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Abstract

\begin{abstract} {In this paper, we study a class of critical fractional Kirchhoff-type equations involving logarithmic nonlinear-

ity and steep potential well in $\R"N$ as following: \begin{align*} \renewcommand{\arraystretch}{1.25} \begin{array}{ll} \ds

\left \{ \begin{array }{11} \ds \left(a+Db\int_{\R"{N}}|(-\Delta) "\frac{s}{2}u| "2\, dx\right)(-\Delta) s u+\mu V(x)u=\lambda
a(x)u\lnju|+|u|"{2-{s} " {*}-2}u” " "\text{in} \mathbb{R} "N, \\ u\in H"s(\R"N), \\ \end{array} \right . \end{array} \end{align*}
where $a>0% is a constant, $b$ is a positive parameter, $s\in(0,1)$ and $N>4s,$ $\mu>0$ is a parameter and $V(x)$ sat-
isfies some assumptions that will be specified later. By applying the Nehari manifold method, we obtain that such equation
with sign-changing weight potentials admits at least one positive ground state solution and the associated energy is negative.

Moreover, we also explore the asymptotic behavior as $b\to 0% and $\mu\to\infty,$ respectively.}
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Abstract

In this paper, we study a class of critical fractional Kirchhoff-type equations involving logarithmic
nonlinearity and steep potential well in R as following:

(a + b/ [(—A)5ul? dm) (=A)*u+ pV (z)u = Ma(z)uln |u| + |u/* 24 in RY,
RN
u € H*(RN),
where a > 0 is a constant, b is a positive parameter, s € (0,1) and N > 4s, u > 0 is a parameter
and V' (x) satisfies some assumptions that will be specified later. By applying the Nehari manifold
method, we obtain that such equation with sign-changing weight potentials admits at least one

positive ground state solution and the associated energy is negative. Moreover, we also explore the
asymptotic behavior as b — 0 and p — oo, respectively.
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1 Introduction

The aim of this paper is to discuss the existence of positive solutions for the following critical fractional
Kirchhoff-type equations with logarithmic nonlinearity and steep potential well

(a + b/ [(—A)2u)? dm> (=A)*u+ pV(2)u = Aa(z)uln ju| + [u>* 20 in RV,
RN
u € H*(RN),

(1.1)

where s € (0,1), A >0, N > 4s, a(x) is continuous and bounded weight potentials, b > 0 small enough

and 27 = NQiVQS is the fractional critical Sobolev exponent. Eq. (1.1) is usually called of fractional

* This work was supported by NSFC: (11701178), Natural Science Foundation program of Jiangxi Provincial
(20202BABL201011).

T Corresponding author. E-mail address: 996987952@qq.com (L. Huang), wangli.423@163.com (L. Wang),
18342834223@163.com (S. Feng).



Kirchhoff type, because of the present of fractional operator and Kirchhoff nonlocal term. Denote the
fractional Sobolev space H*(R™) as the completion of C§°(RY) with the norm:

1
s 2
e = ( / |<—A>2|2dm) T luls.
]RN

Then H¥(RN) < L"(RY),r € [2,27] and this embedding is locally compact while r € [1,2%) (see [24]).
More precisely, Kirchhoff established a model given by the equation

2 2

P <”0 | 2) Ou_y, (1.2)

P o h ' 2L 0x?
where p, pg, h, E, L are constants. This nonlocal model extends the classical D’Alembert’s wave
equation by considering the effects of the changes in the length of the strings during the vibrations.
Since Lions [19] introduced an abstract framework to Kirchhoff-type equations, the solvability of these
nonlocal problems has been well studied in the general dimension by various authors. We refer to
D’Ancona and Shibata [11] and D’Ancona and Spagnolo [12] for the global solvability of various classes
of Kirchhoff-type problems. We also refer to Carrier [7, 8] who used a more rigorous method to
model transverse vibration via the coupled governing equation of planar vibration in order to recover
the nonlinear integro partial-differential equation, in which a more general Kirchhoff function was
considered. For more details on mathematical theories and its applications of Kirchhoff-type problems,
we refer the readers to [1, 12, 17, 21, 22, 29].

Fiscella and Valdinoci [15] studied the following fractional Kirchhoff type equation

2
(//RN N ‘x _ y‘NS—Q)g‘ dx dy) (=A)u = Af(2,u) + |u|*2u, x €, (13)
>< .
u=0, xzecRN\Q,

where Q C RY is a bounded regular domain and Kirchhoff function M is nondegenerate. By using
the mountain pass theorem and the concentration compactness principle, together with a truncation
technique, they obtained the existence of non-negative solutions for problem (1.3), see [15, 4, 14] for
more physical background involving this subject.

In a recent paper [28], Shuying Tian studied the multiple solutions for a semilinear elliptic equation
on a bounded domain with the sign-changing logarithmic nonlinearity. Namely she proved that the
following problem

—Au = a(x)ulog|ul, x€Q,
u=20, on d

has at least two nontrivial solutions provided that a € C () changes sign on 2, and

4|9
max |a(z)| < 2mexp < - ||> .

z€eQ) ne

Tian’s results are quite different from these in the polynomial nonlinearities case, see [2, 6, 31]. Its
proof is based on the consideration of the Nehari’s manifold associated with the energy function and



the using logarithmic Sobolev’s inequality. In [27], Truong studied the following fractional p-Laplacian
equation with logarithmic nonlinearity

(—A)ju + V(@)|uP~2u = Ma(z)|uP2uln |u|, e RV,

where a(z) is a sign-changing function. Under some assumptions on V,a and A, [27] obtained two
nontrivial solutions by using Nehari manifold approach. Haining Fan [16] studied the following fractional
Schrédinger equations involving logarithmic and critical nonlinearities in RY

(—=A)* 4+ u = Aa(z)uln |u| + b(x)|u?2u, = eRVN.

By applying the Nehari manifold and Ljusternik-Schnirelmann category, obtain how the weight potential
affects the multiplicity of positive solutions and relationship between the number of positive solutions
and the category of some sets related to the weight potential.

