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Abstract

This paper is concerned with high moment and pathwise error estimates for both velocity and pressure approximations of the
Euler-Maruyama scheme for time discretization and its two fully discrete mixed finite element discretizations. Optimal rates of
convergence are established for all pth moment errors for p[?]2 using a novel bootstrap technique. The almost optimal rates of
convergence are then obtained using Kolmogorov’s theorem based on the high moment error estimates. Unlike for the velocity
error estimate, the high moment and pathwise error estimates for the pressure approximation are proved in a time-averaged
norm. In addition, the impact of noise types on the rates of convergence for both velocity and pressure approximations is
also addressed. Finally, numerical experiments are also provided to validate the proven theoretical results and to examine the

dependence/growth of the error constants on the moment order p.
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HIGH MOMENT AND PATHWISE ERROR ESTIMATES FOR
FULLY DISCRETE MIXED FINITE ELEMENT APPROXIMATIONS
OF THE STOCHASTIC STOKES EQUATIONS WITH
MULTIPLICATIVE NOISE*
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Abstract. This paper is concerned with high moment and pathwise error estimates for both
velocity and pressure approximations of the Euler-Maruyama scheme for time discretization and its
two fully discrete mixed finite element discretizations. Optimal rates of convergence are established
for all pth moment errors for p > 2 using a novel bootstrap technique. The almost optimal rates
of convergence are then obtained using Kolmogorov’s theorem based on the high moment error
estimates. Unlike for the velocity error estimate, the high moment and pathwise error estimates for
the pressure approximation are proved in a time-averaged norm. In addition, the impact of noise
types on the rates of convergence for both velocity and pressure approximations is also addressed.
Finally, numerical experiments are also provided to validate the proven theoretical results and to
examine the dependence/growth of the error constants on the moment order p.
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1. Introduction. In this paper, we establish high moment and pathwise error
estimates for fully discrete mixed finite element approximations of the following time-
dependent stochastic Stokes problem:

(1.1a) du = [vAu— Vp+ f]dt + B(u)dW (t) a.s. in Dy := (0,T) x D,
(1.1b) divu=0 a.s. in Dr,
(1.1c) u(0) = ug a.s. in D,

where D = (0, L)% € R?(d = 2,3) represents a period of the periodic domain in R¢,
u and p stand for respectively the velocity field and the pressure of the fluid, B is an
operator-valued random field, {W (¢);t > 0} denotes an R-valued Wiener process, and
f is a body force function (see Section 2 for their precise definitions). Here we seek
periodic-in-space solutions (u,p) with period L, that is, u(¢t,x + Le;) = u(t,x) and
p(t,x + Le;) = p(t,x) almost surely and for any (¢,x) € (0,7) x R and 1 < i < d,
where {e;}{L; denotes the canonical basis of R<.

The above stochastic Stokes equations can be viewed as a stochastic perturbation
of the deterministic non-stationary Stokes equations by a white-noise-driven random
force B(u) dvgt(t) , it intends to model turbulence flows and also serves as a prototypical
stochastic partial differential equation (SPDE) model to study analytically and to
approximate numerically (cf. [1, 11, 20, 22, 5, 9, 3, 15]). It should be noted that
although the Stokes operator is linear since B(u) is nonlinear in u, the stochastic
Stokes system (1.1a) is intrinsically a nonlinear system.

Numerical analysis of the stochastic Stokes (as well as the stochastic Navier-
Stokes) equations has received a lot of attention in recent years, various numerical
methods, including finite element and mixed finite element, stabilized methods, and
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splitting methods, have been developed and analyzed (cf. [2, 3, 4, 5, 9, 10, 13, 15, 16]).
Optimal and sub-optimal error estimates in strong and weak norms have been estab-
lished. Unlike in the deterministic case, the primary goal of the numerical analysis
of SPDE:s is to derive error estimates for the quantities of stochastic interests of the
error functions. The best-known such quantities are the pth moment, E[||u — U||?] for
2 < p < oo as well as the variance Var|[||lu — Ul|], where E[-] and Var[-] stand for the
expectation and variance operators, u and U denote respectively the exact and numer-
ical solutions and ||-|| denotes some space-time norm. We note that when p = oo, such
an estimate is often called a pathwise error estimate. As expected, among these quan-
tities of stochastic interests, the easiest one is the second moment E[||u—U||?]. This is
indeed what was done in the above cited works for problem (1.1). Moreover, in prac-
tice, numerical simulations for the approximate solution U are done for sample paths
when the Monte Carlo method is used to compute the quantities of stochastic interests,
which requires to use a large number of samples. However, to the best of our knowl-
edge, no qualitative estimate was known for esssup,,cq maxi<p<n |[u(tn,w) — U™ (w)||
in the literature for the stochastic Stokes (and stochastic Navier-Stokes) equations.
Such error estimates would provide valuable information about the quality of each
computed sample path U(w).

The goal of this paper is to fill this gap by establishing arbitrarily high order
moment and pathwise error estimates for both velocity and pressure approximations
of the stochastic Stokes problem (1.1) discretized by two fully discrete mixed finite
element methods. This paper extends the results of [13, 15] where the second moment
error estimates were obtained for those mixed finite element methods.

The remainder of this paper is organized as follows. In Section 2, we introduce no-
tations and preliminaries which include the solution definition and the well-posedness
of the stochastic Stokes problem (1.1). In Section 3, we first formulate the Euler-
Maruyama time-stepping scheme for problem (1.1) and then derive high moment and
pathwise error estimates for the velocity and pressure approximations of the time-
stepping scheme. Our main idea for deriving pth (p > 2) moment error estimates
for the velocity approximation is to use a bootstrap technique starting from the sec-
ond moment error estimate and the pathwise error estimate, which is sub-optimal
in the energy norm, is obtained by using Kolmogorov’s theorem based on the high
moment error estimates. In Section 4, the standard mixed finite element method is
introduced for spatial discretization. The stable Taylor-Hood mixed element is cho-
sen as a prototypical example for analysis. The highlight of this section is to derive
high moment and pathwise error estimates for the velocity and pressure approxima-
tions of the mixed finite element method. In Section 5, we consider the modified
mixed method of [15] for problem (1.1) and obtain high moment and pathwise error
estimates for this non-standard mixed finite method as well. Finally, numerical exper-
iments are provided in Section 6 to verify the proved error estimates and to examine
the dependence/growth of the error constants on the moment order p.

2. Preliminaries. Standard function and space notation will be adopted in this
paper. Let H}(D) denote the subspace of H! (D) whose R%-valued functions have zero
trace on dD, and (-,-) := (-,-)p denote the standard L?-inner product, with induced
norm || - ||. We also denote L?, (D) and HJ, (D) as the Lebesgue and Sobolev
spaces of the functions that are periodic and have vanishing mean, respectively. Let
(Q,F,{F:},P) be a filtered probability space with the probability measure P, the
o-algebra F and the continuous filtration {F;} C F. For a random variable v defined

on (9, F,{F:},P), E[v] denotes the expected value of v. For a vector space X with
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norm || - ||x, and 1 < p < oo, we define the Bochner space (LP(€, X); [|v]l1r(0,x))

where [|v]|Lr(0,x) := (E[|[v][%])”. We also define

H:={vel’, (D);divv=0inD}, V:={veH,, (D);divv=0inD}.

We recall from [17] that the (orthogonal) Helmholtz projection Py : L2 (D) — H
is defined by Pyv = 9 for every v € L2,.(D), where (n,§) € H x H,_.(D)/R is a
unique tuple such that v =7+ V¢, and € € H,,,.(D)/R solves the following Poisson
problem with the homogeneous Neumann boundary condition:

(2.1) A¢ =divv.

We also define the Stokes operator A := —PyA : VNHZ,,.(D) — H.

Throughout this paper we assume that B : L2,,.(D) — L2_,.(D) is a Lipschitz
continuous mapping and has linear growth, that is, there exists a constant C' > 0
such that for all v,w € L2_.(D)

per

(2.22) B(v) =B(w)| < Cllv —wl,
(2.2b) IBMII<C(lvl+1),

In this paper, we shall use C to denote a generic positive constant which may
depend on v, T, the datum functions ug, f, and the domain D but is independent of
the mesh parameter h and k. In addition, unless it is stated otherwise, we assume
that £ € L9(€; C2 (0, T; H-(D))) for some Vg € [1, c0).

2.1. Some useful facts and inequalities. In this subsection, we collect some
well-known theorems and useful facts which will be used in the later sections.

First of all, we recall the following Kolmogorov Criteria for a path-wise continuity
of stochastic processes, its proof can be found in [12, Theorem 3.3].

THEOREM 2.1. Let X(t),t € [0,T], be a stochastic process with values in a
separable Banach space E such that, for some positive constant C > 0, a > 0,8 > 0
and all t,s € [0,T],

(2.3) E[IX(t) - X(s)]|°] < Clt — s+

Then for each T > 0, almost every w and each 0 < v < 5 there exists a constant
K = K(w,v,T) such that

(2.4) 1X(t,w) — X(s,w)|| < Kt — s|" for allt,s €[0,T).

Moreover, E[|K|°] < oo for all > 0.

Next, we recall a useful inequality for martingale processes. This inequality is
often referred to as the Burkholder-Davis-Gundy inequality in the literature, see [7,
Theorem 2.4].

