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Abstract

In this paper, we prove a new identity involving the second derivative of the function and Riemann-Liouville fractional integrals.

The newly established identity is then used to establish some new Simpson’s type inequalities for twice differentiable convex

functions. Finally, we give applications of special functions using the newly proved inequalities.
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FRACTIONAL SIMPSON’S TYPE INEQUALITIES FOR TWICE DIFFERENTIABLE

CONVEX FUNCTIONS WITH APPLICATIONS

JAMSHED NASIR, SHAHID QAISAR, SAAD IHSAN BUTT, AND MUHAMMAD AAMIR ALI

Abstract. In this paper, we prove a new identity involving the second derivative of the function and Riemann-
Liouville fractional integrals. The newly established identity is then used to establish some new Simpson’s type
inequalities for twice differentiable convex functions. Finally, we give applications of special functions using the

newly proved inequalities.

1

1. Introduction and Preliminaries

A fantastic dependence has been found among inequalities and theory of convex functions. This relationship is the essential

mental security behind the tremendous information using convex functions. The Simpson type imbalances have been analyzed

comprehensively throughout ongoing many years. Recall that the secant line joining the images of any two points in the

domain of a convex function dominates the entire graph between the points. Formally, A function h : J ⊆ R → R, is termed

as convex on J, if the inequality

h (ηϑ1 + (1− η)ϑ2) ≤ ηh (ϑ1) + (1− η)h (ϑ2) , , (1.1)

holds for all ϑ1, ϑ2 ∈ J, ϑ1 < ϑ2, and η ∈ [0, 1]. We say that h is concave, if the inequality (1.1) holds in the reverse

direction.

One of the marvelous result in the theory of inequalities, is the Simpson’s inequality. The geometrical significance attracts

the researcher to obtain the average integrals for generalized classes of convex functions. So far, many generalizations has

become the part of literature. We refer to [1, 4, 5, 7, 11,20] and the references therin.

In [4], Dragomir et al. established the Simpson’s inequality.

Theorem 1.1. Let h : [ϑ1, ϑ2] → R be a differentiable mapping whose derivative is continuous on (ϑ1, ϑ2) and
h′ ∈ L[ϑ1, ϑ2]. Then we have the following inequality:∣∣∣∣∣

[
1

6
h (ϑ1) +

2

3
h

(
ϑ1 + ϑ2

2

)
+

1

6
h (ϑ2)

]
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

h(θ) dθ

∣∣∣∣∣ ≤ (ϑ2 − ϑ1)

3
∥h∥1 , (1.2)

where ∥h′∥1 =
∫ ϑ2

ϑ1
|h′(ϑ) | dϑ.

The bound of inequality (1.3) for L-Lipschitzian mapping was given in [4] by 5
36 (ϑ2 − ϑ1) . In [15], Kırmaci et al.

established the some inequalities of the Hermite–Hadamard type inequality as follows

Theorem 1.2. Let h : [ϑ1, ϑ2] → R be a differentiable mapping whose derivative is continuous on (ϑ1, ϑ2) and
h′ ∈ L[ϑ1, ϑ2]. Then we have the following inequality:∣∣∣∣∣h

(
ϑ1 + ϑ2

2

)
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

h (x) dx

∣∣∣∣∣≤ϑ2 − ϑ1

4

[
|h′(ϑ1)|+ |h′(ϑ2)|

2

]
, (1.3)

The following Lemma is proved by Sarikaya et al. see [19]:

Lemma 1.3. Suppose h : [ϑ1, ϑ2] → R is twice differentiable mapping on I0 such that h′′ ∈ L1 [ϑ1, ϑ2] where
ϑ1, ϑ2 ∈ I with ϑ1 < ϑ2. Then following equality holds:[

1

6
h (ϑ1) +

2

3
h

(
ϑ1 + ϑ2

2

)
+

1

6
h (ϑ2)

]
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

h(θ) dθ

Key words and phrases. Simpson’s inequality, Hölder– inequality, convexity, numerical integration.
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= (ϑ2 − ϑ1)
2

∫ 1

0

λ (η)h′′(ηϑ2 + (1− η)ϑ1)dη, (1.4)

where

λ (η)=

{
η
2

(
1
3 − η

)
, η ∈

[
0, 1

2

)
(1− η)

(
η
2 − 1

3

)
, η ∈

[
1
2 , 1

]
Using Lemma, Sarikaya et al. [19] established the following results holds for twice differentiable mapping

Theorem 1.4. Suppose h : [ϑ1, ϑ2] → R is a differentiable mapping on I0 such that h′′ ∈ L1 [ϑ1, ϑ2] where
ϑ1, ϑ2 ∈ I with ϑ1 < ϑ2, then following equality holds:∣∣∣∣∣

[
1

6
h (ϑ1) +

2

3
h

(
ϑ1 + ϑ2

2

)
+

1

6
h (ϑ2)

]
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

h(θ) dθ

∣∣∣∣∣
=

(ϑ2 − ϑ1)
2

162

∫ 1

0

λ (η)h′′(ηϑ2 + (1− η)ϑ1)dη, (1.5)

