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1 Introduction and statements

The discrete one-dimensional Schrodinger operator with quasi-periodic po-
tential is the selfadjoint bounded operator Hy on ¢*(Z) defined by,

(Hou), =: —€(tpg1 + Up—1) + v(0 + nw)u,, n € Z, (1.1)

where w is a real number and v is o smooth function on [0, 27).
We may assume the following on the data:
-Diophantine condition on the frequency w: That is:

[|nw|| := ian|nw —2mm| > L vne Z\ {0}, (1.2)
me T
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for some constants £ > 0 and 7 > 1.
- v is a function of class C!, satisfies:

0<a< o) <c<oo, V0. (1.3)

Under these two assumptions, we prove the following theorem:

Theorem 1. Assume that w and v are as above, then there exists a constant
g0 = €o(a, K, T) such that:

If |e] < eo then Hy is pure point with a set of exponential decaying eigenfunc-
tions which form an orthonormal basis of (*(Z) for all 6.

Remark 1.

e In 1997, L.H. FEliasson considered (see [1]) the operator Hy given by (1.1)
with frequency w satisfying a Diophantine condition and the function v sat-
isfying a Gevrey-class reqularity and a transversality condition. Under these
assumptions, he proved using KAM methods that for |e| < €9 where gy de-
pends on the function v and on the Diophantine condition on w the operator
Hy has pure point spectrum for a.e. 6 € T. Moreover, this implies, using
Kotani’s theory (see [11]) that the Lyapunov exponent is nonzero for a.e.
energy E. The author has also suggested that the argument could be modified
to obtain exponential decay of the eigenfunctions, but he has not provided a
proof of it.

e In 2000, J. Bourgain and M. Goldstein considered (see [3]) the operator Hy
given by (1.1) where w satisfies a Diophantine condition and v is a noncon-
stant analytic function. Assuming also that the Lyapunov exponent is positive
for a.e. w and for all E .The authors prove that the operator Hy satisfies
Anderson localization -with exponential decay of the eigenfunctions at almost
Lyapunov rate for every 0 and for a.e. w. Their result is nonperturbative -the
constant g depends only on the potential v. In this paper we use the K.A.M
approach which s a perturbative method -the constant ¢ depends on v and
w- with different conditions on v, also we prove the Dynamical localization
which is stronger than Anderson localization.

e For the quasi-periodic model, and unlike Anderson’s case, there were less
results that were found for this kind of localization. However, several results
on the (D.L.) were published for the random model, for more references see
/5, 7].

In the case of quasi-periodic models, this localization phenomenon (D.L) im-
plies Anderson localization, and which also implies by the RAGE theorem
that the spectrum is purely punctual (see [4]). In view of this, these models
are natural candidates for (D.L). In this context, F. Germinet and S. Jito-
mirskaya (see [9]), have improved the results of [6] and [8], by proving the



strong (D.L) of the operator —A + X cos(2m(0 + nw)), for all A > 2 and dio-
phantine w. Later, in 2004, J. Bourgain and S. Jitomirskaya have announced
(without demonstration) this result for the quasi-periodic Schridinger opera-
tors, see [10] for more details.

Idea of proof: The method of proof is a refinement of an already refined
K.A.M method developed by Eliasson in a series of fundamental papers in the
theory of quasi-periodic Schrodinger operators (especially[1]). The method
consists of an infinite sequence of transformations aiming at conjugating the
infinite dimensional matrix defined by the operator on (?(Z):

0
vl —w) —¢
D(0) +<cF(0) = —€ v(6) —e
- v(f+w)

0

to a diagonal matrix D (6,¢), by an orthogonal matrix made up of a com-
plete set of eigenvectors. An iterative procedure that permits us to construct
a such matrix,

Ujik"'Uf(D‘f’ﬁF)Ul"'Uj:Dj+1+P}+1

that conjugate D+¢cF closer and closer to a diagonal matrix D; = diag(v;(6+
kw).

2 Iterative study

This section is organized in the following way:

- A first part devoted to the study of the first step of the iteration described
in the previous paragraph. Under some conditions on v and w we construct
the matrices Uy, F5 and D; which satisfy the estimates of the lemma, 1.

- In the second part and after a suitable choice of parameters, an inductive
proposition 1 is introduced in order to prove the theorem 1, which is a simple
consequence of the lemma 2.

Consider now the symmetric infinite-dimensional matrix that depends on the
parameter 0, D(6) + F(0) with,



For the formulation of the first step of iteration we shall assume the follow-
ing:
- The rotation number w and the potential v satisfy (1.2) and (1.3).
|F7| < ee”li=7le with o > 0
Y| < VE.
-Consider the equation

e X(D+ F)eX =D+ F (2.1)

where the matrices X, D’ and F’ are defined in the following way:
Let N = - for0<a< 4.

