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1 Introduction

Let Q C IR"(n > 2) be an open, bounded, connected set having a boundary I" of class

C?. We are concerned with the following initial boundary value problem

uy — div A(z)Vu+ p(ug) =0, in Qx (0,+00)
u=0, on Iy x(0,400)

—uy = f(z)z + k(x)z, on Iy x(0,400)

8877; + F =h(z)z, on Iy x(0,400)

u(z,0) = ug(x), us(z,0) =ui(x), =€l

z(x,0) = zo(z), = e€Tly,

(1.1)

where A(x) be a symmetric and positive matrix for each x € R™ with smooth elements
ou

n ,
aij(x),i,j = 1,2,---,n, g = Azlaij%‘jw,y = (v1,v2,-+,Vy) is the unit normal of T’
ij=

pointing toward the exterior of 2, (I'g,T'1) is a partition of I'; F' is the feedback function
which may depend on the state (u,u;), position z and time ¢; p, f,k and h are given
functions.
Let IR™ have the usual topology and z = (x1,x2,---,x,) be the natural coordinate
system in IR". We define
g=A"'(x) for x€R"

as a Riemannian metric on IR" and consider the couple (IR", g) as a Riemannian manifold.
Denote by (-,-) the Euclidean product of IR". Denote by g = (-, ) the inner product and
by D the covariant differential of the metric g, respectively. Then

(X,YV)g = (A (2)X,Y) for X,Y € R',x€ R",
and the covariant differential DH of a vector field H is a tensor field of rank 2, defined by
DH(X,Y)=g(DyH,X), for X,Y € R}, x € R"
Let H be a vector field on Riemannian manifold (IR", g) such that
DH(X,X) > o|X|Z, VX € R}, z€q, (1.2)
for some constant a > 0, where | - | is the norm of IR7.

Remark 1.1 About the existence of vector field H, see [36, 37] for details and exam-
ples. In particular, if a;; = 6;5, then we can choose H = x — g for fized xg € IR" and

a=1.
We consider a partition (I'p,I'1) of the boundary I' such that

Lo # 0 (1.3)



H-v<0 for ze€Tly; (1.4)
H-v>0 for zely. (1.5)

Furthermore, we assume
foﬂf1:® or H-n<0 on foﬂfl, (16)

where n denotes the unit normal vector pointing outward at I'y when considering I'; as a
sub-manifold of T'.
Set

F=H-v(gu + /Ot ur(t — s)du(s)). (1.7)

where pg is some positive constant and p is a Borel measure on IR .

When p = 0 and A(z) = I, the problem of proving uniform decay rates for wave equa-
tions with boundary dissipations but without acoustic boundary conditions has attracted
a lot of attention in recent years, see [1, 2, 7, 10, 21, 28, 29, 30]. The problem (1.1) covers
the case of a problem with memory type as studied in the references [1, 2, 7, 28|, when
the measure p is given by u(s) = k(s)ds, where ds stands for Lebesgue measure and k
is a nonnegative kernel. It also covers the case of a problem with a delay as studied for
instance in the references [29, 30|, when the measure u is given by u = pi0,, where uy
is a nonnegative constant and 7 > 0 represents the delay. An intermediate case treated
in the reference [30] is the case when dpu(s) = k(8)X[r, ] (s)ds, where 0 < 71 < 72, X[r, 7]
is the characteristic function of the interval [r, 73] and k is a nonnegative function in
L*>([r1, m2]). We would like to highlight [10], where a general borelian measure is involved,
the authors recovered and extended some of the results from the literature.

In the case of variable coefficients with a general A(x), boundary stability of the wave
equation was considered in the references [9, 12, 16, 25, 28] and many others. When
delay exists, the problem (1.1) covers the case of a problem as studied for instance in the
references [30, 31].

The wave equation with acoustic boundary conditions is a coupled system of second
and first order partial differential equations in time, where the coupling is given on the
portion of the boundary. It was introduced by Morse and Ingard [27] and developed by
Beale and Rosencrans [5]. Since then, many authors have studied problems with acoustic
boundary conditions. See, for instance, [4, 8, 13, 14, 18, 20, 23, 24] and references therein.

