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Abstract

In this paper, a stochastic epidemic model with two different types of infectious
diseases that spread through both horizontal and vertical transmission is investigated.
To indicate our model is well-posed, the existence and uniqueness of positive solu-
tion is proved at the beginning. By constructing suitable Lyapunov functions and
applying Ito’s formula as well as Chebyshev’s inequality, the sufficient conditions for
stochastic ultimate boundedness is also established, furthermore, when some main pa-
rameters and all the stochastically perturbed intensity satisfy a certain relationship,
the stochastic permanence is finally proved. The reliability of theoretical results are
further illustrated by numerical simulations.

Key words: Vertical transmission; It6’s formula; Stochastic ultimate bounded-
ness; Stochastic permanence

1 Introduction

In all periods of the development of human society, there are arduous struggles against
various infectious diseases[1]. To make matters worse, multiple infectious diseases often
exist on human individuals at the same time, and the coordinated and cross-infection
between infectious diseases makes the course of the disease more complicated and difficult
to deal with. We often refer to this situation as the parallel development of multiple
infectious diseases[2]. The probability of several infectious diseases in a patient at the
same time is related to the environment, susceptible population and human immunity. If
the sanitary environment is poor, and there are sewage, excreta, animal and plant residues,
mosquitoes and mice everywhere, the probability of N kinds of infectious diseases will be
very high. If people with bad living habits, sanitation workers, medical staff in the infection
department and other personnel are frequently exposed to a large number of pathogenic
microorganisms, the probability of suffering from N kinds of infection rate is also very
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high. In addition, people with immune system defects or injuries have a high rate of N
infectious diseases[3]. For example, patients with advanced AIDS have a 100% chance of
contracting N infectious diseases[4,5].

Recently, the research on modelling two types of infectious diseases draw many applied
mathematicians’ attention[6-11]. In [6], the authors discussed an epidemic model with
double hypothesis combined two different transmission mechanisms. In [7], a stochastically
perturbed SIRS epidemic model with two viruses is formulated to investigate the effect
of intensities of white noise on each population, and further discussed the dynamics of
threshold around disease-free equilibrium as well as endemic equilibrium. In [8], they
proposed new mathematical models with nonlinear incidence rate and double epidemic
hypothesis. Among them, Ackleh and Allen, Naji and Hussien also studied the epidemic
model with multi-disease and vertical transmission[10,11].

As we all know, when modelling, the incidence is the key factor in epidemiological
model, and it is defined as the rate at which susceptible becomes infectious. It is usually
assumed to be constant or deterministic function in the previous deterministic models.
In fact, it is inevitably affected by environmental white noise, which has attracted the
attention of scholars. In recent years, a number of scholars have established a series of
stochastic epidemic models and achieved great results by introducing random perturbation
into deterministic model[12-15]. The reference[11] have discussed the dynamic behavior
of the solution of the system under some different parameters and initial values, on this
basis, we study a stochastic epidemic model with two types of infectious diseases and
vertical transmission. By constructing suitable Lyapunov function and using It6’s formula
and Chebyshev’s inequality, the dynamic behaviors of the model are analyzed. Finally,
numerical simulations are used to confirm our obtained theoretical results.

2 Model formulation

The reference [11] researched the following differential equations:

45 = A — (B8 + BoL5)S + (v — p2)lo — S — pr 1 + 1R,
% = 6115[111 —(p+a1+0—p1), 2.1)
% = B2SIy — (p+ g + v — p2) Iz,

