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1 Introduction

Recent days, functional differential equations or evolution equations work as an abstract
formulations of various partial differential equations which exist in problems related with
heat-flow in materials with memory, viscoelasticity, and many other physical phenomena.
The theory of differential equations in abstract spaces is a captivating field with significant
applications to several areas of analysis and other branches of mathematics. Depending
on the nature of the problems, these equations may adopt many forms such as ordinary
differential equations, functional differential equations, partial differential equations, and
sometimes a mixture of combining systems of ordinary and partial differential equations.
Further control theory is a branch of application-oriented mathematics that contracts
with the fundamental sources carrying the analysis and study of control systems. To control
an object indicates the importance of its performance so as to achieve the desired goal. In
order to complete this rule, practitioners make tools and their communication with the

object being controlled is the subject of control theory. Many papers have performed on
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the problem of controllability of semilinear integrodifferential evolution systems in Banach
spaces [1-4,11,12]. Xue [5] examined the nonlinear differential equation inseparable and
uniformly smooth Banach spaces with nonlocal initial conditions and find the solution via
the Hausdorff measure of non compactness. The controllability and local controllability of
neutral functional differential systems with unbounded delay by using the theory of evolution
families and Sadovskii fixed point theorem proved by Fu [6]. By using local Lipschitz
continuity of a nonlinear function Surendra kumar at el [10] proved the exact controllability
of semilinear systems with a single constant point delay in control. By using semigroup
theory and functional analysis methods Sakthivel at el. [22] proved sufficient conditions for
approximate controllability of impulsive differential equations with state dependent delay.

The investigation of impulsive systems has grown extra prominent in modern times as
various evolutionary methods that happen in physics, chemistry, biology, population dy-
namics, engineering, information science, etc. [7,9] are described by the point that, at some
moments of times, the state function experiences a sudden change, that is, in the form
of impulses. There has been a notable improvement in the impulsive theory in the past
three decades. For a full study on impulsive differential equations refer Lakshmikantham et
al. [20]. Consequently impulsive control in dynamical systems has gained significant recog-
nition and it has been extensively used in several areas such as dosage supply in economics,
mechanics, electronics, medicine and biology, pharmacokinetics, orbital transfer of satellite,
ecosystems management, synchronization in chaotic secure communication systems. In nu-
merous cases, a real system may meet some sudden changes at some time moments and
cannot be counted continuously. This unexpected change is called the impulsive event, and
it has been largely examined based on impulsive differential equations in the earlier days.

Really, the study of control with impulse systems can be followed back to the beginning
of modern control theory. Numerous control with impulse systems were strongly promoted
under the framework of optimal control and were occasionally called impulsive control. Its
necessity and importance lie in that, the main idea of impulsive control is to change the
states immediately at some instants. Therefore, impulsive control can reduce control costs
and the amount of transmitted information drastically. In addition, in many cases, impulsive
control can give an efficient way to deal with systems that cannot endure continuous control
inputs. For various control systems in real life, impulses and delays are essential features
that do not change their controllability. So that under specific conditions the unexpected
changes and delays as disturbances of a system do not modify certain properties such as
controllability. In additional words, controllability is sound by looking at the impulses and
delays as perturbations.

Further, the Controllability for semilinear impulsive control systems with multiple time



delays in control has been studied by Vijayakumar at el [13]. Yuming and Zou [14, 16]
discussed the stability of an impulsive control system with impulse time windows and im-
pulsive control of nonlinear systems with impulse time window. Controllability of impulsive
system was well studied by George [17]. Controllability of switched time delay systems was
studied by Wang [18].Further the detailed study of impulsive control theory refer in [19].
The different faces of control with impulse systems like Lyapunov stability, input-to-state
stability, finite-time control, and state-dependent impulses were investigated by Yang at
el. [15].

From these points, our main contributions are highlighted as follows:

e Most of the available literature, for the first time semilinear evolution integrodiffer-
ential impulse system with non local delayed impulses in abstract spaces, has been

reviewed.

e A new set of sufficient conditions are implemented for finding the controllability result

of the semilinear system with delayed impulse and non local.
e Sadovskii’s fixed point theorem is effectively used to prove the controllability result.

