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Abstract

Here, we study the dynamics of the singularly perturbed logistic difference equation with two different continuous arguments.
First of all, local stability of the fixed points is investigated by analyzing the corresponding characteristic equations of the
linearized equations. Secondly, we illustrate that the considered system exhibits Hopf bifurcation. A discretized analogue of
the original system is obtained using the method of steps. Local stability and bifurcation analysis of the discretized system
are investigated. Explicit conditions for the occurrence of a variety of complex dynamics such as fold and Neimark-Sacker
bifurcations are reached. We compare the results with those of the associated difference equation with continuous argument
when the perturbation parameter $\epsilon \longrightarrow 0$ and with those of the logistic delay differential equation with two
different delays when $\epsilon \longrightarrow 18$. Finally, numerical simulations including Lyapunov exponent, bifurcation
diagrams and phase portraits are carried out to confirm the theoretical analysis obtained and to illustrate more complex

dynamics of the system.
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Here, we study the dynamics of the singularly perturbed logistic differ-
ence equation with two different continuous arguments. First of all, local
stability of the fixed points is investigated by analyzing the corresponding
characteristic equations of the linearized equations. Secondly, we illustrate
that the considered system exhibits Hopf bifurcation. A discretized analogue
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1 Introduction

In many problems it is meaningless not to have dependence on the past. Time
delays occur so often that to ignore them is to ignore reality [19]. A singularly
perturbed equation is a differential equation involving at least one delay term and
the highest derivative is multiplied by a small parameter [3,14,27,30]. It arises in
applications where delays and perturbations play a role [2,6,23,26].

One of the principal mathematical instruments of modern nonlinear dynamics is



the difference equation with continuous argument given in the form
z(t) = f(z(t — 1)), te[0,7). (1.1)

Let € € (0,1], the equation

dx
€ +a(t) = f(z(t - 1)), te0,7],

is considered as a singular perturbation of the difference equation with contin-
uous argument(1.1) [16,17]. We can consider the left hand side of (1.2) as an
approximation to the function z(t + ¢):

x(t+e) =z(t) + edﬁ + ...

dt

So, it is reasonable to expect that singular perturbed equations to behave as its
associated difference equation with continuous argument when the perturbation
parameter € — 0 [18].
Models which have only one delay are often used when the other delays are small
and insignificant to dynamical behaviors [22]. However, this assumption may not
be applicable in many cases. Furthermore, there are systems that single delay
can not stabilize, however, adding a second delay can stabilize the same sys-
tem [25]. Therefore, models with multiple delays are of great interest. These
equations have significant physical and biological background and exhibit rich dy-
namics [4,5,11-13,15,21,28,29].

Consider the Logistic difference equation with two different continuous arguments
x(t) = px(t — 1)(1 — z(t — 2)), te[0,7T) (1.2)

and its singularly perturbed equation given in the form

e% +x(t) = px(t —1)(1 —z(t — 2)) t€[0,T] (1.3)

with the initial condition
T = T, t <0.

In this paper, local stability of the fixed points of (1.3) is investigated by analyzing
the corresponding characteristic equations of the linearized equations. Secondly,
we illustrate that the considered equation (1.3) exhibits Hopf bifurcation. A dis-
cretized analogue of (1.3) is obtained using the method of steps. Local stability



and bifurcation analysis of the discretized system are investigated. Also, we com-
pare the results of (1.3) when the perturbation parameter € — 1 with the results
that introduced in [10] concerning with the logistic differential difference equation
with two different delays

dx

—r=—a) +pr(t =11 -z(t-2),  te0T],

x(t) = xo, t<0.

In section 3, numerical simulations are carried out to confirm the theoretical anal-
ysis obtained and to illustrate more complex dynamics of the system.
2 Main results

2.1 Existence and uniqueness

Theorem 1. Problem (1.3) has a unique solution x € C[0,T], 0 < z(t) < 1.

Proof. Define the operator F from C|0, 7] into C[0,T] by

Fzx(t) = zoe e + p/o esjaz(s —1)(1 —x(s — 2))ds.

€

Now we want to show that F is contraction :

Pa = Pyl =2 [ ats = 1)1 = als = 2)) = (s = D1~ y(s — 2)lds

Se/

Sp[maxla:(s—l)—ys—l/eed8+max|x(s—2 (s—2 |/
€ LT

T [le(s — 1) — y(s — 1)] + [a(s — 2) — y(s — 2)[Jds

Hence,
—(r-1) —(r-1)

Yllor(2—e” < —e < )

|Fz —

<2p|lz — ylljo,7-

If p < % , then F is contraction map and the solution of (1.2) exists uniquely. [



2.2 Local stability and Hopf bifurcation

There are two fixed points of (1.3) namely (21) i, = 0 and (22) iz = 1 — %.