%% =0l — (77+/L)R,

where S(t) represents the number of susceptible individuals at time ¢; I1(¢t) and I5(t)
that represents the number of infected individuals at time ¢ and R(t) that represents the
number of recovered individuals at time ¢, the initial condition S(0) > 0, I(0) > 0, I5(0) >
0, R(0) > 0, the total population N(t) = S(t) + I1(t) + I2(t) + R(t). There is a constant
number of populations entering to the deterministic system with recruitment rate A > 0.
There is a vertical transmission of both of the diseases; that is, the infectious individual
gives birth to a new infected individual of rates 0 < p; < 1 and 0 < py < 1 for the
disease I; and I, respectively. Consequently, p17 and pols individuals enter into infected
compartments I; and Iy, respectively, and the same quantities are disappearing from
recruitment in the susceptible compartment. The diseases are transmitted by contact,
between the individuals in the S compartment and those in I;(i = 1,2) compartments

with nonlinear incidence rate for I; that is give by Bllfjll L in which 1 > 0 represents the




infection force rate, and linear incidence rate for I that is given by (£2.S51s, where 82 > 0
represents the infection rate. The individuals in the I; compartment are facing death
due to the disease with infection death rate a; > 0. They recover from disease and get
immunity with a recover rate § > 0. The individuals in the I compartment are facing
death due to the disease with infection death rate ao > 0. They also recover from the
disease but return back to be susceptible with recovery rate v > 0. The individuals in
the R compartment are losing immunity rate 0 < n < 1. There is a natural death rate
> 0 for the individuals in the population. Finally, it is assumed that both the diseases
cannot be transmitted to the same individual simultaneously. Moreover, to insure that the
recruitment A in the susceptible compartment is always positive, the following hypotheses
are assumed to be hold always:
0 =p1,v = P2
In this paper, taking into account the effect of randomly fluctuating environment, we

assume that fluctuations in the environment will manifest themselves mainly as fluctua-
tions in the parameter (31, Bo,

B — B+ a1Bi(t), Ba— Ba+ oaBa(t). (2.2)

where B;(t)(i = 1,2) is standard Brownian motions with B(0) = 0, and with intensity of
white noise 07 > 0(i = 1,2). The stochastic version corresponding to the deterministic
system (2.1) takes the following form:

dS = [A — (8L 4 By15)S + (v — pa)lo — uS — 111 + nR]dt

1+14
— 521 dB, (t) — 028 12dBa(t),
dl = [511;?]111 - (,u + a1+ — pl)Il]dt + Jllfllll dBl(t)7 (23)

dly = [$2SIy — (pu + ag + v — p2)I2]dt 4+ 025 12dBa(t),
dR = [611 — (n+ p)R]dt,

Next, we give some basic theory in stochastic differential equation (see[16]).

Let (2, F,P) be a complete probability space with a filtration {F;};>0 satisfying the
usual conditions(i.e. it is right continuous and Fy contains all P — null sets). B(t) be an
n-dimensional standard Brownian motion defined on the space.

In general, consider the n-dimensional stochastic differential equation of It6 type

do(t) = f(x(t), t)dt + g(x(t), )dB(t), t > to, (2.4)

with initial value z(to) = 20 € R} = {x € R} : x; > 0, 1 < < n}. Define the differential
operator L associated with system (2.4) by

0 " 0 1 — 0?
L= i\ U) 5 ’ T 3 sU) gy o~ -
i+ A+ 3 U e O

If L acts on a function V € C%1(R" x R ;R,), then
1
LV(.’E, t) = V;f(x7 t) + VJL“(J/‘? t)f(.’E, t) + §trace[g7(x, t)VICE('T7 t)g(xv t)]a

_ v _ (9V )% _ ( 0%V
where V; = otV = (3717 T ,E)avm = (m)nxn'



Lemma 1 (It0's formula)([16]) Let z(t) be an It6 process on t > 0 of system (2.4),
V € C*Y(R" x R;Ry), then the function V(z(t),t) is again an It6 process with the
stochastic differential given by

dV(z(t),t) = LV (z(t), t)dt + Vy(z(t), t)g(x(t), t)dB(t).
Lemma 2 (Chebyshev's inequality)([16])

E(|X| > ¢) < cPE|XP, p>1.