Best of our knowledge, an investigation concerning the semilinear evolution of integrodiffer-
ential impulsive systems with delayed impulses and nonlocal Condition in abstract spaces
has not been established yet. Thus, it will make an effort to analyze such results in this
paper. In this spirit, inspired by the efforts contributed up to here, the necessity and im-
portance of the realization of a work that will contribute to the controllability of non local
semilinear evolution integrodifferential system with delayed impulse has been studied. The
present work is created as, the basic definitions are discussed in second section. In section
3 control formula for the system (2.1) is studied. Fourth section deals the controllability

result. Finally, an example is presented to illustrate our obtained result in fifth section.

2 System Description and Basic concepts

Let (E, | - ||) be a real Banach space and C([0, c0), E) be the space of continuous functions

with the norm ||z||o = sup{||z(¢)| : t € [0,00)}. Consider

% _ 9(t)x(t)+Bu(t)+?(t,v(t),/0 Ot o(s))ds). 1 # b,
v(td) = w+alz), to>0, (2.1)
Avot) = To(to(t—7)) t=tn,



where the state variable v(-) takes values in the Banach space E with norm | - || and the
control function u(-) is given in £2(J,U), a Banach space of admissible control functions
with U as a Banach space and J = {(¢,s) : 0 < s <t < b}. B is a bounded linear operator
from U into E and §(¢) is the closed bounded linear operator defined on the common domain
D(F) which is dense in E. The nonlinear operators F: 7 x EXE - Eand C: JxE — E
are continuous. The non local function a : PC([0,b], E) — E is a given function. Z,
J xE— E, Av(t) =v(tt) —v(t™), where v(tT) = }llli% v(t+h),v(t") = %ii}%v(t —h). The
impulse times [tx, k € Z4] satisfy 0 <ty < t; < ... < t, — +00 as n — +o0.

Consider the linear non-autonomous system

2= A(t)z(t)
2(s)=x €l

has associated evolution family of operators U(t,s) : 0 < s <t < b. In the following defini-
tion, L(E) is a space of bounded linear operators from into E endowed with the uniform

convergence topology.

Definition 2.1 [8] A two parameter family of bounded linear operator U(t,s), 0 < s <
t <bon FE is called a evolution operator of (2.1) if the following conditions are satisfied,

(a) U(t,t)x =z, for every t € [0,b] and U(t,s)U(t,7) =U(t, 1), for every s <1 <t and
allz € E.

(b) For each x € E, the functions for (t,s) — U(t,s)z is continuous and U(t,s) € L(E)

for every t > s and

(¢) For 0 < s <t < b, the function t — U(t,s)x is continuous, for (s,t] € L(E) is
differentiable with

AU (t, 5)
ot

= AU(t, s).

Definition 2.2 A solution v(-) € PC([0,b], E) is said to be a mild solution of the system
(2.1) if the following integral equation

m— m— t1—7
o(t) = Ut to) H T+ em—i BJ) Dlvo + alx H T+ e ]Efn)j)/ U(t, s)Bu(s)ds
= to

=0
nlb_[ (Z + cpm— JET(n)])/t:IT Ul(t, s)?(t,v(t),/osC’(r,v(r))dr)ds

.
o

3

i_[IJrcm] T))/

i—T

U(t,s)Bu(s)ds + /t U(t,s)Bu(s)ds

tim—T

ti+1—7’

HM



m—1m—i—1

+; jHO (T + cm—j By )/, - U(t,s)3’<t,v(t),/OSC(T,U(T))dr>dS

+/;_T U(t,s)?(t,v(t),/os C(T,v(r))dr>ds

is satisfied.

t1+1—T

To prove the controllability result via the fixed point of a condensing operator to recall
Kuratowskii’s measure of non-compactness which will be used in the following section. The
measure for a bounded set D with norm || - || of a Banach space E or Kuratowskii’s measure

of non compactness is defined as
a(D) = inf{d > 0| D}

can be covered with a finite number of sets of diameter small than d. Throughout this work
consider the impulse times [t;, k € Z.] on the interval satisfy tg < t; < ... <ty < tp < timy1,
m > 0 is an integer.

