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1 Introduction

Fractional differential equations theory has been a powerful tool for modeling several phe-
nomena in applied sciences and engineering, such as, visco-elasticity, chemistry, fluid flow,
electrical networks, electrical circuits, optics, chaotic phenomena in dynamical systems, so
on. For more details, one can consult the papers [2, 3, 5, 6, 4, 8, 9, 16, 21].

In this paper, we are concerned with some applications of dynamical systems of chaotic be-
haviours. To do this, we begin by recalling some papers that have motivated the present
work. We begin by the references [18], where ]J.C. Sportt discovered some new chaotic sys-
tems through an extensive computer search on this phenomenon, with five terms and two
quadratic nonlinearities or six terms and a single quadratic nonlinearity.

Then, H.P.W. Gottlieb [11] studied the following problem of chaotic type:

X" =—x's+x"(x+x")/x’,

which he called a Jerk equation.

Then, J.C. Sportt [19] discovered the following particular case of Jerk equation with chaotic
behaviours:

x” +ax” £x?+x=0,

which has only three terms in its Jerk representation or five terms in its dynamical system
representation with a single quadratic nonlinearity and a single parameter a.

We cite also the work of Z. Fu and ]J. Heidel [10], where the authors proved that there can be
no simpler system with a quadratic nonlinearity.

Then, B. Munmuangsaen et al. [14] studied several simple chaotic systems of the form:
X"+ x"” +x =h(x').

Other papers dealing with Jerk equations and systems for chaotic behaviours can be found
in[1,7,12, 13,15, 17, 20].

In this work, we try to find a suitable fractional presentation for a simple Jerk circuit that
allows us to study some chaotic behaviours.



So, we consider the following problem:

D[DF(DY + N)y(t) = f(t,v(t), D y(t)), t €],
(0)+(T) =0,(D?)p(0) + (D?)y(T) = 0, (1)
D7 DYy(0)+ DYD?y(T) = 0.

In (1), the derivatives D% DF,D? are taken in the sense of Caputo, with 0 <y < f <a <
1,]:=[0,T]and f : ] x RxR — R is a given function.

It is to important to note that in the present work:

1-We take the derivatives of Caputo in both sides of the problem.

2-We consider three parameters of derivation «,f and y which allow us to be concerned
with a sequential Jerk problem without commutativity and semi group properties.

3-The above sequential processes with the anti-periodic conditions on the problem allow us
to consider a new type of Jerk problem of three fractional order.

4-Also, it is important to note that Eq. (1) is general enough to describe many problems that
arise in mathematical physics, and depending on the values of the constants and functions
involved in (1), there are several particular types of equations with important practical ap-
plications. For example, Eq. (1) includes the standard Jerk equation of Gottlieb [11] as a
particular case. Also, it includes the above two models of Sportt [19] and Munmuangsaen
et al. [14].

To the best of our knowledge, this is the first time in the literature where such problem is
considered.

The organization of the paper is as follows: In the second section, we recall some funda-
mental results about fractional calculus. In the third section, the theoretical main results
are obtained by using Banach contraction mapping principle and Krasnoselskii fixed point
theorem. An illustrative example is discussed in the fourth section. Moreover, some applied
results are discussed in section five; an approximation for Caputo derivative is proposed
and some numerical simulations and some chaotic behaviours for problem (1) are discussed
in this section. At the last section, a conclusion follows.

2 Preliminaries on Fractional Calculus

We recall some definitions and lemmas that will be used later. For more details, we refer to

8.

Definition 1 Let @ > 0 and f : [0, T] — R be a continuous function. The Riemann-Liouville
integral of order « is defined by:

]af(t)—LJt(t—T)a_lf(T)dT a>0,0<t<T
~T(a) Jo ’ ' '

where T'(a):= fo eyt ldy.

Definition 2 For a function h € C"*([0,T],R) and n—1 < a < n, the Caputo fractional derivative
is defined by:
dTl

Dal’l(t) = ]n_aﬁ

(h(t))

1

— t _ \n—a—1g(n) )
I’(n—a)_];(t s) h'"(s)ds




In order to study the problem (1), we need the following lemmas:
Lemma 3 Let n € IN%, and n—1 < a <n. The general solution of D*y(t) = 0 is given by
Y(t) = co+ it +ct? + .y t"1,
wherec; €R,i=0,1,2,...,n—1.
Lemma4 LetnelN', n—1<a<mn. Then
ID%p(t) = p(t) + co + it +Cot? + .+ g t™ L,
forsomec;€R,i=0,1,2,...,n—1.

