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Abstract

We report exotic hybrid rogue wave and breather solutions for a complex mKdV equation describing soliton dynamics in shallow
water wave and optics. Starting from the Lax pair, the higher-order Darboux transformations for the equation are constructed.
Further, we obtain a series of theorems to compute the hybrid rogue wave and breather solutions. We also demonstrate the
interaction features between rogue waves and breathers by controlling parameters. These results are of importance to understand

nonlinear wave dynamics in water wave systems.
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Abstract

We report exotic hybrid rogue wave and breather solutions for a complex mKdV equation describing
soliton dynamics in shallow water wave and optics. Starting from the Lax pair, the higher-order Darboux
transformations for the equation are constructed. Further, we obtain a series of theorems to compute the
hybrid rogue wave and breather solutions. We also demonstrate the interaction features between rogue
waves and breathers by controlling parameters. These results are of importance to understand nonlinear

wave dynamics in water wave systems.
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1. Introduction

KdV equation has been an extremely well-known model to describe nonlinear wave dynamics in shal-
low water wave since it was initially developed in the mid of 1960s [1]. In order to simulate more specific
situations in various application scenarios, a variety of KdV-type models have continuously developed,
such as modified KdV (mKdV) [2, 3], coupled mKdV [4], higher-dimensional KdV [5], KdAV-mKdV 6],
modified KdV-Calogero-Bogoyavlenskii-Schiff [7], KdV-Burgers [8], complex KdV [9], and so on.

Soliton theory play a critical role in nonlinear science and engineering because soliton can be used
to manifest the essential characteristics of the nonlinear systems [10]. Rogue wave and breather are two
special solitons. Rogue wave generally depicts local features in narrow space and short time [11-13].
Breather can propagate periodically [14-16]. In a complicated nonlinear system, there usually co-exist
multiple solitons, such as stripe-like solitons, rogue waves and/or breathers. As a result, the study on
the dynamical properties between these solitons is becoming more and more important [17-22].

Complex mKdV equation is a completely integrable equation, which reads [9]
U + Ugge + 6|u*ug = 0. (1)

Eq. (1) has been derived from many physical applications, e.g. nonlinear lattices, plasmas, fluids,
ultrashort pulses in nonlinear optics [9]. He et. al. got the higher-order rogue waves by parameterized
Darboux transformation (DT) for Eq. (1), and the intrinsic structures were analyzed and classified [23].
Novel higher-order soliton molecules and breather-positon of Eq. (1) were obtained by DT [24].

Recently, our team extended DT to construct the hybrid rogue wave and breather solutions for
some nonlinear models, for instances, a generalized nonlinear Schrodinger system with two higher-order
dispersion operators [25], a classical Schrodinger equations [26]. These hybrid solutions are instructive to
reveal rich interaction features.

In this article, our object is to construct the hybrid rogue wave and breather solutions for Eq. (1).
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2. Lax pair for Eq. (1)

Eq. (1) has the following Lax pair [9, 23, 24]

px =Ugp, 00 =V, (2)

with
i Vs 1 0 0 u

U—i/\01+Q,V—<V; _‘2/1>,01—<0 _1>Q_<_u* o)’ (3)
where

Vi = 4iX® — 2i\ul® + (uu’ — ugu®), (4)

Vo = 4\%u — 2i\u, — 2|u|2u — Uy, (5)

Vs = —4X2u* — 2idu’ + 2ulu* + u’,. (6)

In this work, we will investigate the hybrid solutions of rogue wave and breather under the initial

solution as
uw=u" = qe?, (7)

where 0 = k (z + (k* — 6a%) t) , a and k are arbitrary real values.

3. The first- and second-order rogue wave solutions for Eq. (1)

According to DT, we can expand the solutions of Eqs. (2) at f = 0 under the conditions \; =
sk+ia (L4 f%) Xy = 3k —ia (1+ f?) as

R R Rk ) < AR ) (8)

where
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with € = o + (3/€2 — 602 + i6ka) t,E = a&, H = 4a® (3ik — 4a) t, the asterisk * on the upper-right corner
of the identifier represents its conjugate complex number.

