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Abstract

This paper solves the problem of block sparse vector recovery using the block $\ell_1-\alpha\ell_q$- minimization model. Based
on the block restricted isometry property (B-RIP) condition, we obtain exact block sparse vector recovery result. We also
obtain the theoretical bound for the block $\ell_1-\alpha\ell_q$- minimization model when measurements are depraved by the

noises.
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1 Introduction

Compressed sensing is a sparse signal recovery technique.
It restores high-dimensional signals from low-dimensional
measurements. Mathematically, it can be expressed as

min ||z||o subject to Az =y,

where £ € R™ is the unknown signal to be recovered,
A €™ (m < n) is the measurement matrix, y € R™
is the measurement value and ||z]|o counts the number of
nonzero elements in the vector . The above model is
called ¢p-minimization model, which is NP-hard [1]. For-
tunately, people have found that when x is a sparse sig-
nal, the /;-minimization model can effectively solve the
fol-lminimization model. The ¢i-minimization model is as
ollows:

min ||z subject to Az =y,

where ||z|l1 = >, |zi]. The existing literature suggests
that when the measurement matrix satisfies certain prop-
erties, such as null space property [1], restricted isome-
try property(RIP), coherence [2], the solution of the ¢;-
minimization model is that of /p-minimization model. We
now provide the definition of RIP:

Definition 1 The sth restricted isometry constant ds =
0s(A) of a matriz A € R™*™ s the smallest § > 0 such
that

(1= 6llz)3 < [|Az|l3 < (14 9)|l2|3

for all s-sparse vectors x € R".

Although the ¢;-minimization model can effectively solve
the {¢o-minimization model, they are not completely e-
quivalent [3]. Therefore, in order to better solve the fo-
minimization model, other models have emerged one after
another. Among these models, the £,-minimization model
is a well-known one. It can be expressed as
Az =y,

min ||z|} subject to
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where ||z]l, = 3, |wi\p)%, 0 < p < 1. 9] utilized the null
space property of /,-minimization model to obtain a nec-
essary and sufficient condition for ¢,-minimization model
to recover sparse signals. [8], based on the RIP condition,
obtained a sharp upper bound for ¢,-minimization model
to recover sparse signals.

Another well-known alternative to the ¢1-minimization
model is the 1 —f2-minimization model. It can be expressed
as

min [zl — [|lz]|2 Az =y,

where ||z|l2 = />, |z:]?. [4] provides a necessary and
sufficient condition for the ¢ — ¢5-minimization to recover
sparse signals from the perspective of null space. Based
on the RIP condition, [5] proposed sufficient conditions for
the ¢1 — ¢2-minimization model to recover sparse signal-
s. In addition, both theoretically [7] and experimental-
ly [5] show that it can recover sparse signals better than
¢1-minimization model.

There have been many theoretical results for the recov-
ery of sparse signals. owever, in real life, we will also
encounter sparse signals with special structures, such as
block sparse signal. Block signal divides unknown signals
z into [ block, i.e.

subject to

T
l’:[ﬂh,--- s Edy s Tdy41s > Tdy4day s EN—dj41s° ,l'N] .

2[1] z[2] (1]

If ||z||2,0 := 25:1 t(J|z[é]ll2 > 0) < k, where ¢(z) denotes
an indicator function that ¢(z) = 1 or 0 according as > 0
or otherwise, We call this x as k block sparse vector. In
addition, we define supp([z]) = {i : ¢ € [I], ||z[7]||2 # 0}.

{3 /€1-minimization model is a model for processing block
sparse signals, which is a variant of the ¢;-minimization
model. its mathematical model can be expressed as
Ax =y,

min ||z||2,1 subject to

where ||z|l2,; = S\_, |z[i]||l2, I = {di,d2,---d;}. Define

lz]|2,2 = 4/ Zé:l lz[i]||3, then like the traditional RIP con-

dition, k-block sparse vectors also have block RIP condi-
tions:

Definition 2 Give a measurement matriz A with size m X
n, where m < n, one says that the measurement matriz A

obeys the block RIP over I = {d1,da,- - ,d;} with constants
Oz if for every vector x € R™ wiht k bolck sparse over I
such that

(1= ounllellz2 < Az]32 < (1 + bxyr) 13,2

holds. We say the smallest constant 6y ; that meets the

above inequality as the block RIC corresponding with the
matriz A.

According to the block RIP condition, [6] provides a
sharp sufficient condition so that k£ block sparse signals can
be recovered by £3/¢1-minimization model.