In [3], Abbas and Nicaise proved the asymptotic stability and nonuniform stability
of a semigroup associated to a multidimensional wave equation with generalized acoustic

boundary condition. Later, Graber and Said-Houari [18] studied the following semilinear



problem with the porous acoustic boundary conditions:

uy — Au+ a(x)u + ¢(u) = ji(u), in Q x (0,+00)
u=0, on Igx (0,+00)
f(@)z+g(x)z = —uy, on T’y x (0,+00)
dyu — h(x)n(z) + p(ur) = ja(u), on T'1 x (0,+00)
u(x,0) =uo(x), ue(x,0) = ur(z), =€
z2(x,0) = zo(x), ze€Tlh,

(1.8)

where o : 2 — IR and f,g,h : I' — IR are given functions.The existence and uniqueness of
local solutions was proved by nonlinear semigroup theory. Introducing some restrictions
on the source terms, the authors proved the local solution can be extended to be global.
In addition, stability and blow up results were proved. However, these papers all dealt
with constant coefficient cases.

In general, the coefficient matrices A(z) in (1.1) are related to some property of ma-
terials in applications. The authors considered the uniform energy decay with nonlinear
acoustic boundary conditions in [34] and energy decay with memory type acoustic bound-
ary conditions in [35]. We would like to cite [24], where a variable-coefficient wave equation
with acoustic boundary conditions and a time-varying delay in the boundary feedback was
studied by Li and Chai. See also [17, 26] and references therein. In the all papers men-
tioned above, Riemannian geometry method was used. The method was first introduced
by Yao [36] for controllability of the wave equation with variable coefficients. For a survey
on the differential geometric methods, see Yao [37].

Summarizing, we shall consider the problem (1.1) where I'g,I'; and F' are defined by
(1.2)-(1.7).

Here, we use the multiplier inequalities of the geometric version and Lasiecka and
Tataru arguments [22] to derive some decay estimates of the energy for the variable coef-
ficients problem (1.1).

The paper is organized as follows. In section 2, we present the assumptions and we
enunciate the main results. In section 3, the proofs of the stability result are given. Finally,
we made a collection of some preliminaries results which are used in the paper. We will

use C to denote generic positive constants.

2  Main results

First, as in Cornilleau and Nicaise [10], we assume that there exists 8 > 0 such that

+o00 s
poi= [ dlul(s) < po. (2.1)

where |u| is the absolute value of the measure p.



We consider the following assumptions.
Assumption. The functions p, f, k and h satisfying the following:
(i) p € C(IR) is a increasing function with p(0) = 0 satisfying

sp(s) >0 for all s#0, (2.2)
and there exist positive constant p such that
sp(s) < ps?, |s| > 1. (2.3)

(i) f,k,h € C(Ty) are positive functions and there exist positive constant ag such
that

min{(2), K(2), ()} > ao.

Defining
Hpy () = {ue H'(Q) ] ulr, =0},

Au = —div A(z)Vu.

Next, we present well-posedness of the solution in the framework of hypotheses (1.2)-(1.7).

Proposition 2.1 Suppose (ug,u1,20) € H%O (Q)x L2(Q)x L2(T'y). Then (1.1) admits
a unique solution
u € C([0,00); H' () N C([0,00); L*(2))

in the weak sense of Propst and Priiss. Moreover, if wug € H?(Q2) N H%O (Q) and u; €
H%O(Q), then
u € C1([0,00); H'(2)) N C2([0,00); L*(92)),

and in addition

ou

Au(t) € L2(9), o

O HY(Iy), Vvt>o.
1

Remark 2.1 The proof of Proposition 2.1 can be easily given by an application of
Theorem 4.4 in Propst and Priiss [32].