LEMMA 2.2. Let ¢(t) € L?(D) be a random field for all t € [0,T]. For any q > 0,
there exists a positive constant Cy, = Cy(T,q) > 0 such that

ijsaEKAﬁmm;%fﬂ.

(2.5) E[ max
0<t<T

Amomm)
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The next lemma recalls the well-known It6 isometry and introduces a related
inequality for stochastic processes.

t
LEMMA 2.3. Let ¢(t) be a stochastic process on [0, T]. Define X; = / ¢(&) dW (§).
0

We have
(i) If ¢ € L?(Q; L*(0,T; L%(D))), then

2. Bl =&] [ 1612 de]
(ii) If ¢ € L9(Q; L9(0,T; L%(D))), for q > 2, then
t
(27) B[IXdL) < Ca s [ 1o e
Cy g
where C(t,q) = —~(¢ = 1)(¢ = 2)t* + (¢ = 1)Cb.
Proof. The proof of (2.6) can be found in [12]. Below we only give a proof for

(2.7), which is based on the It6 formula and Burkholder-Davis-Gundy inequality.
By It6’s formula, we have

(238) B[] < [/ 1145 (X, (7)) W 0]

alg— DE [/ I 5600 7.

The expectation of the first term on the right side of (2.8) vanishes due to the
martingale property of It6 integrals. Therefore, we obtain

E[IXl:] < Sala— 1) / E[IX, 426 ||Lz]
Lo ] oo
29 s%( ‘1>/0<E [ e amie ( ) etz o

S;1((11)/;@ 022, / s )D Elle)I2))* ar.

We have used Hélder’s inequality with =+ B =1 to obtain the second inequality.

|¢<T>||iz] dr
L2

Next, applying the Burkholder-Davis-Gundy inequality to the last line of (2.9),
we get

BlI] < gata— 10 [ (=[([16@ia) T |) e ?

Setting o = q%za p = 4 and using Young’s inequality with the conjugate pair q%

a(g—2) 1
2

and %, we obtain

q—2

slx] < a0 [ (5( [ 1o@ika) ) @1z
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</ot ()13 dT) g} q ; 2

+ Sata o, [ BTN

0 q/2

< (3~ 126 + - 1) e [ 16l or)

The proof is complete. O

1
< 5‘1((] — 1)CytE

dr

Finally, we recall the following property of the R-valued Wiener process:
(2.10) E[|W(t> - W(S)PM} <Cult—s|™  VYmeN.

When m = 1, the inequality becomes an equality with C),,, = 1. We refer the reader
to [21] for its generalization to infinite-dimensional Wiener processes.

2.2. Variational formulation of problem (1.1). We now recall the variational
solution concept for (1.1) and refer the reader to [11, 12] for a proof of its existence
and uniqueness.

DEFINITION 2.4. Given (0, F,{F:},P), let W be an R-valued Wiener process
on it. Suppose ug € L*(Q,V) and f € L*(Q; L*((0,T); L2, (D))). An {F;}-adapted
stochastic process {u(t);0 < t < T} is called a variational solution of (1.1) if u €
L2(©;C([0,T); V) N L? (20, T; H2,,(D)), and satisfies P-a.s. for all t € (0,7

per

(2.11) (u(t),v) + V/Ot(Vu(s),Vv) ds = (ug,v) + /ot (£(s),v) ds
+ /Ot (B(u(s)),v) dW (s) Vvev.

Definition 2.4 only defines the velocity u for (1.1), its associated pressure p is
subtle to define. In that regard we quote the following theorem from [15].

THEOREM 2.5. Let {u(t);0 <t < T} be the variational solution of (1.1). There
exists a unique adapted process P € L?(Q,L*(0,T; H},,(D)/R)) such that (u,P)
satisfies P-a.s. for all t € (0,T)

(2.12a) (u(t),¢) + V/o (Vu(s), Vo) ds — (dive, P(t))

= (w0.8)+ [ (00).0)ds+ [ (B(u().6) OW(s) V6 € 1L, (D).
(2.12b)  (divu,q) =0 Vg€ L§(D):={qe L’ .(D): (¢,1) =0}.

per

System (2.12) can be regarded as a mixed formulation for the stochastic Stokes
system (1.1), where the (time-averaged) pressure P is defined. Below, we also define
another time-averaged “pressure”

(2.13) R(t) = P(t) — /0 £(s) W (s),

where we use the Helmholtz decomposition B(u(t)) = n(t) + VE(t), where £ €
H! (D)/R P-a.s. such that

per

(2.14) (VE(t), Vo) = (B(u(t)), Vo) V¢ e H), (D).
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The time-averaged “pressure” {R(¢);0 < t < T'} will also be a target process to be
approximated in our numerical methods in Section 5.

The following stability estimate for the velocity u was proved in [5, 10].

LEMMA 2.6. Let u be solution defined in (2.11). Assume that ug € L™ (V) for
some r > 2. Then we have

T r
(2.15) E{( sup [ Vu(t)|3 +/ v V2u ()] dt) } < CE[IVuolge]
0<t<T 0

Next, we introduce the Holder continuity estimates for the variational solution u,
a similar proof can be found in [5, 10] for the stochastic Navier-Stokes equations. we
provide a proof below for completeness.

LEMMA 2.7. Suppose ug € L4(;V) and f € LI(Q; C2(0,T; H-Y(D))), Vg > 2.
For 0 <~ < %, there exists a constant C = C(Dr,ug) > 0, such that the variational
solution to problem (1.1) satisfies for s,t € [0,T]

(2.16) E[[lu(t) —u(s)|§] < Clt — s

Proof. Following [10, 5], we have that the mild solution of (1.1) can be represented
as follow:

(2.17) u(t) = e ug + / t e =IAPLB(u(s)) dW (s).

For to < t1, write u(t;) — u(tz) = I 4+ II where

(2.18) I= (e*tlA - e*t2A)u0,

II:/Ole(tl—s)APHB(u(s))dW(s)_/0Ze(tz—s)APHB(u(s))dW(s).

By the standard estimates of semigroup theory, we have
JA%e A <ot AT I - e A < O
Thus,
(2.19) Il = fle~"=A (=4 —T)Abug|lge
< Oty — t2)7[|Vug|| 2.
Therefore, E[|I]|$] < C(t1 — tQ)WE[Hung,].
Next, we can write
(2.20) 1T = / P (e 98 L 0a-98) B y(s)) aVW (s)
0 .
+/1t e~ =AB(u(s)) dW (s) =: T, + ITp.
2

By the Burkholder-Davis-Gundy inequality and the fact that || - [|v = ||AY2- ||y,
we obtain

(2.21)

el < of [ (2[leom - eemmpaacy]) o)
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to
_ —(to—s 2
-
2/q
o - e I)HQL(LZ)(EUN(S)H%D ds)

1/q [ [t ds 1/2
<Oty —t l1—e E g Ty =
< C(t 2) 0;3£T< [HU(S)HV]) (/o (ta — 5)2(1—a)>
< C(tl - t2)17€a

1/2

1 a1)"/*
where 5 < e <1, and (E[Hu(s)HV]) < Cy by Lemma 2.6.

To estimate II;, we use Lemma 2.3 (ii) and then also apply Lemma 2.6 to obtain:

222 Bllnt] <, [ B[l A Be)]:] as

< Cylty —tz) sup E[[u(s)[|§].
0<s<T

Finally, combining (2.19), (2.21) and (2.22) we obtain
(2.23) EfJu(t:) — u(t2)[§] < C(t1 — t2)7

where 0 < v < % The proof is complete. O

REMARK 2.1. We note that due to the obstruction of nonlinearity, the estimate
obtained in [5] requires higher regularity of ug and B € L(LZ,,, H2,,) to obtain the
optimal order . On the other hand, the estimate of [10] is limited to the order 7

under the same assumptions as in Lemma 2.7 above.

3. Semi-discretization in time. In this section, we consider the implicit Euler-
Maruyama scheme for the time discretization of (2.11).

3.1. Formulation of the scheme and stability estimates. We recall the
Euler-Maruyama scheme for problem (1.1) in the following algorithm (cf. [9, 13, 15]).
Let Iy := {t,}*, be a uniform mesh of the interval [0,7] with the time step-size
k= l Note that to = 0 and ¢ty = T.

Algorlthm 1
Let u’ = ug be a given V-valued random variable. Find the pair {u"*! p"*1}

V x L2, recursively such that P-a.s.

(3.1a) (u”Jrl — u”,¢) + vk (Vu”“, V¢) — k(p”“, div¢)

k(" ¢) + (B(u™)AW,41,9),
(3.1b) (divu™t',¢) =0

for all ¢ € H,,.(D) and ) € L2,,.(D). Where " := f(t,41).

The following stability estimates for the velocity approximation {u™} of Algorithm
1 were proved in in [10, Lemma 3.1].

LeEMMA 3.1. Let ug € L*'(Q;V) for an integer 1 < q < oo be given, such
that E[||luol|3'] < C. Then there exists a constant Cr,q = C(T,q,u0) such that the
following estimations hold:

. n n(129-2 ni2
< .
6 B[ e +uk§:|\u 122 Aw 2] < o,
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M q M q
E (Z ||u"—u"-1|3y) +(uk2||Au"||%,) < Cr,.
n=1 n=1

Next, we want to derive some high moment stability estimates for the pressure
approximation {p"} of Algorithm 1, which plays a crucial role in the error analysis of
the full-discrete scheme later.