It is natural to wonder what the results would be if the fractional Kirchhoff-type equation involving
logarithmic nonlinearity and steep potential well in RY. Motivated by the above discussion, the main
goal of this paper is to study the existence of a positive ground state solution for (1.1). To our best
knowledge, the critical fractional Kirchhoff-type equations involving logarithmic nonlinearity and steep
potential well in RV has not been studied yet.

Before stating our main results, we introduce some assumptions on a(x) and V(z):

(A1) lim a(z) =0,z € RV,

|z[—o00
(V1) V € O(RN,R) and V(z) > 0 on RV,
(Vo) There is ¢ > 0 such that V. := {x € RN | V() < ¢} is nonempty and has finite measure.
(V3) Q =int V~1(0) is a nonempty open set with locally Lipschitz boundary and Q =V ~1(0).

This type of assumptions was first introduced by Bartsch and Wang [5] and they considered a non-
linear Schrodinger equation. In recent years, elliptic equations with steep potential well received much
attention of researchers, see e.g.[3, 13, 18, 32, 33]. The hypotheses (V;) — (V3) imply that V(x) rep-
resents a potential well whose depth is controlled by p, so V(x) is called a steep potential well if yu is
sufficiently large. It is worth mentioning that we do not impose any other hypotheses on the behavior
of V(x) for |x| — co. We expect to find solutions which are localized near the bottom of the potential
V(x).

Theorem 1.1. Assume that condition (A1) and (V1) —(V3) hold and a(x) is negative or sign-changing.
Then there exists A1 > 0 and p* > 1 such that if X € (0,A1) and p € (u*,00), equation (1.1) has a
positive ground state solution and the ground energy of (1.1) is negative.

Theorem 1.2. Assume that condition (A1) and (Vi) — (V3) hold, let <p;f# be the positive solution of
(1.1) obtained by Theorem 1.1. Then there exists by, > 0 such that for each b € (0,bs) fized, aplju = o
in H5(RN) as p — oo up to a subsequence, where cpl'f is a positive solution of

<a + b/ \(—A);u|2d:c> (=A)u = Aa(z)uln [u] + [u[*"2u in Q,
RN (1.4)

u [pn= 0.



Theorem 1.3. Assume that condition (A1) and (V1) — (V3) hold, let gpj’u be the positive solution of
(1.1) obtained by Theorem 1.1. Then there exists p* > 0 such that for each p € (u*, 00) fized, aplju — 90:
in X as b — 0 up to a subsequence, where cp:[ s a positive solution of

(1.5)

a(=A)*u+ pV(x)u = da(z)uln ju| + [u/> 20 in RY,
u € H3(RN).

Theorem 1.4. Assume that condition (A1) and (Vi) — (V3) hold, let gpl"f# be the positive solution of
(1.1) obtained by Theorem 1.1. Then 4,0;“ — @t in H¥(RY) as b — 0 and p — oo up to a subsequence,
where ©T is a positive solution of

{ a(—=A)*u = Na(z)uln [u| + |[u|®>"2u  in Q, (16)

u [so= 0.

To achieve our aim, the Nehari manifold is the main tool in this study. First the logarithmic nonlin-
earity does not satisfy the monotonicity condition or Ambrosetti-Rabinowitz condition and this type of
nonlinearity may change sign in R, which makes discussions more complicated. Another is the lack
of compactness caused by the unbounded domain and the critical nonlinearity. Some concentration
compactness results for the fractional Kirchhoff equations seem correct but have not been proved yet
and thus cannot be applied directly. All these difficulties prevent us from using the classical variational
methods in a standard way, so innovative techniques are highly needed.

This paper is organized as follows. In the forthcoming section we recall some basic definitions, present
the variational setting for the problem and study some properties of the corresponding Nehari manifold.
In section 3, we present technical lemmas and the proof of Theorem 1.1. In Section 4, we prove Theorem
1.2, Theorem 1.3 and Theorem 1.4.

2  Functional Setting

In this section, we introduce the definition of s-harmonic extension, and present the variational setting
for the problem and properties of the corresponding Nehari manifold.

For convenience of our statements, throughout this article we will use the following notations:

e LI(RY), 1 < g < oo, denotes the usual Lebesgue space with the norm | - |4;

e For any p > 0 and z € RV, B,(z) denotes the ball of radius p centered at z;

° Rf—i_l = {(xl,ﬁg, . ',IN+1) S RN+1 | TN+1 = 0}

To study the corresponding extension problem, we apply an extension method [9] and define the
extension function in H*(RY) as follows.

Definition 2.1. Given a function u € H*(RYN), we define the s-harmonic extension Es(u) = ¢ to the
problem:

div(y'"*Ve) =0 in Rf“,
© = u, on RN x {0}.

The extension function ¢(x,y) has an explicit expression in term of the Poisson and Riesz kernel, i.e.
Ploy) = By rule) = | Pila = €l de,
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where Pj(z,y) = C(N, S)m with a constant C(N, s) such that [pn PP(z)de =1 (see [9]).

Define the space

XP(RY ) = {m,y) € CRRY ™) : /R .
+

ksy' 2| V|® da dy +/ V(2)|p(x,0)] dz < oo} ;
RN

equipped with the norm:

N

N
N R

lell = ( oy 9 dedy + v<x>|so<x,o>|2dx)

For p > 1, we also need the following norm

N

HsonX:(a Lo e dsay+ MV(m)Iw(%O)!de>
R++1 RN
Note that

[y bt 9 dedy = [ = [ (-8)Ruf (2.1)
RY T RN

where Es(u) = ¢ and ks is a normal positive constant see [9]. So the function Es(-) is an isometry
between H*(RY) and X* (Rf 1), Then we can rewrite (1.1) as follows:

div(y' ~*Vy) = 0, in R (2.2)
(a+ble2) (—ks32) = —nV (@)p + Aal@)pIn ] + |02, on R x {0}, |
where 5 9
' . 1-2s 9% s
—ks—— = —ks 1 —(z,y) = (A )
Fsgy = ks Hm y o (2,y) = (=A) (@)
For simplicity, we set ks = 1 in follows. If ¢ is a solution of (2.2), we can get that the trace

u=tr(¢) = ¢(x,0) is a solution of (1.1). Conversely, it is also true.