It is easy to obtain the conditions for local asymptotic stability of the fixed point
(1) fiz = 0 by checking the eigenvalues of the linearized system [24].
The linearized equation at the neighborhood of (x1) iz = 0 is

dx

e = —x(t) + px(t — 1). (2.1)

Assuming a trial solution 2(t) = e. Then the characteristic equation reads
eX+1—pe ™ =0. (2.2)

Lemma 1. [14] All roots of the characteristic equation 4 ¢ +be™ = 0, where c
and b are real, have negative real parts if and only if

c>—1, c+b>0, b</c2+ &2,
where § = —ctanl, 0 <{<mifc#0and { =5 if c = 0.
Applying lemma 1 to to equation(2.2) with ¢ = %, b = =2, we get the next
theorem.

Theorem 2. The fized point (x1) i = 0 of (1.8) is unstable if p < pg or p > 1
where pg = —/1+ (£)?, £ = _tafn(g), 0 < &<, and is stable if po < p < 1.

Now we discuss the Hopf bifurcation.
Theorem 3. When the parameter p passes through the critical value p1 = epg =

—€, /& +&2, 6= %tan{, 0 < & <, there is a Hopf bifurcation.

Proof. Assume that \ = iwp, wg € RT is a pure imaginary solution of (2.2) for
some parameter value p = p,. This leads to the following equations

1 % i
Z'(,Uo-i-*—fp e "0 =0,
€ €
1 p.
_— — = 0,
C cos(wo)

wo + &sin(wo) =0,
€
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1 x
= = L cos(w),
€ €

>

wo = —sin(wyp),
€
1 ps . P
w% + == 6—2[005((,u0)2 + Sm(wo)Q] =3
1 2
Px = :tf @ -+ wo,
wo = _—tcmwo.

€

By Theorem 2, p, = —¢€,/ }2 + w? is the critical value of p, where wy is the root of

wo = _Tltcmwo, 0 <wy <.

- d(Re(\)) . e
The condition s |p=p.7# 0 is the last condition for occurrence of a Hopf
bifurcation.
To show that this condition is satisfied, let A = k(p) + iw(p) and using (2.2), we
get

1 .
k+iw+—— Po—h—iw _ 0,
€ €
1
b+ — Pekeosw = 0, (2.3)
€ €
w+ LeFsinw = 0, (2.4)
€

differentiate (2.3) and (2.4) with respect to p, we obtain

dk dk d
ed—p — e Fcos(w) + pe*kcos(w)d—p + pe*ksin(w)d—j =0,
d d dk
edf(: + e Fsin(w) + pe_kcos(w)d—z - pe_ksin(w)d—p =0,
Solving for ‘;—];, we obtain
d(Re()\)) d(Re()N))
T |P=P*: Tp |k:0,w:wo,p:p*>

ecos(wg) + px
(€ + pxcos(wo))? + (pxsin(wo))?’




_ cpicos(wn) + p?
= pllc+ pecos(@n))? + (p-sin(wo))’]
_ €+
 pelle+ prcos(wo))? + (pesin(wo))?]
This completes the proof. ]

9
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The linearized equation at the neighborhood of (x2) i, =1 — % is

W —yt) 4yt 1)~ (p - Dyt —2) (25)

where y(t) = z(t) — (1 — %)
The characteristic equation is of the form

A+l—er+(p—1e =0 (2.6)

Theorem 4. When the parameter p passes through the critical value p = p, =
1—y/(cos(wo) — 1)2 + (ewo + sin(wp))2, wo = 2[(cos(wo) — 1)tan(2wy) — sin(wo)],
there is a Hopf bifurcation.

Proof. Assume that A = iwp, wg € R' is a pure imaginary solution of (2.6) for
some parameter value p = p,. This leads to the following equations

iewg + 1 — e ™0 4 (p, — 1)e ™0 =,

1 — cos(wp) + (p« — 1)cos(2wp) = 0,
ewp + sin(wp) — (px — 1)sin(2wy) = 0,

(ewo + sin(wo))Z,

(pe — 1)% = (cos(wo) — 1)* +
pe = 14 1/(cos(wo) — 1)2 + (ewp + sin(wo))?,

ewp + sin(wo)  sin(2wo)

cos(wg) —1  cos(2wp)’

wo = %[(cos(wo) — 1)tan(2wo) — sin(wo)].

d(RdngA)) |,7# 0 is the last condition for occurrence of a Hopf bifur-

The condition
cation.
To show that this condition is satisfied, let A = k(p) + iw(p) and using (2.6), we

get



e[k +iw] +1— e 4 (p = 1)e 2k=) —
ek +1—e Feosw + (p—1)e *cos(2w) =0, (2.7)
ew + e Fsinw — (p— 1)e Hsinw = 0, (2.8)
differentiate (2.7) and (2.8) with respect to p, we obtain

dk dk d
Edip + e_kcos(w)d—p + e_ksin(w)d—(: —2(p —1)e ?*cos(2w)

dk

dp

d
+e % cos(w) —2(p — l)e_%sin(Qw)d—C; =0,

Solving for g—];, we obtain

d(Re(\)) dk

dp ‘p:p*: dp ’k=0,w=wo,p=p*7

2(px — 1) — €ecos(2wq) — sin(2wp)sin(wgy) — cos(2wp)cos(wp)
[e + cos(wo) — 2(ps — 1)cos(2wp)]? + [sin(wo) — 2(px — 1)sin(2wp)]?]