The following operators are needed to prove the controllability result

(H1) The linear operators W, _ju, W u, Wiu : L2(J,U) — X is defined by
t1—T
Wé‘r)u = / U(b, s)Bu(s)ds.
to

) T
W u = / U(b, s)Bu(s)ds,
t

m—T

b
Wiy = / U(b, s)Bu(s)ds.
tm—T

has an inverse operator (We(T))*l7 e = 0,m—1, m. Which takes values in £L2(J,U)/kerW

and there exists a positive constant.

3 Control formula

Theorem 3.1 For x, € X, define the control

m—1 m—1
u(t) = ( é”r{ Ub,to) [T (T + em—s B o+ a(@)] + [[ (T + em—i ES) )
=0 7=0
t1—T ’ m—1m—1
x/ U(b ( t),/ C(r dr>d5+z [1@+eniED)
to 0 =1 75=0

x/:m TU(b s)ff<t o(t), C(T o(r ))dr)ds

1—T

t
+/ U(b ( / >d3 e=m—1,m,0.
tin—T 0



transfers initial state vy to

m— m— t1—T
o(t) = Ut to) HI—i—cm] )[vo + a(z HI—l—cm] m])/ Ult,s)
=0 =0 to

« Bu(s)ds + j[:[o(z+cijg>_j) /tt TU(t,s)fJ"(t,v(t), /O C(r,v(r))dr)ds
m—1m—i—1

w0 I @renssl) [
i=1 §=0 t

73— T

ti+1 —T

Ul(t, s)Bu(s)ds + / t Ul(t, s) (32)

ti+177'

s)ds + i [f (I+cm_jEf;>_j)/ U(t, s)

xsr(t,v(t),/os(;(r,v(r))dr> ds + /t;_ U(t,s)&"(t,v(t), /0 C(r,v(r))dr) ds

final state vy.

Proof : Let 7y = civ(t; — 7) and t, — t,—1 > 7. Suppose that there exists an [ € 0,1,...,m
then (W7)~1 is invertible. The following proof is divided into three cases. By substituting
this control (3.1) in equation (3.2), the following equations are obtained at b.

Case 1: Ifl; €1,...,m — 1, then

\

m— m—1m—i—
o(t) = Ut to) H T+ em—i B Dlvo + a(@)] + H (T + em—j B )
=1 j=0
m—1m—i—1 tig1—T

tl+1 T
x/ U(t, s)Bu(s)ds + Z H (Z + cm— jEfn)])/ Ult,s) (3.3)
t =1 4=0

x?(t,v(t),/ C(r,v(r))dr)ds
0 Y,
the control law is designed as,
m—1m—i—1 1 A
(Z IT @+ cn- iE >) PO [v(b)
Ult,to) HI—i—cm] )vo + a(z Z H (Z+ cm—jE T)) (3.4)
j=0 =1 j=0
tig1— ’7’
x/ U(to, s) (tv /C’rv ) ]
ti—T

Now substitute (3.4) in (3.3),

m—1 m—1m—i—
v(b) = Ul(t,to) H I+ cm—jE )[v0+a Z H (Z+ em—j m)])
7=0 =1 j=0
tig1—T m—1m—i—1 —1
x/t U(t,s)B<Z I1 (I+cij£,?_j)> (Wl(:))_l[v(b)

i=1  j=0



m—1

m—1m—i—1
—U(b,s) H(I+cm,jE(T) )vo + a(x Z H (Z + e jE'(T) )
7=0 =1 j=0
tig1—T s m—1m—i—1
></ U(b,S)S"(t,v(t),/ C(r,v(r)) )] yas+ > [ @+ emjBS) )
ti—T 0
t¢+17T

i=1 j=0
x/t U(t,s)&"<t,v(t),/OSC(T,U(T))dr>ds

m—1 m—1m—i—1
U(t,to) [T ( + cm—s BS) Dlvo + alx)