3 Existence and uniqueness of positive solution

In this section, in order to show our model is well-posed, we prove that there is a
unique global positive solution of system (2.3) by using the Lpapunov analysis method
and Itd's formula.
Theorem 3.1 There is a unique solution (S(t), I1(t), I2(t), R(t)) of system (2.3) on t > 0
for any initial value (S(0),I1(0), I>(0), R(0)) € R4, and the solution will remain in R%
with probability 1, namely, (S(t), I1(t), Io(t), R(t)) € R for all ¢ > 0 almost surely.

proof. Since the coefficients of the equation are locally Lipschitz continuous for
any given initial value (S(0),1;(0), I2(0), R(0)) € R%, there is a unique local solution
(S(t), I1(t), Io(t), R(t)) on t € [0,7.), where 7, is the explosion timel'®/. To show this so-
lution is global, we need to show that 7. = oo a.s.. Let kg > 0 be sufficiently large so
that S(0),11(0), I2(0) and R(0) all lie within the interval [k—lo, ko]. For each integer k > ko,
define the stopping time

re=inf{t € [0,7) : S() ¢ (1K) or Li(0) & (7, k) or Ba(0) & (1K) or R(O) ¢ (3,0},

where we set inf ) = oo(as usual () denotes the empty set). Obviously, 7% is increasing as
k — 00. Set 7o = klim Tk, hence 7o < 7¢ a.s.. To complete the proof, all we need to show
—00

that 7., = 0o a.s.. If this statement is false, then there exist a pair of constants 7" > 0 and
¢ € (0,1) such that
P{70c <T}>e.

Hence there is an integer k1 > kg such that for all k£ > &y

P{r. <T} >e. (3.1)
Define a C?-function V: Ri — Ry by
V(S,Il,IQ,R) = (S —1- IHS) + (Il —1- 111[1) -+ (I2 —1- ].HIQ) + (R —1- lnR)

The nonnegativity of this function can be seen from v — 1 —Inu > 0, u > 0.
Let k > kg and T > 0 be arbitrary. Applying the It6's formula, we obtain

01

dV (S, 1,15, R) = LVdt
(71727) +1+Il

(Il — S)dBl(t) + JQ(IQ — S)dBQ(t), (3.2)

where

A+ (y—p2)lo —p1li +nR
S

LV=A-puS+L+I1+R)— a1} — agly] —



B1(S — 1) ol
e\ 2 — ) — =2 1 (4 —py —
1, Ba(S — I2) 7 +(@p+ar+as+d+v+n—p—p2)
2 2 2
of(S*+I7) |1 5 0,
72(1+-71)2 +202(S + 15)

a%(SZ—i-If) 1

<A+4 Y A LSSt + 132 H
<SA+4p+ortar+o+v+n+ SAESAE +202( +13) :

where H is a positive constant. Hence,

(I2 = S)

dV (8,11, I, R) < Hdt + 011 T dB(1) + 0a(Tz — S)dBa(h).
1

Integrating both sides of the above inequality from 0 to 7, AT, we get

’Tk/\T ’Tk/\T
/ dV (S(s), I1(s), I2(s), R(s)) < / Hds
0 0

A oy (I1(s) — S(s))
+ /0 o 11+11(s) dB1(s) + o2 (Is(s) — S(s))dBa(s)],

where 7, AT = min{, T}. Then taking the expectations leads to
EV(S(tk ANT), (s NT), Ia(mx NT), R(1i NT)) < V(5(0),1:(0), I2(0), R(0)) + HT.

Set Q = {m; < T} for k > k; and from (3.1), we have P(Q;) > €. For every v € (),
S(1k,v), 1 (1k, v), Io(7, V), R(7y, v) equals either k or ; hence V(S (7y,, v), [ (1k, v) T2 (7, V),
R(7k,v)) is no less than min{k — 1 —Ink,+ — 1 —In}}.

Then we obtain

V(S(O)’ 11(0), 12(0)7 R(O)> +HT > E[lﬂk(u)V(S(Tk)v Il(Tk)7IQ(Tk)a R(Tk))]

1

> emin{k — 1 —Ink, ?

