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Abstract

In this paper, we investigate the the existence and stability of non-trivial steady state solutions of a class of chemotaxis models
with zero-flux boundary conditions and Dirichlet boundary conditions on one-dimensional bounded interval. By using upper-
lower solution and the monotone iteration scheme method, we get the existence of the steady-state solution of the chemotaxis
model. Moreover, by adopting the “inverse derivative” technique and the weighted energy method to obtain the stability of the

steady-state solution of this chemotaxis model.
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ABSTRACT. In this paper, we investigate the the existence and stability of non-trivial steady state solutions
of a class of chemotaxis models with zero-flux boundary conditions and Dirichlet boundary conditions
on one-dimensional bounded interval. By using upper-lower solution and the monotone iteration scheme
method, we get the existence of the steady-state solution of the chemotaxis model. Moreover, by adopting
the “inverse derivative” technique and the weighted energy method to obtain the stability of the steady-state
solution of this chemotaxis model.

1. INTRODUCTION

Chemotaxis phenomenon is an essential and basic property of the living cells which responses to
the environments changes, it describes a directional movement of the cells to the gradient of chemical
concentrations, such as aggregation of bacteria, slime mould formation, fish pigmentation, tumor an-
giogenesis, blood vessel formation, wound healing/inflammation, and cancer metastasis[2, 3, 33]. The
chemotaxis model was first proposed by Patlak [18] when studying the random motion of particles, and
later Keller and Segel [19] proposed a chemotaxis model when studying amoeba aggregation effects.
The general mathematical Keller-Segel model reads as:

{ u =Au—V - (uVp(w)), zeQ,

wy = DAw + g(u,w), x € Q, (I.1)

where u and w represent the bacterial density and oxygen concentration at position x and time ¢, respec-
tively. The constant D > 0 represent the chemical diffusion coefficient. The functional ¢(w) is called
the chemotaxis sensitivity function accounting for the signal response mechanism and the reaction term
g(u,w) is the chemical kinetics (growth and degradation). The chemotactic sensitivity function ¢(w)
usually has two prototypes: ¢(w) = Inw (logarithmic sensitivity) and ¢(w) = w (linear sensitivity).
Logarithmic sensitivity was originally used in [19], based on Weber-Fechner’s law (the sensory response
to stimuli is logarithmic), and it has various biological applications (cf. [9, 16, 21]). The reaction func-
tion usually can be chosen as g(u, w) = u?w™ with nonnegative constant parameters v > 1 and m > 0,
when v = 1 and for any 0 < m < 1, the existence of the traveling wave solution of (1.1) for logarithmic
sensitivity was reported in [17, 30, 34]. The stability of the travel wavefront (m = 1) was investigated in
[6, 7,23, 24, 25, 29]. The instability of pulsation waves (m = 0) was studied in [8, 26] and the stability
of boundary layers (see [14, 15]). We also refer to [10, 31, 32] for the global existence and large-time
behavior of solution to (1.1) with v = m = 1 and linear sensitivity under the Neumman boundary con-
ditions d,u|sq = d,w|gn = 0. When the physical boundary conditions, namely, the zero-flux boundary
condition and Dirichlet boundary condition are imposed to cell density v and chemical concentration w
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(see also the experiment in [1]):
Oyu — ud,w = 0, w = wy, x € 08, (1.2)

where v is the outward unit normal vector of 9€) and w, > 0 represents the boundary date of w on the
0. Until very recently, significant progress has been made for (1.1)-(1.2), the authors of [5] showed
that under the boundary conditions (1.2) and the parametric restrictions v = 1, m > 0 and x > |m — 1|,
system (1.1)-(1.2) with ¢(w) = Inw generates the so-called boundary spike layer (BSL) solutions that
exist on the half-line:[0, c0) under smallness assumptions on the initial perturbations. When v = 1,
m = 1 and ¢(w) = w, Braukhoff and Lankeit in [4] proved the stationary solution under the no-
flux boundary conditions for « and the physically meaningful condition for w in bounded domain €2 C
R™ n > 1. Later, Lee et.al [20] proved the existence and uniqueness of the steady-state solution of
equations (1.1)-(1.2) in space 2 C R™(n > 1); in [35], Winkler consider the existence of globally weak
solutions in one-dimensional bounded interval; later, Hong and Wang [13] improved the result of [20]
to obtain the asymptotic stability of the steady-state solution in the bounded domain 2 = (0,1). When
v > 1, m = 0, we refer the readers to [36, 12] where the global existence and large time behavior of the
one dimensional Cauchy problem solution of equation and dynamic boundary condition problem were
proved, respectively. In [11], the author also extended the result [5] to the case 1 < v < 2 on the half
line. However, the stability of steady-state solution to (1.1)-(1.2) with linear sensitivity function is a
open problem, which has more biological significance. Motivated by the ideas of [20] and [13], we are
devoted to investigating the following system of reaction-diffusion-advection equations:

Up = Ugy — X(UWg)4, inZ,
wy = Dwgy —u7, inZ, (1.3)
(U,’U))(ZE,O) = (’UJO,U)())(-T), inI7

with physical mixed boundary condition
(up — xUWy)|z=0,1 = 0,w(0,t) = w(1,t) = w,. (1.4)

where (z,t) € Z x Rt and 1 < v < 2.
With the zero-flux boundary condition (1.4) on u, by integrating the first equation (1.3), we immedi-
ately find that the cell mass is preserved in time, namely :

/Zu(x,t)dx = /Iuo(a;)da; =M,

where M > 0 denotes the initial cell mass. Then the stationary solution (u,w) of (1.3) subject to
boundary condition satisfies

Ugy — X(UWg )z = 0, rel,
Dw,, —u” =0, r €L,
Jru(z, t)de = M,

(ax - Xawx)|a::0,1 =0, w‘x:O,l = Wx.

(1.5)

The goal of this paper is twofold. First, we can use a similar method as in [20] to prove the existence of
the classical solution to equation (1.5). The second goal of this paper is to show the nonlinear stability
of the stationary solution (u,w), we can show that the system (1.3) with (1.4) admits a unique solution
(u, w) satisfying:

[|(w, w) — (@, ®)||p~ — 0ast — oo.
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The rationale underlining the studies of such a model is that monomials are the building blocks of gen-
uinely nonlinear functions. Hence, the study of the model will help shed light on how to advance fun-
damental research of chemotaxis models with nonlinear rates of chemical production/consumption. Our
intention of this paper is to continue exploring the mathematical properties of the model by investigating
the existence and stability of steady state solutions under the same boundary conditions as specified in
(1.4).

The rest of this paper is organized as follows: In Sec. 2, we state our main results on the existence
and stability of stationary solution to the (1.3)— (1.4). Then we prove the existence results and stability
results in Sec. 3.

Notations. Throughout the paper, we denote by L>°, L2, H} and H * the standard function spaces
L>®(T), L3(Z), H}(Z) and H*(Z) , respectively. We denote Z by the closure of Z and by C' a generic
time-independent constant which may take different values in different places. In the sequel, we often
omit Z without ambiguity.

2. MAIN RESULTS

In this section, we introduce the existence of the stationary solution of the equation (1.5) and state
our main results on the stability of stationary solutions. The first results on the existence of steady state
solutions are stated below.

Theorem 2.1. For any M € (0,00), the system (1.5) admits a unique classical non-constant solution
(a,w) € CYHT) N C>(ZT) such that

M - _
U=—-———e"u>0,0<w<wforanyx € L. 2.1
JrexPdx

The second result is the nonlinear local stability of stationary solutions obtained in Theorem 2.1 for
the initial-boundary value problem (1.3)-(1.4) as time goes to infinity.

Theorem 2.2. Suppose that ug € H' and wy € H? with ug > 0,wo > 0 such that fI uodx = M. Let
(u,w) be the stationary solution given in Theorem 2.1 with fZ udx = M and define

o) = [ (uolt) = )i
Then there exists a constant 6y > 0 such that if
llpol[F2 + [|wo — @| |72 < do,
then the initial-boundary value problem (1.3)—(1.4) admits a unique global solution (u,w) satisfying
u € C([0,00); HY) N L%([0,00); H?),w € C([0,00); H?) N L*([0, o0); H?),
and the following large time behavior:

H(U-’a,w-m)(,t)HLw — 0. (22)
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3. EXISTENCE AND STABILITY FOR THE CASE D > 0

3.1. Existence of stationary solution. In this section,we first prove the existence of steady state of

(1.5). We start the proof by considering the following auxiliary problem
]__)u_),{’m = (kMeX")7 x eI, G.1)
Wy = W, z=0,1,

where « is an arbitrary positive constant. Since w, > 0, by maximal principle we have
0 <w, <wg,x €.