+Z H I+Cm3 mJ)
7=0

=1 5=0

m—1m—i—1 -1
Wi (X IT (4o m’]>) W)
=1 35=0
m—1 m—1m—i—
x[v U(b,to) H T+ cm—jE )[

j=0 =1 j=0
tip1—T m—1

></ S"(t,v /Crv
tig1—T

x/ ts&"(tv
ti—T

Case 2: If [ € 1,...,m, then

u(r ))dr)ds = v,

m—1 t
o(t) = Ut to) H T+ em—i B Dlvo + alx )]+/ U(t, s)Bu(s)ds
‘] —T

. (3.5)
+/ U(t,s) (tv /C’rv dr>
tm—T

the control law is designed as

m—1
ut) = <w;g”>1[v<b>—v<b,s> (I + em 3 BT oo + afa)

=]

J

Now substitute (3.6) i

in (3.5),

m—1

o(b) = Ut) [T +en B o +ala)] + (%”)(WZS’)*{U U (b, to)
0

x jij:(u e ES) Yuo — /t ;_TU(to,s)ff<t,v(t), /0 SC(T,U(T))dr> ds} (s)ds

- /;_T U (to, S)F(t,v(t), /OS O(r, U(r))dr) ds = s,

7



Case 3: If [ = 0, then

m— m— t1—T
w(t) = Ut to) H T+ em—i BJ) Dlvo + alz H T+ ]Eﬁn)j)/ Ul(t, s)
- o (3.7
xBu(s)ds + [[ (T + em—sEL) ) / Ult, s)?(t,v(t), / C’(r,v(r))dr)ds
=0 to 0
the control law is designed as,
m—1
ut) = (H(I+cm BT ) ) 1[ U(b, to)
§=0
m—1 m—1 t1—T
X (I +em—jE,,” )vo + a(z H (I + em—j 7(7:)])/ U(b,s) (3.8)
Jj=0 7=0 to
xF| t,v(t / C(r,v( dr>d5]

Now substitute (3.8) in (3.7),

m— m—1
v(d) = U(b,to) HI+ch a:0+<H I+ cmej f;)])>(WO(T))
j=0 7=0
m—1 m—1
><< H(I+cm_]~E§;)j > Wiy 1[ ~U(b,to) [T U+ emsEL
=0 =0

1 m—1 t1—T
X (I‘i‘cm—jE() )vo + a(v H I—I—cm] )/ U(b, s)
to

x&"(t,v / C(r,v( dr)ds] H I+ cm— ]ET(n)])

j=0

t1—7 S
></ U(to,s)/ C(r,v(r))drds = vp.
to 0

The proof is complete.



Definition 3.2 The given system (2.1) is said to be controllable on the interval J, if for
every initial function vg € E and vy € E, there exists a control u € L*(J,U) such that the
solution v(-) to (2.1) satisfies v(b) = v;.

4  Controllability Result

To establish our results, the following assumptions are introduced on system (2.1). Consider

the interval J' = [t,, — 7, t;ms1 — 7).

(H2) §(t) generates family of the strongly continuous semi group of bounded linear oper-
ators U(t, s) is compact when ¢t > s > 0 and there exist constants M; > 0 such that
1U(E, s)|| < M.

(H3) The linear operator W(Tll : L(J',U) — E defined by

m

m

b
Wi u= / U(b, s)Bu(s)ds,t € J',
0

7))L which takes values in £2(.J',U)/kerW and there
exist positive constants My, M3 > 0 such that ||(W7521)*1H < My and ||Bf| < Ms.

has an inverse operator (W(T)

(H4) For each t,s € J', the function C(t,s, ) : E — E is continuous and for each = € F,

the function C(+,-,v) : A — F is strongly measurable.

(H5) The function C(-) : E — E is continuous and there exist a constants My > 0 such

that there exists an integrable function K. : J' x J" — [0, c0)
1C ()| < My,
HC<t7771) - C(t7 772)” < ,Cc(t7 3)H771 - 772H7 t,s € ']/7 m, N2 € E.

(H6) For each ¢t € J', the function function F(¢,-,-) : E x E — FE is continuous and for
each (0,v) € E x E, the function F(-,n1,m2) : J' — E is strongly measurable.