Theorem 1.5. Let h be defined as in Theorem 1 and if |h′′| is a convex on [ϑ1, ϑ2], with q ≥ 1, then we have:∣∣∣∣∣
[
1

6
h (ϑ1) +

2

3
h

(
ϑ1 + ϑ2

2

)
+

1

6
h (ϑ2)

]
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

h(θ) dθ

∣∣∣∣∣ ≤ (ϑ2 − ϑ1)
2

(
1

162

)1−1/q

{(
59

35.27
|h′′(ϑ2)|q +

133

35.27
|h′′(ϑ1)|

q
)1/q

+

(
133

35.27
|h′′(ϑ2)|q +

59

35.27
|h′′(ϑ1)|

q
)1/q

}
(1.6)

where 1
p + 1

q = 1.

Now we recall the important definition of Riemann−Liouville fractional integral

Definition 1.6. Suppose h ∈ L[ϑ1, ϑ2]. The left−sided and right−sided Riemann−Liouville fractional integrals for
left−sided and right−sided of order χ > 0 defined by

Jχ
ϑ1
h(τ) =

1

Γ(χ)

∫ τ

ϑ1

(τ − η)χ−1h(η)dη, ϑ1 < τ

and

Jχ
ϑ2
h(τ) =

1

Γ(χ)

∫ ϑ2

τ

(η − τ)χ−1h(η)dη, τ < ϑ2

Gamma function is defined as Γ(χ) =
∫∞
0

e−uuχ−1du. Note that J0
ϑ1
h(τ) = J0

ϑ2
h(τ) = h(τ).

If χ = 1, the above integral becomes the classical integral. Numerous researchers have been demonstrated Simpson’s

type inequalities and obtained various outcomes. For more details(see, [10]- [8]). For the execution of differentiation and

integration of real or complex number orders, fractional calculus, demonstrated as an accommodating device which exhibits

its centrality. The topic had pulled in a great deal of thought from numerous authors who center around investigation of

analysis during the latest couple of many years. For late results related to current study, one can see( [16]- [18]). Among a

lot of the fractional integral which are grown up, the Riemann–Liouville fractional integral has been generally thought of,

because of uses in various fields of sciences.

The aim of this paper is to establish some new inequalities of type Simpson’s for twice differentiable for convex and

concave functions via Riemann-Liouville fractional integral. Our results generalize the results obtained by Sarikaya [19] and

provide new estimates on these types of inequalities for fractional integrals.

2. Inequalities for Simpson type

In this section, First we prove an important new Lemma for Riemann-Livouille fractional integrals, which plays a key role

to prove our main results is as follows:

Lemma 2.1. Let h : [ϑ1, ϑ2] → R be a twice differentiable mapping such that h′′ is integrable on (ϑ1, ϑ2) with ϑ1 < ϑ2. If
|h′′| is convex on [ϑ1, ϑ2], then the identity holds for 0 < χ ≤ 1

Γ(χi+ i1)

2(ϑ2i− iϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

]
− 1

2

[(
(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) +

(
2χi+ iχi+ i1)

2χ−1(χi+ i2)

)
h

(
ϑ1 + ϑ2

2

)]
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= (ϑ2 − ϑ1)
2 [D1 +D2 +D3 +D4] , (2.1)

where

D1 =

∫ 1/2

0

(
2χ (χi+ i2) ηχ+1i− iη (χ+ 1)

(χi+ i1) 2χ (χi+ i2)

)
h′′(ηϑ1i+ i(1− η)ϑ2)dη,

D2 =

∫ 1

1/2

(
ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

)
h′′(ηϑ2i+ i(1− η)ϑ1)dη,

D3 =

∫ 1/2

0

(
2χ (χi+ i2) ηχ+1i− iη (χ+ 1)

(χi+ i1) 2χ (χi+ i2)

)
h′′(ηϑ2i+ i(1− η)ϑ1)dη,

D4 =

∫ 1

1/2

(
ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

)
h′′(ηϑ1i+ i(1− η)ϑ2)dη.

Proof. Using integration by parts, we obtain

D1 =

∫ 1/2

0

(
ηχ+1

χi+ i1
i− i

η

2χ (χi+ i2)

)
h′′(ηϑ1i+ i(1− η)ϑ2)dη

=

(
ηχ+1

χ+ 1
i− i

η

2χ (χi+ i2)

)
h′(ηϑ1i+ i(1− η)ϑ2)

ϑ1i− iϑ2

∣∣∣∣1/2
0

i− i
1

ϑ1i− iϑ2

∫ 1

0

(
ηχi− i

1

2χ (χi+ i2)

)
h′(ηϑ1i+ i(1− η)ϑ2)dη

= − 1

ϑ2i− iϑ1

[
1

2χ+1 (χi+ i1)
i− i

1

2χ+1 (χi+ i2)

]
h′
(
ϑ1i+ iϑ2

2

)
+

1

ϑ2i− iϑ1

×

[(
ηχi− i

1

2χ (χi+ i2)

)
h(ηϑ2i+ i(1− η)ϑ1)

ϑ1i− iϑ2

∣∣∣∣1/2
0

i− i
1

ϑ1i− iϑ2

∫ 1/2

0

χηχ−1h(ηϑ1i+ i(1− η)ϑ2)dη

]

= − 1

ϑ2i− iϑ1
.