1
“1_In=
nk},

where 1g, () is the indicator function of .
Letting n — oo leads to the contradiction co = V(S5(0), 11(0), I2(0), R(0)) + HT < oc.
This completes the proof.

4 Stochastic ultimate boundedness

Definition 4.1 The solution X (¢) = (S(t), [1(t), I2(t), R(t)) of system (2.3) are said to
be stochastically ultimately bounded, if for any ¢ € (0,1), there is a positive constant
x = x(¢), such that for any initial value (5(0), I1(0), I2(0), R(0)) € R%, the solution X (¢)
has the property that
limsup P{| X (¢)| > x} < e.
t—o0

Theorem 4.1 The solution of system (2.3) are stochastically ultimately bounded for any
initial value (5(0), I;(0), I2(0), R(0)) € R4.



proof. From Theorem 3.1, the solution will remain in Ri for any ¢ > 0 almost surely.
Define a function
V(S,I1,L,R) =8+ 1} + I + R’

for (S, I,1>,R) € R} and 6 € (0,1). By Ito’s formula, we obtain

61 Il

AV (S, I, I, R) = [0S" " (A + (v — P2)12+71R)+9( 1

+ Bo SIS + SRV711y)]dt

[515 I
141

~+52 S L+ uS? +p1 SO L AT (a1 +5—p1) + 15 (p+ a7y —p2) + R (n+p)dt
2

9(9—1)[m

(8912 + S%1%) + 02(S912 + S%I9)]dt

016

T (SIY — S91,)dB (t) + 020(SIY — S%15)dBy(t)
1

+

1
< 0S8 YA+ (v —p2) 2+ nR)dt + S0 =1 S(SPIT + S21Y) + 03(SPI5 + S219))dt

91

(1+1)?
0

DSTE | 5,618 4 SROIL) + (57 4+ 10+ 18+ BY) — V(S, I, In, R))dt

+[0(1 + 1

0'1(9

+1+

(SI1Y — S91,)dB; (t) + 020(SIY — S°1,)dBs(t)

019 (STY — S91,)dB, (t) + 020(SI§ — SP15)dBy(t),

< [C—V(S,Il,IQ,R)}dt-f— I
1

where C' > 0 is a suitable constant.
Based on Theorem 3.1 and the above inequality, we have

d(etV(S, Ila 127 R)) = etV(Sv Ila 127 R)dt + eth(S, Ila I2a R)
10

< Ceéldt +1 (511 S91,)dB, (t) + 020(STY — S°15)dBs(t).

Integrating both sides of the above inequality from 0 to ¢, we get

'V (S(t), I1(t), Io(t), R(t)) < V(S(0), I1(0), I5(0), R(0)) + C(e* — 1)

t 010
+ [ A (S@H6) = SN ()dB1(s) + 2a0(S()IS(3) = S”(5)Ta(s)) B (o).

Then taking the expectations leads to
BV (S(t), I1(t), I2(t), R(t)) < V(S(0), I1(0), I5(0), R(0)) 4+ C(e* — 1)

= EV(S(t), I,(t), Ir(t), R(t)) < e 'V(S(0), I;(0), I5(0), R(0)) + C(1 — e ")
= limsup EV(S(¢), I1(t), I2(t), R(t)) < C.

t—o0

Note that

SRS

X (O = (S*(t) + I (t) + I3 (1) + R*(t))



)
2

< 4% max{S°(t), I9(t), I§(t), R(t)} < 42V (S, I, I, R),

then we get

N

limsup E| X (¢)|? < 4% limsupEV (S, 11,12, R) < 4

t—o00 t—o00

C < .