Definition 2.2. To analyze (2.2), we define the associated energy functional by

2
1 b _9s A
Lyu(p) - = Sllellx + 5 y' IV dedy | — 2 | a(@)le(x,0) Infe(z, 0)| dx
2 4\ JpN+1 2 Jrn
+

A ]. *
+7 [ a@leta 0 do = o [ lee 0 dz,
RN s JRN

where ¢ € XS(]RJJ_[H). Then Iy, is Fréchet differentiable and

(I{,)M(cp), v) = a/ y 72V o(z, y)Vo(z,y) de dy + V(x)p(z,0)v(z,0) dx

N+1 N
RY R

+b/N+1 yl_QSW@(%y)lewdy/ y' " Ve(e,y)Vo(z,y) de dy
R+

N+1
Ry

- )\/RN a(z)p(x,0)v(x,0)In|p(x,0)| dr — /RN lo(z,0)|% " 2p(xz, 0)v(x, 0) dz



for any ¢ € XS(RJXH). It is notable that finding the weak solution of (2.2) is equivalent to finding the
critical point of the energy functional I, ,,.

Definition 2.3.
® := {nontrivial weak solutions of (2.2)}.

From (2.1) and Definition 2.1, we define the ground energy of equation (1.1) by

d:= inf I ().

If ¢ is a nontrivial solution of system (2.2) such that Iy, (p) = d, we call that u := p(x,0) is a ground
state solution of equation (1.1).

Since I, ;, is not bounded from below on X S(Rf 1), we consider I ,, strictly on the Nehari manifold:

Ny = {p € X3RETH\ {0} (I ,(¢), ) = O}

Then ¢ € N, if and only if
ol +blelt =2 [ a@lele,0F nlp@, 0o [ lpla,0)% dz =0, (23)

We analyze N} in terms of the stationary points of fibrering maps [6] that ¢, : Rt — R is defined by

¢<p(t) = Ib,u(tw)-

Then we have

2
_ tz 2 b 4 1-2s 2 tQ: 2%
Pp(t) = 5”9"”){ + Zt </Rf“ y |Ve(x,0)]"dzdy | — % Jon [p(x,0)[% dx
t2 2 2 1 2
A ([ a@lete 0P mlp@ 0 de+nt [ a(@)p@ 0P de -1 [ a(@)p@0)2dz),
2 RN RN 2 RN

(2.4)

2
#,(t) =t +bt’ (/N yl‘Qs\Vw(:c,O)IQdmdy> —tQH/ (. 0)|* da
R +1 RN

+

Y </RN a(x)|g0(x,0)|2ln|g0(x,0)|dm—i—lnt/ a(x)|<p(x,0)\2dx)

RN

and

Ui _ 2 2
1(8) = el + 30t ( L.

+

— a\xr X 211 X XL n al\x X 2$ a\T X 255.
A ([, el 0P et 0lde +ine [ atolpte.0P o+ [ at@let 0 d )

2
y' | Ve(z,y)|* do dy) — (2 1)t /RN lp(z,0)|% da

It is easy to see that ¢ € Ny if and only if ¢;,(1) = 0.
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We split NV, into three subsets N, ;“ , Ny and g that correspond to local minima, local maxima, and
points of inflection of fibrering maps respectively, i.e.

N5t = {p € Na = 6l4(1) > 0} = {1 € X*(RYH)\ {0} : 6L,(1) = 0,64(¢) > 0},

Ny = {p € Mo (1) < 0} = {tp € X3(RETH)\ {0} : ¢, (1) = 0,¢3(t) < 0},

MY = {p € Na: 9(1) = 0} = {tp € X (RYT) \ {0} = ¢, (t) = 0,4,(t) = 0}.
Note that if ¢ € Ny, then

2
1) =2 ( Jov v Vel s dy) A [ alallp@0)de =2 =2) [ lple.0 du.

Thus, we get the equivalent expressions:

N = {p € Ny : 2] + A / a(@)|o(z, 0)[2 da + (2% — 2) / (. 0)|% di < 0},
RN RN

NT = {p € Ny —20[g]* + A / a(@)) o, 0) dr + (25— 2) / oz, 0)[% dz > 0},
RN RN

NY = {peNy: —2b[p]? + )\/

a(@)|(z, 0)[ da + (2 - 2)/ [p(, 0)[* da = 0}.
RN

RN
Let us introduce some properties on the spaces X S(Riv 1) and L"(RVN).

Proposition 2.1. /23] The embedding XS(RfH) — L"(RY) is continuous for v € [2,2] and locally
compact for r € [1,2%).

Proposition 2.2. [23] For every ¢ € XS(]RJJYH), there holds

2N =S 1-2 2
s, ( / |u<a:>|ms) < [ vy
RN R

where u = tr(p). The best constant is given by

5, - TP r)F

(s)T(552)(T(N)) ¥

and it is attained when u = ¢(x,0) takes the form:

N—-2s
Ce 2
N—-2s

) e

for an arbitrary € > 0, v = Es(u:) and
1-2s 2 o 2N N
Y |Ve|*de dy = |pe(2,0)| V=25 do = S
Rﬁ+1 RN

To handle the logarithmic nonlinearity, we need the following logarithmic Sobolev inequality:



Proposition 2.3. [10] Let g € H*(RY) and o > 0 be any number. Then

lg/? o? s
[ ol s e < Tl -

Remark 2.1. From (2.1) and definition 2.1, we have

N sD(&)
N+ —Ino+1In 27| |gl3.
s I‘(%)

2, ez, 0)? o 1-2s 2 N SF(%) 2
oz, 0)|"In ——5 der < — Y Vo(z,0)[*derdy — [N+ —Ino +1n p(z,0
Lt BT de < % [ a0 > F) |0
for any p € XS(Rerl). Furthermore, there holds
| a@le@ 0P el 0 ds =5 [ ao)o(e.0)P nfp(s, 0 do
1 2
= / z)|p(z,0)]?In 7“0(%0”2 dx
2 |§0($70)|2
1
+3 [ a@lela.0F nlp(a,0)f3 do
1 o’ Y2 2
< gl [, v Vo O iy
N
Mol [V + M ino 10 50 (003
I'(5)
1
v /R al@)lelw, 0)P nfp(z, 0) 3 dr. (25)

Proposition 2.4. [16] If ¢ is a critical point of Iy, on Ny and ¢ ¢ N?, then it is a critical point of
I, in X°(RYH).