LEMMA 3.2. Let {(u™*L pm*T1)},, be generated by Algorithm 1. Assume that
ug € LI(; V) for 1 < g < oo. Then, there exists a constant C > 0 such that

(i)

(i)

if B: L2 =V, then

(32) E[(kfj 19513 | < Cr

n=1
ifB:L* = H] ., then
M q C
n T,
(33) E[(/«Z o ) | < e

Proof. When ¢ = 1, both (3.2), (3.3) were already shown [10, Lemma 3.2]. Thus,
it remains to prove them for ¢ > 1.

(i)

(i)

We first multiply the strong form of (3.1a) by Vp"*! and use the fact that
since B(u) € V, so (B(u")AW,,41, Vp" ) = 0 to conclude that

(3.4) kI V" L. < CRIE™ L.

Next, taking the summation over the index n followed by taking the gth power
and expectation on both sides of (3.4) leads to the desired estimate.
Let B € L>(0,T; H.,, (D)), then (B(u™)AW, 11, Vp"t!) # 0. Hence,

per
3 n C n
(3.5) k[IVp e < CRIE T2 + % IB(u VAW, 13z

Taking the summation over the index n followed by taking the gth power and
expectation on both sides of (3.5), we get

(36) E[(kénwniz)q} < ch[<ki||f”ni2)q]

+ igz&[(i ||B(un1)AWn||i2)q] .

n=1

We now bound the last term on the right side of (3.6). By the discrete Holder
inequality for summation and (2.2b), we obtain

(3.7) E[(i ||B(u"_1)AWn||iz>q] < @E[(f Iu”‘lllizIAWnF)q]

n=1 n=1

M
< Cqu‘l]E[Z |u"—1||iz|AWn|2q] .

n=1
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Using the tower property of the conditional expectation, the independence of the
increments of the Wiener process and (2.10), we obtain

(3-8) E[[u" 7AW 7] < Coh/E[|la™ 73]
Substitute (3.7), (3.8) into (3.6) we obtain

(39) E[(kf v ) ] < CE[(k-fj ) |+ fﬁ[kﬁjj 13

n=1 n=1
Finally, the proof is complete by using the assertion (i) of Lemma 3.1. O

3.2. High moment and pathwise error estimates for the velocity ap-
proximation. In this subsection, we present the first main result of this paper which
establishes the optimal order high moment error estimates for the velocity approx-
imation by Algorithm 1 and the sub-optimal order pathwise error estimate for the
velocity approximation with the help of Theorem 2.1.

THEOREM 3.3. Let u be the variational solution to (2.11) and {u™}M , be
generated by Algorithm 1. Assume that ug € L*'(Q;V). Then there exists C; =
C1(T,q,ug,f) > 0 for any integer 1 < q < oo and real number 0 < v < % such that

(3.10) E[ max |[u(t,) —u"|f2] < C1k*7.

1<n<M

Proof. When g = 1, the estimate was already proved in [13, 15]. Thus, it remains
to show (3.10) for ¢ > 2. We start with ¢ = 2.

Let €” = u(t,) — u™. Integrating (2.12a) from ¢, to t,; and choosing ¢ € V, we
obtain

(311)  (ultus1) — u(ta).d) + /t " (Vu(s), Vo) ds = /t " (8(s), ) ds

n n

+ /t " (B(u(s)),8) AW (s).

n

Subtracting (3.11) from (3.1a), we obtain the following error equation for the
velocity:

(312) (et —e",¢) +vk(Ve ! Vo) = V/t Hl (V(u(s) —u(tni1)), Vo) ds

n

+ /t o (f(s) - f(tn+1)’¢) ds

n

tni1
+ / (B(u(s)) — B(u"),¢) dW(s).
tn

Choosing ¢ = e"*! in (3.12) and using the identity 2(a —b)a = a® —b? + (a — b)?,
then the left-hand side (LHS) and right-hand side (RHS) of (3.12) become

1
(3.13) LHS = S [lle" HIE: — llem[Tz] + Slle™™ — e [La + vk| Ve L.

1
2

(3.14) RES — v /t " (V(u(s) - ults)), Vet ds

n
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4 /t H (£(s) — £(tnsr), €™ 1) ds
v (Blu(s) - B(") dW(s). "~ o )
+(/ (B(u(s)) - B")) aiv(s).").

Next, multiplying (3.13) and (3.14) by [|e" ™[], yields

1 2
(3.15) LHS = < [[le" ™ [Ig= — [le"[l12] + Z(He"“\lé —[le"|zz)

= =

1
+ 5l = e ga e Ee + vk Ve s e L

tnt1
(3.16) RHS = 1// (V(u(s) — u(tet1)), V') dslle™ |7
¢

n

tnt1
+ / (£(s) — E(tuyn), 1) dsfle™ 2.
t

n

n ( /tlt+ (B(u(s)) — B(u™)) dW (s),e"+! — e”) le" 3

n ( | e - B ams), ) e 12,
= I+ II+IIT+1IV.

Now, we estimate terms of I, II, III, IV below.

tn+1
3.17)  I< l// IV (utnrr) —u(s))llee Ve |z fle e ds
t

n

tni1
<v / IV (ultsr) — u(s)|2a e |25 ds
t

n

vk
+ ZHVG”“Hizlle”“IIiz

tni1
= V/ IV (u(tnrs) —u(s) Iz ds(lle" T2 — lle™[1E2)
t

n

tn+1
+V/t IV (u(tni1) = u(s))[Z= dslle” ||z

n
vk
+ Z\lve"“\\ialle"“lliz
2

tnai 1 9
<8( [ IV ) < wONR )+ g5 (1 s e
tn

2 tnt1

v n
T IV(u(tns1) —u(s))llL ds + ke[|

vk
+ Z\lve”“\\iz‘llenﬂlliz
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By using (2.16), we obtain

1 2
(3.18) E[T] < C k4 + 3fQE[(He”“HiQ —le™I32)"]
vk "
+ ZE[IIVe e lle™ 3] 4+ KE][le™ L]

tnt1
(3.19) II< / [£(s) = £(tnr1) |- [ Ve [Lalle™ |2 ds
t

n

bt vk
< C/ 1£(s) = £(tns)[Fa-2 €™ 122 ds + IHVe”“Hinle"*H@z
tn

bnt1 1 2
< C/ 1£(s) = £(tns1)llgz-2 ds + E(Ile”“\\iz —lle™[Iz2)
t

n

vk
+ Cklle" ||z + ZIIVe"“IIiaHe”“IIim
Since f € L2 (Q;C2 (0, T; H-(D))) for ¢ = 2, we have

1 " n 2
(3.20) E[1I] < Ck® + 3—2E[(\\e e = le™Ee)7]

n Vk n n
+ CRE[[le" [12] + E[[Ve" [alle™ L2]-

(321) III= (/t " Blu(s)) - B)) dW (s),e"! e”) lem+1|2,
22|

1 G -y o,
1

"L
n
+ 7l — e e flem

| Bt = B aw )| (e I ~ o)

n

2

ni2
+| Llle”

/ " B(u(s) - B(u™) dW(s)

t

1
+llem™t = e gz e
t

<s| [ B - B )

n

4 1 n+1(2 ni2 \2
+ o5 (e 2 — e 22)

L2

. /ttn+1 (B(u(S)) _ B(u")) dW(S)‘ 2

e

n

1
+ gllemt — emallen 2.

(322) 1= ( / " (Bu(s) ~ B™) dW<s>,e") (le™ 22 — le”12:)
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n (/:m+ (B(u(s)) — B(u")) dW (s), e") le™ 13-

SS\

/ " (Bla(s) - Bw) W), el

t

1 2
+ 33(|\e”+llliz —[le"|zz)

+ (/tt+ (B(u(s)) — B(u™)) dW (s), e") le” 13-

We note that the last term on the right side of (3.22) has zero expected value because
of the martingale property of the Ito integrals.

Now, substituting the above estimates for terms I, II, III, IV into RHS in
(3.16) and taking expectation on both LHS and RHS, followed by absorbing the like
terms of LHS in (3.15) into those of RHS in (3.16), we obtain

1 n n 1 n n n
(3.23) EIE[IIe e — lle™(lga] + ETE[IIe = e|[falle™ 2]
vk n "
+ 71E[IIVe HEalle HIE:]
< Ck'"™ + CkE[|le"|12] + CK®

+CE U /tt+ (B(u(s)) ~ B(w")) div (s)

4
L2

/t " (Blu(s) - Bu) dW@Hl “en'é}

n

+CEU

< Ck'™™ + CKkE[||le"||12] + V + VI,

where

- OE“ /tt"“ (B(u(s)) ~ B(w")) div/(s)

4
2:|7

n L

VI = C]E{H/tt+ (B(u(s)) - B(u")) dW(s)H;He"H%z].