In the next section, we assume that y is supported in [0, 7](7 > 0) and that ToNT; = 0.
Let w(z,0,s,t) = u(x,t —0s), x€T1,0€(0,1),s€ (0,7),t>T.
Define Hilbert space H = Hp, () x L*(Q) x L*(T'y x (0,1) x (0,7)) x L*(T'1) with the

following inner product:
(0,0, )7 (@0.0.2)7) = [ (Vyul(e), Tgila)) + via)o(a))de
Q
1 7
+/ / / w(z, 8, s)w(x,d,s)du(s)dddl
r.Jo Jo

+ / k(2)h(z)2(x)(z)dT. (2.4)
Iy
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Define the operator B : D(B) C H — H by

u v
. Au — p(v)
w —s 1w, ’
)\ @zt
where
a T
D(B) = {(u,v,w,2) € H: Au e L*(Q), ﬁ = —H - v(uouy +/0 w(z,1,8)du(s)) on Ty,

v(z) = w(x,0,s) on Ty x(0,7)}.

Proposition 2.2 Assume that Assumption and (1.2)-(1.7) hold. Suppose (ug,u1, z0) €
H. Then (1.1) admits a unique solution (u,u,w,z)T € C([r,00);H). Moreover, if
(ug,ut, 20) € D(B) , then the solution is regular with (u,u, w,2)T € C([r,00); D(B)).

In the sequel, we consider the measure A obtained by the application of Proposition
4.1 to |pl.
Inspired by Cornilleau et al.[10], we define the energy of the solution (1.1) by the

following formula:

1 1 1
E(t) = §/Qut2d:6+§/glvgu\§dx+§/r khz*dl
1

% rlH'V/ot (/Osuf(x,t—r)dT)dA(s)dr
+% FlH.V/tOO (/O w(a, s — 7)dr ) dA(s)dT" (2.5)

So, we have the following stabilization result.

Theorem 2.1 Assume that Assumption and (1.2)-(1.7) hold. Then, there exist con-
stant Ty > 0 such that the energy E(t), associated to the solution u of (1.1) satisfies

E@t) < S(;O - 1), for all t > Ty, (2.6)

with S(t) decays uniformly to zero, where S(t) is a solution of the differential equation

(4.5).

3 Proofs of the Main Results

To prove Theorem 2.1, we need the following several lemmas.



Lemma 3.1 There exists a constant C > 0, such that, for any solution of (1.1) and
any T >85>0,

E(S) - E(T) > C/ST H - u(uf + /t ul(t — s)d)\(s))dfdt
I'1 0
+/ST . fhzfdfdt—l—/;r/ﬂutp(ut)dazdt. (3.1)

That is to say, the energy is a non-increasing function of time.

Proof. Set

= 1/ u2dw+1/ v u|2dx—|—1/ khz2dr. (3.2)

2 Ja t 2 Ja &7l 2Jr,
It follows that
T T
Ey(S) — / / ut—dI’dt—/ k‘hzztdfdt—i—/ /utp(ut)d:zdt.
r, Ovg s Jry s Ja
(3.3)

Using boundary condition (1.7) and Young’s inequality, for any € > 0, we obtain
T ¢
Fo(S) — Eo(T) = / H v (juous? + v / ur(t — s)dp(s) ) drdt
s Jry 0
T
+ / phafdrt + / / wep(u)dwdt
1 t 9

/ H (o — 5t - 7(/ ui(t — $)dpu(s))?) drdt

I 2¢e

—I—/ fhz dth—l—/ / urp(ug)dzdt. (3.4)
S JI'y

By Cauchy-Schwartz inequality, it follows that

Eo(S) - Eo(T) > [ 1 V((Mo—g)/ 2t — B / /utt—sdm\ s)d ) dr

+/ / fhztzdfdt—l—/ /utp ug)dxdt. (3.5)
I

We split £ — Ey into two terms:

E - Byl / H - vlp — )|§do, (3.6)

Y= //utt—Tde)\ , Y= //ut YdTdA(s

Variable replacement gives

t—s
©= / / u? (7)drd\(s / / u?(T)drdA(s).

where



And by Fubini’s theorem, we get

S /Ot u? (1) /rt d\(s)dr

o= vilf = [ [ @i [ [T dmaras)|;
_ [/Ot /Ots u(r)drdX(s)] | [/Otuf(T)A([o,TDdTHZ
> /ST /Ot G2t — $)dN(s)dE — o /STuf(t)dt, (3.7)

where Fubini’s theorem and A([0,7]) < A(R+) < po were used .
It follows from (3.4)-(3.7) that

Hence,

E(S) — BE(T) = [E — E)|5 + Eo(S) — Eo(T)

Z/ST FIH'V((“OHOJE) ?(H;(lf)/o 2(t — 5)dA(s) ) dodt
+ /S ! /F 1 fhztdldt + /S ' /Q uyp(ug)dxdt. (3.8)

The proof completed by choosing ., < € < pg.