1

2χ+1

(
1

(χi+ i1) (χi+ i2)

)
h′
(
ϑ1i+ iϑ2

2

)
− 1

(ϑ2i− iϑ1)
2

(
1

2χ
i− i

1

2χ (χi+ i2)

)
h

(
ϑ1i+ iϑ2

2

)
+

1

(ϑ2i− iϑ1)
2

(
−1

2χ (χi+ i2)

)
h (ϑ2) i+ i

χ

(ϑ2i− iϑ1)
2

∫ 1/2

0

ηχ−1h(ηϑ1i+ i(1− η)ϑ2)dη

= − 1

ϑ2i− iϑ1
.

1

2χ+1 (χi+ i1) (χi+ i2)
h′
(
ϑ1i+ iϑ2

2

)
− 1

(ϑ2i− iϑ1)
2

(
(χi+ i1)

2χ (χi+ i2)

)
h

(
ϑ1i+ iϑ2

2

)
− 1

2χ (χi+ i2) (ϑ2i− iϑ1)
2 h (ϑ2) +

χ

(ϑ2i− iϑ1)
2

∫ 1/2

0

ηχ−1h(ηϑ1i+ i(1− η)ϑ2)dη

= − 1

ϑ2i− iϑ1
.

1

2χ+1 (χi+ i1) (χi+ i2)
h′
(
ϑ1i+ iϑ2

2

)
− 1

(ϑ2i− iϑ1)
2

(
(χi+ i1)

2χ (χi+ i2)

)
h

(
ϑ1i+ iϑ2

2

)
− 1

2χ (χi+ i2) (ϑ2i− iϑ1)
2 h (ϑ2) +

χ

(ϑ2i− iϑ1)
2

∫ ϑ2

ϑ1+ϑ2
2

(θ2i− iϑ)χ−1

(ϑ2i− iϑ1)
χ h(θ)dθ.

D2 =
1

ϑ2i− iϑ1
.

1

2χ+1 (χi+ i1) (χi+ i2)
h′
(
ϑ1i+ iϑ2

2

)
− 1

(ϑ2i− iϑ1)
2

(
(χi+ i1)

2χ (χi+ i2)

)
h

(
ϑ1i+ iϑ2

2

)
− 1

2χ (χi+ i2) (ϑ2i− iϑ1)
2 h (ϑ1) i+ i

χ

(ϑ2i− iϑ1)
2

∫ ϑ2

ϑ1+ϑ2
2

(θi− iϑ1)
χ−1

(ϑ2i− iϑ1)
χ h(θ)dθ.
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D3 =

∫ 1

1/2

(
ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

)
h′′(ηϑ2i+ i(1− η)ϑ1)dη

=

(
ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

)
h′(ηϑ2i+ i(1− η)ϑ1)

ϑ2i− iϑ1

∣∣∣∣1
1/2

− 1

ϑ1i− iϑ2

∫ 1

1/2

(
ηχ − 1

χi+ i1
− 1

2χ

)
h′(ηϑ2i+ i(1− η)ϑ1)dη

= − 1

ϑ2i− iϑ1

[
1

2(χi+ i2)
− χ

2χ+1(χi+ i1)
+

1

2χ
− 1

χi+ i1

]
h′
(
ϑ1i+ iϑ2

2

)
− 1

ϑ2i− iϑ1

∫ 1

1/2

(
ηχ − 1

χi+ i1
− 1

2χ

)
h′(ηϑ2i+ i(1− η)ϑ1)dη

= − 1

ϑ2i− iϑ1

[
1

2(χi+ i2)
− χ

2χ+1(χi+ i1)
+

1

2χ
− 1

χi+ i1

]
h′
(
ϑ1i+ iϑ2

2

)
− 1

ϑ2i− iϑ1

[(
ηχ − 1

χi+ i1
− 1

2χ

)
h′(ηϑ2i+ i(1− η)ϑ1)

ϑ2 − ϑ1

∣∣∣∣1
1/2

i+ i
χ

ϑ2 − ϑ1

∫ 1

1/2

ηχ−1h(ηϑ2i+ i(1− η)ϑ1)dη

]