To estimate V, we first use (2.7) and then use (2.16) to get

(3.24) V= C]E[H/:M (B(u(s)) — B(u")) dW(S)( H

<Cu[ [ IBu(s) - B s ds]

n

tnt1
< C’/ E[llu(s) — un||iz] ds
t

T;n+1
<C E[[lu(s) — u(t,)|12] ds + CKE[||e"||1]

tn

< Ck'™™ + CKE[||le"||1].
To estimate VI, we use the It isometry given in (2.6) and (2.16) to get

(325)  VI=CE U /t " (Blu(s)) - Bu™) amw (s)

n

2 ni2
el
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2
L2

— | [ Bt - B e a o)

= cu[ [ IB(ats) - B eI a5

n

tnit1
<c / E[[[u(s) — w2, [le"|24] ds
t

n

tn+1

<C t Ellu(s) — u(t)l|z2lle"|{:] ds + CKE[[|e"|12]
f 4 n))4

<c [ Bllue) (e 1] ds + CHE]le" ]

< CE"t + CKE[||le"(| 1]

Bounding V, VI by (3.24) and (3.25) in (3.23), we obtain

1 1
(326)  E[le™ s — e ] + SE[(le" 1 3: — le"I22)°]

1 n n n Vk T n
+ 7E[le™ — eIz lle™ M E:] + S E[[Ve T IT:lle™ L]

2
< CE" + CKE[||e"(|f2]-

Next, lowering the index n in (3.26) by 1 and applying the summation Zﬁ:l for
any 1 < /¢ < M, we have

¢ 0
(3.27)  E[lle’lf:] + D E[lle” — e 3 lle”3:] + 20k > E[|[ Ve |2 le”13:]
n=1 n=1
¢
< CkY 4+ CkY E[lle"{:]
n=1

4y Ct
< Ck*e™t,

where we have used the discrete Gronwall inequality to get the last inequality.

Taking maximum over all 1 < ¢ < M to (3.27), we conclude that

2 E[lle‘||12] < CEY.

(3.28) max Eflefi:] < Ck

Since the maximum is taken outside of E[-], hence, (3.28) is weaker than the
desired estimate for ¢ = 2. To show the stronger estimate, we follow the technique of
Lemma 3.1 proof [8] which uses the estimate (3.28) as a bridge to obtain the desired
estimate.

To the end, substituting (3.17)—(3.22) into RHS in (3.16) and equating it with LHS
in (3.15) (without taking expectation), we obtain

(329) [l ke — llenida] + 5 (e s — e )
et — e Rallen 2 + LX) Ve el

tn41
< Cklle"|g: + C/ IV (utn+1) —u(s))|g2 ds
tTI,
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w0 [T 186) = Bty ds
el /t " (Blas) - B aw s
o [T B - B aw s ez

+ (/tt+ (B(u(s)) — B(u™)) dW(s), e") le™ 13-

Applying the summation operator Zi:l followed by maxi<¢<as and taking ex-
pectation on both sides, on noting that the last term on the right side of (3.29) would
not vanish anymore (which is the main difference of this new process compared with
the proof of (3.28)), and by using (3.28), we have

)14
(3:30)  E[ max le|]

‘
<
< CE [12}8?1(\4 Z<

n=1

tn—1

+CkY.

To bound the first term on the right side of (3.30), we appeal to Burkholder-Davis-
Gundy inequality to obtain

/4

@31 2 mas S°( [ (B - B ) w0 e

n=1 tnfl

<E Kﬁ; /tt IB(u(s)) — Bu"Y)|[Za]le" ¢ dS) 1/2]

M tn 1/2
CE[(Z / ||u<s>u”1||i2||e"1%zds) }
n=1

tn—1

M tn 1/2
< CE| max |e’|2, <Z/ [u(s) —u™ 12, |le" 1|2, ds) }
n=1"tn-1

IN

1<e<M

M tn
< SB[ max, le‘lLa] + CE [Z / uCs) = u" el s ds]
1 o
< SE[max [ef[l{=] +CE [Z/t us) = u(tn-1)|[T2e" I ds]
Ny . n=1"""n—
+CE{Z/t le" |2 ds}
1 e M
< 5L, 1eflLa] + Ok D Ellle"™ 1]

- [ 1/2 1/2
+O3 [ (Bl - utta 1) @l ) s

tn—1
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1
<= i
< 5L, eflle] + Ok

Here, we have used (2.16) and (3.28) to obtain the last inequality of (3.31).
Combining (3.31) and (3.30) yields the desired estimate for the case ¢ = 2.
To prove the general case 3 < ¢ < 0o, for the sake of notation brevity but without
loss of the generality, we let f = 0. Our first task is to show the following inequality
by induction for any 1 < ¢ < co: there exists a constant ¢, > 0 such that holds P-a.s.

1o miivat 1 g
(3.32) 5q lle™ M IE: = lle”lIz:]

q tnt1 q
< coklle”||zz + Cq/ IV (u(s) = u(tnt1))lz> ds

n

ez

e u(s)) - B(u")) W (s)| i

tn

tn+1 n n n|(29—2
+( / (B(u(s)) ~ B(u)) div (s), e )" 222
which has been proved to hold for ¢ = 2, 3.

Suppose that (3.32) holds for any fixed integer ¢(> 3) and we want to show it
also holds for ¢ + 1. To the end, multiplying (3.32) by |e"*1||2} and use again the
identity 2a(a — b) = a? — b* + (a — b)? we obtain

1
(e 157" — 125 ] + s (e 5 — e 125)?

(3.33) 5ot

2q+1

trnt1
< cgklle”|Fzlle™ M IF: + Cq/ IV (u(s) = u(tns1))lIF2 dslle™ (|7

n

q

+cqz

j=1 "7tn

+ (/t' ntl (B(U(S)) — B(u’ﬂ)) dW(S),en)Hen”Qq 2” ”Jrluiqz

n

I a_9j q
L le™ (|72 le™ |5

| Ba) - B aw)

=TI+ II+III+IV.

For some 471,82 > 0, we have

(3.34) I = cokle™]|Za(le™ Y [2s — [le|2%) + coklle™|Z
2/€2
q+1 q q+1
< - le” It + 0y ([lemH2n — len122) + coklle™ |2

Czk q+1 q a2
= (G5 o) Rlle" 5 + (e 122 — " E2)

tn+1 q a
(3.35) II=Cq/t IV (u(s) = utne))E> ds(lle™]1Z2 — lle"|IZ2)

n

trnt1
e / 1V (u(s) — u(tnr) 125 dsfle” |24
t

n
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1 tnt1 q 2 n q n129\2
AC \|V<u<s>—u<tn+1>>||izds) + 02l — fle” 1)

\
o~
S,

IN

‘Q
4
£
f’;

n q n129\2
Wt )l ds + 02 (|le"|Fs — e |F)

402 Jy,
tn+1 gat1
tog [ IR0~ uts ) IE ds+ ke
Czk tnt1 +1
_ (9 24
= (G en) [ 190 w1
+ 0 (|le Y2 — [e"|25)” + coklle™ |25
For ay,--- , ¢ > 0 we have
(3.36)
: frt ¥ 27927 12 29
11— e, 3| [ (Bla) - Ba) dw )|l (eI ~ e )
j=1 Jtn
- frts 2 a2i—20 a2
v [ Bla) - Ba) aw )| let g e
j=1"tn
< [ Bt~ B aw )] ez
4 L
- oA,

q
2
+ Zaj(lle”“\\iqz = lle”lIE2)

\ [ ) - By aws)| ez

n

Similarly, for some d3 > 0 we have

a1 = ([ (Blale) = B@) aW(s). ") o2 (e I ~ e )

([ B - B awls). ) o2 e

a+1l_y
le™[IZ2lle™ [Tz

1 tnt1 N 2
<l [ ) - By )|
+ 83 (|l — [len2:)

([ ) - B aw ) )z

n

tn41

1 n
~ 5l @) - B aw e

2
+05(le" T2 — lle”|Z2)

([ B - B awis) ) ez

n

9a+1_

le™ L
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Substitute the estimates from (3.34)—(3.37) into (3.33) we obtain

1
2+1

n q+1 n 29t
(338) oy [le™ I — len7)
1 n q n129 \ 2
+ (G — 01— 82 =5 —a) ("7 — fle"172)
02k a+1 0214? tnt1 q+1
< (G2 M + (T +a) [ 190 — uee) I
I tnt1 n 279+ n 29t _gitt
£ [ Bt - B aw ) ez
j=1 J 2%

q

+ch’

[ sl
([ “l*l(B(u(s))—B(u")) AW (s),e") " 122

n

j
lem |25 %

[ e - By aws)|

2¢+1_

le" L

a
where o = Z a; > 0.
j=1
Now, we choose 91, d2,d3,a« > 0 such that 24% — 601 — 02 — 63 — a > 0 so that
the second term on the left side of (3.38) is positive and can be dropped at the end.
Next, after rearranging terms on the right side, (3.38) infers that

(3.39)
1 n q+1 nn2dtt
e e IE — llen ]
1 n q n29\2
b (g — 01— B2 50— ) (le" 2 — )
CQk q+1 2/{3 tnt1 9a+1
< (55 2 Ml + (5 ) [ 190~ ultasn) R ds
tn
+ max iz‘l: /tn+1(B(u(s))—B(un)) dW(s) 2 ” n||2q+1 i1
1<j<q 4oy jfl tn

"“ e n||2‘1+1 _oi

(ot )2

+ (/tthrl (B(U(S)) — B(u”)) AW (s), e )H n||Lq2+1 9

Lo

u(s)) — B(w)) dw (s) |

n

Czk g+1 ch tnt1 q+1
< n|2 2
<45 JFQCq)kHe [F% (45 +Cq) /n IV(a(s) = u(tni1))llz2

2 q+1

+1%?§Q%ZMM B(w) dw(s)

+ (et 35 )ZH/M (5) = B(u")) dW(s)

n 24t _97
|| [

Y Jerz
L2
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+ (/ttn# (B(u(s)) — B(u")) dW(s),e )II 22

n

2

. | (K tos :

= (G5, + 2 M+ (G5 ) [ I 0e) — wt )
2 bnt1 N ;
+(Cq+4153+§?§q411)§\\/tn+<B<“<S>>‘B< Dol

+ (/tt"#(B(u(s))B(un))dW(S) )II 2 -2

n

tn+t1
+1 +1
< ke B + oo / IV (a(s) i)

tn

q+1 tn+1 9a+1_oj

H "L

u(s) ~ B(w)) aw (s)|

tn

t"+1 q+1
+( / (Bu(s)) ~ B")) div(s), e" )" 5",
tn
where
02 o 02k 1 0(21
Cq+1—max{ﬁ+ Cq, 46 +Cq, Cq+E+lI£]a%(qE}
Hence, the proof of (3.32) is complete.