Then it is not difficult to see that w, = wy is a super-solution of (3.1), while w, = 0 provides a sub-
solution. Therefore, following the standard monotone iteration scheme and the fact that f(z) = e” is
increasing function for x positive, we immediately know that (3.1) has a unique classical solution w,
satisfying

0 <w, < wy.

Now we claim that there exists «,,, such that
Km / eXWrmdy = 1. (3.2)
T

We postpone the proof of (3.2) in lemma 3.1. Using this claim we can easily see that w = wy,, is a
solution of (1.5).
In order to prove the claim (3.2), we give the following lemma.

Lemma 3.1. Let k1 > k2 > 0 and wy,,t = 1,2 be the solutions of (3.1) with k = K;,1 = 1,2
respectively. Then

v YX W
K e
0 < Wy, — Wy, < ((1) - 1) . (3.3)
K2 X
Moreover, there exists a constant K, such that
Km / eXWrmdy = 1. (3.4)
A

Proof. The left-hand side inequality follows from the standard comparison theorem directly. We only
prove the inequality for the right-hand side. Due to the fact k; > x2 > 0 and w,, > 0, it’s easy to see
that

D (wnl,zl‘ - wng,mr) = (HlMeXﬂ}Nl)ry — (HQMeXwW)'Y
= (koM )" (e’yanl _ e“/Xu‘mQ) + (k1 M) = (ke M)Y) VX Wry
< (’{2M)7F(7meaVXwnz)(')/Xwnl - ’Yxﬂ)nz)
+ (k1 M) — (ko M)7) e7X*

3.5)

where ,
e’ ifa#b,

a

F(a,b) =
e, if a = b.
From the fact
0 < Wy, < Wgy < Wy, 3.6)
we have
L < F(yXWry , YXWry) < €75 (3.7)
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By (3.5) and (3.7), we have
((r1M)Y — (ko M)7) e7X01
(K2 M)YF(YXWy , YX Wi ) YX
<((2) )5
K2 X
Thus, we prove the right-hand side of (3.3). It implies that the continuity of w, with respect to k. On the
other hand, we have

Wiy — Wiy <

lim n/ eXWsdr = 0and lim /<;/ eXVrdr = 0.
k—0t T K—00 T
Then we can find x,,, such that x,, fI eXWrsm dx = 1 and it completes the proof of lemma 3.1. O

3.2. Nonlinear asymptotic stability. In this section, we shall focus on attention to investigate the glob-
al well-posedness and stability of the steady state of (1.3)-(1.4) for D > 0 by the method of energy
estimates when the initial data (ug, wo) is a small perturbation of (@, w). Before proceeding, we present
an well-known inequality that will be frequently used in the sequel.

Lemma 3.2. (cf[27]). For any f € H'(T), there exists a constant c; > 0 such that

1 1
[ fllzee < er(Ifl 22l fell 22 + 11 f 1 z2)- (3.8)
Furthermore, if f € H& (Z), then it holds that

1 1
f Lo < el fll f2llfallf2 and || fllL < csl[fall L2 (3.9)

for some constants co, c3 > 0.

3.2.1. Reformulation of the problem. Now let us use energy methods and anti-derivatives technique to
prove Theorem 2.2. Integrating the equation (1.5); over (0, x), we obtain that the stationary solution
(u,w) satisfies
Uy — X(ﬂu_})m =0,
Dy, — 47 =0, (3.10)
w(0) = w(l) = wy.
With the zero-flux boundary condition of « in (1.4), which combined with the facts fI udr = fI updr =
M implies that

/(u(m,t) —u(x))dxr =0
z

for any ¢ > 0. This enables us to define anti-derivatives of the perturbed functions and more importantly,
carry out stability analysis in the framework of Sobolev spaces. Define

ol t) = /0 (uly, 1) — 5(y))dy, ¥ = w — ,

which implies

U= Yy +uw=1+w. (3.11)
Substituting (3.11) into (1.3), by integrating the first resulting equation with the spatial variable from 0
to , then using (3.10), we can show that:

{ Pt = Pz — X(Sowwz + urp, + Soszm)>

Yy = Dpgy + 07 — (g + 1), (3.12)
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with the initial data

(.1 (2, 0) = (o, o) = ( / " (uo(y) — a(y))dy, wo — w) G.13)

and the boundary conditions

(2, 9)(0,8) = (@, 9)(1,t) = 0. (3.14)
By standard approaches, such as iteration scheme and fixed point theorems (cf. [22, 28]), one can prove
the local existence of solutions to the initial-boundary value problem (3.12)-(3.14). To simplify the

presentation, we only record the result here without producing the proof. Precisely, for any 7' > 0, if we
define

X(0,T) :=A{ (e, ¥)|¢ € C([0,T); Hy N H*) N L*([0,T}); H?),
Y € C([0,T); Hi n H*)n L*([0, T]; H?)}
and denote

N(T) := (el + llliZ2),

sup
0<t<T
then we have the following local existence result.

Proposition 3.3. (Local existence). Let py € H, 6 N H? and 1y € H& N H? such that
C,Oo,x-l-ﬂzo,i/)o-i—w >0

for any x € L. Then there exists a positive constant Ty depending on Ny, u and w such that the initial-
boundary value problem (3.12)-(3.14) admits a unique solution (v, ) € X (0,Ty) satisfying N(Tp) <
2N(0) and

¢z t+u=>0,p+w=>0
forany (x,t) € T x [0,Tp).

Next, we shall derive the a priori estimates of the local solution, in order to extend it to a global one
and to study the stability of stationary solutions to the initial-boundary value problem (1.3)-(1.4).

Proposition 3.4. Assume the conditions of Proposition 3.3 hold. Then there exists a positive constant
61, such that if || 0|32 + |[¢o|[%2 < 01, then the problem (3.12)-(3.14) admits a unique global solution
(p, 1) € X(0,00) which satisfies that for all t > 0,

t
(Ol + 18, 1) 772 +/O (el + 19lFs + llor |7 + - |[7) dr < CN?(0).  (3.15)
for some constants C' > 0 independent of t € (0, 00).

By the local existence result and the standard continuation argument, to prove the Proposition 3.4, we
only need to prove the requisite a priori estimates below.

Proposition 3.5. (A priori estimates). For any T > 0 and any solution (¢, 1)) € X (0,T) to the problem
(3.12)-(3.14) with (po,100) € Hi N H? , there exists a suitably small 53 > 0 independent of T such that
if||<p||12q2 + ||¢]|§{2 < by, then (p, ) satisfies (3.15) for any t € [0, T).

Before proceeding to the estimate of (¢, ), we collect some technical lemmas, which will often be
used in the proof of Proposition 3.5.
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Lemma 3.6. Let (u, w) be the stationary solution of (1.3), (1.4) stated in Proposition 2.1. Then it holds

that
0<Cyt<a,w<Cy (3.16)
for some constant C > 0, and that
2
Dw? < —a. (3.17)
YX

Proof. According to Proposition 3.3, it is trivial to obtain (3.16) by comparison principle, so we only
need to prove (3.17). For any 2 € Z, when 0 < w(z) < w, there exists an x¢ € (0, 1) such that

0 < w(zp) = minw(x) and wy(zo) = 0.
€l

Multiplying the second equation in (1.5) by w,, and integrating the resulting equation from xg to x, we

get
D z w(x) w(x) w(x)
—w? = / W wy,dy = / wWdw = N / eX3ds < \7 / X3 ds
2 2o @(wo) (o) 0
with A = f%’ where we have used the following identity
M _ _
U = ————eX" =1 \eX¥ (3.18)
fI eXWdx
from (2.1). Thanks to (3.18),we can get
B 2 < i/\v (evxw _ 1) < i)\vevx@ - iﬂv‘
2 X X X
The proof is completed. U

Lemma 3.7 ([36]). Foranya > —1 and 1 <~ < 2, it holds that
(a+1) —1—va < d®
Lemma 3.8 ([36]). Forany a > 0and 0 < v < 1, it holds that
la” = 1] <|a —1].

In the following part, we will consider the global existence of (3.12)-(3.14). Let us begin with the
estimate of the zeroth and first order frequencies of the perturbation.