= − 1

ϑ2i− iϑ1

[
1

2(χi+ i2)
− χ

2χ+1(χi+ i1)
+

1

2χ
− 1

χi+ i1

]
h′
(
ϑ1i+ iϑ2

2

)
− 1

(ϑ2i− iϑ1)
2

(
1− 1

(χi+ i2)
− 1

2χ

)
h (ϑ2) i− i

1

(ϑ2i− iϑ1)
2 (χi+ i2)

h

(
ϑ1i+ iϑ2

2

)
+

χ

ϑ2i− iϑ1

∫ 1

1/2

ηχ−1h(ηϑ2i+ i(1− η)ϑ1)dη

= − 1

ϑ2i− iϑ1

[
1

2(χi+ i2)
− χ

2χ+1(χi+ i1)
+

1

2χ
− 1

χi+ i1

]
h′
(
ϑ1i+ iϑ2

2

)
− 1

(ϑ2i− iϑ1)
2

(
1− 1

(χi+ i2)
− 1

2χ

)
h (ϑ2)−

1

(ϑ2i− iϑ1)
2 (χi+ i2)

h

(
ϑ1i+ iϑ2

2

)

+
χ

ϑ2i− iϑ1

∫ ϑ1+ϑ2
2

ϑ1

(θi− iϑ1)
χ−1

(ϑ2i− iϑ1)
χ h(θ)dθ.

D4 =
1

ϑ2i− iϑ1

[
1

2(χi+ i2)
− 1

χi+ i1
− χ

2χ+1(χi+ i1)
+

1

2χ

]
h′
(
ϑ1i+ iϑ2

2

)
− 1

(ϑ2i− iϑ1)
2

(
1− 1

(χi+ i2)
− 1

2χ

)
h (ϑ1)−

1

(ϑ2i− iϑ1)
2 (χi+ i2)

h

(
ϑ1i+ iϑ2

2

)

+
χ

ϑ2i− iϑ1

∫ ϑ1+ϑ2
2

ϑ1

(θ2i− iϑ)χ−1

(ϑ2i− iϑ1)
χ h(θ)dθ.

Which completes the proof. �

Theorem 2.2. Let h be defined as in Lemma 2.1 and if |h′′| is a convex on [ϑ1, ϑ2], then we have following Simpson’s type
inequality: ∣∣∣∣ Γ(χi+ i1)

2(ϑ2i− iϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

]
− 1

2

[(
(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) +

(
2χi+ iχi+ i1)

2χ−1(χi+ i2)

)
h

(
ϑ1 + ϑ2

2

)] ∣∣∣∣
≤ (ϑ2i− iϑ1)

2

{
(G1 +G3) |h′′(ϑ1)|+ ((G2 +G4) |h′′(ϑ2)|

}
. (2.2)

Proof. By using the properties of modulus on Lemma 2.1, we have∣∣∣∣ Γ(χi+ i1)

2(ϑ2i− iϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

]
− 1

2

[(
(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) +

(
2χi+ iχi+ i1)

2χ−1(χi+ i2)

)
h

(
ϑ1 + ϑ2

2

)] ∣∣∣∣
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≤ (ϑ2 − ϑ1)
2 [|D1|+ |D2|+ |D3|+ |D4|] .

By the convexity of |h′′|, χ ∈ (0, 1] and ∀ η ∈ [0, 1], we have∣∣∣∣ Γ(χi+ i1)

2(ϑ2i− iϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

]
− 1

2

[(
(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) +

(
2χi+ iχi+ 1)

2χ−1(χi+ i2)

)
h

(
ϑ1 + ϑ2

2

)] ∣∣∣∣
≤ (ϑ2i− iϑ1)

2

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ ∣∣h′′(ηϑ2i+ i(1− η)ϑ1)
∣∣ dη

+ (ϑ2i− iϑ1)
2

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ ∣∣h′′(ηϑ1i+ i(1− η)ϑ2)
∣∣ dη

+ (ϑ2i− iϑ1)
2

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ ∣∣h′′(ηϑ2i+ i(1− η)ϑ1)
∣∣ dη

+ (ϑ2i− iϑ1)
2

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ ∣∣h′′(ηϑ1i+ i(1− η)ϑ2)
∣∣ dη

= (ϑ2i− iϑ1)
2

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ {η ∣∣h′′(ϑ2)
∣∣ i+ i(1− η)

∣∣h′′(ϑ1)
∣∣} dη

+ (ϑ2i− iϑ1)
2

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ {η ∣∣h′′(ϑ1)
∣∣ i+ i(1− η)

∣∣h′′(ϑ2)
∣∣} dη

+ (ϑ2i− iϑ1)
2

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ {η ∣∣h′′(ϑ2)
∣∣ i+ i(1− η)

∣∣h′′(ϑ1)
∣∣} dη

+ (ϑ2i− iϑ1)
2

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ {η ∣∣h′′(ϑ1)
∣∣ i+ i(1− η)

∣∣h′′(ϑ2)
∣∣} dη

≤ (ϑ2i− iϑ1)
2

{
(G1 +G3) |h′′(ϑ1)|+ ((G2 +G4) |h′′(ϑ2)|

}
.

