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Abstract

In this paper, we consider the global solvability and energy conservation for initial value problem of nonlinear semi-discrete

wave equation of Kirchhoff type, which is a discretized model of Kirchhoff equation.
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Global solvability for semi-discrete Kirchhoff

equation

Fumihiko Hirosawa∗

Abstract

In this paper, we consider the global solvability and energy conserva-
tion for initial value problem of nonlinear semi-discrete wave equation of
Kirchhoff type, which is a discretized model of Kirchhoff equation.

1 Introduction

Kirchhoff equation was proposed by G. Kirchhoff in [12] as the following integro-
differential equation describing the vibration of an elastic string of length l:

∂2
t u(t, x)−

(
ε2 +

1

2l

∫ l

0

|∂xu(t, x)|2 dx

)
∂2
xu(t, x) = 0, (1.1)

where x ∈ [0, l] and ε is a positive constant determined by the material of
the string. The primitive equation (1.1) is generalized to the following wave
equation with non-local nonlinearity:

∂2
t u(t, x)− Φ

 d∑
j=1

∫
Ω

∣∣∂xju(t, x)
∣∣2 dx

 d∑
j=1

∂2
xj
u(t, x) = 0, (1.2)

which is also called Kirchhoff equation, where Ω is an open subset of Rd, x ∈ Ω
and Φ satisfies

Φ ∈ C1([0,∞)) and inf
η≥0

{Φ(η)} > 0. (1.3)

As with any other kind of wave equations, (1.2) is studied with initial data

u(0, x) = u0(x), ∂tu(0, x) = u1(x), x ∈ Ω (1.4)

and some suitable boundary condition on ∂Ω as an initial boundary value prob-
lem, or with (1.4) for Ω = Rd as an initial value problem. Moreover, (1.2) is
naturally generalized as an abstract evolution equation in a real Hilbert space.

∗Department of Mathematical Sciences, Faculty of Science, Yamaguchi University, Japan;
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Although Kirchhoff equation has been deeply investigated in many previous
literature and an overview of the research and results refer to [5] and [17], here
we only introduce a summary of the global solvability of (1.2) and (1.4), which
is the most fundamental and important problem. Briefly, the existence of a
global solution is proved only one of the following cases:

(i) Analytic (or quasi-analytic) initial data ([1, 2, 14, 15])

(ii) Small initial data ([4, 8])

(iii) Spectral-gap initial data ([7, 10, 13])

(iv) Special nonlinearity Φ ([16])

Roughly speaking, the factors that made it possible to prove global solvability
under these conditions are as follows:

• The local solution could be extended to infinity by imposing a strong
constraint on the high-frequency energy of the initial data: (i) and (iii).

• The non-linear problem could be reduced to the perturbation of the linear
wave equation with constant coefficient: (ii).

• A special nonlinearity Φ (but different from Φ(η) = ε2 + (2l)−1η) with
the “second order energy conservation”, which is crucial for the proof of
global solvability: (iv).

The necessity of these assumptions for global solvability should be a problem
to be considered, but the other big problem for Kirchhoff equation is the non-
existence of global solution, and it is completely unsolved. As mentioned above,
many of the Kirchhoff equation remain unsolved, but the purpose of this paper
is to prove the global solvability for semi-discrete Kirchhoff equation, which is
the discretization of the initial value problem of (1.2) with respect to spatial
variable.

2 Discretization and main theorem

Discretization of the partial differential equation (1.2) can be considered for
time and spatial variables, but here we consider discretization only for spatial0
variables; we shall call it semi-discretization.

Let l(Zd) be the set of all complex-valued infinite d dimensional arrays. We
define l2 by

l2 :=

f = {f [n]}n∈Zd ∈ l(Zd) ; ∥f∥ :=

√∑
n∈Zd

|f [n]|2 < ∞

 .

