i)
L @)™ (3) — @@ (3) + —a(@)5 (5
=R O~ @) @@
— |j1|aap(ia)@q+l<i.>
:up(;f:)[<|;‘a - |~|a)@§+1<:z) + |;,a(17§“(x> — ()]

>0,

which is a contradiction. Therefore, we obtain (3.15).

By Lemma 2.3 and Lemma 2.4, we claim that for A < 0 and € > 0 sufficiently
small,

Us(z), Vi(z) > C >0, Vae B(0M)\{0'}.

Combining with the above bounded away from 0, we deduce that for § > 0, there
exists some constant ¢y > 0 such that

Us(z), Vi(@) > co, V€ (S5_5\{0*}) N B, (0).

Fore,d < | A, 0* € (E;_é\{OX})ﬂBRO (0), since Uy and V), depend on A continuously,
we have

Us(x), Va(z) >0, Va e (Z55\{0*}) N Bg, (0).
By Lemma 2.2, we know that if

Ux(z) =minU, < 0,
PPN

then there exists a large Ry such that
2] < Ry.

Hence z € (2/\\2)\,5) N BRO (0)
For sufficiently large Ry, similar to (3.4), we obtain

Vi (i) < 0.
Therefore, there exists some point z such that

V)\(.f) = min V)\ < 0.

DIPN

If z € B NX,, similar to (3.10), we have

¢ Va(z) > bo(z)Up(T). (3.18)

0>-—
|z|7
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Meanwhile, for U, at &, similar to (3.7), we have

C

WU)\(:%) Z Cl(i')V)\(i) (319)
By (3.18) and (3.19), we have
by(Z)|Z|% e () |e 4 6] > C. (3.20)

We know that c;(2) is bounded, and by(Z)|Z|” is also bounded for |Z| > Ry. Hence
for €, 6 sufficiently small, (3.20) does not hold namely, Z ¢ Bf; N X,.

Combining with Lemma 2.1, let
narrow region 2 = (X,\X\_s) N Bg,(0),
while Uy and V), satisfy system (2.8), we have
Ux(x), Va(x) >0, Ve (X)\\Xr_s) N Bg,(0).

Now, we conclude that neither Uy nor Vy has negative minimum in X\ {0*}.
Therefore, we obtain

Un(x), Va(z) >0, Va e 33\{0"}.
This completes the proof of (3.15). Therefore we have
A=0.

Similarly, we can move the plane from x; = 400 near to the left, and we can
show that
U)\(l‘>, V)\(l‘) <0, Vx € Z)\\{OA}.

Therefore, we deduce

A=0, Us(z) =0, Vs(z) =0, Ve 2\{0"}.

Since the direction of x;-axis is arbitrary, we have « and v are radially symmetric
about the origin.

For any point 2° € R™ apply the Kelvin transform centered at 2%, and by an
entirely similar argument, one can show that w and v are radially symmetric about
20

Let 2! and 22 be any two points in R” and we choose the coordinate system so
that the midpoint

o 227
yAR—
2

is the origin. Since @ and v are radially symmetric about 2°, we have

u(z') = u(2?), wv(z') =v(2?).

This implies that © and v must be constants.

But positive constant solutions do not satisfy system (1.3). Namely, in subcrit-
ical case, there is no positive solution for system (1.3). O
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3.2 System in critical case

In this subsection, we still utilize the Kelvin transform of v and v centered
at the origin. In critical case, namely, n + a +v —p(n —a) — (¢ + 1)(n — B) =
Oon+a+vy—(p+1)(n—a)—q(n—pF) =0, we will show that either @ and v are
symmetric about the origin or some point.

We still use the notations in the subcritical case. The argument is quite similar
to, but not entirely the same as that in the subcritical case. Hence we still present
some details here.