Lemma 3.9. For any solution (p,v) € X (0,T) to the problem (3.12)-(3.14) satisfying N(t) < 1, it
holds that

2 t
@ _1—
/Iﬂ+u1 de+/0 (191172 + lleal 72 + llalZ2) dr < C ([0l 72 + IIollz2)  (3.19)

foranyt € [0,T], where C > 0 is a constant independent of t.

Proof. We Multiply the first equation in (3.12) by fy%, then integrating by parts with respect to x, we can

show that
v d 03
—— —d =d

2 dt +7/I a *r

]. €T X
= —’7/@9% [() +Xx— ]dx—’vx/ Wf’b dx—vx/sowxdx- (3.20)
7 Uy, 7 U T
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By using (3.10), we can show that

thus we get

_7/ oo [(}) +X“ﬂ dz = 0. (3.21)
T u - u

Using the fact that ||¢|| .~ < N(t) and the Cauchy-Schwarz inequality, we can show that

‘P‘pxd}m
W/ T dn < Cllpllve el 2l l9alle < ON @) (IlewllZ + [1Wallf2).  (G.22)
Substituting (3.21) and (3.22) into (3.20), we have
v 4 0 ) )
23t J; it | Trde < x| evede + ON@lpallfe +1allfa). (323)

We Multiply the first equation in (3.12) by @' ~7+ and then integrating by parts with respect to z, we
get

xd / ' da + D / @' 2de = — xD / (@) ipnda
va va

/w [(— + 1) - 7%] dz (3.24)
- vx/zwzdx,

For the first term on the right hand side of (3.24), by (3.14) and then integrating by parts, we can show
that

—xD /I (@), Yipgdr = %XD /I (a'7), ¥ dw, (3.25)
by (3.10), (3.16) and (3.17), we have
% (@) 40 = —%v(l — a7 + %(1 =) Vg
= %(1 yPa Nl + %(1 V)& X Wi
< [(1 _77)2 1;7] 2

Hence, when 1 < v < 2, we update (3.25) as

i (1=9)?2 1=\ o [ o2, _
_XD/I(U v)zwwxd:c§< R )x /Imp dx.——lC/Iuw du, (3.26)

where IC > 0 when 1 < v < 2 and K = 0 when v = 2. For the second term on the right hand side of
(3.24), using (3.9), (3.16), Lemma3.7 and the Holder inequality, we have

/ ap (22 +1) = 1= 922 do < Cllellze a2 < ON@llwall2 (3.27)
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then substituting (3.26) and (3.27) into (3.24), we get

xd al—w2dx+DX/a1—w§dx+lc/and:p

< —9x /I Ypadz + ON(D)]| sl .

Adding (3.28) to (3.23), we can show that

(3.28)

1d 2 _ _ 2 1
o [ e X T + / K + 522 + Dxa' 2de < ON((Ilpal 22 + 1.l 32).
2dt T u T u
By (3.16), we obtain
1 . d 2 1y 2 . Y 1—y 2 2 2
—min{vy,x}— | — + @ "*dr + min{Ci1K, 5, DxC; "} | ¥+ @i +idx
2 dt Tz U Cl T
< CN(t)([lpallfe + [1vall72),
which implies that
d @2 —1—v,,2 2 2 2
G | AT (e + lleel o + lIgellfa) <0 (3.29)
with .
min{ 2, DxC, 7,1 K
ON(t) < {zr 'X 1 1 }:: é
2min{~, x} 2
Integrating (3.29) over (0, t), we get (3.19) and hence completes the proof of the lemma. ([

We are ready to derive the estimate on ¢, and ¢, in the next lemma.

Lemma 3.10. For any solution (¢, ) € X(0,T) to the problem (3.12)-(3.14) satisfying N (t) < 1, it
holds that for any t € [0, T) that

t
lpallZe + sz +/0 lerl72 + [[ior[[72dr < C ([l + [voll7) - (3.30)

Proof. Multiplying the first equation of (3.12) by ¢, then integrating by parts, we can show that