3 Technical lemmas and proof of Theorem 1.1
In this section, we first give some basic lemmas that will be used in the paper.
Lemma 3.1. If [pn a(x)|¢(z,0)|* dz <0, then we have either

lellx <1 (3.1)

or
| a@let. 0P o0l ds < Clelf
for some C > 0 independent of ¢ € XS(R_]X“).

Proof. To estimate [pn a(a)|¢(z,0)|*In|¢(z,0)| dz, we re-write it as
[ a@let,0) (w0 dz
RN

= a(z)|o(x 2n|<'0(x’0)’a: n a(z)|p(xz,0)|? dx
- [ a@lete 0P EEN g ol [ awleto0Pa

:Il +127



where 11 = [y a(@)l(z,0)* In g do and 1o = In [lollx o a(@)le(e,0) da.

If ¢llx <1, then (3.1) holds. If [l¢[|x > 1, due to [pn a(z)|¢(xz,0)|* dz < 0 we have I, < 0. This
implies

| a@le(@. 0P oG, 0] ds < 1 (3.2)

We divide I into two parts: Iy = I11 + I12, where

z,0
I :/ a(z)|e(z,0)* In (=, 0)l
- EP

Rfl\; = {z e RN : a(z) > 0}, sz\{_ = {z e RV : a(z) < 0}.

For all ¢ > 0, there exists v > 0 such that Int < C,¢7, it follows from Proposition 2.1 that

lo(x,0)]
lollx

dx, 112:/ a(x)|p(z,0))* In dx,
RN

a,—

Iy < ClelE? [ a@lo(e. 0l ds <l (33)

a,+

for 2 < ¢ < 2§ and

nes [ a@let@oP .0 4,
- Tolx

I P [ P
—/%_( (@)lel.0) n I d

<Cullelly [ la@lleta, 0 da

< Cllelk (3-4)

for 0 <9 <1, where Q4 :={z € RY_ : |p(,0)| < [l¢[x}.
As a consequence of (3.2)-(3.4), we obtain

| a@lea.0F g0 o < Cllelf.

where C' is a positive constant independent of ¢ € X S(Rf . O
Lemma 3.2. There exists Ao > 0 small enough such that if A € (0, \2), then the set NY = ().

Proof. On the contrary, if ¢ € N?, then

Il +blel! =2 [ a@lea 0 g0 e | e 0 dr =0 (35)
and
el + 30t < ([ a@lote 0Pl 0l do+ [ ato)lote, 0P )

C@ ) / ol )% d = 0.
RN



According to Proposition 2.1 and let b > 0 small enough

2 _ ok T 2% -
3 [ a@lp@ 0P de=2=2) [ o0 do+ 2 (/R

+

2
yl_%lvw(ﬂv,y)!dedy> <0. (3.6)

In view of (3.6), it follows from Lemma 3.1 that either

lellx <1 (3.7)

or
/RN a(z)|p(z,0)|* In|p(w,0) da < Cllel%, (3-8)

where C' is a positive constant independent of ¢ € M. If (3.8) holds, for sufficiently small A > 0,5 > 0

and exists o = %, it follows from (3.5)-(3.6) and Proposition 2.1 that

RN

2
o=||sou%(+b</N1y1-28|w<m,y>|2dxdy) A [ a@lpte. 0P mlg@ 0l e~ [ et 0 da
R++ RN

2b

2
= llel% + (b— 5 _2> (/N 1ylQS\V@(%y)lzdﬂcdy) —A/ a(x)|e(x, 0)|* Infp(x, 0)| dz
s RY* RN
A
55 [ elelea 0 da

s

2b
> (1 - AC) — Aalleli + (b= 5225 ) el

S

_|_

> Cllelk-

Thus, ||¢]|x = 0, which obviously yields a contradiction to the fact ¢ # 0. This implies that (3.7) holds.
On the other hand, in view of Int < ¢ for any ¢ > 0, it follows from (2.4) and Proposition 2.1 that

/RN a(z)|e(z,0)] n |p(z,0)| de < C(llel% + le(z,0)2) < Clllelx + lollx). (3.9)

With the help of (3.5)-(3.6), (3.9) and Proposition 2.1, we obtain

2
2 o
el = [ at@lote. 0P nlpte.0)lds — (b- 22 (/ . y”|w<x,y>2dmdy>
RN — R++1

- 575 [ @l 0P dr

< AC(lelx + llellx) + Aallel%,

which together with (3.7) gives
C <A1+ [lell3) + A < A2+ a).

This contradict with the fact that A is sufficiently small. O

10



Lemma 3.3. There exists A3 > 0 small enough such that if X € (0, A3), then I, , is bounded from below
on Ny.

Proof. Let ¢ € N ;“ . According to the definition of N, ;“ , we get

)\/RN a(2)]o(z, 0)[2 dz < 0

and

2
2% 2 1-2s 2
/RN (2, 0)% do < o —2/RN a(z)|p(z,0)" dz + 5— </Rf“y V(z,y)| dwdy) :

S S

As discussing for (3.7), for A > 0 small enough we can obtain
lollx < 1. (3.10)

Hence, the low bound of Ij,,, restricted on N;’ can be attained by Proposition 2.1 and (3.10), i.e.