Remark 3.1 In fact, we have Ey is non-increasing. Twice using Fubini’s theorem,

we obtain the following identities:

[ [ = s = [ [ - sl
-/ ' / 3yl ()
= [ ([ i)t

for any T > S > 0. Using (3.5) and the fact that |u|([0,T —t]) < o and the choice of
€ = L, it follows that

B L& Hopy( [T
Eo(S) — Eo(T) > / H - v(po 5 o )(/S Fdt)dr
+ / / Fha2dTdt + / / wip(uy)dadt
INT
o ] o — M« 2
= ). H y(72 )(/S updt)dr
T T
+/ / fhztzdl“dth/ /utp(ut)d:zdt
S JI'y S JQ
>0




In the context of singularities, using Proposition 3 of [10], the following Rellich in-

equality is useful.

Lemma 3.2 Suppose u € H'(Q) such that

Au € I2(Q), ulp, € H2(Ty) and —

Then u satisfies 2%H(u) — |VgulzH - v € LY(T) and we have the following inequality:
_2/ AuH (u)dx < / (\Vgu@divH —2DH (V,u, Vgu))dfn
Q Q
ou 9
+/F (2%H(u) ~ |Vqul2H - v)dl. (3.10)

Remark 3.2 IfToNT; =0, (3.10) is an identity, see Yao [36]. If n <3 and ToNT,
is not empty set, in Komornik [19], an application of Theorem 6.10 in Grisvard [15] gives
(3.10). For any dimensions, Bey et al. [6] extended and proved the Rellich inequality.

With this result, we prove the following observability for the problem (1.1).

Lemma 3.3 Let u be a solution to the system (1.1). Then there exists a time Ty > 0
such that, for T > Ty and any §(0 < 6 < %), there exists C' > 0 for which

T t
Bry<c [ [ (ad+ ol + [ - s)du(s))drd
0 I 0
T
+C /0 /Q fuep(ur) + p(ue)ldwdt + Cllullag rugiessyy. (311)

Proof. Set P = div H — «. Multiplying (1.1) by 2H (u) + Pu, an integration by parts

gives
0= /0 ' /Q (st + Au + p(un)|[2H (u) + Puldedt

—( /Q w[2H (u) + Pudz) ‘Z - /0 ’ /Q (wel2H () + Pus] — [Au + pl(uo)][2H (u) + Pu] ) dadt.

(3.12)
It follows from Green formula that
—/ AuPudx:/ div A(z)Vu - Pudx
9 9
ou 1 OP 1
= [ Pu=—dl'— | P 2de — = Q—F—f/QP.
/1“ uayAd /Q |Vgulzdz 5 Ju auAd 5 QuA dx
(3.13)



Using Lemma 3.2 and (3.13), if (1.2) holds, it follows that

—/ Au(2H (u) + Pu)dx

< a/ |Vgu|gd$—|—/ u) + Pu] — |Vgu|gH u)dI‘
— Pdz. 14
D) 8yAdF 2/Qu APdzx (3.14)

Remark that

ou 9 B ou ou 1
/(am[w( )+Pu]—|vgung.y)dr_/F{ayA (2 az/A\uA@H v+ (H, Vg u)] + Pu)

0 1
—(| Ve ul® + |=— H-vdl, 3.15
(| gl + GVA‘ |I/A§;) V} (3.15)
where V, u € I';, the tangent space of I' at =, and

ou 1

Hw) = vl

H- v+ (H, Vg u)g,

|Vg“’2 ’Vgru‘z

" ‘31/,4’ lval?
is used.