1d
5 widx+/<p?d:c = —x/uwthdw—x/wzsot%dx —X/sot%%da:, (3.31)
2dt Jz T T T T
Using (3.16), (3.17) and the Cauchy-Schwarz inequality, we have
—X/I@xcptsoxdx < xll@al | Lol @ell 2 lpallz < elleell7z + Cellwal |72 (3.32)
and
X/IﬂSOtT/defU < xllallzeelleel 2 l[¥all 2 < elleell7a + Cellal 22, (3.33)
for any € > 0. Using ||¢z||z~ < N(t) and the Cauchy-Schwarz inequality, we can show that
X/thcpx%dx < xll@allzeelletl 2ll¢all2 < CN(E) (@il 72 + [eall72) - (3.34)

Then we substitute (3.32)-(3.34) into (3.31), by choosing ¢ suitably small and letting N (¢) small enough
such that
CN(t) <

9

| =
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we obtain p
— [ pidx + / prdr < C||gl|3e. (3.35)
Using (3.19) and integrating by parts, we update (3.35) as

t t
sl 22 +/0 lorlZadr < [0l +c/0 b2

< lleoallze + C (llwollZz + lloll72)

< C (Jpoll31 + [t [22) -

Multiplying the second equation of (3.12) by vy and then integrating the resultant equation with respect
to z, we can show that

1d . . -
D/widfc+/w3dm= —/awt [(Z+1) —1-92] d:c—v/zﬂ Wypedr. (337)
z T T u u T

(3.36)

2 dt

For the two terms on the right side of (3.37), by (3.9), (3.16), Lemma 3.7 and the Cauchy-Schwarz
inequality, we can show that

—/Zl_ﬂlﬂt [(S% —i-l)v—l—’y%] dx§/1ﬁ7_2]¢t|<p§dx

a
< CllpallLoe |92l 2@l 2
< CN ()1l 72 + |all72)

and

— /I D Wypada < A8 |l lrl 22 llallze < Cllnl|z2l el 22

< el[tull72 + Celleallz2
for any £ > 0. Choosing € and N () small enough, we thus update (3.37) as

d
Do [ e+ [ wtds < (ONG) + COllgalEe (3.38)
z I
Using (3.19) and integration by parts, for any ¢ € [0, T}, it implies that
t t
D [ i+ [ lnladr < llnalize + (ON® +C) [ llgalfade

< Clloallzz + C (lleollz: + llvollZ2)

thus .
172 + / 197 |[72d7 < C (lleoll72 + 1%oll7) - (3.39)

0
Adding (3.39) to (3.36), we complete the proof of Lemma 3.9. O

In the following, we establish the estimates of the second order derivatives of (i, 1)).

Lemma 3.11. Let (p,v) € X(0,T) be a solution to the initial-boundary value problem (3.12)-(3.14)
and assume the conditions of Lemma3.9 hold. Then it holds for any t € [0, T that

t

< Clllpollzy + llvbolly2) (3.41)



STATIONARY SOLUTION OF A CHEMOTAXIS MODEL 11

Proof. By differentiating (3.12) with respect to ¢ to get
{ Pt = Paat — X(DrPot + Wat + PartPs + Oxtfat),
Vit = Dgar — Y(pe + @) 0.
Multiplying the first equation in (3.42) by ¢, and the second one by ), then integrate by parts over Z,
and adding the results to show that
1d
2dt Jz

- X / Wz PtPrtdr — X / UpPgrdr — x / PtPetPrdr — X / OtPrPardr
A A A A

(3.42)

g+ vdot [ G+ Dide =
T

- / (¢u + @) Whppmda, (3.43)
T

where we have used (3.14) to get ¢ (0,t) = ¢¢(1,t) = 0. Now, we estimate the right hand side of (3.43).
Using (3.16), (3.17) and the Cauchy-Schwarz inequality, we can show that

—X / Wyt Purdr — X / tpphprdr < Celloe|[72 + & (||atl 2 + [Yatll72) (3.44)
A A

for any ¢ > 0. Again, by using ||¢z ||z, ||z ||Le < N(t) and the Cauchy-Schwarz inequality, we have

—X/I@t%t%dﬁc - X/Iﬁpt%wcctdx < x|z ||t L2 ||patl L2 + Xll@z | Lo |0t | L2 ||at]| 2
< ONWleill72 + 1wl 172 + tbat]|72).
(3.45)

For the last term on the right hand side of (3.43), using (3.9), Lemma 3.8 and the Cauchy-Schwarz
inequality we can show that