(H7) There exists a function Kf(-) € £1(J',RT) such that
1F(t, 1, q1) — F(E,v2, q2) [| < Kp([Jor — w2l + lar — a2),
for any t € J',v1v2,q1,q2 € E. (ii) The function F : J' x E x E — E is compact.

(H8) The function a : PC(J', E) — E is Lipschitz continuous in the following sense: there

exists a constants K, > 0 such that

la(z) = a(y)|| < Kallz —yl, forz, y< E.



m—1

For convenience take, H (I + cpm— jE( 7) ) Cq,
=0
M101Hx0|| + C1 M1 M3Coy Mot + [Hﬂjb” — M101||$0H] + ClMlMQ[(Mg)b — M5(S)] < 1.

To prove the controllability result via the fixed points of a condensing operator Kuratowskiis
measure of non-compactness will be used in the following section. Kuratowskiis measure of
non compactness or the measure for a bounded set D of a Banach space E with norm || - ||

is defined as

(G) = inf{a > 0},

G can be covered with a finite number of sets of diameter small than «.

Lemma 4.1 (Sadovskii fixed point theorem) [21] Let T be the condensing operator on a

Banach space E, that is T is continuous and takes bounded sets into bounded sets and
a(T(D)) < a(D), for every bounded set D of E with a(D) > 0. If T(8) C 8 for a convex,
closed and bounded set 8 of E, then T has a fixed point in S.

Let us consider the case 1 for this section.

Theorem 4.2 Assume that the impulse times {t;,i € Zi} on the interval J'. If the as-
sumption (H1) — (H4) are satisfied then the system (2.1) is controllable on E.

Proof. Using (H3) for an arbitrary function v(-) € PC(J', E), define the control

(mZmH (I + em5BC) >)_1<W§;>>—1 EC

i=1 j=0
m—1 m—1m—i—1

Ult, to) HI+ch ") Mo +a(@)] - > H (T +em—jE) )
: =1 =

« /t t TU(to,s)?(t,v(t), /O C’(r,v(r))dr)ds].

Consider the Banach space Y = PC(J’, E) with the norm |[v|| = sup{|v(t)]| : t € J'}.
Using (H2) for an arbitrary function v(-) € C(J’, E), and define an operator ® : Y — Y.

(@0)() = Ut to) HI+ch ") o +alx Z H (T + em—jEJ) )
ti1—T m—1m—i—1 ) — (1
/ 56 (X 11 e m]>) ) o
i T i=1 —
m—1 m—1m—i—
(Z+ cm—jE ))[U0—|—CL Z H (Z+ em—jE (T))
J:0 =1 j=0

10



m—1m—i—1

« /t R U(b,s)&"<s,v(s), /0 SC(T,U(T))drﬂ(s)dw S I @+emsjEY) )

i i=1 j=0

« /ttj_ U, s):f<s, o(s), /O oo U(T))d?") ds

has a fixed point X (-). This fixed point is the mild solution to system 2.1, which is implies
that the system is controllable on J’. To prove that operator ® is a completely continuous
operator. Set B, = {v € C[0,b] : |[v|¢c < p} for some p > 1. For each p, B, is a bounded

closed convex set in Y.

Step 1. To claim that there exists a positive constant r such that ®(B,) C B,. If this is
not true, then for each positive number p, there exists a function v” € B,, does not belong

to B,, that is ||(®vP)(t)|| > p for some t € J'. Next we have

p < (@)@
HU(t,to H (Z + em— ]ET(n)])vo—Fa v?)] Z H (Z+ em—jE ) ;)

i—T

tit1—T m—1
x / Ul(t, s)B(s) [v(b) ~U,s) [T+ ey BS) Dlvo + a(v?)]
t i=0

m—1m—i—1

—; 1;[ (Z+ em—j m)])
></:M_TU(b,s)ff(s,vp(s),/OSC(T,UP( ))d )] ds+mzlmﬂlz+cm JED )

i—T i=1 =0

« /t tj_ ut, 5)3"(3, (s), /0 oo Up(r))dr> as

< MiChljvol[ N1 + C1 My Ma(tiv1 — ) [Hvbl! — MiCy|lvg|| N1 — C1 My
tit1—T S
x/ 3’"(3,1}’)(3),/ C(T,’Up(T))dT‘>:|
ti—T 0
tiv1—T s
—1—01/ M1H3~<s,vp(s),/ C’(r,vp(r))dr>||ds
ti—T 0
Since
tit1—T s
< [T i), [ oo ards
ti—T 0
tit1—T s
< [ 756, [ C)an) - 50,0 + [5(s.0.0)lds
ti—T 0
tit1—T s
< /t (K s (lo"(s)] + H/O C(r,v?(r))dr)|| + ||F(s,0,0)|])]ds