Next, we prove the statement of the theorem for the general case 3 < ¢ < oo,
which will be carried out using the same technique as that in the proof of the 4th
moment (i.e. ¢ = 2). Taking the expectation on (3.32) and using the martingale
property of It6 integrals and the Holder continuity in Lemma 2.7, we obtain

1 q q
(340)  E[le"E: — fle” ]
< coKE[[e"[35] + k!>
n+1 n 2 n|129—27
+ch1@[ B(u(s)) — B(u")) dW(s) | lle" 77|

chkE[He"HLg] quHQq

1 bnt1 q_oj
e CB[ [ [Bla(e) Bl 7, dsflen |77
j=1 n

where the last inequality of (3.40) is obtained by using (ii) of Lemma 2.3. The last
term on the right side of (3.40) cab be bounded as follows

Ga oY CE[[ T |Bluals) - B, dslen |
j=1 tn

< cqijlcyE[ [ B - B2 aster 7

tn

1 tnt1 q J
+chCjE[/t IB(u(t,)) — Bu")|Z, dslle” |2, 2}
j:l n
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1 tnt1 q_oj
<Y CE[[ T ful) - ulta) [ dslle”
=1 b
4q tnil
ve Y GE[ [ e aster
=1 b

— e[ o) - it a7
+qu[/:"“ Ju(s) — u(ta) |25 ds] + & kB le"122]
<ZCE[/ fuls) — (e, ) 2 dslle” 257

+ 8k T 4 G RE[|e"[7z].

In addition, for each 1 < j < g, using Young’s inequality with the conjugates a = 20-J

and b = % to the first term on the right side of (3.41), we get

42 e 3 CR[[ T ute) - uit) s a1

—

v\c:

| nH(2q72J)bj|

qZ [/t"“nu(s)—uu g3 ds] + Z

kHQq” + GkE[[le]32].

Finally, substituting (3.42) to (3.41) and then combining it with (3.40) yield

(3.43) E[lle™ 22 — le"122] < &HE[lle"[F2] + &k "

21

Summing (3.43) in n and then using the discrete Gronwall inequality, we get

4
1 a a a
(3.44) s EllleflIE] < ek D Efle" Hfa] +2Ci k™

IA
oY

29y Gt
qC’tZk; T elate,
Thus,

£124 29
< v,
s Elle!1E:] < Ok

Repeating the last part of the proof of the case ¢ = 2 we subsequently obtain

£y21 24
< .
]E[11<n£zix le’l:] < Ck
The proof is complete. O
COROLLARY 3.4. Under the assumptions of Theorem 3.3. For any real numbers
2<g< o0 and0<'y<%, there holds

(3.45) ]E[lglzixM u(t,) —u"||f.] < CL kY,
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where C1 = C1(T, ¢, ug, ).
Proof. The proof follows from using Holder inequality and Theorem 3.3. O
THEOREM 3.5. Under the assumptions of Theorem 3.3, there holds for 2 < q < oo
and 0 < v < %

q

(3.46) 114:[

M
vk V(u(t,) —u")
n=1

:| S Clk’yqa
L2

where C1; = C1(T, g, uy, ).
Proof. For the sake of notational brevity, we set v = 1. Applying the summation
operator ZnM:1 to (3.12), we obtain

M

(3.47) (eM,9) ( ZVe v¢) = (Z —u(ty)) ds,V¢>

n=1"vtn-1

<f/nl »

(j{jjf :B<uﬂ1>)dw/oﬂ,¢).

g \

Setting ¢ = k Zﬁ/le e”, and using Schwarz, Young, Poincaré inequalities, we obtain

M
kY Ve
n=1

tn 2

(3.48) ' <ﬂme+C

(tn)) ds

2
L2

tn—1 L2

tn 2

(tn)) ds

tn— 1 H-!

2

s)) —Bu" 1)) dW(s)

L2
Taking the Z-power followed by expectation on both sides of (3.48), we get

ZVe

n=1

(3.49) H

' | <otz

+CO,E i/j V(u(s) — u(t,)) ds i]
o q
+OE ;l/tnl(f(s)—f(tn)) ds H}

M tn
+CE||S / (B(u(s)) - B(u™)) dW(s)
=1

2:|
L

By using (3.10), (2.16), and the assumption on f, we get

(3.50) T4 1T+ 11T < C k9.
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To bound IV, by (2.7) we have
M tn

(3.51) IV C,E {Z/ IB(u(s)) — B(u" 1)L, ds}
n=1"7tn-1

M tn M tn
<C,E [Z[ lu(s) — u(tn_1)|lfe ds} +C,E {Z/t e |4, ds}
n=1 n=1"Ytn-1

bn—1

< C k.

Here, we have used (2.16) and (3.10) to obtain the last inequality of (3.51). The proof
is complete. O

REMARK 3.1. The second-moment (i.e., p = 2) error estimate in the H'-norm
was obtained for the velocity approzimation in [13, 15]. Theorem 3.5 proves a weak
convergence of the high moments of the error in H'-norm. The difficulty of obtaining
the strong convergence of the high moments of the error in H'-norm is explained
below. After setting ¢ = et in (3.12), using the binomial formula and summing
over all 0 < n < M, we obtain a similar inequality as that in (3.49) but in strong
form, namely,

(3.52) E[lle™|.] + E[(k i ”Ven”%QY/Z]

n=1

(5

n=1

(3

n=1

(3

n=1

2\ q/2
)
2 q/2
) ]

/ " (B(u(s)) - B(u")) dW(s)

th—1

/ ' V(u(s) —u(ty)) ds

tn—1

[ (66—t as

tn—1

2 q/2
2l
It is unclear how to bound the noise term on the right-hand side of (3.52).
Finally, we are ready to state our first pathwise error estimate for the velocity
approximation, such an estimate has not been obtained before in the literature.
THEOREM 3.6. Assume that the assumptions of Theorem 3.8 hold. Let 2 < q < oo

and 0 <y < % such that v — % > 0. Then, for0 <y <y— %, there exists a random
variable K1 = K1 (w; C1) with E[|K;|1] < oo such that there holds P-a.s.

(3.53)  pax [lu(t,) —u™||L2 + < K1k

M
vk Z V(u(t,) —u")
n=1 L2
Proof. (3.53) is an immediate consequence of Corollary 3.4, Theorem 3.5 and
Kolmogorov Criteria, Theorem 2.1. O

3.3. High moment and pathwise error estimates for the pressure ap-
proximation. In this subsection we derive high moment and pathwise error estimates
for the pressure approximation generated by Algorithm 1. Once again, the pathwise
error estimate is obtained by using the Kolmogorov Criteria, Theorem 2.1 and the
high moment error estimates.
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THEOREM 3.7. Let P(t) be the pressure process defined in Theorem 2.5 and
{p"}M_| be the pressure approzimation generated by Algorithm 1. Assume that ug €
Li(Q; V). Then, for real number 0 < vy < % and any integer 2 < q < oo, there exists
a positive constant Cy = Co(CY, By) such that for all1 << M

4
(3.54) E[HPW) - k;pn

Proof. The proof is based on the well-known inf-sup condition associated with
the Stokes problem. First, let us recall the inf-sup condition at the differential level,
it says that there exists By > 0 such that

(w,diqu)
IVo|r

q

| < cawe

L2

(3.55) bup
pcH!

ps"r

> Bolwllpe Vwe L7

per

(D).
Now, integrating (2.12a) in ¢ from 0 to ¢, for 1 < £ < M, we obtain
(3.56)  (ulte), ) + v /0 " (Vu(s), Vo) ds — (dive, P(t,))
~ () + [ " (£(s).8) ds + / " (B(u(s)). 4) dW(s) ¥4 < HL, (D),

and applying Zfz:1 to (3.1a), we get

L 14
(3.57) (u',¢) +vk> (Vu",Ve) — k> (p" dive)

n=1 n=1
4 0
EYO(E.6) + ) (B )AW,.8) Vg€ H, (D).
n=1 n=1

Let B := P(tm) — k> ., p™ and recall that €™ := u(t,,) — u™ from the proof
of Theorem 3.3. Subtracting (3.56) from (3.57) yields

tn

(3.58) (Eb, dive) = +1/ Z t —u") ds, v¢)
Z/ —f" ds ¢)
(5[ Bt - B ) aws). o).