We note that l2 is a Hilbert space with the inner product

(f, g) :=
∑
n∈Zd

f [n]g[n] (f, g ∈ l2).
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For f ∈ l(Zd) we define the forward and the backward difference operators
D+

j and D−
j for j = 1, . . . , d by

D+
j f [n] := f [n+ ej ]− f [n] and D−

j f [n] := f [n]− f [n− ej ] (n ∈ Zd),

where {e1, . . . , ed} is the standard basis of Rd. Denoting ∇± = (D±
1 , . . . , D

±
d ),

the discrete Laplace operator ∆ on Zd is given by

∆ := ∇+ · ∇− = D+
1 D

−
1 + · · ·+D+

d D
−
d ,

that is,

∆f [n] =

d∑
j=1

(f [n+ ej ]− 2f [n] + f [n− ej ]) (n ∈ Zd).

Lemma 2.1. If f, g ∈ l2, then ∥D±
j f∥ ≤ 2∥f∥ and (D±

j f, g) = −(f,D∓
j g) for

j = 1, . . . , d.

Proof. Let f, g ∈ l2. Then we have∥∥D±
j f
∥∥2 =

∑
n∈Zd

|f [n± ej ]− f [n]|2

≤ 2

(∑
n∈N

|f [n± ej ]|2 +
∑
n∈N

|f [n]|2
)

= 4∥f∥2.

Noting that D±
j f,D

±
j g ∈ l2, we have

(
D±

j f, g
)
= ±

∑
n∈Zd

f [n± ej ] g[n]−
∑
n∈Zd

f [n] g[n]


= ±

∑
n∈Zd

f [n] g[n∓ ej ]−
∑
n∈Zd

f [n] g[n]


= −

∑
n∈Zd

f [n] D∓
j g[n] = −

(
f,D∓

j g
)
.

Let us consider the following infinite system of initial value problem of second
order ordinary differential equations:{

u′′(t)[n]− Φ
(
∥∇+u(t)∥2

)
∆u(t)[n] = 0, (t, n) ∈ (0,∞)× Zd,

u(0)[n] = u0[n], u′(0)[n] = u1[n], n ∈ Zd
(2.1)

in which the domain Ω = Rd of (1.2) and (1.4) is discretized into the the lattice

Zd, where u′(t) = d
dtu(t) = { d

dtu(t)[n]}n∈Zd and ∥∇+u(t)∥2 =
∑d

j=1 ∥D
+
j u(t)∥2.

We shall call the equation of (2.1) semi-discrete Kirchhoff equation.

3



For the solution u = u(t) of (2.1), we define the energy functional E(t;u) by

E(t;u) :=
1

2

(∫ ∥∇+u(t)∥2

0

Φ(η) dη + ∥u′(t)∥2
)
.

The following is the main theorem of this paper.

Theorem 2.2. Let Φ satisfy (1.3). If u0, u1 ∈ l2, then the unique global solution
u(t) ∈ C2([0,∞); l2) of (2.1) exists. Moreover, the following energy conserva-
tion is established:

E(t;u) ≡ E(0;u) (t > 0). (2.2)

Remark 2.3. If d = 1, Ω = [1, N ] for N ∈ N and N ≥ 2, then a correspond-
ing semi-discrete problem of (1.2) and (1.4) with Dirichlet boundary condition
u(t, 1) = u(t,N) = 0 is the following N system of initial value problem of second
order ordinary differential equations:
u′′(t)[n]− Φ

(∑N
m=1 |D

+
1 u(t)[m]|2

)
(u(t)[n+ 1]− 2u(t)[n] + u(t)[n− 1]) = 0,

u(0)[n] = u0[n], u′(0)[n] = u1[n],

u(t)[m] = u(t)[N +m− 1] = 0 (m = 0, 1, 2)

for t > 0 and n = 1, . . . , N . Then the existence of a unique global solution
u(t) = {u(t)[n]}Nn=1 is trivial.

Remark 2.4. Time global energy estimates for linear semi-discrete wave equa-
tions are studied in [11], but no results are known for global existence of a
solution of semi-discrete problem (2.1) as far as the author knows.

Without loss of generality, we assume that

inf
η≥0

{Φ(η)} = 1

in following sections.