Lemma 5 (Krasnoselskii Theorem) Let Q) be a closed convex and nonempty subset of Banach
space H. Let Hy and H, be two operators such that:

1. Hiy1 + Hoyp € Q, Yy1,1, € Q.

2. Hy is compact and continuous.

3. 'H, is a contraction mapping.

Then there exists y3 € Q) such that H1ys + Hoy3 = v3.

We need also to prove the following integral representation for (1):
Lemma 6 Let G e C(]). Then, the problem

D®[DF(D” + V) Jy(t) = G(t), t €],
y(0)+(T) = 0,(D?)y(0) +(D?)y(T) = 0,
D”D7y(0)+D?D?y(T) =0,

is equivalent to the following integral representation:

_ DBy + 1) raup- TV T
y(t) = TG+ 1) J VG(T)(zr(y+1) 4r(7+1))
F(B-—y+1) aip- th+y T2y
o)
a+p T B t’
v G<T)(4I‘(y+1) 2l (y+1)

+ JUBG(r) = L JBG(T)

A
- A]Vy(t)+5ﬂy(T)-



Proof. Thanks to lemma 4, we can written:
[DP(DY + A)yp(t) = J“G(t) - co.
With the the same idea, we can write
(D? + )y(t) = J**PG(t) — co]F(T) - c.
Hence, it yields that

1By 4
Bry+1) ‘T+1)

Thanks to the anti-periodic conditions, we observe that

y(t):]a+ﬁ+VG(t)—Cor —AJ7y(t) - c,.

=20, + JYPYG(T) = coJFV(T) — 1 J7(T) - AJ"»(T) = 0,
—2¢; +J**PG(T) - coJP(T) =0,
J*FY G(T) = ¢ P7(T) = 0.

Solving the above system, we get:

co = L(B-y+1)]J*FrG(T),

2¢c; = JUPG(T)-T(B—y+1)]*F7G(t)]F(T),

26, = JUFYG(T)=T(p-y+1)J* PV G(T)F(T)

= S [Py - -y TGP (1) - Ay,

The lemma is thus proved. m

3 Main Results

Now, we introduce the Banach space:
X:={xeC(J,R),D”x e C(],R)},

endowed with the norm:
lIxllx = lIxllo +I1D? x[lco,

where,
lIxlleo = sup|x(t)|, ID? xlloo = sup|D? x(t)|.
te] te]

Then, we consider the notations:
ay=a+f+y, ay=a+pf-y, az=a+p, ag=p+y.
Over the above Banach space, we define the nonlinear operator H: X — X by:

Hy(t) = Hyy(t) + Hay(t),



where,

o+ B [ o
0
igz ; 7; i 1; JT (T;(Z)za)z_lf(T,y(T),Dyy(T))dr (;’3/;7; - Tsz)
0
* f (Tr@:_lf (Ty(0), D7y(m)de (4r<7;+ e 1))
0
; f%ﬂw(rwﬂy(r))dr -3 f%ﬂww»m(r»dn
0 0
and t .
Hoy(t) = —/\j%y(t)dr +% j%y(t)dr
0 0

We need also to consider the following hypotheses:
(H1): There exist K;,K, > 0, such that for all t € [0, T] and u;,v; € R,i = 1,2, we have

|f (t,uy, uz) = f(t,v1,v1)] < Kylug — v+ Kylug —vy]), K :=max(Ky, Ky).

(H2): Let f :[0,T]x Rx IR — R be a jointly continuous function.