nltnl

Applying Schwarz and Poincare’s inequality to the right side of (3.58), we obtain

Z/ ) ds

—f" ds

(EP’ div ¢)

(8.59) Vel

< Clle’|rz +v

L2

tn

tn— 1 H-!
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¢ ty
+o|Y [ (Bl - B ) aws)

n=17tn-1

L2
Then, it follows from applying (3.55) to the left-hand side of (3.59) that

¢
n=1

t?L
(3.60) BollES| 2 < C|l€f||2 + v / V(u(s) —u")ds
t

n—1

L2

L tn
+ T;/tn_l(f(s)—f ) ds -
L tn
+C Z/ (B(u(s)) — B(u"™)) dW (s)
n=1"tn-1 L2

Next, taking the gth power followed by taking expectation on both sides of (3.60)
yields
q
)

300 AME(IERIL) < CE[Ie'1L] + 8|

. ftn
nz::l /tn_l V(u(s) — u") ds
¢ q
- ]

£ tn
3 / (B(u(s)) — B(u"1)) dW (s)
n=1"1tn-1

=:a+b+c+d

/t" (£(s) — £7) ds

tn—1

+E|

+Cq11<:{

q
L2:|

We now estimate four terms on the right-side of (3.61). Using the estimates of

Corollary 3.4, (3.46), (2.16) and the assumption f € L‘I(Q;C’%(O,T;H_l(D)))7 we
obtain

4 tn
a+b+c<CE[|le!|L,] + C,E {Z / IV (u(s) = u(tn)) 1. dS}

tn—1

P4 ) .
+C.E {szve" dsH;} +CQE[Z /t ||f(8) _anqul ds]
n=1 n=1 tn—l
< CkY.

Finally, to estimate term d, using (2.7), Corollary 3.4 and (2.16), we get
L tn
a<0s|Y [ IBu) - B o
n=1"tn-1

14 tn ¢ tn
<CE[S [ Ittt as| + S0 [ e asl
n=1 n=1

tn71 t7171

< Ck1.

The desired estimate follows from substituting the above estimates for terms a,b,c,d
into (3.61) and dividing the inequality by 7. The proof is complete. [
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Next, we state the pathwise error estimate for the pressure approximation. For
the best of our knowledge, this is the first pathwise convergence result for the pressure
approximation.

THEOREM 3.8. Assume the assumptions of Theorem 8.7 hold. Let 2 < q < oo
and 0 <y < % such that v — % > 0. Then, for0 <y <y— %, there exists a random
variable K1 = K (w; C2) with E[|K1]1] < oo such that for all 1 < ¢ < M, there holds
P-a.s.

< K1k,
LZ

(3.62) Hp(u) —k i: "

n=1

Proof. The assertion follows immediately from an application of Theorem 2.1
based on the high moment error estimates of Theorem 3.7. O

4. Fully discrete mixed finite element discretization. In this section, we
formulate and analyze the spatial approximations of Algorithm 1 by using the mixed
finite element method.

4.1. Formulation of the mixed finite element method. Let 7, be a quasi-
uniform mesh of the domain D C R? with mesh size b > 0. We introduce the following
finite element spaces:

per

Hy = {vn € C(D)NH,.,.(D); vs € [Pi(K)]*> VK €T},
Ly = {yn € CD)N € L}, ¥n € Pi(K) VK € T},

where P;(K) denotes the space of all polynomials on K of degree at most i. It is
well-known that the mixed finite element space pair Hj; and L, must satisfies the
Ladyzhenskaja-Babuska-Brezzi (LBB) (or inf-sup condition) which is now quoted:
there exists 81 > 0 such that

div @p, Pn
(4.1) sup (div én. v1) > Billvnllee Vion € L,
¢n €ty ||v¢h||L2
where the constant 3 is independent of h (and k).

Algorithm 2
Let u) be a given Hy,-valued random variable. Find (u}™', pp*') € Hj, x Ly, such
that P-a.s.

(4.2) (upt —up, én) +vk(Vap Tt Vey,) — k(pptt, dives,)
= k(f" on) + (B(up) AWias1, ),
(4.3) (divup,vp) =0,

for all ¢y, € Hy, and ¥y, € Ly,.

Below we only consider the Taylor-Hood mixed finite element pair Hp, x Ly, (cf. [6])
which takes i = 2 and j = 1 and is known to satisfy (4.1). For the other LBB-stable
mixed finite element spaces, the error analysis is similar.

Next, we define V, C Hj, as the following space of discretely divergent-free vector
fields:

Vi, = {¢h € Hp; (diven,qn) =0 Vg € Lh}~
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We notice that in general, V}, is not a subspace of V.
Denote Qy, : Lf,e,, — V), as the L?-orthogonal projection, which satisfies

(4.4) (v—Quv,¢n) =0 Vg, €V,

In addition, we recall the following well-known interpolation estimates for the
Taylor-Hood element:

(4.5)  ||v—=QunvL: + h|[V(V = QpV) |l < CRA||Av|: Vv € VNH?(D),

(4.6) v —Quv|L: < Ch||VV|L: V¥veVnHY(D).
We also let Py, : Lfm — Ly, denote the L?-orthogonal projection defined by
(4.7) (¥ — Pub,qn) =0 Vay € Ly.

It is well-known that there holds

(4.8) [ = Putpllze < Ch| VY[l Vo € Ly (D) N HY(D).

per

For the sake of notation brevity, in the rest of this section, we set f = 0.

We conclude this subsection by stating the following stability estimates for {uj }
which were proved in [8, Lemma 3.1].

LEMMA 4.1. Let 1 < g < oo and uf), € L*(Q;H,) satisfying E[|luf|?5] < C.
Then, there exists a pair {qupZ}iil cL* (2 Hy, x Ly,) that solves Algorithm 2 and
satisfies

M

. q qg—1

6w I 4k S I VU | < On,
- n=1

M 201
i E[(kIVuE) | <
n=1

where Cr,q = Cr,q(Dr,q,uf).

4.2. High moment and pathwise error estimates for the fully discrete
velocity approximation. The goal of this subsection is to establish high moment
and pathwise error estimates for the fully discrete velocity approximation generated
by Algorithm 2.

THEOREM 4.2. Let 2 < g < oo and u) = Quug. Assume that ug € LI(;V).
Let {(u™,p™)} and {u},p}} be the velocity and pressure approzimations generated by
Algorithm 1 and Algorithm 2, respectively. Then there holds

M /
(4.9) ]E[ max [[u” — uz||qu] +E{(uk SV - uz)|\i2)q 2]
n=1

1<n<M
< C hq + th U 7|2 q/2
= 3( |:<k§ 1: || p |||‘2) :|>a

where C3 = C3(T, q,ug,f) > 0 is independent of k and h.
Proof. Let E® = u™ —u} for 0 <n < M — 1. Subtracting (3.1a) from (4.2) we
obtain the following error equation:

(4.10) (E"T —E", ¢p,) + vk(VE"™, Vey) — k(p" ' — ppt!, divey,)
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= ((B(un) - B(UZ))AWn+1,¢h) Vo, € Hy,.

Since ¢, = Q,E"T! = E"T —(u"*!1—Quu" ) € Vy, then (pp ', div Q,E" ) =
0. Thus, (4.10) becomes
(411)  (B" -E",QuE™) + vk|VE"H?
= Vk(VE”+1, v(unJrl o Qhun+1)) _ k(anrl,diV QhEnJrl)
+((B(u") = B(up)) AW, 41, QuE").

Using the orthogonality of the L2-projection and the binomial 2(a,a—b) = ||a||* —
1| + |la — b]|?, the left side of (4.11) can written as follows:

(112) 1S =3 [|QuE" s — [ QuE" ]

+ S IQUE BN + k| VR, = mis,
and
(4.13) RHS = vk(VE"™, V(u"t! — Quu™™)) + k(p" ', divQ,E" )

+ ((B(u") = B(up)) AW, 41, QE")

= vk(VE" V(u"*' — Quu"th)) + k(p" ', divQ,E" )
+ ((B(u") — B(u})) AW, 41, QuE" — Q,E")
+ ((B(u") — B(u})) AW, 11, Q,E")

=TI+ II+III+4 IV.

Using Cauchy-Schwarz’s inequality and Young’s inequality, we obtain
Vk n n n
(4.14) < —FIVEM L + vk V("™ — Quu™ |,
vk n+12 2 n+1
< ZEIVE L + ORn A g

where the first term on the right side of (4.14) will be absorbed to the left side of
(4.11) later. In addition,

1
(4.15) ITI < [|(B(u") = B(u)) AWl + 71Qn(E™ — E")|g-.

Moreover, using the fact that (P,p™*!,divQ,E" ™) = 0, we have

(4.16) II = k(p"™', divQ,E")
= k(p" T — Ppp"t, div QR E"Y)

IN

Vk n T
EIVE L Z + Cbllp = Py 3

IN

k
TIVE™ e 4 CR [V 7.