3 Linear semi-discrete wave equation

Let ϕ ∈ C1([0,∞)) satisfy inft≥0{ϕ(t)} ≥ 1. For w(t) ∈ C2([0,∞); l2), we define

Ẽ0(t;w, ϕ) and Ẽ1(t;w, ϕ) by

Ẽ0(t;w, ϕ) :=
1

2

(
ϕ(t)

∥∥∇+w(t)
∥∥2 + ∥w′(t)∥2

)
and

Ẽ1(t;w, ϕ) :=
1

2

(
ϕ(t) ∥∆w(t)∥2 +

∥∥∇+w′(t)
∥∥2) .

We consider the following initial value problem of linear semi-discrete wave
equation with time dependent coefficient:{

w′′(t)[n]− ϕ(t)∆w(t)[n] = 0, (t, n) ∈ (0,∞)× Zd,

w(0)[n] = u0[n], w′(0)[n] = u1[n], n ∈ Zd.
(3.1)
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Proposition 3.1. If u0, u1 ∈ l2, then the unique solution w(t) ∈ C2([0,∞); l2)
of (3.1) exists. Moreover, the following estimate is established:

Ẽm(t;w, ϕ) ≤ exp (Ψ1(t;ϕ)t) Ẽm(0;w, ϕ) (m = 0, 1) (3.2)

for any t > 0, where
Ψ1(t;ϕ) := max

0≤s≤t
{|ϕ′(s)|}.

Proof. For θ = (θ1, . . . , θd) ∈ Td and T := [−π, π], we define

ξ(θ) :=

(
2 sin

θ1
2
, . . . , 2 sin

θd
2

)
,

and consider the following initial value problme of second order ordinary differ-
ential equation with parameter θ:{

v′′(t; θ) + ϕ(t)|ξ(θ)|2v(t; θ) = 0, t > 0,

v(0; θ) = v0(θ), v′(0; θ) = v1(θ),

that has a unique global solution. Setting the initial data by

v0(θ) :=
∑
n∈Zd

e−iθ·nu0[n] and v1(θ) :=
∑
n∈Zd

e−iθ·nu1[n],

where θ · n = θ1n1 + · · ·+ θdnd, by Parseval’s identity, we have∫
Td

|vk(θ)|2 dθ =

∫
Td

∑
n∈Zd

e−iθ·nuk[n]

∑
m∈Zd

e−iθ·muk[m]

 dθ

=
∑
n∈Zd

∑
m∈Zd

uk[n] uk[m]

d∏
j=1

∫
T
eiθj(mj−nj) dθj

= (2π)d∥uk∥2

for k = 0, 1, it follows that v0, v1 ∈ L2(Td). Moreover, setting w(t) by

w(t)[n] :=
1

(2π)d

∫
Td

ein·θv(t; θ) dθ

for n ∈ Zd, we see that w(0) = u0, w
′(0) = u1 and

w′′(t)[n] =
1

(2π)d

∫
Td

ein·θv′′(t; θ) dθ = −ϕ(t)
1

(2π)d

∫
Td

ein·θ|ξ(θ)|2v(t; θ) dθ

= ϕ(t)
1

(2π)d

∫
Td

d∑
j=1

(
ei(n+ej)·θ − 2ein·θ + ei(n−ej)·θ

)
v(t; θ) dθ

= ϕ(t)

d∑
j=1

(w(t)[n+ ej ]− 2w(t)[n] + w(t)[n− ej ])

= ϕ(t)∆w(t)[n],

5



it follows that w(t) is the solution of (3.1). Noting the equalities D+
j D

−
j =

D−
j D

+
j (j = 1, . . . , d),

d

dt

1

2

∥∥∇+w(t)
∥∥2 =

d∑
j=1

ℜ
(
D+

j w
′(t), D+

j w(t)
)

= −
d∑

j=1

ℜ
(
w′(t), D−

j D
+
j w(t)

)
= −ℜ (w′(t),∆w(t))

and

d

dt

1

2

∥∥∇+w′(t)
∥∥2 = −ℜ (w′′(t),∆w′(t)) ,

we have

d

dt
Ẽ0(t;w, ϕ) =

1

2
ϕ′(t)

∥∥∇+w(t)
∥∥2 ≤ |ϕ′(t)|Ẽ0(t;w, ϕ)

and

d

dt
Ẽ1(t;w, ϕ) =

1

2
ϕ′(t) ∥∆w(t)∥2 + ϕ(t)ℜ (∆w′(t),∆w(t))−ℜ (w′′(t),∆w′(t))

=
1

2
ϕ′(t) ∥∆w(t)∥2 ≤ |ϕ′(t)|Ẽ1(t;w, ϕ).