—7/(% + ) Yyppdr = —7/ Tﬂ*l(% + 1) ypprda
I I
<o [ @7 417~ tellpatlde +y [ @ llpaldo
z 7
<y [ @ lgalldlieatdo+y [ @ forllonldz
7 7
< Ollge|lzee el r2llpatllze + Celltel |72 + ellpatl |72
< CON(®) (I[eell72 + latlF2) + CelltbnlF2 + ellpa 72
< (Ce + CN)[eel[72 + (£ + CN ()| @atl[7- (3.46)
Substituting (3.44)-(3.46) into (3.43), we update (3.43) as

1d
33 |t vbde s [ o+ Dis
< (Ce+ CN) ([lill72 + llellzz) + (e + CN@®) (lparllza + llvuellz2) -

Then we choose ¢ and § small enough such that

e+ CN(t) < (3.47)

N | —
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thus

d
yr Iso?w?dw/zwiﬁDwitdmé (Ce +C9) (llgellZ2 + l19ellZ2) - (3.48)

Combine (3.39), (3.36) and (3.48), we can show that

t
/ 07 +ida + / / Q2.+ 2 dxdr
T 0 A

2 2 2 2 4 4
< C/I ((pO,xa: + 500,:1: + wO,xa: + ¢o,x + QDO,Q: + wo,m) dx

e ) (3.49)
+(€+C’N(t))/0 lorllz2 + [[¥r|lf2dr

2
< C (IIeoalBrr + ol + (lposlE + ldoal 22)°)

+C (llgollFn + llwollF)

where we have used the following inequality

[ etdolcs <C [ (Gt o+ + BB do
’ z (3.50)

<C /I (Pb.2z + Poe +Voa+ 000+ Voz) do
and

/ WRdaliz < / (DR + 0" — (P00 + )"
A T

SC/wQde.CL‘—FC/ e +u) —a) de
7" IWO ) ) (3.51)

o~ 2
<c / YR o+ C / (vi" " p00 + ol0))” da
A A
< C (|[bogsllz2 + llposll72) »

in which we have also used @t|t:0 = L0,xx — X(@O,xwo,x + W)o,x + U_JxQOO,:L") and ¢t|t=0 = Dwo,x:p +
Y — (po,» + u)” from (3.12). For the first equation in (3.12) and using the Cauchy-Schwarz inequality,
we get from (3.8), (3.16) and (3.17) that

/@imdﬂcé(l/ (0F + 02 +92) da:+x|!s0x|%oo/1/)§dw
A A A
SC/I(¢?+¢§+¢§) dﬂf+0(||s0x!|L2||<pm|!L2+|I¢xlliz)/z¢§dﬂf

1
<C [ (o2 +u2) do+ llouellEs + Cllalis (Il +110:11E2).
thus

/ @2pdx < C / (07 + @2+ ¥2) da. (3.52)
A T
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This together with (3.19), (3.36), (3.39) and (3.49) can obtain that

2
| ade <. (lenallp + ol + (ool + 1)) + € (ol + oll)

+C (ol 3 + 11ol22) (1ol B + l1golZ + (lpollZ= + [1vol3:)?)
< € (IloaliZ + [oal + (lpoalZ: + oal3:)°)

+C (ol + 110ol3r) (1+ o2z + ol + (lpollZz + bol3)?)
< € (IloaliZn + 1ol + (looalZ: + boal2:)°)

2
+C (lol [+ 1ol ) (1+ lleollZ + [19ollz)

(3.53)

and

t t t
/0/Igaixdmscjo/I(gazwzwz)dxdwcjo w2 (11l 22 + |0el|s) dr

t t
<c [ [(2+etrod)dodr+C sup (I0alfts + Iallfz) [ liealiiadr
0 JI T€[0,t] 0
< C (Ileol s + 1ol l32)
2
+C (Ileoll3a + ol + (Ilpol 3 + 110l 31)) (ol 22 + 1ol 132)
2
< C (14 llpolB + lloliZ + (ol 22 + 1Yol 1)) (ol + 1ol 22)

2
< C (1 + llwollzz + [lwollz) ™ (llol I + [2ol[7)
(3.54)

By using the same method and utilizing (3.14), (3.19), (3.36), (3.39), (3.49) and the second equation in
(3.12), we obtain