Therefore, there exists a positive constant d; such that

limsup E[\/ X (¢)| < 01.

t—o00

For any € > 0, set x = j—i, then by Chebyshev’s inequality
E|\/X(t)]
P{IX(®)] > x} < AR

Thus, we obtain

4]
limsup P{|X ()| > x} < — =-¢,

t—00 o ﬂ

which yields the required assertion.
Theorem 3.1 together with Theorem 4.1 indicates that the solution to our model is
non-explosive in condition that all the parameters and intensities remain positive.

5 Stochastic permanence

Definition 5.1 The solution X (¢) = (S(¢), I1(t), I2(t), R(t)) of system (2.3) are said to
be stochastically permanent, if for any € € (0, 1), there exists a pair of positive constants
A = A(e) and x = x(¢) such that for any initial value (S(0), I1(0), I2(0), R(0)) € R%, the
solution X (¢) has the properties

litmian{]X(t)\ <x}>1-g¢, litmian{\X(t)] >Ap>1—e.

—00 —00

Theorem 5.1 For any initial value (S(0), I1(0), I2(0), R(0)) € R%, the solution X (t) =
(S(t), I1(t), I2(t), R(t)) satisfies

limsup E(|X (t)| ") < @, (5.1)

t—o00

where 1 is an arbitrary positive constant satisfying

1
ﬁ%(u—kmax{l,ahag}—G—Qmax{(f%,a%}) <A, (5.2)
49(4kVA + C?) 20A + C + V4kIA + C2 5,
in which
0 <k <I2A — (p+ max{1l, a1, as} + 2max{c?, 03})], (5.4)

C =k +9(u+ max{1,as, as} + 2max{o?, 03}). (5.5)



proof. Define a function V (S, I, I2, R) = m, (S(t), 1(t), Io(t), R(t)) € RY; using

Itd's formula, we get

2 2]’2
AV (S, 11, I, R) = [uV + V(L) + asls — A) + 21/3((‘11+SI§2 + 02S212))dt.
1

Choosing a positive constant ¢ that satisfies (5.2) and applying Itd’s formula, we

obtain
028212
L(1+V)? = 19(1+V)19—1[MV—l—VQ(alIl+a212—A)+2V3(m+U§S2I22)] = 9(1+V)’71G,

0.2 272

where G = uV + V2(a1 1 + agly — A) + 2‘/3((11511[)12 + 038%13).
Since

V2(a1[1 +aols) < V2(S + a1l + axly + R)

< V?max{l,a1,a2}(S+ I + I + R) = V max{1, a1, as},

26272
Rtk +035%12) < 2V3 max{o?},03}(S? + S*I3) < 2V max{o?, 05},

Therefore,
G < (p+ max{1, a1, s} 4+ 2max{o?, 03} )V — AVZ.

Let k > 0 be sufficiently small such that it satisfies (5.4), by [t6’s formula
L(e"(1+V)") = ke (1+ V)? + L(1 + V)?

<M+ V) HEQ 4+ V) + 9(u 4 max{1, a1, a0} + 2max{o?, 02})V — IAV?]
= 1+ V)" [k 4+ CV = 9AV?] < MW,

where
4k9A + C? 20A + C + VAkIA + C2 5,
W = ——— max{1, ( )T
4k9A 29A
and C have been defined in the statement of the theorem.
Thus,

d(eF (1 +V)?) < wektdt.

Integrating both sides of the above inequality from 0 to ¢, we get

F VY < (14 V(0) + (M — 1) < (14 V(0)” + %ekt.

=14V <—4+1+V(0)%e™

=E1+V)" <+ (14 V(0)% k.

Therefore, we obtain
limsup E(V(t))? < limsup E(1 4+ V)? < %

t—00 t—o00



For (S, 1,15, R) € Ri, we know that

(S+ L+ +R)? <4’(S2+ 12+ I3+ RY)% < 47| X(1)|";
consequently,
1 40w
lim sup E(———) < 4’ limsup E(V (1))’ < —— = Q,
n Sup (|X(t)‘19)_ m Sup V()" < k Q

which completes the proof.
Theorem 5.2 Assume max{o?, 03} < A —
(2.3) are stochastically permanent.
proof. From Theorem 4.1, we have P{|X(¢)| > x} < ¢ which implies P{| X (¢)| <
X} <1 —e. This follows that hmmfP{\X H <x}>1-e.

w, then the solutions of system

By Theorem 5.1, we get hmsup E(lX t)lﬁ) <Q.