Simple calculations yields

G1 =

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ ηdη
=

81
[
(χi+ i2)4(2−χ−3i− i3−χ−3)− 1

]
i− i19(χi+ i1)(χ+ 2)3(χ+ 3)2−χ−3 + 27(2−χ)(χi+ i1)(χ+ 3)

81(χi+ i1)(χi+ i3)(χi+ i2)4

G2 =

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ (1− η) dη

=
2−χ−3.3−χ−4

(
3χ(χ(2χ+ 89)i+ i330)i− i3 2χ+4(2χi+ i7)

)
(χi+ i1)(χi+ i2)(χi+ i3)

G3 =

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ ηdη
=

1

24

(
(χ+ 4)(χ+ 2)3i+ i3 2χ+2(χ+ 1)(χ+ 2)2i− i4χ+1(2χ+ 5)(χ+ 2)− 8χ+1(χ+ 1)

(χi+ i1)(χi+ i2)4

)
+

1

24

(
24

(
(2χ+2)χi− i2−χ−2(χ+ 2)χ+3

(χi+ i3)(χi+ i2)3(χi+ i1)

)
− 21−χ

)
+
1

6

(
(2χ+ 5)(χ+ 2)3 + 3 2χ(χ+ 1)(χ+ 2)2i− i4χ(2χ+ 5)(χ+ 2)i− i23χ+1(χ+ 1)

(χi+ i1)(χi+ i2)4

)
+
1

6

(
(χ+ 2)3(χi+ i2)χi− i(2χ+3)χ

(χi+ i2)χ+3(χi+ i1)(χi+ i3)
− 2χ

)
G4 =

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ (1− η)dη

= −2χ(2χ(−χ2 − 3χ+ 2χ − 2) · 3(χ+ 2)χ+2 · (χ+ 3)i+ i322α−1(2χ2)i+ i(2χ + 6)χ+ 4)(χ+ 2)(χ+ 3)

3(χi+ i2)χ+4(χi+ i3)(χi+ i1)

+
(2χ+4)χ · 3(χ+ 3)(χ+ 2)χ − (2χ)2χ+23(χ+ 2)(χ+ 3)− 3χ(χ+ 1)(χ+ 2χ + 2)(χ+ 3)

3(χi+ i2)χ+4(χi+ i3)(χi+ i1)
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−2χ
3.2χ(−χ2 − 3χ+ 2χ − 2)(χ+ 3)(χ+ 2)χ+1i+ i3 · 22ξ−1(2χ2 + (2χ + 6)χ+ 4)(χ+ 3)(χ+ 2)χ

3(χi+ i2)χ+3(χi+ i3)(χi+ i1)

+
3(2χ+4)χ − 3 · 2χ(2χ)χ+2(χ+ 3)i− i8χ(χ+ 1)(χ+ 2χ + 2)(χ+ 3)(χ+ 2)χ−1

3(χi+ i2)χ+3(χi+ i3)(χi+ i1)

−
2−χ−3

(
7χ3 − 2 (2χ − 21)χ2i+ i (80− 17 2χ)χ− 33 2χ + 54

)
3 (χ3i+ i6χ2i+ i11χi+ i6)

G5 =

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ dη
=

2−χ−1

(χ+ 2)3
− (χ+ 2)−χ−3

χ+ 1
−

2−χ−33−χ−2
(
5 3χχ− 13 3χ + 2χ+3

)
(χ+ 1)(χ+ 2)

G6 =

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ dη
=

1

8

(
− 2χ+3

χ2i+ i3χi+ i2
− 4χ

(χi+ i2)2
− 3 2−χ + 8

(2χ+2)χ − 2−χ−2(χi+ i2)2+χ

(χi+ i2)χ+4(χi+ i1)

)
+
1

8

(
+

4

χi+ i1
+

9

χi+ i2
+

2χ+2

(χi+ i2)2
− 8

(χi+ i2)2
− 4χ+1

(χi+ i2)3

)
+
1

2

(
2 (χi− i2χi+ i2)

χ2i+ i3χi+ i2
− 2−χ − 2

(χi+ i2)χi− i(2χ+2)χ

(χi+ i2)χ+3(χi+ i1)
+

1

χi+ i2
+

2χ

(χi+ i2)2
− 4χ

(χi+ i2)3

)
which completes the proof. �

Corollary 2.3. By choosing h (ϑ1) = h
(
ϑ1+ϑ2

2

)
= h (ϑ2) in Theorem 2.2, inequality (2.2), becomes∣∣∣∣h(ϑ1 + ϑ2

2

)
− Γ(χi+ i1)

2(ϑ2i− iϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

] ∣∣∣∣
≤ (ϑ2i− iϑ1)

2

{
(G1 +G3) |h′′(ϑ1)|+ (G2 +G4) |h′′(ϑ2)|

}
. (2.3)

Remark 2.4. By letting χ = 1 in above corollary , we get midpoint inequality (1.3), which looks better than the inequality

presented by Kırmaci.

Remark 2.5. By letting χ = 1 in Theorem 2.2, we can get the inequality of [19, Theorem 2.2]:∣∣∣∣16
{
h (ϑ1) + 4h

(
ϑ1 + ϑ2

2

)
+ h (ϑ2)

}
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

h (θ) dθ

∣∣∣∣
≤ (ϑ2 − ϑ1)

2

162
{
∣∣h′′ (ϑ1)

∣∣+ ∣∣h′′ (ϑ2)
∣∣}.