(H3): There exists a continuous function ¢ defined over [0, T|; such that for all t € [0, T] and
u; €R,i=1,2, we have

[f (£ uy, u)l < (t); sup =[]l

t€[0,T]

For computation convenience, we define the function F : [0, T] — R by:

Fy(t) = f (£, 3(t), Dy(t)),

and
I 3T2+2y F(/)’—y+1)+ 3T2+2Y r(/s—y+1)+ 3T+ L 3T
VT M(ap+1) T(B+y+1) 40(y+1)[(ay+1) T(B+1) 4T(az+)I(y+1) 2T(a; +1)
po T T(-y+l) TRV T(E-y+l) T T97
" T(a,+1) T(B+1)  20(ap+1) T(B+1)  2l(az+1) I(aj—p+1)
__ 3l —
2= 550, 1 1) L=l

Also, we take:
A=K (Zl +,C1) + (Iz +£2).

Now, we are ready to study the above problem by means of the fixed point theory.



3.1 A Unique Solution Via Banach Contraction

Theorem 7 Assume that (H1) is valid and A < 1. Then, the problem (1) has a unique solution on

[0, T].

Proof. We show that the operator H is contractive.
t €[0,T], we have

Let y; € X,i = 1,2.

Then, for each

T
~ nﬁ—y+1)JwT—TVr1 T? t7 T
T
Nﬁ—y+1)JwT—Twr1 tb+y T2
_F i
T TEyeD ) T 1By, (7) = By (T AT |5+ =5
T
(T — 7)1 TV tV ‘
o | Py Bl e T+ w0
Ot )a 1 T( )a 1
T —1)*1~ 1 T —1)%1~
+ J\(I,Tll:yl( )—Fyz(’f)l dt + E leFyl(T)_FVZ(T)l dr.
0 0
Thanks to (H1), yields
Klly1 =vollx T | TV tV T2V | T(-y+1)
H”“”_HWﬁ% = T(a,+1)  |20(y+1) 4(y+1)| T(B+1)
N Klly; —yallx T | tF*Y N T2V | T(B-y+1)
[(a,+1) TB-7 Frp+y+1)
N Klly1 = pallx T T N T ‘
[(az+1) 4aT(y+1) 2I(y+1)
N Klly; = pallx T +K||V1—y2||x T
T(a1+l) 2 F(a1+1)'
Also, we have
t
Hapn ()~ Hapa(t)] < f L0 - paloll de
0
T
|
2 j iy (0)-pa(] d.
0
Hovi —Hovollo £ Dollvi —v2lle £ allyr = v2llx- (2)
Therefore,
Hy: —Hysllw < (LK +1) vy = vallx. (3)



In the same manner, we can write

T
_ Fp-y+1) J‘(T—T)"‘T1 B yT? t771
0
T
L(p-y+1) I(T—r)“z-l ] (B+y) thr!
F Ty ) ) Tay a0 BT T
0
T
(T _ T)a3—1 ~ 7/ty/fl
+ J T(as) |Py1(’l,’) Pyz(r)l dt T+ 1)
0 (T2
T—-1)%1~
T J [(a; —1) [Fy, (1) = Fy, (D)) d
0
Hence, we have
T
(B-y+1) J(T—T)“21 T(B+y+1)tF
V4 — D7
0
T
I(p-y+1) J‘(T )22 TV
+ TF+1) T(ay) |Fy, (1) = Fy,(T)l dt 5
A aol
1 (T —7)s
. J Py, (7) = Fy (1) de
0
t T a1 y-1
T)
o [ S R - Eyo e
0
Consequently,
[D7 91 (5= DY Hypa(1)| < L1191 = ol
and
IDYHov1 — DY Howsllo < Lollyy —vallx. (4)
It yields then that
IDYHy, — DY Hyslle < (L£1K+Lo)l[y1 —allx. (5)

Thanks to (3)-(5), we get

My ~Hpoll < (@1 LOK+ (T2 + L))y = palx

By Theorem 7, we deduce that H is contractive. As a consequence of Banach contraction
principle, we conclude that H has a unique fixed point which is the solution of (1). m

3.2 Existence via Krasnoselskii Theorem

Theorem 8 Assume that (H2) and (H3) are valid and A < 1.
Then, the problem (1) has at least one solution y(t),t € [0, T that satisfies:

Ivllx <e,

where € is an infinitesimal that satisfies € >

Il (Zy + L4)
1—(.7:2+[:2) '

7



Proof. Let us consider the following closed convex subset: B(e) := {y € X, ||[y||x < €} € X, with

gl @+ £)
- 1—(124-[:2)

Our first claim is to prove that for any y,y, € B(e), we have HB(e) C B(e).
Let y1,v, € B(e). Then, by (H3), it follows that

IH1v1 + Hovalleo < Zhllpll + Zse.