For any € > 0, let A = ; then by Chebyshev’s inequality,

Lol
sg\ C‘o\»—l

P{X(M)] <A} =Pl > 4} < VVEIX0).

1
| X ()]
Hence,

limsupP{|X ()| <A} < =-Q=¢,
t—o0 Q

which follows that
litmian{]X(t)\ >AP>1—e.
— 00

The proof is completed.

Compared with the existence, uniqueness and boundedness of positive solutions, the
stochastic persistence condition of the model solution is much more stringent. Specifically,
some main parameters, i.e., the recrument rate A, disease-related mortality a1, ae, natural

mortality 4 and all the perturbed intensities o1, 09 should satisfy max{c?,05} < A —
ptmax{l,ai,a2}
e

6 Numerical simulations and Conclusions

In this section, for the system (2.3), we will use the Milstein method mentioned in
Higham [17] to illustrate our main results.
Consider the following discretization equations:

.

Sky1 = Sk +[A — (lﬁ}rﬁ’z + B2lor) Sk + (v — p2)lox — pSk — p1lix + nRy] At
0' 0'2

— AN — 02 Top VAL, + G (PP — DAL+ F U (6 — 1AL,
Ty = T + [B3505 — (u+ a1 + 6 — p1) T At + H2EE VAR,

0.2
TS - DAL
IZkJ{l = Iog + [B2Sklor — (1 + a2 + v — p2) Log| At + 02 Sk Lop vV ALE,
+%52122k(§,% —1)At,
Ry11 = Ry + [0L, — (n+ p)R]At,




10

where & (k =1,--- ,n) is the Guassian random variables which follow N(0, 1).

We choose the parameters by A = 2,38, = 0.75,82 = 0.3,y = 0.75,p1 = 0.01,ps =
0.05,4=0.3,7=0.5,0 =0.7,a7 = 0.1, g = 0.6, and initial value (S(0), I1(0), I2(0), R(0))
=(5, 4, 2, 3). Then the corresponding pathwise estimation of the solutions of system
(2.3) are shown in Fig.l. Let o1 = 0.04,02 = 0.06, the solutions of system (2.3) are
stochastically permanent(Fig.1(a)). Let o3 = 0.2,02 = 0.1 and the condition of Theorem
(5.2) is satisfied, we can see that the larger intensity of the white noise will weaken the
stability of the system(Fig.1(b)).

[N
o
ST 20 R

 —

"o 10 20 30 40 50 B0 70 a0 90 100 "o 10 20 30 40 50 B0 7n a0 o0 100

(a) ‘ (b)

Figure 1: Solutions of system (2.3) with different noise. Other parameters and initial
condition are given in text. (a): o1 = 0.04, 02 = 0.06; (b): 01 = 0.2,092 = 0.1.

When o1 = 02 = 0.0, system (2.3) will be deterministic and its time-series plots shown
by Fig.2(a). We choose 01 = 1.0, 02 = 1.3 which does not satisfy the condition of Theorem
(5.2), then the noise can force the population to become largely fluctuating. In this case,
the solutions of system (2.3) are not stochastically permanent(Fig.2(b)).

a A 20 s

n

—n
4 2
L R 15 R

|

-1

.12 R
=

o 10 20 30 40 &0 B0 70 a0 90 100 “n 10 20 30 40 &0 B0 70 80 a0 100
t

(a) ‘ (b)

Figure 2: Solutions of system (2.3) with different noise. Other parameters and initial
condition are given in text. (a): o1 = 0.0,09 = 0.0; (b): 01 = 1.0,09 = 1.3.
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