The corresponding version for powers of the absolute value of the derivative incorporates as.

Theorem 2.6. Let h be defined as in Lemma 2.1 and if |h′′|q is a convex on [ϑ1, ϑ2], with q ≥ 1, then we have the following
inequality:∣∣∣∣ Γ(χi+ i1)

2(ϑ2i− iϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

]
− 1

2

[(
(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) +

(
2χi+ iχi+ i1)

2χ−1(χi+ i2)

)
h

(
ϑ1 + ϑ2

2

)] ∣∣∣∣
≤ (ϑ2 − ϑ1)

2
[
G1

{(
G3

∣∣h′′ (ϑ2)
∣∣q + (G1 −G3)

∣∣h′′ (ϑ1)
∣∣q)1/q+ (G3

∣∣h′′ (ϑ1)
∣∣q + (G1 −G3)

∣∣h′′ (ϑ2)
∣∣q)1/q}

+G2

{(
G4

∣∣h′′ (ϑ2)
∣∣q + (G2 −G4)

∣∣h′′ (ϑ1)
∣∣q)1/q+ (G4

∣∣h′′ (ϑ1)
∣∣q + (G2 −G4)

∣∣h′′ (ϑ2)
∣∣q)1/q}] . (2.4)

Proof. By the use of power-mean integral inequality for q ≥ 1, we obtain∣∣∣∣ Γ(χi+ i1)

2(ϑ2i− iϑ1)χ
[
Jχ
ϑ1
h(ϑ2)i+ iJχ

ϑ2
h(ϑ1)

]
− 1

2

[(
(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) i+ i

(
2χi+ iχi+ i1)

2χ−1(χi+ i2)

)
h

(
ϑ1i+ iϑ2

2

)] ∣∣∣∣
≤ (ϑ2i− iϑ1)

2

∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ ∣∣h′′(ηϑ2i+ i(1− η)ϑ1)
∣∣ dη
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+ (ϑ2i− iϑ1)
2

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣h′′(ηϑ2i+ i(1− η)ϑ1)dη

≤ (ϑ2i− iϑ1)
2

(∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ dη
)1−1/q

×

(∫ 1/2

0

|h′′(ηϑ2i+ i(1− η)ϑ1)|qdη

)1/q

+ (ϑ2i− iϑ1)
2

(∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ dη
)1−1/q (∫ 1

1/2

|h′′(ηϑ2i+ i(1− η)ϑ1)|qdη

)1/q

One can notice that ∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ |h′′(ηϑ2i+ i(1− η)ϑ1)|qdη

≤
∫ 1/α+2

0

(
2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

){
η
∣∣h′′(ϑ1)

∣∣q i+ i(1− η)
∣∣h′′(ϑ2)

∣∣q} dη
+

∫ 1/2

1/α+2

(
2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

){
η
∣∣h′′(ϑ2)

∣∣q i+ i(1− η)
∣∣h′′(ϑ1)

∣∣q} dη (2.5)

and

∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ |h′′(ηϑ2i+ i(1− η)ϑ1)|qdη

≤
∫ 2α/α+2

1/2

(
ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

){
η
∣∣h′′(ϑ1)

∣∣q i+ i(1− η)
∣∣h′′(ϑ2)

∣∣q} dη
+

∫ 1

2α/α+2

(
ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

){
η
∣∣h′′(ϑ2)

∣∣q i+ i(1− η)
∣∣h′′(ϑ1)

∣∣q} dη
which completes the proof. �

In the following theorem, we obtain estimate of Simpson’s inequality for concave functions.

Theorem 2.7. Let h : [ϑ1, ϑ2] → R be a differentiable function on (ϑ1, ϑ2) such that h′′ ∈ L1[a, b]. If |h′′|q is concave on
[ϑ1, ϑ2], for some fixed p > 1 with q = p

p−1
, then we have∣∣∣∣ Γ(χi+ i1)

2(ϑ2 − ϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

]
− 1

2

[(
(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) +

(
2χi+ iχi+ i1)

2χ−1(χi+ i2)

)
h

(
ϑ1 + ϑ2

2

)] ∣∣∣∣
≤ (ϑ2 − ϑ1)

2 ×[
G1

{∣∣∣∣h′′
(
G3ϑ2 + (G1 −G3)ϑ1

G1

)∣∣∣∣+ ∣∣∣∣h′′
(
G3ϑ1 + (G1 −G3)ϑ2

G1

)∣∣∣∣}
+G2

∣∣∣∣h′′
(
G4ϑ2 + (G2 −G4)ϑ1

G2

)∣∣∣∣+ ∣∣∣∣h′′
(
G4ϑ1 + (G2 −G4)ϑ2

G2

)∣∣∣∣] . (2.6)