It follows that

Ẽm(t;w, ϕ) ≤ exp

(∫ t

0

|ϕ′(s)| ds
)
Ẽm(0;w, ϕ) ≤ exp (Ψ1(t;ϕ)t) Ẽm(0;w, ϕ)

for m = 0, 1 by Gronwall’s inequality. The uniqueness of the solution is imme-
diately follow from (3.2).

4 Local solvability for semi-discrete Kirchhoff
equation

Let us consider the following initial value problem of semi-discrete Kirchhoff
equation with an initial time T0 ≥ 0:{

u′′(t)[n]− Φ
(
∥∇+u(t)∥2

)
∆u(t)[n] = 0, (t, n) ∈ (T0,∞)× Zd,

u(T0)[n] = ũ0[n], u′(T0)[n] = ũ1[n], n ∈ Zd.
(4.1)

For L > 0 and ũ0, ũ1 ∈ l2, we define

Φ0(L) := max
0≤η≤L

{|Φ(η)|}, Φ1(L) := max
0≤η≤L

{|Φ′(η)|},

6



L0 = L0 (ũ0, ũ1) := Φ
(
∥∇+ũ0∥2

) ∥∥∇+ũ0

∥∥2 + ∥ũ1∥2

and
L1 = L1 (ũ0, ũ1) := Φ

(
∥∇+ũ0∥2

)
∥∆ũ0∥2 +

∥∥∇+ũ1

∥∥2 .
Proposition 4.1. If ũ0, ũ1 ∈ l2, then there exists a unique solution u(t) of
(4.1) on [T0, T0 +M−1

1 ] with

M1 := e(L0 + L1)Φ1(eL0)

such that u(t) ∈ C2([T0, T0 +M−1
1 ]; l2).

From now on we suppose that T0 = 0 without loss of generality. In order to
prove Proposition 4.1, we consider the following series of linear problems:w′′

ν (t)[n]− Φ
(
∥∇+wν−1(t)∥2

)
∆wν(t)[n] = 0, (t, n) ∈ (0,∞)× Zd,

wν(0)[n] = u0[n], w′
ν(0)[n] = u1[n], n ∈ Zd

(4.2)

for ν = 1, 2, · · · , and w0(t) = ũ0.

Lemma 4.2. The following estimates are established:

Ẽm(t;wν , ϕν−1) ≤
eLm

2
(m = 0, 1) (4.3)

for any ν ≥ 1 and t ≤ M−1
1 . It follows that

max
0≤t≤T

{
Φ
(
∥∇+wν(t)∥2

)}
≤ Φ0 (eL0) (4.4)

and

max
0≤t≤T

{∣∣∣∣ ddtΦ (∥∇+wν(t)∥2
)∣∣∣∣} ≤ M1. (4.5)

Proof. We denote

ϕν(t) :=

{
Φ
(
∥∇+u0∥2

)
for ν = 0,

Φ
(
∥∇+wν(t)∥2

)
for ν ≥ 1.

If (4.3) holds, then we have

Φ
(
∥∇+wν(t)∥2

)
≤ Φ

(
2Ẽ0(t;wν , ϕν−1)

)
≤ Φ0 (eL0)

and∣∣∣∣ ddtΦ (∥∇+wν(t)∥2
)∣∣∣∣ ≤ 2

d∑
j=1

∣∣ℜ (D+
j w

′
ν(t), D

+
j wν(t)

)∣∣ ∣∣Φ′ (∥∇+wν(t)∥2
)∣∣

≤
(
∥∇+w′

ν(t)∥2 + ∥∇+wν(t)∥2
)
Φ1

(
2Ẽ0(t;wν , ϕν−1)

)
≤
(
2Ẽ1(t;wν , ϕν−1) + 2Ẽ0(t;wν , ϕν−1)

)
Φ1(eL0)

≤ e(L1 + L0)Φ1(eL0),
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that is,
Ψ1 (t;ϕν) ≤ M1.