10(0) = () — 5{Th(9), )

2
_ —b 1-2s 2 )\/ 2 lfi / %
== (/M+ly IVo(z,y)| da:dy) +3 RNa(x)|g0(x,0)| de+ | 5 2 RNIw(x,o)! dx
A b
>3 [ al@lelw 0P d = el
]RN

b
> =Cllellx = Nl

> —\C — % (3.11)

For any ¢ € N, , we have

1

To () = Iou(9) = 5(13,,(0): )

2
_ b 1-2s 2 )‘/ 2 11 / 2
= </M“y Ve(z,y)] dwdy) T3 oy @@ OFde {5 =00 ) [ el ) da.
(3.12)

If I, ,(¢) > 0 for all ¢ € N, obviously the lower bound of I, restricted on N, can be achieved.
Otherwise, if there exists ¢ € N~ such that I, ,(¢) < 0 by (3.12) it follows that

2
/\/RN a(z)|p(z,0)]*dr <0

and
_o% *

2
25 . 2 2% / 1-2s 2
[ te@0 e < g [ et 0P de + g [y Ve ardy )

s

11



As we did for (3.7), there is A > 0 small enough such that
lollx < 1. (3.13)
Similar to (3.11), I, is bounded from below on N . O

Lemma 3.4. For each ¢ € X*(RY 1)\ {0}, there exists \1 > 0 small enough such that if X € (0, \1),
then the followz’ng two statements are true.

(i) If [on a(x)]e(x,0)|* dz > 0, then there exists t~ =t (¢) > 0 such that t~p € Ny and I, ,(t"¢) =
I¥1>aX Iy u(tp).

(it) If [pn a(z)|@(z,0)|? dz < 0, then there exists a unique 0 < tT :=t*(p) <t~ =1 (p) < oo such
that tT¢ € J\f t—p e Ny, I ,(ty) is decreasing on (0,tT), increasing on (t7,t7) and decreasing on
(t7,400.) Moreover, I, (tT¢) = min T ,(te) and I, ,(t"¢) = n}raxlb,#(tgo).

0<t<t— t+<t

Proof. (i) Suppose that ¢ € XS(RNJrl)\{O} with [pn a(z)|¢(z,0)|? dz > 0. Since 2 < 2% and lim Int =

t—0+
—00, there exists £y > 0 small enough such that
du(t) > 0 (3.14)
for t € (0,tp), where ¢ (t) is defined by (2.4). Moreover, we have
tl_1>%1+ ¢y (t) =0 and t£+moo Gp(t) = —o0. (3.15)

From (3.14) with (3.15), there is t~ := ¢t~ () > 0 such that

Pp(t™) = Ipa(t ) = rgagcqbw( )= f?;gifb,)\(t@)-

This implies t~¢p € N .
(ii) Suppose that ¢ € XS(RNH) \ {0} with [x a(z)|¢(z,0)[*dz < 0. Note that

2
e etk o ([ v e edy ) — 57 [ e 0 da
R++ RN
([ a@liete. 0P o0 e 4t [ a0 ds).
RN RN

Let f(t) :== Ant [pn a(z)|o(z,0)? dz + t%72 [on |@(2,0)[% dz Then ty € Ny if and only if

2
ft) = llellx + ot* (/ . yl—%\wm,y)r?dxdy) - / a(x)|¢(x,0)* In|p(x, 0)| dz.
R RN
Since

lim f(t) = +w,tETmf(t) = 400 (3.16)

t—0t
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and

H() = A / o), 0) 2 da + (27 — 2)¢% 2 / ola, 0)% da, (3.17)
RN RN
there exists

Ay al@)le(,0) da 72
= )

2t = 2) [pn lo(x,0)]% da
such that

f(tmin) = min f(t)

>0

A —A Jgv a(@)]e(z, 0) dz
2 3 /RN a(z)|p(x,0)[? dzln <(22 . 2;RfRN ol O dz)
A

2
- dx.
2 =2 /RN a(x)|p(z,0)|* dx

Moreover, f(t) is decreasing in (0, tyin) and increasing in (tmin, +00).
To show that

2
ftmin) < lloll% + bt (/R Nﬂyl—?ﬂwm,y)ﬁdxdy) - / a(z)|p(z,0)]* In |p(z,0) dz, (3.18)
+

RN
we start with estimating [pn a(z)|e(z,0)|* In|p(z, 0)] dz. It follows from Lemma ?? that either

lollx <1 (3.19)

or

/RN a(x)|(z,0)] In |p(x,0)| do < Clloll% (3.20)

for some C' > 0 independent of ¢ € X S(Rf *1). Thus we need to consider two cases.

Case 1 Assume that (3.19) holds. On the one hand, it follows from (2.5) and Proposition 2.1 that

/RN a(x)](, 0)|* Infe(z,0)| dz < C (lellX + lel%) < Cllelk

for some C' > 0 independent of ¢. So we have

2
Il + b2 (/RNHy“?ﬂwu,y)r?dmdy) A [ alalpla 0 In ol 0)l do > Clgll (321)
+

for A > 0 small enough and some C' > 0 independent of .

13



On the other hand, in view of the inequality Int < ¢ for ¢t > 0, it follows from Proposition 2.1 and
(3.19) that

Fltain) = 57 [ al@le@0Pdomn (<2 [ atallota, 0P )
~ 5 [ et o dsn (@5 -2) [ ot 0 do)

)\ 2

55 [ o@lele. 0 ds

< = /auwum&mbfamwmmﬁm+m—m/bmwmm%m+1
2: - 2 RN ]RN RN

< XCliglk [XCllelk + Cllol% +1]

< ACllel- (3.22)

for some C' > 0 independent of ¢. As a consequence of (3.21) and (3.22), we see that (3.18) holds for
A > 0 small enough.
From (3.16)-(3.18), there exists a unique 0 < t*(¢) < tmin < t~ () < oo such that