We can verify that q)go) in (9) and (I)go) in (10) are the solutions of (2) and (7) under A = A\; = 1k+ia
and A =Xy = A] = %k —ia, respectively. As a result, we have the following proposition on the first rogue
wave solution.

Proposition 1. If we denote

1 0 0 0 0
Al = ollol) — ol ), (13)
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and
yl 2 < miy,  miy, ) _ 1 < Mookl — hadidesl (o= A1) olloh ) (14)
1r 1 1 = 0 o 0 . 0
myl. mbg, ) A\ On =)ol Aellel) — Mgl el]

then the first-order rogue wave solution of Eq. (1) with the first-order generalized DT is
ugy = ul + 2im[112]T. (15)

Subsequently, we compute the second-order rogue wave solution of Eq. (1). Now, it is necessary to
obtain MP] in the second-order DT defined by

(2] [2]
A [ My Mgy
T[2] = A — M, M 2 ( e 2 ) : (16)
Moty Mooy
We let
A 0 (1] [1]
MY = Lo, < NN )L;,Lzr - ( zﬁﬁ UL 1
2 12 22

and L, represents the inverse matrix of L;," (This identifier is still valid in the following text).
Then

o [ mid, mi, 1 Mﬁmaﬁ“] wg b (o= ) ot e
My =\ o @ |=<@ ] 1] 4[] . (18)
210 Mooy As, ( A2) 12 22 A2dy1 oy — /\1¢12 21

with
2 1,0 1,0
AL = olllob] - olebi,
¢[1] ' ¢[0] (1)
( [111} =ia [101} + ()\11 — Mrm) zll) )
P13 P12 P13
(1) [0] (1)
)=l h ) Qer—adl) [ )
22 5% Pg2
Proposition 2. The second-order rogue wave solution of Eq. (1) from the generalized DT is
uby = i} + 2imy,, (19)

where u[llr] is the first-order rogue wave given by (15), and m[122]r is defined by (14).

4. The first- and second-order breather solutions of Eq. (1)
When we take
A3 = a3 +if3, A\ = A3 = ag — i3,

X5 = a5 + 105, 6 = A5 = a5 — if35,

where \; (j = 1,2,3,4,5,6) are different each other, we are able to get the solutions of the Lax pair

equation (2), under the initial solution (7) with A;, j = 3,4, 5,6, are respectively as follows

aeti + <\/—()\j — %k)Q —a?—i(\ — %k)) e=4i ) et

b1 ) _
( P25 ae~ Y + (\/_()\j - %@2 —a?—i(\ - %k)) e ) e
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( bu; ) - (ae‘Af + (\/—()\j - %k)z —a?+i(\— %k)) eAf) e e o
’ = 7] = ) )
b2 (aeAf + (\/— (N — %k)2 —a?+i(\ - %k)) e‘AJ) g3

where A; = \/—()\j - %k)Q —a?(z+ (4/\§ +2k\; + K — 2a%)t),j = 3,4,5,6.
We can expand the first DT to get the following proposition.

Proposition 3. The first-order breather solution of Eq. (1) is
u[llb] =ul0 ¢ 2z'm[112]b7 (22)

where 4% has been given by (7),

o (Mg — A3) ¢13¢14 1

Mgy = Al = Q13024 — P14023. (23)

15
If we denote
(1] m[llllb m[112]b
My = 1] EE (24)
Moy Mooy
where
A3013P24 — A3 dra
m[lll]b = 1] 9 (25)
A
15

1 (A4 — A3) P13014

[12]b = Al (26)
15

1 (A3 = A1) P2324

[21]b = A (27)
15

1 A1@13P24 — X323 b4

[22]b = Am . (28)