11



< [ I [ G0 ) = Clop O+ ICG: 0l e+ [55,0,0) s
< [ [Kf<||v’“<s>|| + [l @l + ¢ p.0)ar + ||ff<svo,o>||)]ds

< Kyt - m[(nv’“(s)n T s[Ko o ()| + 1O, 0)]] + Hff(sjo,ow)}

< MGy MyMy[Juol] + o(®)]] + MG fuol] + My K| 1O .0)]

+M1C1[|F(s,0,0)[[] + M1C1Kdao[||C(r, p,0)|| + [|F(s,0,0)]]
+llpll [Mlcl(l + M Crdy MaM3z) + My Crdy K (Mo MzM,Crdae X + 1)} )

Dividing both side of p and taking the limit as p — oo, we have
[Mlcl(l + MlcldlMgMg) + Mlcldlfo(l + M2M3M1C1d23<c):| >1

This contradicts to our assumption [H(5)]. Hence for some positive number p, ®(B) C B,.
Now to prove that the operator ® is a condensing operator,and introduce the decompo-

sition ® = ¢ + P9, where

m— m—1m—i—1
(@10)(t) = U(t,to) H (Z +em—iE ) oo +a(@]+ ), [[ @T+em m)a>
j=0 =1 j5=0

m—1m—i—1 —

x / T uese (2 I 7+ cnst? D) W oy

i—T

>_A

m— m—1m—i—1

I+Cm] ) U0+CL Z H I"‘Cm —j m)])
j:O =1 45=0
r

x/t_til Ub, s) <Sv ol )]()ds

(3

(P20)(t) = Z
i=1 j=0

x[&"(s,x(s),/o C(r,v(r))dr—&”(s,ys),/os C’(r,v(r))dr)]ds.

Now to show that when using this control wu(t), the operator ® = ®; + ®5 has a fixed

) tit1—T
I+cm _;E (7 )/ Ult,s)

‘—T

point z(-). This fixed point is the solution to system (2.1), in implying that the system is
controllable.

Step 2. Now t € J', z1,y1 € B, then

[(@121)(t) — (P1y1) (@)

m—1
< Ut to)ll [T @+ em—iES) )lazr) — aly)]
§=0

12



m—1m—i—1

tit1—T
A T @ren B[ 10

=1 j=0

m—1m—i—1 —1
<|IB(s HH(Z H (I + cmej mm) u

=1

x[\(w)- 1H[HU (b, s)IIl H (T + e By )lllalzr) — aly)|]
7=0

m—1m—i—1

i+1—T
Y T @+ em mgu/ U, )]

=1 j5=0

X Hfr"(s, z1(s), /Os C(r,v(r))dr — ?(s, yi(s), /Os C(r, v(r))dr)} (s)||ds

< Hxl — y1\|[M1019<a + Cl(ti_,_l — ti)MlMngC!fKa — Cl(tz‘—H — ti)Mle + Kc].

Therefore ®;(-) is a contraction on B,. Next to show that ® is completely continuous from
B, into B,.

Step 3. To prove that @9 is completely continuous. First, to prove that ®o(-) is continuous
on B,. Let v,(t)g” C By, with v, — v in B,. Then there exists a number p > 0 such that
lon(t)|| < p for all n and a.e. t € J', so v, € B,. From the dominated convergence theorem,

we obtain

m—1m—i—1 tiy1—T

@0 0wl < 13 T] @+ ens ED ) / 1 sl
=1 j5=0

—T

><||5t(s,vn(5),/0 C(r,vn(r))dr)ds — F(s,v(s), /05 C(r,v(r))dr)ds||
CLMi (i1 — ) (K llon — [T+ Kellvn — o]l])

IN

—0 as n — oo.