Proof. Utilizing concavity of |h′′|q and the power-mean inequality, we obtain

|h′′(ηϑ1 + (1− η)ϑ2)|q > η|h′′(ϑ1)|q + (1− η)|h′′(ϑ2)|q

≥
(
η|h′′(ϑ1)|+ (1− η)|h′′(ϑ2)|

)q

h′′(ηϑ1 + (1− η)ϑ2)| ≥ η|h′′(ϑ1)|+ (1− η)|h′′(ϑ2)|,

Thus, |h′′| is also concave. Jensen integral inequality follows that∣∣∣∣12
[(

(2χi− i1) (χi+ i1)

2χ(χi+ i2)

)
(h (ϑ1) + h (ϑ2)) +

(
2χi+ iχi+ i1)

2χ−1(χi+ i2)

)
h

(
ϑ1i+ iϑ2

2

)]
− Γ(χ+ 1)

2(ϑ2 − ϑ1)χ
[
Jχ
ϑ1
h(ϑ2) + Jχ

ϑ2
h(ϑ1)

]∣∣∣∣
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≤ (ϑ2i− iϑ1)
2

(∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ dη
)∣∣∣∣∣∣h′′

∫ 1/2

0

∣∣∣ 2χ(χi+i2)ηχ+1i−iη(χi+i1)
(χi+i1)2χ(χi+i2)

∣∣∣ (ηϑ1i+ i(1− η)ϑ2)dη∫ 1/2

0

∣∣∣ 2χ(χi+i2)ηχ+1i−iη(χi+i1)
(χi+i1)2χ(χi+i2)

∣∣∣ dη
∣∣∣∣∣∣

q

+ (ϑ2 − ϑ1)
2

(∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ dη
)

×

∣∣∣∣∣∣h′′

∫ 1

1/2

∣∣∣ ηχ+1

χi+i1
− η

χi+i1
− η

2χ
+ 1

χi+i2
+ 1

2χ
− 1

χi+i1

∣∣∣ (ηϑ2i+ i(1− η)ϑ1)dη∫ 1

1/2

∣∣∣ ηχ+1

χi+i1
− η

χi+i1
− η

2χ
+ 1

χi+i2
+ 1

2χ
− 1

χi+i1

∣∣∣ dη
∣∣∣∣∣∣

q

+ (ϑ2 − ϑ1)
2

(∫ 1/2

0

∣∣∣∣2χ (χi+ i2) ηχ+1i− iη (χi+ i1)

(χi+ i1) 2χ (χi+ i2)

∣∣∣∣ dη
)∣∣∣∣∣∣h′′

∫ 1/2

0

∣∣∣ 2χ(χi+i2)ηχ+1i−iη(χi+i1)
(χi+i1)2χ(χi+i2)

∣∣∣ (ηϑ2i+ i(1− η)ϑ1)dη∫ 1/2

0

∣∣∣ 2χ(χi+i2)ηχ+1i−iη(χi+i1)
(χi+i1)2χ(χi+i2)

∣∣∣ dη
∣∣∣∣∣∣

q

+ (ϑ2 − ϑ1)
2

(∫ 1

1/2

∣∣∣∣ ηχ+1

χi+ i1
− η

χi+ i1
− η

2χ
+

1

χi+ i2
+

1

2χ
− 1

χi+ i1

∣∣∣∣ dη
)

×

∣∣∣∣∣∣h′′

∫ 1

1/2

∣∣∣ ηχ+1

χi+i1
− η

χi+i1
− η

2χ
+ 1

χi+i2
+ 1

2χ
− 1

χi+i1

∣∣∣ (ηϑ1i+ i(1− η)ϑ2)dη∫ 1

1/2

∣∣∣ ηχ+1

χi+i1
− η

χi+i1
− η

2χ
+ 1

χi+i2
+ 1

2χ
− 1

χi+i1

∣∣∣ dη
∣∣∣∣∣∣

q

= (ϑ2 − ϑ1)
2 G5

∣∣∣∣h′′
(
G1ϑ1 +G2ϑ2

G5

)∣∣∣∣+ (ϑ2 − ϑ1)
2 G6

∣∣∣∣h′′
(
G3ϑ2 +G4ϑ1

G6

)∣∣∣∣
+ (ϑ2 − ϑ1)

2 G5

∣∣∣∣h′′
(
G1ϑ2 +G2ϑ1

G5

)∣∣∣∣+ (ϑ2 − ϑ1)
2 G6

∣∣∣∣h′′
(
G3ϑ1 +G4ϑ2

G6

)∣∣∣∣ ,
which completes the proof. �

Corollary 2.8. By putting χ = 1 in Theorem 2.7, then inequality (10) becomes as:∣∣∣∣[16h (ϑ1) +
2

3
h

(
ϑ1 + ϑ2

2

)
+

1

6
h (ϑ2)

]
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

h(θ) dθ

∣∣∣∣ (2.7)

≤ (ϑ2 − ϑ1)
2

162

[∣∣∣∣h′′
(
59ϑ1 + 133ϑ2

192

)∣∣∣∣+ ∣∣∣∣h′′
(
133ϑ1 + 59ϑ2

192

)∣∣∣∣] . (2.8)

Remark 2.9. Inequality (2.7) is a generalization of obtained inequality as in [19, Theorem 8]

3. Application to Beta Function

In this section, let χ > 0, χ ≥ 3, ϑ1 = 0, ϑ2 = 1, Γ(χ) be the gamma function, and h (θ) = θχ−1 (θ ∈ [0, 1]) . Then |h′′| is
convex on [0, 1] .