For the recovery problem of block sparse vectors, there
are also variations of the traditional ¢1 — ¢>-minimization
model, i.e. block #; — f3-minimization model:

min ||z||2,1 — ||z||2,2 s.t. Az =y.



[10] provides sufficient conditions for the block ¢ — fo-
minimization model to recover block sparse vectors based
on the block RIP condition, and designs an algorithms for
the block ¢1 — ¢o-minimization mode% based on the differ-
ence of convex function algorithm. FExperimental results
show that this model outperforms other models in recover-
ing block sparse vectors.

Combining the £,-minimization model with the block
{1 —f2-minimization model, this paper proposes a new mod-
el to solve the problem of block sparse vector recovery. We
call this new model block ¢; — al,-minimization mo&%l:

min ||z]l2,1 — af|z]|2,q s.t. Az =y

(1)

1
where 1 <p<2,0 < a <1, [allg = (Ciy l2[i]3)7. Its
noise model as following:

min [|z]l21 — allzllzg st Az —ylla<e  (2)
where € is a very small constant.
The main contributions of this paper are: (i) We pro-
Eose a block RIP condition that fully guarantees that the
lock 41 — als-minimization model can accurately recov-
er all block sparse vectors; (i7) We have demonstrated that
this condition can also ensure that the noisy block 1 — alq-

minimization model can stably recover all block s-sparse
vectors.

2 Main

In this section, we give out the main conclusions of this
paper.

Lemma 1 Letz € R",1<p<2,0< o<1, then
1 . . _1
() (= ali)minflefilll < lolzn — allzlag < 070 -
@)l 1
(@) If ||lzll2.0 = s, then (s — as?)néi[lr]l\l-’v[i]llz < lzll2n —
1—1
afzllz.q < (s 7 —a)l[z]2q

Proof By Holder’s inequality and the norm inequality, we

have ||z]|2,1 < ll_%HxHQ,q. Thus the right hand side of (7)
1s established.
Now we want to show the left hand side of (i) is also true.

For any z € R' with z; > 0, setting f(2) = ||z|l1 — al|z|lq =
1
S z— (X 28 e, we can find that
! 1
Vaf(z) =1—azl ' (Y 2 >0,

k=1

where z{ (34, zi)éf1 = (Hjﬁq)q_l < 1. Hence, f(z) is

a monotonic increasing function with respect to z;. Conse-
quently

f(z) _f(gren[lr]lz ggl[}]w)

Thus (1~ alt) min o]z < |la
1€

2,1 — 7|2,

(#3) Taking & = Teupp((a]), according to (i), (1) is obvious.

Theorem 1 Fort > 0, let x be any vector with block spar-
sity of s satisfying

1 1_1
ts|2 —alts|a 2
a(t,s) = el It 2 oy 3)
82 +asa 2
and let y = Axz. Suppose A satisfies the condition
(SHs]lI + a(t, S)S(ts]+s|1 < aflt, s) — 1. (4)

then z is the unique solution to (1).

Proof Let T be any ieasible solution satisfying the con-
straint AT =y yet with a smaller objective value, i.e.,

]

2,1 — a|[Z|2,q < [z]

()

Set T =x + h with h € kerA and we will show that h = 0.
Suppose supp([z]) = S, and write h = hs + hg. It follows

from (5) that

2,1 — allz|2,

|‘$+hs+h§

2,1 —allz+hs+hgllz,g < ||z

2.4 (6)

21 —allw
Note that

llz + hs + hzll2a — allz + hs + hgll2,q

= ||z + hsll2,1 + ||hgll21 — allz + hs + hgll2.q
> ||z + hsllza + [|hgllza — af|z]
> [|zl|2,1 — |hsll2,1 + |lhs

—afzll2,q — allhs|l2,q — allhzllzq:

2,¢ — allhsll2,q — allhzll2,q

[2,1

(7)

Combining (6) and (7), we obtain

[hsll2,1 + allhs]

2,0 > |Ihzsll21 — allhzll2,q (8)

Arrange the block indices in S in order of decreasing ||h[i]||2
of hg and divide hg into block subsets of size [ts]. Then

S =81USU---US,, where each S; contains [tk] block
indices probably except S,. Denoting So = SUS1 and using
the block RIP of A, we have

,
0=[|Ahll2,2 = [|Ahs, + > Ahs,|l2,2

=2

S
> [|[Ahso llz,2 = | > Ahs, |l2]l2,2
=2

Y
> /1= 8pesy + sl | hspllze = /1 + 81 11D lIhs, |22
=2

(9)