15

Proposition 4. Stemming from the classical second-order DT, the second-order breather solution

of Eq. (1) can be expressed as
u[b] = u[llb] + 2z'm[122]b7 (29)

where u[llb] is given by (22), and

1
m = (A6 — As) [15]17 16b (30)
Mgy = AL )
2b
2 1] L 1
A[Qb] = ¢[15]b¢[26}b [25]b 16b° (31)

with

¢[115]b ) T — M ( o15 ) -
( ¢[215]b ( ’ 1b) bos ) (32)
¢[116]b ) T — M ( ?16 ) 33
( b ( ’ 1b) ¢ ) 3

In order to facilitate constructing the hybrid solution, we denote

[2] [2] (1 0l (1] (1]

m m 1 A - A A — A

My = < 1 Mz ) _ ( 531 Bois 6¢25b o (Ao = 45) &5, b1 ) (34)
16b

2 2 = "7 1 1 [ 1
[21]b m[22]b A[22b] (A5 — X¢) [25117 26b /\6¢[15]b¢[2()]b*>‘5¢[25]b
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5. The hybrid rogue wave and breather solution of Eq. (1)

5.1. The hybrid first-order rogue wave and first-order breather solution

Based on the first-order rogue wave solution and the first-order breather solution, we modify the
second-order DT, and let

¢[113Jh ) < ®13 )
Aol — M , (35)
( ¢[213Jh ( ’ ' ) $23
ol P14
(o )=o) (20,

then, we have the following theorem.

Theorem 1. Eq. (1) has the hybrid first-order rogue wave and first-order breather solution as

2 1 2
Uiy = Ul 2imiG,, (37)

where u[llr] has been given by (15), and

[2] _ (A1 = A3) ¢[1]h¢14h

Miop = 2
AT

)

2 1
A[1r]1b = (b[lia]h 24h ¢23h¢14h
Proof. On the base of the first-order rogue wave solution (15) and Mrm, we can set T}EQ] =\ — M,[f}
as applying the second-order DT. If we denote

o a ((mil, mi,
M," = mi2 ] (38)
Maip 221
and
Az 0
M2 Lok 39
h 1h ( 0 A ) 1h (39)
where
i Shin
Ly, = 1 1 . (40)
23h  P24n
Through computation, it leads
(1]
2 (A4 — A3)
[12]h — 13h 14h (41)

(2]
A17‘11)
Therefore, the second-order iteration DT solution can be derived as

upy = U+ 2imiY, (42)
At this point, Theorem 1 is proved.

Noticing the fact that there are four free parameters: k,a,«; and B2 in the hybrid first-order rogue
wave and first-order breather solution (37), we can observe the interaction structures and dynamics
between the rogue wave and breather by adjusting and controlling these parameters. Figs. 1-4 illustrate
the impacts of these parameters, respectively. It is easy to see the propagating directions, positions,

amplitudes and crossed patterns are determined the parameters.
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t -20 -20 T t -20 -20 z t -20 -20 T

Fig. 1: The hybrid first-order rogue wave and first-order breather solution (37) with the settings: a = 0.5, a1 = 0.35, 81 =
0.45, and different k, (a) k = 0.1; (b) k =0.2, (b) k= 0.4.

t 20 -20 z t 20 -20 z ' 20 -20 P

Fig. 2: The hybrid first-order rogue wave and first-order breather solution (37) with the settings: k = 0.3, a1 = 0.35, 51 =
0.45, and different a, (a) a = 0.1; (b) a = 0.2, (b) a = 0.4.

(b)

t -20 -20 T t -20 -20 z t -20 -20 T

Fig. 3: The hybrid first-order rogue wave and first-order breather solution (37) with the settings: a = 0.3,k = 0.3, 81 = 0.45,
and different a1, (a) ar = 0.1; (b) a1 = 0.2, (b) a1 = 0.4.