Hence @3 is continuous on B,. Next to prove that ® is relatively compact as well as
equicontinuous on F. From the Ascoli-Arzela theorem, to show that the compactness of ®s.
We need to prove that ®»(B,) C PC(J', E) is equi continuous and ®(B,)(t) is precompact.
For any v € B, with t + h € J', we have

[(@20,)( + h) — P20 ()]

m—1m—i—1 tip1th—t

< IX I T+ ensB) [ —ty— UG+ hys) = UGt )]
X |3’(s,vn(s),/osC(r,vn(r))dr>d59’(5,1}(5),/OSC’(T,U(T))dT>d5||
< C1M[U(t + h,t) —I]||?(s,vn(s),/()s C(r, vn(r))dr>ds

—3f<s,v(s),/080(r,u(r>)dr> ds.
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Since F is compact,
[U(t+ h,t) — I]||9’(s,v(s), /0S C(T,U(T))d?“) ds—0 as h—0
Finally, ®» maps (B,)(t) into precompact set in E as
Py (B,)(t) C t conv{U(t, s)ﬁ’(s, vn($), /08 C(r,vp(r))drds}, for all t € J'.

Hence by the above steps 1 — 3, we conclude that & = ®; + ®, is a condensing operator on
(B,). By Lemma 4.1, there exists a fixed point v(-) € (B,) such that (®v)(t) = v(t) and this
point v(-) is a mild solution to system (2.1). Clearly, (®v)(b) = v(b) = v(b), which implies
that system (2.1) is controllable. Hence the proof.

5 Application

Example Consider the partial differential equation of the form

2 )

¢
ae(t, w) = a(t, w)we(t, w) + p(t,w) + as(t, e(t,w)) + /0 as(t, s, e(t,w))ds,

e(t,0) = e(t,m)=0,t >0,t €, (5.1)
e(t,w) = ep(w) + Y1y hig(si,w), ¢ e€PC(J,E),

Ae=1Z, = 0.1,

where e; — a1 (t,w)eyy is a uniform parabolic differential operator with (¢, w) continuous
on 0 <w <7, 0<t<band is uniformly Holder continuous in ¢, and constant h; is small
and ag,ag are continuous. Let us take E = U = £2[0, 7] endowed with the usual norm
|- 2. Put v(t) = e(t,w) and u(t) = p(t,w) where A(t,w) : J x [0, 7] is continuous. Define
the operators F,1; by

EF(t, A, /\Q)(’UJ) = al(t, A (t, w)) + K(/\Q)
where

K()\Q)(w):/o as(t, s, Aa(t,w))ds

and
L(A)(w) = cu(t; — 7).
In particular, set E =R", §’ = [0, 1],

X

F(t = = ——
(,U) aq 15+t3’

(t,v)ed x E,
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t t
Gz(t) = / a1(t,s,v)ds = ag :/ e%slx(s)ds,
0 0

- 2
a(v) = Zhﬂb = Esin:r, x € FE.

With this choice §(¢), F and B = I the identity operator, we see that (5.1) can be written
in the abstract formulation of (2.1). Let p1,p2 € E and ¢ € J'. Then

to_ to_
1Sp1(t) — Spa(t)]] = w/ewpﬂ@mw1/ewpx@wr
0 0
< L —pal
T pP1 — P2

Hence the condition (H5) holds with X, = I—;. Let q1,q0 € E and t € J'. Then

2 2 .
la(an) ~ a@)ll = |l sinar) — 5 sin(a)|
< 2l -l
_18611 q2||-

Hence, the condition (H4) holds with X, = 1%. Let p3,ps €€ E and t € J'. Then

H b3

P4
Ips = F —
H p3 p4|| 15 + ¢3 15—|—t3”

< Llps—pal
S 15]73 P4l||-

Hence, the condition (H6) holds with K, = % Therefore, all the conditions of the Theorem

1
4.2 is satisfied. Hence the given system (5.1) is controllable.
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