Moreover, since 4 = 0 and H - v < 0 on I'g, we observe that

—/ Au[2H (u) + Pu]dzx
Q

ou
§—oz/ |Vgu\§da:+/ 8%4’ |VA|2 ‘VgTU|§>H'l/+<<H,VgTU> +Pu) VA}dF

—= ——dI’ — 2APd
2 8VA 2/ APdz.

(3.16)

It follows from divergence theorem and u|p, = 0 that

/ w[2H (ut) + Pu)dx = / (P — divH)ufdx—l—/ufH -vdl
Q Q r

= —/ oauldr + | u?H - vdl. (3.17)
Q IR
Furthermore, for £ > 0 sufficiently small, we have

/OT/QP(W)DH(U) + Puldzdt < C, /OT/Qp2(ut)al;vdt—I—s/OT/Q |V guladedt
T
+C /0 /Q (pz(ut) +u2) dxdt. (3.18)

(3.18) into (3.12), we obtain that

/ /utHVgUI )dzdt < C[E(0) +C/ / |5, |VgTu|§+ut2H-u>dth

+C/O /n u?dDdt + C/O /Q[u2 + p° (uy)]dadt. (3.19)

10
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Using Lemma 7.2 in Lasiecka and Triggiani [21] to (1.1), it follows that: for any € > 0
and 0 < ¢ < 1/2 small enough, arbitrary but fixed, there exists a constant Cr 5. > 0 such
that

T—e 9 T ou 9 9
/ / |V, ulzdldt < CT,(;,E{/ / (\—| + uy )dldt
€ Iy I

+/ /p udadt + [ulZag g ooy e (3:20)

Using the Sobolev embedding theorem and the trace theory, it is obvious that
lullr2) < Cllull gr/2+6(q), (3.21)

lull z2ry) < Cllull gz < Cllull gi/2vs - (3.22)

Applying inequality (3.19) over the interval [e,T — €] rather than over [0,7], and
combining (3.20)-(3.22), we have

T—e
a/ /Q(u§+\vgu|§)da:dt§0[ (0) + E(T)] + C / / 12+u§H V)dI‘dt
€ Fl
4 /O /Q p2(ut)dxdt+Hu\ﬁz(&T;Hl/QH(m)}. (3.23)
On the other hand, we have
T T
/ khz*dldt = / / (—ug — fz)hzdldt
0 I 0 I'1
T T T
- —( hzudf)‘ n / hzudUdt — / FhzzdDdt
Iy 0 0 JIy 0 Jry
T T
< CE(0) + ¢ / Fo(t)dt + C. / fhz2drdt, (3.24)
0 0 I

where € > 0 is constant.

On the another hand, from the boundary condition and Young’s inequality, we have

/ Ou ZdFSC{/F fhzdeJr/F H-u(u?+/Otuf(t—s)du(s))df}. (3.25)

P

Observe that

€ T
(/0 +/%_6)/Q(u§ + |Vgul2)dadt < 2¢E(0), (3.26)

taking € small enough, it follows that
T T t
/ Eo(t)dt < CE(0) + C{/ (fhet + H - vlu} +/ uf(t - s)du(s)] )dldt |
0 0 I 0
T 2 2
of /O /Q PP (o) drdt + ulia o 12 - (3.27)

11



Furthermore, Lemma 5 in Cornilleau[10] and Lemma 3.1 give that
/ H v / / W2(z,t — 7)dr]dA(s +/ / uf(w, s — 7)dr]dA(s) ) dTdt
INT
<C / / H- 1// ul(z,t — s)dA(s) dth+/ H -vuZdldt) < CE(0). (3.28)
r 0 0o Jry

Whence T T
/ B(t)dt < / Fo(t)dt + CE(0). (3.29)
0 0

Next, for E(0), we have

E0) = )+ /T/ H. 1/ Ou? + uy /Ot u(t — s)d,u,(s))df‘dt

+ / /F 1 fhz2dTdt + / / wep(ug) dadt
+2[/FIH ”(/o [/0 Lt — T)dr)dA(s) + /too[/osuf(x,sT)dT]d)\(s))dF} "