X/ =0ifi=jorli—j| >N
1. The matrix X is defined by , 7 ) and sat-
X] = — 5= otherwise
isfies the equation
[D,X]=FN-D +D (2.2)

where (FN)f = L if i .‘7|
0 otherwise

2. (D'~ D)i = F]

3. F'(0) = e XO(D(0) + F(0)eX® — D'(9).

1 b
Lemma 1. Let0<a7+b<1 and o = €.

R
]’f€ < (%QQT"F].) 17(a17'+b) L‘hen

j NT .. o
1. (a) |Xf| < e limile . pe—li-ile
ak

NT 2
b) || X|| < e—
() 11X)| < e
. 27A IV g
+X J —li—jleo ’
— Yl < == h —0— =
(c) |(e )il 0" where ¢' = 0 = S0
, 25 A o
2. F7| < 16(=)2¢ li-ile
(a) |F"| (09)6
25 A 2 .2

b) ||F|| < 16(— ) ——— =& ———
) 1P < 16— = d



3. (a) |0gv" ()| = a — /e := ' where D'(6) =diag(v' (0 + nw))
(b) |00 F"(0)] < Ve
(c) |0pV'(0)] < c+e:=(

4 (D' - D) <<

7

Proof.
1.(a): Let i # j and |i — j| < N, we have:

J

X/ =— therefore | X7| < € elizile
Vi = v — vy
since |v; — vj| = [v(0 + iw) — v(0 + jw)| = inf [Opv||(i — j)w| = %57, then it
follows that N7
| X7| < e—elimdle,
akK
1.(b): Using 1.(a) we obtain
S <At aS e g
: ! : , 1—e?
1€Z 1€EZ 1€EZ
thus applying Young theorem the result follows.
1.(c): By lemma Ag(Eliasson |2]) and for all n € N we deduce that:
2°A i
(X XY < (o )re 11,
n times
2TA
hence |(e*X — 1)/ < ——¢7li7ile’,
2.(a): Let Fiy := F — FY then we have
F'=eX(D+F)e* - D
—e XD+ FNeX e XFyeX = D'
-X)" Xm
= [X,F"] - XDX - XF"X ( D+ F~
X, FY) ooy o
m+n=2
(m,n) # (1,1)




Now we have to estimate the elements of all matrices which constitute the

matrix F".

()1

(X, PN <2 IXH(FY)
kel
< 25,42 o—(k=il+lk—j))e
kel
<24 e (bmibtboibe o= (ki liih
kel
5
< Sﬁe_“_j‘gl
o0

where I = {k € Z; |k —i| <
In the same way we get:

()2

N and |k —j| < N}.

! F 22A 2,-li=jle
[(XDX);| < %g;])( (DX)]| < ((TQ )
(*)3 5
(XFX)]| < (%)%iﬂg/
(*)a
Y oo

(—X)" = X™ ) )
(X SRR Y S IOIEX ]
m+n20 ’ mAns0 ke,
<Y I Y IR
m+7’l>0 kEZ |k’ £|>N
L
<eF 3 oSl
m+n>0 keZ |k Z|>N
3ee e ]
< e ale



This gives

2 A
oo

; 254 L
F7 < 16(=—=)? —li—jle
SIFl <16 APy

icZ. €T
254 .y
< 16(== 2 e~ lile
(55 %
25A)2 2
oo’ 1—e ¢

|F7] < 16(

N

16(

and we obtain the estimate from Young theorem. ‘
3.(a): Since (D" — D); = F} then v, = v; + F; therefore dyv; = Opv; + OpF}
thus

|0pvf| = Opvi] — |0 F|

a—+e:i=d.

3.(b): In order to estimate |9y F"|, we have to find an upper bound of |9, X7|.

)24 . L ,
OEL g O Oty gy

>
>

We have 9pX] = — ;
vi = Uj (vi — ;)

, N7 N™
05X | < Ve— + e(—)*|9pvi — Dpv;|
(67 (67
< Velh.

which implies

()1

06 ([X, FNDI = (06D XE(FN), — (FN)ix))

keZ
<D 10X FNEY )]+ X0 (F )] 4 100 (FV)EIIXEL + 1(FY)51100X]
keZ
<D VECUEY )] 4 VEIXF + VEIX]| + VECH (FY)]
keZ
< 53/2M1.

In the same way we get

(%)2 ,
105(XDX)!| < 32 M,.



09( XFX)!| < % Ms.