1
/Iwixdx: DQ/Z(@Dt—EV+(90$+fL)7)2 dz
2 —\Y =Y 2
gcé%m+cé«%+m w)? dx
2 —~y—1 o 2
SC’/Iz/;tdx—i—C/I(fyu 2+ 0(pg)) da

gc/ﬁm+c/@m (3.55)
v T

t t t
| [etsair < [Cwnladr+C [ ligalair
0 JI 0 0
< C (lpolls + lIvnlle) + € (ol + llvlE2)

< C (llgollF2 + lvollF) - (3.56)

and
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Combine (3.49), (3.53) and (3.55), we get
¢
lasll3a + lhbzel22 + /0 /I o2+ 02, drdr

2
< C (Ilpoalid + 0. 22 + b0.l132)?)
2
+C (Ilpollz + [ollz) (L + llpollZ2 + 1ol )
+C (Ilpollz + 1ol
< lleoll 2 + llvoll3e- (3.57)

Next we differentiate the first equation in (3.12) with respect to = to obtain

7+ (o

Przz = Pzt T X(wxx(,@r + WyPrr + ﬂ:cd]x + ﬂwmc + SOIIQZ)SC + @xwrx))
then we combine (3.16), (3.17), (3.19), (3.54) and (3.57) the Sobolev inequality (3.8) to show that

t
| [ #adadr < € (ool + ) (358)
Similarly, using (3.9), (3.16), (3.17), (3.19), (3.54) and (3.57) we have
¢
/O/Iwimdxdr < C (Ilollzz2 + llvollz2) - (3.59)
Combining (3.54), (3.56), (3.57), (3.58) and (3.59), we then get (3.40) and complete the proof of Lemma
3.11. O

Utilizing the a priori estimates established in §3.2, the global well-posedness of the initial and bound-
ary value problem (3.12)—(3.14) can be proved by combining Proposition 3.3 and standard continuation
argument. To complete the proof of Theorem 2.2, it remains to derive the energy estimates leading to the
long-time behavior of the solution.

3.3. Long time behavior. In this section, we are ready to prove (2.2).
Step 1. To prove the convergence of the zeroth order frequency of the perturbation, we note that under
the conditions of Theorem 2.2, Lemma 3.9 implies

(le=®N172 + 191172 + [¢a(t)]72) € L(0, 00). (3.60)

Applying the arguments in the proof of Lemma 3.9 to (3.29), Lemma 3.10 to (3.35) and (3.38), we can
show that

d
3 Uz @72 + 1007 + [ve@lIZ2)| < Cllleallzn + I12lin)- (3.61)

Integrating (3.61) with respect to time and applying Lemmas 3.9-3.10 yield
d

37 Ulex®72 + 192(D72) € L0, 00). (3.62)
Since a positive function f(t) € W11(0, c0) converges to zero as t — oo, (3.60) and (3.62) imply
(loa@®lIF2 + 19O N72 + la(®)]72) >0 as t— oo, (3.63)

Since ¢ = w — w and (g, ¥z) = (u — U, wy — Wy), it follows from (3.63) that
(1w = @) @172 + ll(w = @) (O F:) =0 as ¢ — oo, (3.64)



STATIONARY SOLUTION OF A CHEMOTAXIS MODEL 15

Step 2. To show the convergence of the first order spatial derivative of the perturbation, we first note
that Lemma3.10 imply that

(lpellze + ll9eliZ2) € L1(0,00). (3.65)
Moreover, applying the arguments in the proof of Lemma 3.11 to (3.48), we can show that
d
= (eI + [(0)12)
< C(lleelFn + ellz)- (3.66)
Integrating (3.66) with respect to time and applying Lemmas 3.10-3.11, we obtain
d
3 Ulee®Iiz + 1 (®)72) € L1(0, 00). (3.67)
It follows from (3.65) and (3.67) that
(lee®IZ2 + lee(®)]72) = 0 as ¢ — oo, (3.68)
As a direct consequence of (3.52), (3.63) and (3.68), we have
ez ()72 — 0 as t— oo, (3.69)
which implies
[(uz — @z)()|[22 — 0 as t— oo. (3.70)
which, together with (3.48), (3.63) and (3.68), implies
192z (t)]|72 — 0 as t — oo. (3.71)
It then follows that
| (wgz — Waz)()]|22 — 0 as t — oo. (3.72)

This finishes the proof of Theorem 2.2.
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