Remark 3.1. First of all we define the beta function

η (γ, δ) =

∫ 1

0

θγ−1 (1− θ)δ−1 dθ (γ, δ > 0) .

From section 3, we have

Γ(χ+ 1)

2(ϑ2 − ϑ1)χ
Jχ
ϑ1
h(ϑ2) = χ

∫ 1

0

θγ−1 (1− θ)δ−1 dθ =
χ

2
η (χ, χ)

and
Γ(χ+ 1)

2(ϑ2 − ϑ1)χ
Jχ
ϑ2
h(ϑ1) = χ

∫ 1

0

θχ+χ−2dθ =
χ

2 (χ+ χ− 1)

Proposition 3.2. In Theorem 2.2, the following inequality holds∣∣∣∣[χ2 η (χ, χ) + χ

2 (χ+ χ− 1)

]
−
(
(2χ − 1) (χ+ 1)

2χ+1(χ+ 2)
+

2χ + χ+ 1)

2χ−12χ(χ+ 2)

)∣∣∣∣
≤ (χ− 1) [((G1 +G3)) + ((G2 +G4))]
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3.1. q-digamma function. Suppose 0 < q < 1, the q−digamma function φq, is the q−analogue of the digamma function
φ
(
see [13,21]

)
given as:

φq = − ln (1− q) + lnq

∞∑
k=0

qk+χ

1− qk+χ

= − ln (1− q) + lnq

∞∑
k=0

qkχ

1− qkχ
.

For q > 1 and χ > 0, q−digamma function φq can be given as:

φq = − ln (q− 1) + lnq

[
χ− 1

2
−

∞∑
k=0

q−(k+χ)

1− q−(k+χ)

]

= − ln (q− 1) + lnq

[
χ− 1

2
−

∞∑
k=0

q−kχ

1− q−kχ

]
.

Proposition 3.3. Suppose ϑ1, ϑ2,q are the real numbers such that 0 < ϑ1 < ϑ2, 0 < q < 1. Then the following inequality

holds:

∣∣∣∣16
{
φ′

q (ϑ1) + 4φ′
q

(
ϑ1 + ϑ2

2

)
+ φ′

q (ϑ2)

}
− φq (ϑ2)− φq (ϑ1)

ϑ2 − ϑ1

∣∣∣∣
≤ (ϑ2 − ϑ1)

2

162

{ ∣∣∣φ(3)
q (ϑ1)

∣∣∣+ ∣∣∣φ(3)
q (ϑ2)

∣∣∣ }. (3.1)

Proof. By employing the definition of q-digamma function φq(χ), it is easy to notice that q-trigamma function χ → φ
′
q(χ)

is completely monotonic on (0,∞). This ensures that the function φ
(3)
q is again completely monotonic on (0,∞) for each

q ∈ (0, 1) and consequently is convex
(
see [22], p.167

)
. Now by applying Remark 2.5, we extract that the inequality (3.1)

is valid for q ∈ (0, 1). �

Presently another application of inequality (3.1), we can give the accompanying inequalities for the q−triagamma and

q−polygamma functions and the simple of Harmonic numbers Hnq characterized by

Hnq =
∑ qk

1− qk
, n ∈ N.

So, from inequality (3.1) and using the equation

φq(n+ 1) = φq(1)− Log(q)Hnq,

Analogously, we obtain the required result.

Corollary 3.4. Suppose n ∈ N, 0 < q < 1. Then the following inequality holds:∣∣∣∣16
{
φ′

q (1) + 4φ′
q

(n
2
+ 1
)
+ φ′

q (n+ 1)

}
+

Log(q)Hnq

n

∣∣∣∣ ≤ n2

162

{ ∣∣∣φ(3)
q (1)

∣∣∣+ ∣∣∣φ(3)
q (n+ 1)

∣∣∣ }. (3.2)

Proposition 3.5. Suppose n is an integer and q > 1. Then the following inequality holds:∣∣∣∣16
{
φ′ (1) + 4φ′

(n
2
+ 1
)
+ φ′ (n+ 1)

}
− Hn

n

∣∣∣∣ ≤ n2

162

{ ∣∣∣φ(3) (1)
∣∣∣+ ∣∣∣φ(3) (n+ 1)

∣∣∣ },
Proof. From inequality (3.2), when q → 1, and using the relation

limq→1 log (q)Hnq = lim
q→1

[

(
log (q)

q− 1

)
. (q− 1)Hnq]

= − lim
q→1

n∑
k=1

1− q

1− qk
= −Hn.

We obtain the required result. �
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