Substituting (4.12)—(4.16) into (4.11) yields

1

@17) SIQUE™E: — [ QuE™[E:] + L1 Qu(E™! — EM[IE: + o [VE™ L

N |



HIGH MOMENT ERROR ESTIMATES FOR STOCHASTIC STOKES EQUATIONS 27

< CER?| A" 7. + CRR?([VP" 2 + [|(B(u™) — B(uy)) AW |3
+ ((B(u") = B(up)) AW,11, QLE").

Lowering one index of (4.17) and applying the summation operator Zizl for1 </ <
M, we get

£ L 4
(4.18) [|QLE |2 + vk Y [VE"[f. < CR*k Y [|[Au"[f. + Ch%k Y VD" 3.

n=1 n=1 n=1

14
+2) (B~ Bup ™) AW, i

4

> ((Bu"™) —Bup 1)) AW,, QE" )

n=1

+2

Next, taking maximum over all 1 < ¢ < M and followed by taking the Z-power
for any 2 < ¢ < oo and the expectation to (4.18), we obtain

M q/2
(4.19) E[lgl;?%/[QhEeH%Q]JFE[(VkE HVE”IIi2) }
- = n=1

M a/2 M a/2
< thqlE[(kZHAu"H%z) }Jrcqth[(kZ IV 13 ) ]
n=1 n=1

+CE [(i I(B™ ) - B(uz*))Awnniz)q”}
n=1

L

> (B = Bup ) AW,, Q,E" )

n=

+ CqIE[ max
1<<M

q/Q]
We can use stability estimate (ii) in Lemma 3.1 to control the first term on the
right-hand side of (4.19) and Lemma 3.2 to bound the second term. Hence, it remains

to bound the last two terms on the right side of (4.19). Proceeding similarly as in
(3.7) and (3.8), we obtain

M
_ qa/2
20 (3 IBa ) - B AW, )]
n=1
< n—1 n—1y 2 2\ /2
—E|(D B )~ B(u )3 |AW,2)
n=1
. n—1/2 2\ /2
< CE| (Y 1B 3 |aW,2)
n=1
M
< CMIE| S B L AW, |

n=1

M
< CuMYP 2N R [[ET|L]

n=1
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M M
< Cok > E[|QuE"Y[L.] + Cok Y E[[u" ™ — Quu 1]
n=1 n=1
M M
< Cok > E[|QuE"Y{.] + Coh?k > E[|[Va"{.].
n=1 n=1

To bound the second term on the right-hand side of (4.19), we use the Burkholder-
¢
> (B"™h) = B(up ™)) AW, QE")

Davis-Gundy and Holder inequalities to obtain
q/Q}
n=1

M
_ e e q/4
< 5[ 1B )~ Bl I AW, Pl )"

n=1

(4.21) E[ max
1<0<M

M
_ e q/4
<Cq]E[(Z||E” 2 QB e AW [?) ]
n=1

M
— n— 2 n— 2
< CoMVA RN BB | QUE 4]

n=1

M
< Ok Y E[IQuE" L]

n=1

M
n— n— 2 n— 2
+ Ok Y[t — Quun 1| QuE ]

n=1

M M
< Cek > E[|QuE" L] + Cok > E[u* " — Quu|{,]
n=1

n=1
M M
< Cgk Y E[|QuE" L] + Cohtk Y E[|[Vu |2, ]
n=1 n=1

Substituting (4.20) and (4.21) to the right-hand side of (4.19) yields

M a/2
(422) B ma QB ] + 2| (k3 IVE"I)

M a/2 M q/2
ngthE[(kZHAu”Hiz) }+thqE{(kZ||Vp"i2) }

n=1 n=1
M M
+Cahk Y E[IVu L] + Cok Y E[IQUE" 1]
n=1 n=1
M a/2
< Cyh? + Cyh'E {(k > IIVp”IIiz) }
n=1
M—1

+ 0k 3 Bl QB
n=1 o
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M
q/2
< (curv s | (kY 195 :) "] e

n=1

where the discrete Gronwall inequality is used to obtain the last inequality.

The proof is now completed by using the triangular inequality ||E" |12 < ||QrE" |12+
|[u™ — Qpu™||p2. O

We conclude this subsection by stating a pathwise error estimate for the velocity
approximation by Algorithm 2 which is a direct corollary of the Kolmogorov Criteria
(cf. Theorem 2.1) and the high moment error estimates of Theorem 4.2.

THEOREM 4.3. Assume that the assumptions of Theorem 4.2 hold. Let2 < q < oo
and 0 < v < 1 — %. Then, there exists a random variable Ky = Ko(w;Cs) with

E[|K2|?] < oo such that there holds P-a.s.

M 1/2 h 2
(129) I il + (v 30 190 —upls) < Ko (100 ()7,

4.3. High moment and pathwise error estimates for the fully discrete
pressure approximation. In this subsection, we establish high moment and path-
wise error estimates for the pressure approximation generated by Algorithm 2.

THEOREM 4.4. Let 2 < q < oo, under the assumptions of Theorem 4.2, there
holds

n=1

M

kY (0" —pp)

n=1

M

J= e swel (63 i) ),

n=1

q

(4.24) E H

L

where Cy = Cy(p1,Cs) and independent of k, h.
Proof. The proof of (4.24) mimics that of Theorem 3.7. Let &y =p" —pj, and
E"™ = u" — u} be the same as in Theorem 4.2. Applying the summation operator

M . .
anl to the pressure error equation, we obtain

M M
(4.25) (k> & diven) = (BY ~E°.¢1) + vk Y (VE", V)
n=1

n=1
M
- (B - Bup ™) AW,, ¢1).
n=1
Using Schwarz inequality, we get

(k0L g, divey

) M
< C(|E 2 + EO 2) + vk E VE"||1,2

n=1

(4.26)

+CY (B = B(up ™)) AW, ||Le.

Next, applying the discrete inf-sup condition (4.1) on the left-hand side yields

M M
(4.27) ﬁlHqug L, S OB e + B”12) + vk Y [ VE"
n=1 n=1



30 LIET VO

+C Y (B = B(up ™)) AW, ||Le.

Taking the g-power to (4.27) followed by taking the expectations, we obtain

M
(4.28) B'E Mk Z e

| < BBV, + el

M q/2
+ CqEKuk > |VE”||i2) ]

n=1

q
L2

" m[(f I(Bu) - B(uz*))AWnan)q] |

The first three terms on the right side of (4.28) can be controlled by Theorem 4.2,
and the noise term can be bounded similarly as in (3.7) and (3.8) and using Theorem
4.2. In summary, we obtain

M q M q/2
(4.29) E[sz(s; LJ < BICs (hq + th[(k S ||Vpn\|i2) } )
n=1 n=1

Hence, the proof is complete. O

An immediate consequence of the above high moment error estimates is the fol-
lowing pathwise error estimate for the pressure approximation {p}}, its proof follows
from an application of Theorem 2.1.

THEOREM 4.5. Assume that the assumptions of Theorem 4.4 hold. Let2 < q < oo
and 0 < v < 1 — %. Then, there exists a random wvariable Ko = Ko(w; Cy) with

E[|K2|7] < oo such that there holds P-a.s.

| <K (h” 4 (%)7)

We conclude this section by stating the global error estimates for our fully discrete
numerical solution generated by Algorithm 2 by combining the above temporal and
spatial error estimates.

THEOREM 4.6. Let2 < g < oo and0 < vy < %, under the assumptions of Theorem
3.3 and Theorem 4.2, there exists a constant Cy = C(Dr,ug,q,f) > 0 such that

)

M
(4:30) 6> o)
n=1

sy (5] max, ) uzn%ﬂ])}’ +(g|

1<n<M

M
vk Z V(u(t,) — up)

<c,(wens )

In addition, let2<q<ooand0<7<%suchthatv—%>0andl—%>0. Then,

forany 0 <y <y — % and 0 < v < 1— %, there exists a random variable K with
E[| K9] < oo such that there holds P — a.s.

M
vk Z V(u(t,) — up)

n=1

(4.32) (fax flu(tn) = upfize +

L2
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< K(/ﬂl Y2 (\%)7)

THEOREM 4.7. Let 2 < qg < 00 and 0 < 7 < % Under the assumptions of
Theorem 3.7 and Theorem 4.4, there exists a constant Cy = C(Drp,uq, ¢, £, 5o, f1) > 0

such that for 1 << M
q % h
<C (/ﬂ—&-h—k),
Q) =l g

In addition, let2<q<ooand0<7<%suchthatw—%>0andl—%>0. Then,

forany 0 <y <y — % and 0 < v < 1— %, there exists a random variable K with
E[| K9] < oo such that there holds P — a.s.

< K(k% R (\’/”‘E)’Y>

REMARK 4.1. The error bounds for the wvelocity and pressure approximations
contain a “bad” factor k™2, however, the numerical tests of [13] showed that this
dependence is sharp when q = 2 for the standard mized finite element method in the
case of general multiplicative noises. Recently, a modified mized method was proposed
in [15] which eliminates the k=2 factor in (4.31)~(4.34) when q = 2 and hence achieve
optimal order error estimates. In the last section, we shall also drive high moment
and pathwise error estimates for that modified mized method.