On the other hand, for anyr € Si, i > 2,

< ||h’Si—1 ”271 - O‘||h51'71 ”2,61
[ts] — afts]

Ihfr]ll2 < min {|A{]]2

where the second inequality use Lemma 1 of (ii). This fur-
ther more yields that

hs;,_ill2,0 — aflhs;_, ||2,
Q,QSMH l I : LY

[ts] — afts]a

[[Pes; |

_ Mhsi_yll2a = allhs; 2.4
Vts] — afts]a 2
and
bl y—1
hs, — allhs;
Z ”hSq‘,”?,Q < Z H 51”2»1 ” S;ﬂgiq
i=2 im1 \/[ts] —afts]a 2 (10)
< iz1 lhsill2n =320, allhs; |24
= I_1
[ts] — afts]a™ 2
Note that
v v
D lhsillza = lhglza, Y lhsillzg > [hsllzg (1)
i=1 i=1
it follows from (10) and (11), that
- P52 — ellhsll2.q
D llhs,llz2 < : To1- (12)
i=2 V[ts] — afts]a 2



Combining (8) and (12), we get

8
> b llz,2
i=2

< Ihzll21 = allhzll2q

= JTts] —afts]a 2

1.1
< Ihsllza + allhslzg o (Vs +asi 2)|hsllzz (13
= 1 1 — 1 1
[ts] — afts]a™ 2 V[ts] — afts]a 2
_ Ihs|2,2
a(t, s)
(9) and (13) yields that
/14 Ores
0> /1= bespuaqirllhso oz — Y=L g2,
a(t, s) (14)
VA PRIV
> /1 = 0sypeszllhsoll2,2 — ﬁ”hso |2,2.
a(t,s

. o /18128
Since (4) implies \/1 — dgy[es71 — ﬁ > 0, then we

have ||hsy||2,2 = 0, and hence, we have h = 0. O

Theorem 2 Under the assumptions of Theorem 1 except
that y = Ax + e, where e € R™ is any perturbation with
llellz < €, we have that the solution T to (2) subject to |T —
z||2 < Ce for some constant C > 0 depengding on dy a1
and 5“5} |1-

Proof Setting T = x + h, supp([z]) = S, similar to the
proof of Theorem 1, we have

S s a2 < Aslzz (15)
i=2 T T a(s,k:)’
and
14 Orerir
14R]12,2 > (/1 = Skt rexqin — YL D) ||, 22 (16)
a(t, s)
therefor
!
[Bll22 = \| [P lI3.2 + > s, 1132
=2 (17)
[hsl3 1
< hs, |12 = <14+ ——||h .
— \/H SOHZ,Q + a(t7 S) — + a(t,s)” 50”2,2
In addition, we have
|AR[l2,2 = [|[AZ — y — (Az — y)|l2.2
< [[Az — yll22 + AT — 2.2 (18)

= [[Az — yll2 + [|AZ — y[|2 < 2e.

it follows from (16) and (18)

1+ Ores1ir .
lRsoll22 < 2(4/1 = Ospresyir — \/ﬂ) Le. (19)
a(t, s

(17) and (19) yield that
[z —=ll2 = lIhll2 = [hll2,2

V140
<241+ 1 (1/1—6k+”)ﬂ‘1—ﬂ)716:206.
a(t, s) Val(t, s)

O

Remark 1 It is worth noting that if o monotonically de-
creases, then a(t,s) becomes larger. Therefore, the smaller
a, the easier it is to achieve condition (3), but condition (4)
may not necessarily be also easier to achieve.

Corollary 1 If a =1 in the {1 — alg-minimization model,
the block {1 — aly-minimization model has a unique solution
x with block sparsity s if the vector x satisfying

1 1_1
2 — 2
a(ts) = LI 2oy (20)
$2 +s9 2
and matrix A satisfies the condition
5(“'”] + a(t, 5)5]'ts‘\+s\1 < a(t,s) — 1. (21)

Corollary 2 Under the condition (20), (21) and if a =
1 in the minimization model (2) then the model (2) obeys
|z — z||l2 < Ce for some constant C > 0 depengding on
s+Tts]|1 and Opesyir-

3 Conclusion

From this paper, we find that based on some condition of
block RIP, the block ¢; — als-minimization model can ex-
actly recover block s-sparse signals in noiseless cases and
stably recover block s-sparse signals in the noise cases.
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