2
FE () = F(t(0) = llellX +bt° (/ y1_2S|V¢($,y)\2dﬂfdy> /\/ a(z)|e(z,0)]* In |p(z,0)| do

Rf-‘rl RN
and
tH(p)p € Ny and t~ (p)p € Ni.
Since
F(tH () <0< f(t(9),

it follows from (3.17) that ¢t () € Ny and t~(p)p € N .
Using the fact that

> 0<t<tt(p),
F) = llellx = bt?[els + A/RN a(@)|e(z,0)In|p(z,0)[de = § <0 t+(p) <t <t (),
>0 t(p) <t
we obtain
< 0<t<t(yp),
P, =q > tH(p) <t <t (p),
< t(p) <t

This indicates that I ,(t¢) is decreasing on (0,¢"(¢)), increasing on (¢*(p), ¢ (¢)) and decreasing on
(t~ (), 0). Moreover, we have

I, (t* = in I, (t d It~ = I (tp).
et (P)p) = | minTou(te) and Tou(t(p)) = max Tu(te)
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Case 2 Assume that (3.20) holds. Then

2
Il + e ( i NHyl-Zﬂwx,y)dedy) A [ ala)lpla 0 In ol 0)l do > Clell (323)
+

for A > 0 small enough and some C' > 0 independent of ¢.
If =X [ a(z)|e(z,0)2dz > (25 — 2) [on |@(2,0)[% dz — 2b[¢]! and b small enough, we have

A A [on a(z)|p(x,0)|? dx )
a(r x,0 2dx1n< R - <0.
33 Jou @) 0) (2= 2) Jow (@, 0% da ) =
That is,
Ftwn) < 525 [ alp(e,0)F d < 2ol (3.24)
s RN

for some C' > 0 independent of ¢. From (3.23) and (3.24), we arrive at the desired result (3.18) for
A > 0 small enough.

Due to (3.18), similar to the proof of Case 1, there exist 0 < t1(¢) < tmin < t7(¢) < oo such
that t7(p)¢ € Ny and t7(p)p € Ny . Furthermore, we can see that I, ,(to) is decreasing on (0,¢T¢)

increasing on (t*¢,t"¢) and decreasing on (¢~ ¢, 00). So we have I, ,(t7¢(p)) = min Ibu(tcp) and
0<t<t—

Ipu(t™ ) = ti?affp) Iy u(tp).

If =X [on a(z)]o(z,0)> do < (25 —2) [pn [o(z,0)[% dz—2b[p]1, since 2 < 2%, there exists o > 0 such
that

) / a(@)ltop (@, 0)2 da > (2¢ — 2) / to(, 0)[% da — 2b[g]%.
RN RN
Set
wo = top.

Similarly, we can see that there are 0 < t* () < ¢t (¢p) < oo such that the desired result in Case 1
holds for some ¢q. Let t1(¢) = tot*(¢o) and ¢t~ () = tot~(¢p). Consequently, there exist 0 < t1(p) <
t~ () < oo such that the result in Case 1 holds for an arbitrary . O

In view of Lemmas 3.3 and 3.4, we set

of == inf I,(¢) and a) := inf I ,(p).

L,DGJ\/+ weEN

Lemma 3.5. (i)If a(x) is negative or sign-changing, then a;\r <0 and a;\“ <a.
(it) If a(z) > 0, then Ny =0 and o > 0.

Proof. (i) If a(z) is negative or sign-changing, it follows from Lemma 3.4 that Ny~ # 0. Let ¢ € N}
Then we have

2
A / a(@)lp(z,0)2 dz < (2 - 2) / |sa<x,o>r2?da:+2b</ yl-%rwx,y)?dxdy) <o.
RN RN R_‘I\_Url
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This, together with (I; (), ¢) = 0, leads to

To(9) = To(9) = 5 (13, (). )

2
_ _b 1-2s 2 )\ 2 ]‘ ]‘ 2%
—4</M+1y V() dxdy> +7 [ e@le@oP et (5-5) [ oo a
2 — 2* . 2% — 2 "
: / (e, 0)[% di + 22 / o(a, 0% da
4 RN 22; RN

11 . ).
(1753 @2 [ oo ds
< 0. (3.25)

Thus, we obtain a:\F < 0.
For any ¢ € N, , if I () > 0, then

I u(p) > 0> af. (3.26)
If I, ,,(¢) < 0, then

Iop(9) = Tou() — 5005, (2)9)

2
_ b 1-2s 2 A 9 1 1 2
= (/Rf*l Y Vo(z,y)|" dx dy) + 1 /RN a(z)|p(x,0)]* dx + kT /RN lo(x,0)|% dz

< 0.
That is,
[ a@letw0)?d <o
RN
With the help of Lemma 3.4 (ii), there exists a unique ¢t () < ¢~ (¢) = 1 such that t*(¢)p € Ny and
Lu(9) 2 Inu(t (0)g) > oy (3.27)
Consequently, as a result of (3.26) and (3.27), we obtain
a;\r < a.

(ii) If a(z) > 0, then for any ¢ € XS(RfH) \ {0} we have
[ a@lete. 0 x>0, (3.28)
RN

which implies N} = (). Moreover, it follows from Lemma ?7? (i) that Ny # 0.
For any ¢ € Ny, we get

1

Iou(p) = Iou(0) = 5{13,u(#), )

2
_ b : > rae (5= 1) 2
=7 ( / p VIR dxdy> +7 L a@le@ 0P et (5 -5 ) [l 0P do

>0

)
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which implies
ay, > 0.