Thus (4.4) and (4.5) hold. By applying Proposition 3.1 with ϕ(t) = ϕ0 and
noting that Ψ1(t;ϕ0) = 0, we have

Ẽm(t;w1, ϕ0) ≤ Ẽm(0;w1, ϕ0) =
Lm

2
(m = 0, 1) (4.6)

for any t ≥ 0. Suppose that (4.3) is valid for ν = µ. Noting that 2Ẽm(0;wµ+1, ϕν) =
Lm, by Proposition 3.1 for (4.2) with ν = µ+ 1 and (4.5), we have

Ẽ0(t;wµ+1, ϕµ) ≤ exp (Ψ1 (t;ϕµ) t) Ẽ0(0;wµ+1, ϕµ) ≤
exp (M1t)L0

2
≤ eL0

2

and

Ẽ1(t;wµ+1, ϕµ) ≤
exp (M1t)L1

2
≤ eL1

2

for t ≤ M−1
1 . Therefore, (4.3) with ν = µ + 1 is established for t ≤ M−1

1 , and
thus (4.3) is valid for any ν ∈ N.

Proof of Proposition 4.1. For ν = 1, 2, . . . we set

yν(t) := wν+1(t)− wν(t).

Then yν(t) is the solution of the following problem:y′′ν (t)− ϕν(t)∆yν(t) = (ϕν(t)− ϕν−1(t))∆wν(t), (t, n) ∈ (0, T ]× Zd,

yν(0)[n] = y′ν(0)[n] = 0, n ∈ Zd,
(4.7)

where T = M−1
1 . For the solutions of (4.2) and (4.7), we define

H(t; yν , ϕν) :=
1

2

(
ϕν(t)∥∇+yν(t)∥2 + ∥y′ν(t)∥2

)
.

By mean value theorem, Lemma 4.2 and (4.6), there exists κ ∈ R satisfying
0 < κ < 1 such that

|ϕ1(t)− ϕ0(t)| ≤
∣∣∥∇+w1(t)∥2 − ∥∇+w0(t)∥2

∣∣∣∣Φ′ (κ∥∇+w1(t)∥2 + (1− κ)∥∇+w0(t)∥2
)∣∣

≤ L0

∣∣∣Φ′
(
2κẼ0(t;w1, ϕ0) + 2(1− κ)Ẽ0(0;w0, ϕ0)

)∣∣∣
≤ L0Φ1(L0)
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for any t ≥ 0, and

|ϕν(t)− ϕν−1(t)| ≤
∣∣Φ′ (κ∥∇+wν(t)∥2 + (1− κ)∥∇+wν−1(t)∥2

)∣∣∣∣∥∇+wν(t)∥2 − ∥∇+wν−1(t)∥2
∣∣

≤ Φ1(eL0)
(
∥∇+wν(t)∥+ ∥∇+wν−1(t)∥

)∣∣∥∇+wν(t)∥ − ∥∇+wν−1(t)∥
∣∣

≤ 2Φ1(eL0)
√

eL0 ∥∇+(wν(t)− wν−1(t))∥

≤ 2Φ1(eL0)
√
eL0

√
2H(t; yν−1, ϕν−1)

for ν = 2, 3, . . . and t ≤ T . Therefore, by (4.3), (4.5) and (4.6), we have

d

dt
H(t; y1, ϕ1) =

1

2
ϕ′
1(t)∥∇+y1(t)∥2 + (ϕ1(t)− ϕ0(t))ℜ (∆w1(t), y

′
1(t))

≤ M1H(t; y1, ϕ1) + L0Φ1(L0)∥∆w1(t)∥ ∥y′1(t)∥

≤ M1H(t; y1, ϕ1) + L0Φ1(L0)
√
L1

√
2H(t; y1, ϕ1)

and

d

dt
H(t; yν , ϕν) ≤ M1H(t; yν , ϕν)

+ 2Φ1(eL0)
√

eL0

√
2H(t; yν−1, ϕν−1)∥∆wν(t)∥ ∥y′ν(t)∥

≤ M1H(t; yν , ϕν)

+ 2e
√
L0L1Φ1(eL0)

√
2H(t; yν−1, ϕν−1)

√
2H(t; yν , ϕν).