On the other hand, we have
IDYHyv1 + DY Hypslleo < Lillhll + Loe.

Therefore,
IH1y1 + Hapallx < e
Furthermore, H, satisfies the Banach contraction principle (as it has been shown in the
inequalities (2)-(4)). In fact, we have
IH291 = Hoollx < (Zo+ Lo)llys — pallx-

The last step in this proof is to show that H; is compact and continuous.
The continuity of the operator H; is due to the continuity of f ( see (H2))
Moreover, H; is bounded on B(e). Indeed, for any y € B(e), we have:

H1vllx < (Zy + L) I,

Next, we shall prove that H; is equicontinuous.
Let t1,t, € [0, T] with t; < t,. Then, we have:

ravih) =rhy)] < NQ%iBUJHTQQKAHMwuh Zﬁfif)
0
s
5
[ e [HE)
¥ j|(t1_T)al rl(;l(;r A 1||Fy(T)| dt + I(tzr(za)ll IF,(7)| d

Thanks to (H3), we can write

ty

t
t =)l (g, —r)ai-1 _ \ai-1
Hly(tl)_Hly(t2)| < J|(1 i £z~ 7) |IFZJ(T)I dr + f(ltz;)u:y(r)l dt
0

[(ay) t [(ay)
(7)™ T(E—y+1) | (=t) | II(T)™ | (5 ~t5)
[(ap+1) I(p+1) 2T(y+1)| T(asz+1) |2T(y+1)
Ipll (T)22 T(p—y+1) |7 -4
[(a,+1) T(B+y+1) T8~




With the same arguments as before, we have

t _ a1 1 ty — a —y-— 1
DY Hyy(t1) - DY Hyy(hy) j' 1 (f) i ||Py<r>| dt
(t, — 7)1 71 Il (T)22 T(B—y+1) | ] —th
' J Ty AN S R T Tgr D) | TP |

t
(7)
The right hand sides of (6) and (7) tend to zero as t; — t,. Then, H; is equicontinuous.
Hence by the Arzela-Ascoli theorem, the operator H; is compact on B(e).
Thus, thanks to Krasnoselskii theorem, the problem (1) has at least one solution y;||y||x <€,
with e satisfies the condition in Theorem 8. m

4 An Illustrative Example

We consider the following problem:

De[DF(DY + M)y(t) = f(t,9(t), D*y()), t€[0,1], 0<a, B,y < 1.
{ 9(0)+3(1) = 0, (DV)y(0)+ (D¥)p(1) = 0, DY D¥p(0)+ DYDYy(1) =

Here, we take

f(t,y(t), D%y(t)) = £sinh(D%y(t)) — 0.95 Dy(t) — 0.08 y(t),
T=1,a=09,p=075y=061=0.1.
For all (x1,91),(x2,7,) € R?, and t € [0.1], we have:

Fltx3) = Fn32)] < 0.08 (11 w1l + bz - pal)

We have also
7, =4.263,7,=0.167,L, =4.486,L, = 0.1, A = 0.967.

Thanks to Theorem 7, we can state that the problem (8) has a unique solution on [0, 1].

5 Existence of Fractional Chaotic Behaviours

In the following two subsections, we present a numerical approach for the Caputo deriva-
tive. Then, in order to study dynamic behavior of the above fractional Jerk problem, we
present a reduced fractional differential system that is equivalent to our studied problem.
For this reduction, we will show sensitive attractors to initial anti-periodic conditions in
phase space, which is one of the properties of certain chaotic behaviours.

The numerical simulation of the fractional system is done by the fourth-order Runge-Kutta
applied to Caputo derivative.



5.1 Numerical Approach for Caputo Derivative

Since the Caputo derivative has wide applications, so we put our attention to the numer-
ical approach of this derivative. To do this, we begin this section by recalling the follow-
ing theorem [9] in which the authors presented an important numerical approach for the
Riemann-Liouville fractional integral.