14

(4.33) (lE H’P(te) kY ph

n=1

(4.34) HP(tg) - képﬁ

L2

5. Extension to a modified mixed finite element method. In this section,
we consider the modified mixed formulations/methods for Algorithm 1 and 2 which
were proposed in [15]. Our goal is to obtain improved high moment and pathwise
error estimates for both modified algorithms as alluded in Remark 4.1.

First, we recall that the modified formulation of Algorithm 1 reads below.
Algorithm 3

Let u’ = ug. Forn=0,1,...,M — 1 and a fixed w € Q do the following steps in
the P — a.s. sense:

Step 1: Find £" € H!

per
(5.1) (VE", Vo) = (B(u"),V¢) Ve Hy, (D).
Step 2: Set n" := B(u") — V&, and find (u"*1,r"*1) € V x L2_ (D) by solving

per

(D) by solving

(5.2a) (u"+1,v)+k(Vu”+1, Vv) — k(div V77’n+1)
= (u”,v) + k(f”“,v) + (ﬂnAWn+1,V) Vv e Hzl)er
(52b)  (divu™™' q) =0 VgqeLl..(D).

per

(D),

Step 3: Define p"tl := rnHl 4 k=1E"AW,, 4.

We notice that Step 1 computes the Helmholtz projection of B(u™) at each time
step and hence creates a divergent-free noise " = PyB(u™) = B(u™) — V£™ in Step
2. Thus, In Step 2 we compute the velocity approximations {u"*!} and the pseudo
pressure approximation {r"™!} with the divergent-free noise nf AW, which ensures
a uniform bound in k for the pseudo pressure approximation as stated below.

LEMMA 5.1. Let {(u"™!,r" T}, be generated by Algorithm 3. Let 1 < g < o0
and assume that uy € L*'(Q; V). Then, there exists C = C(T,q) > 0 such that
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M
() ]E[ max || Vu” [} (VkZHAu”Hiz)q] <o,
n=1

1<n

q
() ]E[(kZHVr"Hig) ] <c
n=1
Proof. We refer to [10, Lemma 3.1] for a proof of (a). The proof of (b) follows
the same lines as the proof of (3.2) in Lemma 3.2. O
Let H, x Lj be the Taylor-Hood mixed finite element space pair as defined in
Section 4 and introduce the following finite element space:

Si = {vn € C(D) N HY, (D); tn € Pi(K) ¥ K €T, }.

The mixed finite element approximation of Algorithm 3 can easily be formulated
as follows (cf. [15]).

Algorithm 4
Let u% be Hj-valued random variable. For n = 0,1,..., M —1, we do the following
steps:

Step 1: Determine &} € S, by solving
(53) (VE}rLLv Vd)h) = (B(UZ), VQbh) Vﬁbh € Sha P—as.

Step 2: Set 9} := B(u}) — V&, Find (u} -l ZH) € Hyj, x Ly, by solving

(5.4a)  (uith vp) 4+ (Vapth, Vvy,) — k(divvy, )
= (u27vh) + k(f"+1,vh) + (nZAWn+1,Vh) Vv, € Hy, P—a.s.,
(5.4b) (divu”“7 qh) =0 Vg, € Ly, P—a.s..

Step 3: Define the Lp-valued random variable p”Jr1 ”H + k7Y AW, 4.

It turns out that the improved stability estimate for the pseudo pressure approxi-
mation in Lemma 5.1 (b) is crucial for obtaining the optimal order high moment error
estimates for {u}, p}'} generated by Algorithm 4. We end this section by the following
theorem which establishes those optimal estimates.

THEOREM 5.2. Let 2 < g < 0o and 0 < v < %. Assume that ug € L(;V)
and v € LU Hy) such that Ef[lug — ul|[f.] < Ch?. Let (u,P,R) be solution
defined by (2.11), Theorem 2.5 and (2.13), respectively. Let {u},py, i} be the velocity
and pressure approximation generated by Algorithm 4. Then, there exists a constant
Cy =C(Dr,u9,q,f) >0 such that

[ V)

(5.5)

(E[lglax Jut )—uzngﬁ})l (E{ szv R
o (eflreo-+al.])' - @[Hw—@

where 1 < ¢ < M.

Q=

' D < Cy(k” +h),

L2

’ Dq < Cy(k" + h),

L2
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In addition, let2<q<ooand0<’y<%suchthat’y—%>0andl—%>0.

Then, for any 0 < vy <~y — % and 0 <y <1 — %, there exists a random variable K
with E[|K9] < oo such that there holds P — a.s.

M
(5.7)  max [u(t,) —up|L> + anz::lV(u(tn) —u}) . < K (k" +h?),
14 0
(5.8) HP(Q) —/czpz + HR(tZ)—erg < K (kM + 1),
n=1 L2 n=1 L2

Proof. The proof of (5.5) follows the same lines as in the proofs of Theorem 3.3
and Theorem 4.2 but using instead the improved stability estimate for the pseudo
pressure approximation given in Lemma 5.1 (b). (5.6) with ¢ = 2 was proved in [15,
Theorems 3.3 and 4.2]. Again, by mimicking the proofs of Theorems 3.7 and 4.4 we
can obtain the desired high moment error estimates. Finally, estimates (5.7) and (5.8)
are direct corollaries of Komogorov’s Criteria, Theorem 2.1. O

6. Numerical experiments. In this section, we present numerical tests to
verify our theoretical results. In all our experiments we set D = (0,1)2 C R2,
T =1,v =1, the body force is f = (f1, f2) with

fi1(z,y) = mcos(t) sin(2my) sin(7x) sin(rz) — 27 sin(t) sin(27y) (2 cos(2mx) — 1)
— msin(t) sin(7z) sin(my),
fa(z,y) = —m cos(t) sin(27x) sin(my) sin(ry) — 27° sin(t) sin(2rz) (1 — 2 cos(27y))

+ 7w sin(t) cos(mwx) cos(my).

We choose W (t) in (1.1) to be a R-valued Wiener process that is simulated by the
minimal time step size kg = 1/2048. For all the tests, we use the standard Monte
Carlo method with 400 samples to compute the expectation. We take B(u) = au
for @ > 0 for the multiplicative noise. In addition, we use the Taylor-Hood mixed
finite element method for the spatial discretization, and the homogeneous Dirichlet
boundary condition is imposed on u.

We implement Algorithm 2 and compute the errors of the velocity and pressure
approximations in the specified norms below. Since the exact solutions are unknown,
the errors are computed between the computed solution (uj (w;), pj(w;)) and a refer-
ence solution (uy, ;(w;), prs(w;)) (specified later) at the w;-th sample.

Furthermore, to evaluate errors in strong norms, we use the following numerical
integration formulas: For integers ¢ > 2,

LOLFLA(w) = (E[ max [ju(t,) — upl|Z]) "
~ (52, ot ) — it ))
q 1/q
)
1 J M
~ (j Z(Hk;(p?ef(wj) —pZ(wj))‘

q 1/q
L?)) ’
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LiLELy(u)
—o— LXLFL2(u)
w02t & ——LILXL2 (u)

0.005 0.01 0.015 0.02 0.025 0.030.035 102

FiG. 6.1. Plots of the time discretization errors and convergence order of the computed velocity
{up} (left) and pressure {py} (right) with a« = 0.4, and q = 2,4,8,16.

Test 1. In the first test, we verify the convergence order in high moments with
q = 2,4,8,16 that were proved in Theorems 4.6, and 4.7. To do that, we run Algorithm
2 to compute the error estimates for {(uy,p})} with a fixed mesh size h = 1/40 and
vary the time step size by choosing k = 2¢kq for ¢ € N and the reference solutions
{(ul s, prep)t with krep = k/2 (i.e. we approximate the errors by comparing the
numerical solutions in two consecutive time discretizations [14]). The result errors are
shown in Figures 6.1. The numerical results verify convergence order approximately
% for both velocity and pressure approximations as predicted by our error estimate
results in Theorem 4.6 and Theorem 4.7.

Test 2. In this test, we would like to check numerically how the error constant
C(’Is in Theorem 4.6 and 4.7 depend on g. To the end, we fix h = % and choose the
time step k = 3% to compute the errors of the velocity and pressure approximations
for different values of q. The numerical results are given in Figure 6.2. We observe
that the numerical results suggest the constants C(’Is are increasing (and blowing up)
in q. We still see the increase of the errors in ¢ although the growth becomes slower
for large q. A consequence of this analysis also shows that we can not simply take
limit as p — oo in the high moment error estimates of Theorem 4.6 and 4.7 to derive
pathwise error estimates (4.32) and (4.34), and using Kolmogorov’s Theorem is still
the only viable approach for the job.
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F1G. 6.2. Errors of the velocity approzimation (left) in LZ,L;X’LE:(u) norm and the pressure
approzimation (right) in Lg,L%Ltl (p) norm for different q’s.
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Test 3. In this test, we verify the L2-pathwise error estimate in (4.32). To the
end, we select the computed solutions of five sample paths and compute their L2-
norm errors for the velocity approximation. The computed results are given in Figure
6.3. The numerical results indicate that the pathwise convergence of the velocity
and pressure approximations is approximately of order O(k‘%), which matches the
theoretical prediction.
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Fi1c. 6.3. Five sample pathwise errors of the velocity approximation with different time steps
for a=2.0.
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