Setting y0 to satisfy H(t; y0, ϕ0) ≡ 1, we have

d

dt

√
H(t; yν , ϕν) ≤

M1

2

√
H(t; yν , ϕν) + L

√
H(t; yν−1, ϕν−1)

for any ν ≥ 1, where

L =
1

2
max

{
L0

√
2L1Φ1(L0), 4e

√
L0L1Φ1(eL0)

}
.

By Gronwall’s inequality, Stirling’s formula and noting that H(0; yν , ϕν) = 0 for
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any ν ≥ 1, we have

√
H(t; yν , ϕν) ≤ Le

M1
2 t

∫ t

0

e−
M1
2 s1

√
H(s1; yν−1, ϕν−1) ds1

≤ L2e
M1
2 t

∫ t

0

∫ s1

0

e−
M1
2 s2

√
H(s2; yν−2, ϕν−2) ds2 ds1

...

≤ Lνe
M1
2 t

∫ t

0

∫ s1

0

· · ·
∫ sν−1

0

e−
M1
2 sν

√
H(sν ; y0, ϕ0) dsν · · · ds1

≤ Lνe
M1
2 t

∫ t

0

∫ s1

0

· · ·
∫ sν−1

0

dsν · · · ds1 = e
M1
2 t (Lt)

ν

ν!

≤ e
M1
2 T (LT )ν

ν!
≤ e

M1
2 T

√
2πν

(
eLT

ν

)ν

.

Therefore, for ν, µ ∈ N satisfying ν > µ and µ ≥ max{2eLT, eM1T /π}, we have

∥w′
ν(t)− w′

µ(t)∥ ≤
ν−1∑
j=µ

∥w′
j+1(t)− w′

j(t)∥

≤
ν−1∑
j=µ

√
2H(t; yj , ϕj) ≤

ν−1∑
j=µ

(
1

2

)j

≤
(
1

2

)µ−1

→ 0 (µ → ∞),

it follows that {w′
ν(t)}∞ν=1 is a Cauchy sequences in l2 for any t ∈ [0, T ], and

{w′
ν(t)[n]}∞ν=1 is a uniformly convergent sequence on [0, T ] for any n ∈ Zd.

Consequently, there exist W (t) ∈ C0([0, T ]; l2) such that

lim
ν→∞

∥w′
ν(t)−W (t)∥ = 0. (4.8)

Setting u(t) ∈ C1([0, T ]; l2) as

u(t)[n] :=

∫ t

0

W (s)[n] ds+ u0[n] for n ∈ Zd,

we have

|wν(t)[n]− u(t)[n]| =
∣∣∣∣∫ t

0

w′
ν(s)[n] ds−

∫ t

0

W (s)[n] ds

∣∣∣∣
≤
∫ t

0

|w′
ν(s)[n]−W (s)[n]| ds

≤ T sup
s∈[0,T ]

{|w′
ν(s)[n]−W (s)[n]|} ,
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and thus limν→∞ ∥wν(t) − u(t)∥ = 0 by (4.8). Moreover, by Lemma 2.1, we
have

lim
ν→∞

∥∇+wν(t)−∇+u(t)∥ ≤ 2
√
d lim
ν→∞

∥wν(t)− u(t)∥ = 0

and

lim
ν→∞

∥∆wν(t)−∆u(t)∥ ≤ 4d lim
ν→∞

∥wν(t)− u(t)∥ = 0,

it follows that u(t) is a solution of (2.1) on [0, T ]. Noting that Φ
(
∥∇+u(t)∥2

)
∈

C1([0, T ]; l2), we have u′′(t) ∈ C0([0, T ]; l2), thus we conclude the proof of
Proposition 4.1.