We now suppose by contradiction that o, = 0. Let {¢,,} C N, be a sequence such that I y(¢n) — 0,
as n — o0o. Then we have

1
0« Ib,u(wn) = Ib,u(SOn) - §<Il/7”u,(90n)7 @n)
b 2 I\
=7 (/N y”slvwn(x,y)ﬁdxdy) + / a(z)|on(z,0)2 dz
R++1 4 RN

11 .
+ <2—2§> /RN |on(z,0)]% da

>0, as n — oo,

which together with (3.28) and b > 0 small enough, we have

2 =0 an x % X = O . .
A [ a@len(e.0F de = 0,(1) and [ lpu(w. 0 de = 0,(1) (329)

It follows (3.29) and Proposition 2.1 that
[ a@len(a. 0P 1n o (2,0)] do
RN

= alxT X 2 HM

’9071(3770)’
H(PnHX

o+ nflenlly [ al@lono0)? do
R

< [ a@leu@0P m do -+ Cllonl (330)

Processing as we did for (3.3) and (3.4), we have

|on (2, 0)]

“r— da < Clleallk
lnllx "

[ a@len(e.0F 1n

RN

Using this estimate together with (3.30) leads to
| a@leula.0F mleue.0)l do < Cllgnl (331)

Taking into account (2.3), (3.29), (3.31) and Proposition 2.1, for sufficiently small A > 0 we deduce
that

2
0=llenlk +b (/NH y' 2 Ven(a, y)? de dy) - /\/ a(2)|n (@, 0)* In|on(, 0)| dz —/ [pn(x,0)[% da
R+ RN RN

2
=||son||§(+b< / Nﬂy12srwn<x,y>|2dxdy) [ a@lone.0) P nlen(z. 0 dz + 0,(1)
R+ RN

> pull3 (1 = AC) + 0,(1)
> Cllignlk + on(L).
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That is,

lenllx = on(1). (3.32)

On the other hand, in view of Int < ¢ for ¢ > 0, it follows from (2.5) and Proposition 2.1 that

/RN a(x)| (2, 0)* In on (2, 0)| dz < C(llpnllk + len(z,0)[2) < CllenllX + lonllX)- (3.33)

Making use of (2.3), (3.33) and Proposition 2.2, we get

2
||so\%(=—b</my12srw<x,y>\2da:dy> 2 [ a@lela, 0 Il 0)ldz + [ ol 0)f o
RY RN RN

Then
2*
el < AC(lenll% + llenll%) + Clienll%-

That is, ”‘Pn”? + lenlli = (1 = 2XO)|lenl% > Cllgnl% for small A > 0 and some C' > 0. Hence, we
have [|¢n|[3 > C for some C' > 0 independent of n € Z,. Apparently, this yields a contradiction to
(3.32). O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Our proof will be divided into two steps.

Step 1 We shall show that there exists A; > 0 such that for each A € (0,A1), I, has a minimizer
golj:# in V)" such that Ib,u(‘PBL,H) =af.

Let {¢,} be a minimizing sequence {¢,} C Ny, i.e. nh_}ngo I, u(¢n) = o . We claim that there is some
C > 0 such that

lonllx < C forallneZ,. (3.34)

Note that {p,} C Ny, then
[ a@lene. 0P do <0
RN
and

2
. A 20
2 2 1-2s 2
n(z,0)]% dr < n(z, d Vo (z, dedy | .
/RN on, 0)[™ de 22—2/1@&(‘%)'@ (2, 0)[" d + 2% — 2 (/Rgﬂy [Vion(@,y)I"dz y)

S

Analogous to the derivation of (3.7), we can see that (3.34) holds for A > 0 small enough. Thus there
exists a subsequence (still denoted by {¢,}) and (’0b+,u € X (]Rf 1) such that

on— o, i X(RETH),

On — ‘rDIJsz in Lfoc(]RN) for s € [2,2}), (3.35)

On — go,jf“ a.e.on RV,
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To prove that

/ a(x)\gon(x,O)\de%/ a(z)|e),(2,0)|?dr as n — oco. (3.36)
RN RN o

For any € > 0, according to condition (Hjp), there exists R > 0 such that |a(z)| < ¢ for |z| > R. It
follows from (3.36) and Proposition 2.1 that

[ a@len(e.0)Pds| < elionlk < Ce, (3.37)
RN\Bp

/ al@)lii (2, 0) 2 da| < =i I < Ce, (3.38)
RN\Bg

Then, Hélder’s inequality and Proposition 2.1 leads to

/ a(x)|n(x,0))? da —/ a(a:)|cpgu($,0)]2da: — 0, as n — oo. (3.39)
Br ’

Br

From (3.37)-(3.39), we get (3.36).
To prove that

/ a(x)|n(z,0)]? In [, (x,0)| dz —>/ |<pbu(gj 0)]21n|@gfu(:c,0)|dx, as n — 0o. (3.40)
RN '
From (3.35) that
a(x)|pn(z,0)|? In @, (z,0)] — a(w)|<pl':“(m,0)]21n |<pl':“(x,0)| ae xeRN,
Note that for any 3,~ > 0, there exists a constant (g, > 0 such that
|Int| < Cg(t7 +177), t >0,

This gives

[ @l 0P (a0 d

<c / ) (lon(@ 0P~ + [pn(z, 0)[7+) de

for small o > 0. By virtue of Proposition 2.1 and Lebesgue’s dominated convergence theorem, we obtain
(3.40) immediately.
Set Wy, = on — (,0;:“. It follows from Brezis-Lieb’s lemma [30] that

192,13 = lenlk — il + on(1), (3.41)
024 = [onlt — 6, ]! (3.42)
and
[ 0@ 0P do= [ lenw 0P do [ e, .0 ot ou() (3.43)
RN RN RN ’
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From (3.36) and (3.40)-(3.43) we deduce that

1 g b g 1 2 + +
IV + FRE = 5 [ O de = of — D) o). (a4

As we discussed for (3.40), there holds

[ a@)ene. 0007, (.0 i lon(w, 0 do = [ aw)lel, (@0 Inlof, (2.0) do, asn - cc. (3.49
RN ’ RN ’ ’
Combining (3.35) and (3.45), we have

(I (o), 0, =0, ie of , € NaU{0}.

Note that

* + 2% : : *
2 =2 [ o0 do <tim inf (27 -2) |

|on(2,0)% da.
RN

It follows from (3.36) that
QOZ:M €N (3.46)

According to Proposition 2.1, it follows (3.35)-(3.36) and (3.40)-(3.45) that

On(l) = <I’;L(()0'fl>7 ;}7#> - <(Il/1,,u(()0n) - Il/J,,LL(()Ol—;’;u))a g,,u> - H\IIIT;L,;LH_QX + b[ gb,,u];l - /]RN ’\Pﬁp(xao)‘zz d-’Ey
(3.47)

as n — oo.
We suppose that

197 1% + B[} ]+ > 1 and /RN|\IIZ#(1’,O)‘2§da:—>l, as n — 00

for some I € [0, 4+00).