Proof of Theorem 1.2. In critical case, similar to (3.2), we have

(—A)2Ux(2) 2 bi(x)Un(2) + &) Va(z),

where b;(z) = CaP~1(z)v7 (), & (z) = Cu(x)v!(z).
Similarly, we get
(~8)2Va(x) > ba(x)Us(x) + eal) V().
where by(x) = Ca?(2)v%(x), e(x) = Caht (x)v?(x).
It is easy to derive that

- 1 _ 1

bi(x) ~ [zt i(z) ~ Pk as |z — oo.

- 1 N 1

2() ~ [z Ca(x) ~ [P as |z| — oo.

The remaining proof is the same as that in the subcritical case.
We can show that, for A sufficiently negative,

U)\(.’L'), V)\(.T) >0, Vxe E)\\{O)\}

Defined B
A=sup{A<0|U,>0,V,>0, Vo € ,\{0*},p < A}.

We consider two possible cases.
Case 1. A <0
For this case, either

Us(z) = Vi(z) = 0, z € 3\{0*},

" Us(z), Vi(z) >0, z € 2:\{0"}. (3.21)
We suppose that there exists some point € X5 such that
Us(z) = min Us(z) =0,
then ~
Us(r) =0, z € 2;\{0*}. (3.22)
Otherwise,

(—A)EUL(F) = Cou PV / n O
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On the other hand,

It is a contradition. Hence (3.22) holds.
When Us(x) = 0, by the anti-symmetry of Uy, namely,
Us(x) = —Us(2%).
We derive that

Therefore, we have

Since

It must be true that

Therefore, we have
Vi(z) =0, zeR"

Similarly, if V;(x) = 0 somewhere, then we can prove that
Us(z) =0, xzeR"

When (3.21) holds, by using an entirely similar argument of Step 2 in subcritical
case. One can keep moving the plane T), namely, there exists some small 6 > 0,
such that for any A € (A, A +J), we have

Ux(z) >0, Va(z) >0, Ve X3\{0"},

which is a contradiction with the definition of A. Therefore (3.21) must not be true.
We conclude that
Us(z) = V5(z) =0, x € R™.
This impligs u and v are symmetric about some point in R"”.
Case 2. A=0

In this case, we can move the plane from near z; = 400 to the left, and derive
that
Up(x), Vo(x) >0, Ve X,

Hence, Uy(z), Vo(z) =0, Vx € Xy.
This proves that u and v are symmetric about the origin. So are v and v. U
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4 Proof Theorem 1.4

Proof. We claim that if (1.3) does not admit any bounded solutions in R™. Then
there exists C' = C(n, p, q) > 0 such that any solutions (u, v) of (1.16) satisfies (1.17)
and (1.18). If not, there exists sequences €, (ug,vg), Y € Qx such that (ug,vy)
solves (1.3) on €} and

satisfies M (yx) > 2k dist™*(yx, Q). By the Doubling Lemma, it follows that there
exist xp € 1 such that

Mk(fl?k) > deist_l(:lr, Qk),
Write pp = M, ' (z},) and

_a_ _B_
p+aq

Ug(y) = ppu(zr + pry), Ok(y) = pr oe(zr + pry), |yl < k.

Clearly, 1y, Uy are also solutions of system (1.3) for |y| < k, and they also satisfy

ptg _ptg
@, +9,” ](0) =1, (4.1)
ptg _pid
[, +0,7 J(y) <2, [yl <k (4.2)

By using Theorem 1.3 in [11] and Lemma 2.9 in [21], we deduce that some subse-
quence of (i, ¥y) converges in C; " to solutions (i, ?) of (1.3) in R™, where £ and
 satisfies the following conditions: for any ¢ > 0 and p € (0,2), such that ¢ ¢ N,
and € + p ¢ N. It a contradictions with the assumption of Theorem 1.1.

On the contrary, if the positive solution (u,v) of (1.3) satisfies the estimate
(1.17) and (1.18), by letting 2 — R", we deduce

u=v=0, inR"

This shows the nonexistence of positive solution. 0
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