5 Global solvability

The energy conservation is a characteristic property for (1.2), and semi-discrete
problem (2.1) also has the corresponding property as far as the solution exists.

Lemma 5.1 (Energy conservation). If T > 0 and the solution u(t) ∈ C2([0, T ]; l2)
of (2.1) exists, then the energy conservation (2.2) is established for any t ∈
[0, T ].

Proof. Since D±
j D

∓
j u(t), D

+
j u

′(t) ∈ l2 for j = 1, . . . , d by Lemma 2.1, we have

d

dt
E(t;u) = Φ

(
∥∇+u(t)∥2

) d∑
j=1

ℜ
(
D+

j u
′(t), D+

j u(t)
)
+ ℜ (u′(t), u′′(t))

= −Φ
(
∥∇+u(t)∥2

) d∑
j=1

ℜ
(
u′(t), D−

j D
+
j u(t)

)
+ ℜ (u′(t), u′′(t))

= −Φ
(
∥∇+u(t)∥2

)
ℜ (u′(t),∆u(t)) + ℜ (u′(t), u′′(t))

= 0.

It follows that E(t;u) = E(0;u) for any t ∈ [0, T ].

Proof of Theorem 2.2. Let u0, u1 ∈ l2 and u(t) be the solution of (2.1) on
[0,M−1

1 ], where M1 is given in Proposition 4.1. We note that the following
estimates hold:

∥∇+u(t)∥2 + ∥u′(t)∥2 ≤ 2E(t;u) = 2E(0;u),

L0(u(t), u
′(t)) ≤ 2Φ0 (2E(t;u))E(t;u) = 2Φ0 (2E(0;u))E(0;u) =: E0 (5.1)

and
L1(u(t), u

′(t)) ≤ 4dL0(u(t), u
′(t)) (5.2)

for any t ∈ [0,M−1
1 ] by Lemma 2.1 and Lemma 5.1. Setting

δ1 :=
1

e(1 + 4d)E0Φ1(eE0)
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and applying Proposition 4.1 with

T0 = δ1 ≤ 1

e(1 + 4d)L0(u0, u1)Φ1(eL0(u0, u1))
≤ M−1

1 ,

ũ0 = u(δ1) and ũ1 = u′(δ1), the existence time of the solution is extended from
[0,M−1

1 ] to [0, δ1 +M−1
2 ], where

M2 := e(L0(u(δ1), u
′(δ1)) + L1(u(δ1), u

′(δ1)))Φ1(eL0(u(δ1), u
′(δ1))).

Moreover, by (5.1) and (5.2), we have

M2 ≤ e(1 + 4d)L0(u(δ1), u
′(δ1))Φ1(eL0(u(δ1), u

′(δ1)))

≤ e(1 + 4d)E0Φ1(eE0) = δ−1
1 .

Thus the existence time of the solution is ensured at least on [0, 2δ1]. Anal-
ogously, by applying Proposition 4.1 with T0 = nδ1, ũ0 = u(nδ1) and ũ1 =
u′(nδ1), the existence time of the solution of (2.1) can be extend on [0, (n+1)δ1],
and also the energy conservation is established on [0, (n+1)δ1] for n = 2, 3, . . ..
Thus the proof of Theorem 2.2 is concluded.

6 Concluding remarks

Although this paper considers the most basic semi-discrete model of Kirchhoff
equations, the following problems should be studied as the next step.

• The equation (2.1) is a discretized model on a fixed lattice Zd, thus the
result of the global solvability is in some sense isolated from the results
of continuous models. A unified understanding of continuous and semi-
discrete models should be an interesting and important problem, and
considering some asymptotic analysis with the interval of the lattice ap-
proaches zero is considered to be one method.

• According to [6, 9], the assumption (1.3) is crucial for the continuous model
(1.2) even for the local solvability, and it comes from the linear problem
in [3]. On the other hand, ϕ ∈ C1([0,∞)) for linear problem (3.1) is not
necessarily required in [11] for semi-discrete model, thus Φ ∈ C1([0,∞)) in
(1.3) may also not be necessary. Furthermore, it is an interesting question
whether the positivity of Φ and ϕ are required both non-linear and linear
problems.
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