2
If [ = 0, we obtain the desired result immediately. If [ > 0, we have [ > S;[25 by Proposition 2.2 and
then

N
> S2. (3.48)
It follows from (3.44) and (3.46)-(3.48) that

t_7 + ! l>+ s ot O‘S%
ax =louley,) +5 - g 2o + Gl 2 oy + 55

S

This is a contradiction. Hence, the only choice is [ = 0, i.e., o, — ¢}, in XS(RfH) as n — oo.
Step 2 We show that ¢, (x,0) is a positive ground state solution of equation (1.1).

Since ‘P;# eX S(Rf 1) is a local minimizer for NVy. Proposition 2.4 tells us that gol"f# is a nontrivial

+
.
So we assume gogfﬂ(x, 0) > 0. By virtue of the Maximum Principle for fractional elliptic equations [25],

solution of (2.2), and so gpju(x, 0) is a nontrivial solution of equation (1.1). Note that Ib7u(|gob+u|) =«

gazrﬂ is positive. Consequently, go{fu(a:, 0) is a positive ground state solution of equation (1.1). O
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4 Asymptotic behavior of positive solutions

In this section, we investigate the asymptotic behavior of positive solutions for (1.1) and give the
proofs of Theorems 1.2, 1.3 and 1.4.

Proof of Theorem 1.2. We follow the argument in [3] (or see [13 26, 33]). For any sequence fi,, — 00,
there exists b, > 0 for each b € (0,b,) be fixed, then let ¢, := gpb ~ be the positive solution of (1. 1)
obtained by Theorem 1.1. It follows from (3.34) that

lonllx <C  forallneZt. (4.1)
Consequently, up to a subsequence, we may assume that

on — ¢ in X,

on = pf  in Ly (RY) for s € [2,27), (4.2)

loc

On — 90: a.e.on RV,

By Fatou’s lemma and (4.1), we obtain

2
/ V(m)<pb+2 dr < lim inf V(z)gofZ dzr < lim inf lsonll =0.
RN n—oo )\

RN n—oo n

Thus, ¢;” =0 a.e. in RV \ V71(0) and so ¢ € H*(2) by the condition (V3).

Our proof will be divided into three steps.

Step 1: We intend to show that ¢, — <,0b+ in LY(RY) for 2 < q < 2%. If that doesn’t hold up,
applying Lion’s vanishing lemma (see e.g. [20, 30]) there exist J, r > 0 and x,, € R" such that

(pn — @y ) dz > 6.

Br(zn)

This implies that |z, | — oo and thus |B,(z,) N V.| — 0. By the Holder inequality, we can refer that

/ 2dzr — 0.

By (zn)NVe
Thus, we obtain
ol zm(@e [ Gdrmm@e [ (-
By (zn)N{V (x)>c} By (zn)N{V (z)>c}
*dr — / (n — @;)2 dx
r(zn BT(acn)ﬂVC

— 0.

This is in conflict with the fact that ||, | x is bounded.
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Step 2: We prove that ¢, — ‘P: in X. Since

<Il;,)\(90n)790n> = <Il/),/\(90n)7ugr> =0,

Therefore
2*
lenll% + blenls = /\/RN a(z)|en(z,0)* In|n(z,0)| dz + [@n]5: (4.3)
and

2%
o 1P + bonl2le 12 = A [ (@it Pinlef1do -+ 1o 5 + 0 (1), (44)

Going to subsequence if necessary, let [|p,||% — l1 and [p,]? — l2. By Fatou’s lemma, we can obtain

[pf 12 < lim inflp,)2 =, (4.5)
n—oo
23 +125
lonl32 = loy 55 + on(1). (4.6)

From (4.3)—(4.6), we can infer that
b+ bz = oy |2+ blaly T3 <l |1° + biz.

Thus, I1 < [j¢;||%. It then follows from the weakly lower semi-continuity of norm that

i I < lim inf nl < lim suploal < lim fealk = i < i I (47)

Hence, we yield that ¢, — <p;’ in X.

Step 3: We investigate that ¢, is a positive solution of (1.4). Since (I, (¢n),v) = 0, for any

v e CFP(). we get

M

a /R o VIV (@ y) V(e y) dedy + p /R V(z)g) (z,0)v(z,0) dx
+

N

1—2s + 2 1—9s i
+b MHy Ve (z,9)] d:cdy/MHy Ve, (z,y)Vo(z,y) dr dy

= [ ala)ei (@,0)0(w,0) e 00| do -+ [ e (0,0)% 2 (. 0)v(z, 0 do
RN RN

i.e., ¢ is a nonnegative solution of (1.4) by the density of C§°(2) in H*(2). By (4.1) and (4.7), we
infer that

Jup|| = i [Jun [ x >0,
n—oo
it shows that ¢p # 0. By the strong maximum principle, gogr > 0 in R™. The proof is finished. O

Proof of Theorem 1.3. There exists p* > 0, let p € (u*,00) be fixed, then for any sequence b, — 0,
let ¢, := gozrn u be the positive solution obtained by Theorem 1.1. It follows from (3.34) that

llpnllx < C  for all m € N. (4.8)
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Going to a subsequence if necessary, we may assume that ¢, — @j in X. Since Ill;n, y(¢n) = 0. using
the argument in the proof of Theorem 1.1 we may infer that ¢, — (pj in X.

To complete the proof, it suffices to show that goj is a positive solution of (1.5). By the same
arguments as in the proof of Theorem 1.1, we can get that goi[ > 0 for all z € RY. This completes the

proof. O
Proof of Theorem 1.4. The proof of Theorem 1.4 is similar to the proof of Theorem 1.2 and we omit
the proof. ]
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