=D D D XRXR X

ln—1€L Ly _2€Z U EZ

Since |(X*)7| is bounded for all k < n then |9y(X")!| < £32C, therefore

(- X
6 ) o (D+ FN)WW <&My
m4n =2

(m,n) # (1,1)

and Xy xm
o Y SR < e,

n! m!
m—+n=0

where all constants M; and C; depend on N, «, k and 7. It follows that
06 (F"])| < 4 max (My, -+, Ms) < Ve

3.(c):
000" < |Opv| + VE < ¢+ Ve

4. By construction of D’ the result follows immediately. a
3 Induction

1
Let a, b such that 0 < at+b < 1 and consider 61 = ¢, oy =0, a1 =, A} =
A, D' =D, F' = F and for all n > 1 we define the sequences

(Nn+l)T . 1
An+1 KQn+41 €n+1 Nn - (sn)aQn
25A, _ b

Entl = 16(0 Qn) On = (€n)

OnPn

Ont+l = On — =5 Onyl = Qp — 4/En

These parameters are defined in an iterative way and it is with which we will
be able to define the matrices X,,, F" and D"*! satisfying

e X" (D™ + F")er = DT 4 (3.1)

where the matrices X,,, D" and F™"! are defined in the following way:



(Xn)] =0ifi=jorl|i—j| >N,
1. The matrix X, is defined by , (Fo)! _ and
(Xy)] = — =% otherwise

satisfies the equation

D", X,] = (F")™ — D™ 4 D" (3.2)

o (F™)]if i — j| < N,
where ((F")"")! = { 0 otherwise

2. (D™ - D= (),
3. F"TH0) = e O(D™(0) + F™(0))e™ D — DT (h).
and satisfy the property P, described in the following proposition

Proposition 1. Let n € N. If Vm < n,

147
KO Opd T 1
Em < (T)H‘”“”

then the following property P, is holds.

[ 1L|(X,)]] < Agelizilen
2.[|X, || < (2o
3. |(eXXn — I)i| < LAn o—li=jlonta

) = Inln
4. ’(F”""l)i' g 8n+1€_|z_]‘gn+1
P, 5.|Fr| < e

l1—e 9n+1
6.0pv™ | > i

7\ (F ] < g
8.10pv" | < Cny1 = Cn + /En
9.|(D™ — DM < e,

\

Proof.A direct application of the lemmal allows us to obtain the desired
result for each n. O

4 Study of convergence

Now we will deal with the study of the convergence of our iteration. We will
therefore look the conditions and the size of ¢ with which we will have the
convergence, this will be the goal of the next lemma. Finally, we conclude
with the proof of the theorem1 which is a simple deduction of the propositionl
and the lemma2.
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Lemma 2. Suppose that

1
(29a3
1
(25a%)° > 2; 0<ar+b< T

)1—(a’r+b) < O“{QT—&-I < 27'-1—73

KQT+1

237( 273

Then for e < Yia we have for all n

11

1. g, < (26a2) G/2" o >
In particular lim,,_,, £, = O

741
KO0\ — 1

2. En < (T)lf(a"‘*b).

Proof: 1.) The result is holds for n = 1. Suppose that the result remain
holds for 1,2,--- ,n thus a; > as > --- > ga. Now we shall prove that the
result is also true for n + 1.

Let

M= Z 1—a7-—|—b)))j

we have
2°A, 1
et = 16(Z1) = 21— 2ed-lor)
O0n0On /fangﬁl
= [21427&:1 (2(1—(a7+b)))_k H ;1)2(2(1_([”%)))—2} (20—(ar+b)))
T+ X
jm1 Ok,
Since

ﬁ(;)2(2(1—(ar+b)))k < ( 1 )2221 (2(1—(ar+b)))
k=1

1
Koo K, ot

hence
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which proves that lim &, = 0.

n—-+00
26gif(a7+b) 9
2.) By 1.) we have Vn, ¢, < 1 then ¢,,; = 22(—> < 1, thus
e QT+1
1—(aT+b) +1 1 e
26871_ “ HanQ:l 1—(aT+b)
P < 1 hence ¢, < (—26 > . O

Remark 2. 1.0ne can assume without loss of generality that o« = 1 and we
have the same result, in fact the operators Hy and aHy have the same spectral
properties.

2.The real b exists and satisfying all conditions.

Proof of theorem 1. the operator Hy is identified to matrix D 4+ F' with
T+1

|F7| < (eg)el9le, Then for p =1 and ¢ < 3o Ve have the existence of
e T

matrices X,, and D" for all n € N such that for all 6
(eXl(g) e eX”(9)>* (D(Q) + F(@))exl(‘)) @ = prtl(g) 4 FrEL(g)
I
1 — e entt’
(X — 1)i| < S0t hlenst and [(D — D] < e,
Therefore F"(0) 270 and D"(0) — D>(#) with D>°(#) is a diagonal matrix.

All convergence are fulfilled for all 6.
On the other hand ¢*® ... ¢X»®) _ /() in norm and for all  with U(#) is

an orthogonal matrix. In fact: Let U;(0) = %) we have H U;(0) converges

where D"*1(0) is a diagonal matrix, ||[F" || < e,41
27TA,

i>1
2./
iffz ||U;(6)—1|| converges, now since ||U;(0)—1|| < T\/—_Z’jﬂ then we have
i>1
the existence of U for all §. Moreover from lemma 2 and for g = 7(253)404
e T

the matrix D> (0) is is pure point with finite-dimensional eigenvectors for all
0 and the measure of o(D)\o(D + F') goes to 0 as € — 0. The eigenvectors
of D + F are formed by the columns of U. O
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