¢ 20 -20 z t 20 -20 z t 20 -20 p

Fig. 4: The hybrid first-order rogue wave and first-order breather solution (37) with the settings: a = 0.3,k = 0.3, a1 = 0.45,
and different 81, (a) f1 = —0.1; (b) 81 = —0.2, (b) f1 = —0.4.
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5.2. The second-order rogue wave and first-order breather solution

There are two ways to construct the second-order rogue wave and first-order breather solution of Eq.
(1) by using the third-order DT, namely, (I) based on the second-order rogue wave solution (19) and
the first-order breather solution (22), and (II) based on the first-order rogue wave solution (15) and the
second-order breather solution (29). Their results are the same. In this article, we only investigate the

former case.

We take
T = AT = My, (43)
and
3] m[lgl] b m[132] b
My, = 3] 3] : (44)
Mo1ry  Maorp
Now, we let
A 0
M2[i]lb = Lo ’ L2_r11b7 (45)
0 M\

where

Y
Larip = 12] 12] )
23 24

( o1 ) ( [21) < [11?};1 )
= (N3] — M.
2 2r 1 ’
¢[23J ¢[23Jh
(2] 1
( o ) = (nr - M) ( S ) ,
¢24 ¢24h

here M2[2} is given by (18), qS[ll?Jh, [21:;}1, [114]h and ¢[214]h are given by (35)-(36).

T

with

Through computation, it generates

N VW iy
Miorp = B3]
A
2r1b

with
3 2 2 2 2
AYL = ollel] — ool

Thereby, we have the following theorem.
Theorem 2. The second-order rogue wave and first-order breather solution of Eq. (1) can be

expressed as

3 2 .3
g, = sy + 2imly, (16)

where u[;r] is given by (19).

The graphs of the solution (46) is shown in Fig. 5.
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t -20 -20 T

Fig. 5: The hybrid second-order rogue wave and first-breather solution (46) with the settings: a = 0.32,k = 0.3,a1 =
0.35, 81 = 0.45, g = 0.55 and 2 = 0.4. The right plot is the projecting view of the left on the x — ¢ plane.

5.8. The first-order rogue wave and second-order breather solution

By the similar way used in the last subsection, we construct the third-order DT based on the second-

order breather solution (29).

By letting
Y = A~ My, (47)
and
(3] (3] (2] (2]
MiTpr  Migp, A0 _ 10) 10)
R R R G e O ]
Mator  M22br 0 A 21 P22
where
(2]
h ¢ h
12h 12h
th m
b ) = (Rl - 7
22h 22h
with
(1]
)= /\1[ M :
12h
(1] [0]
21k ) [ P2
( 1) )‘(Aﬂ_Mlb)< [o1>'
22h ba3
(1 a2 : : . 401 0] [0]
Here, Mj,’, M’ are respectively given by (24) and (34); ¢17, é1s, and @5, are referred by (9) and

(10).
Theorem 3. The first-order rogue wave and second-order breather solution of Eq. (1) can be

expressed as

3 3
Uy, = sy + 2imi,. (48)
where u[ l'is given by (29), and
(2] L[2]
B _ (e —M)dpy, 12h
12rb = 2] ]2 (2]
11n%22n ~ Pi2n 21h

We draw the plots of the solution (46) in Fig. 6.
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t -20 -20 T

Fig. 6: The hybrid first-order rogue wave and second-order breather solution (48) with the settings: a = 0.3,k = 0.4, a1 =
0.4, 81 = 0.45, a5 = 0.55 and B5 = 0.5. The right plot is the projecting view of the left on the = — ¢ plane.

6. Conclusions

The rogue wave and breather are significant solitons in nonlinear evolution systems. The complex
mKdV equation is a critical model describing wave movements in many nonlinear systems. In this work,
we start from the Lax pair of this equation, then construct its higher-order Darboux transformation.
Further, we obtained and prove a series of theorems to compute the hybrid rogue wave and breather
solutions. The interaction features between rogue waves and breathers are exhibited by adjusting and
controlling parameters in the solutions. Our study will contribute more understandings to the systems

governed by the complex mKdV equation.
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