2(px — 1) — €ecos(2wq) — cos(wp)
[€ + cos(wp) — 2(psx — 1)cos(2wp)]? + [sin(wo) — 2(psx — 1)sin(2wo)]?]

Using (2.7) at k =0, p = px, w = wp, we get

2p — 3 — €cos(2wp) — (px — 1)cos(2wp)
€ + cos(wo) — 2(psx — 1)cos(2wo)]? + [sin(wo) — 2(ps — 1)sin(2wp)]?’

It is clear that for 0 < p, < 1and 0 < e < 1, d(R;/E/\)) lp=p. 7 0.

Hence, at p = p, = 1—/(cos(wp) — 1)% + (ewp + sin(wp))?2, the condition d(Rde()‘)) |l p=p. 7
0 is satisfied.

O]

We can see that as € — 1, we get the same results obtained in [10].



2.3 The discretized system
The I.V.P (1.3) can be writen as

eccll—f =—xz(t) + px(t —1)(1 —y(t — 1)), (2.9)
y(t) =x(t — 1), (2.10)

z(t) = y(t) = o, t<0.
The method of steps is used to get a discretized analogue of the system (2.9)-(2.10)

as follows [14]:

Let ¢t € (0, 1], then

Let t — 1, then
yl(l) = 2o,

1 —1
z1(1) = zpee + pro(l —y1)(1 —e™).

For t € (1,2], when ¢t <1, take z(t) = x1 = 21(1), y1(t) = y1(1) = y1, then

Ya(t) = 21 (t),

—(t—1) P -
:C2(t) = Ipe € —|— E € € xl(l — (yl))ds
1

—(t—1) —(t—1)

=z ¢ +pri(l—y)(l—e < ).

Let t — 2, then
y2(1) = 1,

22(2) = 21 (e + pri(1)(1 - (1)L —e 7).
For t € (2,3], when ¢ < 2, take z(t) = x2 = x2(2), y2(t) = y2(2) = y2, then

y3(t) = z2(1),

—(t=2) p t s—t
l‘g(t) =T9e € -+ E € ¢ 1‘2(1 - (y2))d5
2

8



—(t-2) —(t-2)

=x9e ¢ +pri(l—y)(l—e < ).

Let t — 3, then
3/3(3) = I,
1 —1
x3(3) = wae e + pra(l —y2(1))(1 —e™ ).
Repeating the process we deduce that the solution of (1.3) is given by

Ynt1(t) = 2n (),

—(t—n) —(t—n)

Tnt1(t) =ane” © +pra(l —yn)(l—e" < ).
Let t — n + 1, then

Yn+1 = Tn,
1

Tpy1 = xne_Tl +prn(1—yo)(1 —e<). (2.11)
2.4 Local stability and bifurcation analysis of the discretized sys-
tem
The system (2.11) has two fixed points (z7,y;) = (0,0) and (23, y5) = (1—%, 1—%).
(1) At (z1,97) = (0,0):

The Jacobian matrix calculated (z7,y]) = (0,0) reads

7(0,0) = < 6_51”(11_6_:) 8)

The characteristic equation
2 =1 =1
A= AMe= +p(l—e)) =0,
has two roots A1 = 0 and Ay = e +p(1— e_?l).

We can see that \o =1 at p=1, Ao > 1 for p > 1 and A2 < 1 when p < 1, then
we have

Proposition 1. The fized point fix; = (0,0) is
1. asink ifp<1,

2. a saddle if p > 1,

3. a non-hyperbolic if p = 1.



The bifurcation associated with the appearance of an eigenvalue A = 1 is called a
fold bifurcation and its condition implies that

det(J(0,0,p") — Iz) =0,
where I is is the unit 2x2 matrix [20].

Lemma 2. If p = 1, then system (2.11) admits a fold bifurcation at (x7,y}) =
(0,0).

Proof. The condition of the fold bifurcation gives

-1 ” -1
det(e‘ +P(11—ef)—1 01>:0,

1

1—6%1—/)*(1—6%):0,
pl—ev)=1-ec7,
then p* = 1. O
(2) At (a3,93) = (1— 3,1 1)
The Jacobian matrix calculated (z3,33) = (1 — 1,1 — %) reads
;1
J(l—l,l—l): I —(p—1(1—e=) ]
P’ p
The characteristic equation reads
A At (p—1)(1—e<)=0.