(3.30)
Since
[/FlH-V(/()t[/osu?(m,t—T)dT]d)\(s)—|—/too[/osut2(:z:,s—T)dT]dA(S))dT OT
- FlH-V(/Ow[/osu?(x,s—T)dT]d)\(s)—/OT[/OSu?(:L‘,T—T)dT]d)\(s)
_ /;O[/: w} (s — 7)dr]dA(s) )dr
- [ #- y(/T[/Osuf(x 5 T)dT]dA(s)—/OT[/Osuf(x,T—T)dT]dA(s))dr
/HH y/ /utxs 7)dr ) dA(s)dT
_ FlH-y/O 2 x,@)/g d\(s)dfdT
< o /Fl H.V/OT uZdtdr, (3.31)

considering (3.27)-(3.30), we obtain that
T T t
/ E(t)dth’E(T)—i—C{/ / (fhz3+H-y[uf+/ uf(t — s)dp(s)] ) dTdt |
0 0 I'y 0

T
+o{ /0 /Q furp(ue) + p(u)ldadt + ul3ago g 25 - (3.32)

Recalling that E(t) is monotone decreasing, from (3.32) we obtain

E(T) < /OT E(t)dt

12



< CE(T)+C/OT/F (fhzt2+H-u[uf—l—/otu?(t—s)d,u(s)])dfdt

T
+C/0 A[Utp(ut) + p2(ut)]d$dt + CHUH%2(O,T,H1/2+5(Q)) (333)

Taking T large enough, dependent of H,a,e, the estimate (3.11) follows from the
inequality (3.33). The proof is complete.
Next, the lower order term in the inequality (3.11) can be absorbed by a compactness-

uniqueness argument in the following lemma.

Lemma 3.4 Suppose that all assumption (1.2)-(1.7) hold true. Let u be a solution
of the system (1.1). Then there exists Ty > 0 such that for all T > Ty, there exists Cp > 0
for which

E(T) < CT/OT /F (fhzt2+H-y[uf+/0tut2(t—s)du(s)])d1“dt

+Cp /0 ' /Q (uep(us) + a(z)p?(u)|dudt. (3.34)

Proof. The lower order term in the inequality (3.11) can be absorbed by a compactness-

uniqueness argument as follows, that is, the following is true:
2 r 2 2 by
1wl 720 711245 () < C{/o /1“1 (fhzt + H - vlu +/0 ug (t — S)dﬂ(3>]>dth

+/0T/Q[utp(ut) + p?(uy)]dwdt }. (3.35)

Suppose that (3.35) is not true. Then there exists a sequence {ug, z;} of solutions of
the problem (1.1) such that

T t
s agorsrressian 2 R{ [ [ (e + Hovludy+ [ k(¢ = s)aus)])aras

+/OT/Q[uktp(Ukt)+/32(Ukt)]dl‘dt}- (3.36)

Hence, if
Huk”%ﬂ(O,T;Hl/?*‘é(Q)) =1, (3.37)

it follows that

lim {/OT /F (fhz,zt+H.y[u§t+/ot u}(t — $)dp(s)])drdt

k—o0
+ ! [ fesaptuss) + p*uns)ldadt} = 0. (3.38)

Thus, Fj(t) is bounded uniformly for every ¢. Then there exists a subsequence of
{ug, 21 }, still denoted by {uy, zx}, such that

up(0) =Ty in H%O(Q),

13



ukt(O) — U in LQ(Q),
2(0) =% in  L*(Ty).

Denote by @ the solution corresponding to the initial data (T, w1).
Then
{ug, u} 2{w, W} in L0, T; H(Q) x L*Q).

It follows from Aubin-Lions compactness theorem that
up —u in  L*(0,T; H/*T())).

It is obvious that w # 0.
By (3.38) and passing to the limit in the problem (1.1), we obtain @ € H'(Q x (0,T))

which satisfies
Uy — div A(ZL')VH =0, in Qx (O,T),

=0, on Iyx(0,7), (3.39)
=0, 8972 =0, on I'yx(0,T).

Let v = %@,;. Differentiating (3.39), we have

vy — divA(x)Vo =0, in Qx(0,7),

v=0, on TIyx(0,7), (3.40)
v =0, 8‘971;‘:0, on I'y x(0,7).