Theorem 9 Assume thaty € C1([0, T],R). The numerical approach for fractional integral is given
by:

Y G - - AP—
] y(ti)_m;ijj, i=0,...,n+1, yg initial condition,
]:

(n+2-)@r) 4 (n—j)e+) _2m—j+ 1)+l j=1...i-1.
K;j:=oj(a) = ) . .
(n) @) —(n-a)n+1)%,j=0, 1,j=i

Based on Theorem 9, we propose the following approximation for Caputo derivative:

Theorem 10 Assume that y € C'([0,T],R) and 0 < & < 1. Then, we have:

Where,
L] = O'](l - (X).

and
-1 . .
/0 , ] =1

U>:{y1_3’0 iz, UYL g o, YiTYi
y h » ] 0’ 2h , ] a1 R L

T
Proof. Let y € Cl([O, T],R),0<a<1,0<t<T andsetting h:= —;neIN".
n
Then, thanks to Theorem 9 and using the above definition of Caputo derivative, we obtain:

hl—a n
a _ 71l ~ . .
Dy(ta) =J' Dyltn) * fr o ;L]Dm.

By finite difference scheme, instead of using “central difference scheme” for j = 0,...,n, we
use “forward difference scheme” for j = 0, "backward difference scheme” for j = n, and ” central
difference scheme” for j=1,...n—1.

By substitution in the above formula, we obtain:
_ -1
U S B e e Y1 =% Y= Vuo
Doyt~ =LY (g (A g (B

[(1-a+?2) Flf 2h h

Theorem 10 is thus proved and a Caputo derivative approximation is obtained. m

10



Figure 1: Different phase portrait of incommensurate order of system(9) for (10)

5.2 Simulation for Chaotic Behaviours

We note that the problem (1) can reduced to the following system:

DYy(t) = a2t
DPfz(t) = w(
D%w(t) = f(ty(t),Dy(1)),
that is
Dy(t) = D'77(z(t)-Ay(t))
) = DB uw(t) (9)
t) = D' f(t,y(1), D*y(1)).

(a:) As a first simulation, we consider the case where f is given by:
f(ty(1), D¥(t) = £((Dy(1))* £2)7% — p(t), (10)

with initial conditions (0.0945,0,—-0.0945), A = 0.7 and h = 0.005. The integration of system
(9) is carried out by the fourth-order Runge-Kutta method and the Caputo approach.

* For incommensurate order (y, 5, a) =(0.8,0.85,0.9), we get

* For commensurate order (y,f,a) = (0.9,0.9,0.9), so with the same data as above, we
have

* For y = f = a =1, the incorporation of system (9) is carried out by the 4th Runge-Kutta
method, we obtain

( b:) As a second simulation, we consider the case where f is given by:
f(£,9(t), D*y(t)) = +0.1exp(FDy(t)) = y(t), (11)

with initial conditions (0.1021,0,-0.1021), A = 0.7 and k = 0.005, the integration of system
(9) is carried out by the fourth-order Runge-Kutta method and Caputo approach.

* For incommensurate order (y,f,a) = (0.85,0.9,0.9), we get graphical illustrations in
Figure 1-6.

11



Figure 4: Different phase portrait of incommensurate order of system(9) for (11)
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Figure 6: Different phase portrait of y = f = a =1, of system (9) for (11)

* For commensurate order (y,, @) = (0.9,0.9,0.9), with the same data as above, we ob-
tain

e For y = B = a =1, the incorporation of system (9) is carried out only by the fourth-
order Runge-Kutta method.

Remark 11 .

* Comparison of numerical simulations showed great correlation for specific parameters. Un-
fortunately, it is not the same for all cases.

* Numerical simulations have displayed a strange attractors that can coexist in these frac-
tional order systems.

* The incorporation have indicated a high qualitative agreement between chaotic systems for
a,B,y — 1.

* The commensurate-order and incommensurate-order reflect the influence of fractional order
on chaotic systems.

13



6

Conclusion

We have introduced a new problem for Jerk circuits of chaotic phenomena by means of frac-
tional derivatives. An existence and uniqueness result has been established by means of
Banach contraction principle. Then, using Krasnoselskii fixed point theorem, another main
result for the existence of one solution has also been discussed. An illustrative example has
been presented to show the applicability of our main result. At the end, an approxima-
tion for Caputo derivative has been proved and some numerical solutions having chaotic
behaviours have been illustrated and discussed.
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