Lemma 3. [1] Let F(\) = A2 + PA+ Q. Suppose that F(1) > 0, and F(\) =0
has two roots A1 and Ay. Then

1. F(=1) >0 and Q <1 if and only if |A1| <1 and |A2| <1 ;

2. F(—1) <0 if and only if || <1 and [A2] > 1 (or |M]| > 1 and |X2| < 1);

3. F(=1) >0 and Q > 1 if and only if |\1| > 1 and |A2| > 1;

4. F(=1)=0 and P # 0,2 if and only if \1 = —1 and |\o| # 1;

5 —4Q <0 and Q =1 if and only if \1 and Ay are complex and |\ 2| = 1.

10



Proposition 2. The fized point (z5,y5) = (1 — %, 1— %) is
1. asinkif 1l < p< —2,
l—e e

: 2
2. a source if p > e
e

Definition 1. The bifurcation correspondence to the existence of A1 = eFibo,

0 < 0y < 7 is called a Neimark-Sacker bifurcation [20].

Lemma 4. If p =14+ ——, then system (2.11) admits a Neimark-Sacker bifur-
l—e" €

cation at (z7,y7) = (0,0).

Proof. The characteristic equation
A At (p—1)(l—e<)=0,

has two roots

AL (2.12)

1i\/1—4(p—1)(1—e%1)
2= 5 .

We can see that when B
1—4(p—-1)(1—-e<) <0,

—1 _ we can write

the two roots are complex. Then for p > 1 + ( :
4(1—e"€e

1 :I:z'\/4(p— D(l—ev)—1

A2 = 5
Suppose that A2 = et 0 < fy < 7 for some parameter value p = p* >
1 + %7 then
4(1—e7€)
-1
1—1+4(p*—1)(1—e<
oy 2 Lo - D=
4
¥ -1
("~ 1)1 —e?) =1,
1
pr=1+ —. (2.13)
1—e~<

Thus at p = p* =1+ —L _ we have M2 = etF and the system admits a
l—e" €
Neimark-Sacker bifurcation. ]

We can see that as € — 1, we get the same results obtained in [10].

11



3 Numerical simulations

In this section, we perform numerical simulations to confirm theoretical analysis
obtained.

In Figure 1, we can see that as € — 0 in (2.11), we get the same results obtained
in [9].

1 0.2
01 ‘
1]
04
L
— 0z
T
> 05 £ 03
K
< 04
05
06
07
o 08
o 05 25 04 06 08 1 12 14 16 18 2 22 24
P 4
(a) Bifurcation diagram of (2.11) as € — 0. (b) Liapunov exponent of (2.11) as € — 0.

Figure 1: Dynamics of the system(2.1) as € — 0.

In Figure 3 and Figure 4, we can see that as € — 1 in (2.11), we get the same
results obtained in [10].
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o 05 35 o 05 1 15 2 25 3 35

P [
(a) Bifurcation diagram of (2.11) as € — 1. (b) Liapunov exponent of (2.11) as € — 1.

Figure 2: Dynamics of the system(2.11) as ¢ — 1.
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X
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Figure 3: Phase portraits of (2.11) for different values of p as € — 1.
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Figure 5 illustrate more complex dynamics of the system by giving phase portraits
of the system (2.11) for different values of p at which the map is chaotic and
different values of e.

0.

25
025 03 035 04 045 05 055 08 065 07 075 0 02 04 08 08 1 12
X X

(¢c) p=2.03 and € = 0.25 (d) p=242 and e =0.5

Figure 4: Phase portraits of the system (2.11) for different values of p and e.

4 Conclusion

In this work, we studied the dynamics of the singularly perturbed logistic differ-
ence equation with two different continuous arguments. First of all, we obtained
fixed points and discussed their local stability by analyzing the corresponding
characteristic equations of the linearized equations. secondly, we show that the
equation exhibits Hopf bifurcation and we have reached explicit conditions for
its occurrence. Then, the method of steps is applied to obtain a discrete ana-
logue of the considered system. We investigated local stability conditions of the
fixed points of the discretized system. Explicit conditions for the occurrence of
a variety of complex dynamics such as fold and Neimark-Sacker bifurcations are
reached. By letting the perturbation parameter tends to one, it is illustrated that
the singularly perturbed logistic difference equation with two different continu-

14



ous arguments behaves as the logistic delay differential equation with two delays.
Finally, numerical simulations including Lyapunov exponent, bifurcation diagram
and phase portraits carried out to confirm the theoretical analysis obtained and
to illustrate more complex dynamics of the system.
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