By standard uniqueness results for the wave equation, we have for T' large enough,
u; = v = 0, which, together with (3.39), then we have u(x,t) = u(x) which is independent
of time ¢, and div.A(x)Vu = 0. Since u|r, = %m =0, it is easy to prove that w = 0,
which contradicts the assumption |[@| ;2(o 1, g1/2+5()) = 1. The proof is complete.

Proof of Theorem 2.1 Firstly, we are going to prove that
Y(E(T)) + E(T) < E(0), (3.41)

where 1) is an appropriate positive, continuous and strictly increasing function with ¢(0) =
0.

If Assumption (i) holds, as in [22], let p : [0,400) — IR be concave, strictly increasing
functions satisfying p(0) = 0 and

p(sp(s)) > %+ p2(s) for all|s| < 1. (3.42)

We define
A={(z,t) € 2 x(0,T7); |ug(x,t)| > 1}.

We have -
/ p? (ug)dadt < p/ / urp(ug)dzdt. (3.43)
A 0 JQ

14



and

/ p° (uy)dzdt §/ p(up(ug))dxdt. (3.44)
(2% (0,T)H\A (2x(0,T)\A
It follows from Jensen’s inequality that
/ p° (uy)dxdt
(Qx(0,T)\A
1 T
< Q T
< meas(2x 0. TPy [, ], veelwdadt)
T
< meas(Q x (0, T))i( / / wp(ug)dadt), (3.45)
0o Ja
where
s
5(s) = ) 4
ps) p(meaS(Q X (O,T))) (3.46)
Thus,

[ [ o) + o2yt
0 JQ
T T
< (1+ p)/o /Qutp(ut)dxdt + meas() x (O,T));B(/0 /Qutp(ut)dxdt). (3.47)
Combining (3.34) with (3.47), we obtain
By < OMUR( [ [ wepladodt+ o[ [ waptunizar)

+AZ(ATA1H~y(uf+Atuf(ts)d,u(s))dl“dt+/0T/F1(uf+fh|zt|2)d1“dt)},
(3.48)

where My =1+ p + meas(2 x (0,7)), M = max{meas(Q x (0,7")), meas(I'; x (0,7"))}.
Set

1
L=—
CcM’
My 1
Cc = max{ﬁ, M}
As p is increasing, the function ¢l + p is invertible. This allows us to define
U(s) = (eI +p) " (Ls) (3.49)
and to conclude that
Y(E(T)) < E(0) — E(T). (3.50)
Then the inequality (3.41) holds.
As in [22], the final conclusion
B(t) < S(i ~1), forallt>T (3.51)
— TO 9y 9

follows from Lemma 4.1, which completes the proof of Theorem 2.1.
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Remark 3.3 Specificially, taking p(s) = s|s|’"1, 0 < 6 < 1, then Assumption (i)
holds. Thus the decay rates of system (1.1) is as follows:

E@)gch«nﬂE—%an+wn4*%,nz:fiif. (3.52)

4 Appendix

The assumption (2.1) implies the following equivalence about Borel measure:

Proposition 4.1 ([10]) Let u be a Borel positive measure on IRy and po > 0. The
following properties are equivalent:
(1) 38 > 0 such that

/0+oo P du(s) < po. (4.1)

(2) There exists a Borel measure A on IR, such that
AMRy) < po, p <A (4.2)

and for some constants v > 0, for all measure set B,
LéMH+mD%§74M@. (4.3)

Remark 4.1 If u is some Borel measure such that

+oo
[ul(IR+.) < po, /0 e®d|pls < +oo,

for some constants a > 0, then p fulfils the assumption (2.1) for B small enough.

Lemma 4.1 ([22]) Let v be a positive, increasing function such that 1(0) = 0. Since
W is increasing, it is possible to define an increasing function q, q(x) = x — (I + )" (z).

Consider a sequence (Sp)nen of positive numbers which satisfies

Sm+1 + w(strl) < Sm- (44)

Then spy, < S(m), where S(t) is a solution of the differential equation

4 5(0) +a(S(1) = 0, S(0) = 50 (45)

Moreover, S(t) is monotone decreasing with lgn S(t) = 0.
o
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