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1. Introduction

The Cauchy augmentation operator for basic hypergeometric series was introduced in [I], and by using the
symmetric property of some parameters in the operator identities, the Heine o¢; and Sears 3¢- transformation
formulas were obtained. Besides, the extensions of the Askey-Wilson integral, the Askey-Roy integral, Sears
two-term summation formula, and the g-analogs of Barnes lemmas were established.

Let us also note that, in [2], Saad and Abdlhusein constructed the homogeneous g-deformed Rogers-Szego
polynomials by using the g-deformed Cauchy operator. They also derived some operator identities for the g¢-
deformed Cauchy operator, and gave a representation of homogeneous Rogers-Szeg6 polynomials by the Cauchy
operator. Furthermore, the Cauchy operator was also used to deduce some basic identities related to the gen-
erating function, Mehler’s formula and Rogers formula for homogeneous g-deformed Rogers-Szegd polynomials.
Their extended counterparts were also discussed.

The importance of these results and the advantages they provide in the characterization of polynomials
naturally lead us to consider them in a more global framework of the R(p,q)-deformed quantum algebras
generalizing deformed quantum algebras known in the literature. See [3] for more details, but also [4] about
their differentiation, integration and particular cases. Furthermore, in [5], the R(p, ¢)-deformed Rogers-Szego
polynomials were characterized and their three-term recursion relation were discussed; the continuous R(p, q)-
deformed Hermite polynomials were deduced and their properties were also investigated. In the same vein, the
R(p, q)-deformation of orthogonal polynomials, basic univariate discrete distributions of the probability theory

and their related properties were constructed and discussed in [6].
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The aims of this work is therefore to provide a generalization of the Cauchy operator, compute homogeneous
Roger’s-Szeg6 polynomials from the R(p, ¢)-deformed quantum algebras, and derive novel generalized identities
including the generating function, Mehler and Rogers formulae, and their extended versions.

This paper is organized as follows. In section 2, we give an overview on definitions, notations and known
results used in the sequel from R(p, ¢)-deformed calculus and differentiation, R(p, ¢)-deformed quantum alge-
bras, Jagannathan-Srinivasa deformed algebra and identities. Section 3 is devoted to the generalization of the
hypergeometric series and combinatorics from the R(p, ¢)-deformed quantum algebras [3] used in this work. In
section 4, we define some R(p, ¢)-deformed polynomials such as Cauchy, Rogers-Szegd, and Hahn polynomials.
Furthermore, their properties are determined. In Section 5, we introduce the generalized Cauchy operator and
derive its properties. Section 6, is dedicated to the construction of homogeneous Roger’s-Szeg6 polynomials and
identities such as the generating function, Mehler and Rogers formulas. In section 7, we derive extended inden-
tities for the genenralized homogeneous Roger’s-Szegd polynomials. Finally, we conclude with some concluding

remarks in section 8.

2. Basic definitions and notations

In this section, we briefly recall the definitions, notations and known results used in the sequel.
Let p and g be two positive real numbers such that 0 < ¢ < p < 1. We consider a meromorphic function R
defined on C x C by[3]:

R(u,v) = Z reuvt, (1)

s,t=—1
with an eventual isolated singularity at the zero, where ry are complex numbers, | € NU {0}, R(p"™,¢") >
0,¥n € N, and R(1,1) = 0 by definition. We denote by D the bidisk

2
ID)R = HDRJ
j=1
={w = (w1, w2) € C*: lw;| < R;},

where R is the convergence radius of the series defined by Hadamard formula as follows:

lim sup “%/|rs|R5 RE = 1.

s+t—>00

For the proof and more details see [7]. Let us also consider O(Dg), the set of holomorphic functions defined on

Dpr, and the R(p, ¢)-deformed numbers [3]:
[n]R(p,q) = R(pn7 qn)7 necN (2)
generalizing known numbers from particular deformations as follows:

(i) g-Arick-Coon-Kuryskin deformation [§]

R(p,q) :=R(1,q) =1 and [n],=



(ii) ¢-Quesne deformation [9J]

1— q—l 1— q—n
R(p,q) :==R(1,q) = Toq and [n]qQ = =1
(iii) (p, q)-Jagannathan-Srinivasa deformation [10]
pn _ qn
Rp,q) =1 and [n]pq=——. 3
(P,q) [n]p.q b4 (3)
(iv) (p~', g)-Chakrabarty-Jagannathan deformation [11]
1 -pg pt—q"
R(p,q) = ———— and [n]pq = .
( ) (p_1 _ q)p [ ]pq p_1 —q

(v) Hounkonnou-Ngompe generalization of ¢-Quesne deformation [12]

pr—q "
and [n]gq = 7{1 g

pq—1

R0 = =1y,

Are also defined, (see [3] for more details), the R(p, ¢)-deformed factorials

1 for n=0

[M)'R(p,q) =
R(p,q)---R({",q") for n>1,

the R(p, ¢)-deformed binomial coefficients

!
[ " } = [m] R(f"n' , (myn) e NxN, m>n, (4)
n 1AR(p.q) ('R M = 1]'R(p.q)

the linear operators on O(Dg):

Q:¥+— QU(2):
P:VU+— PU(z): = P(pz),

I

(S
—
(=)

N
N~—

and the R(p, g)-derivative:
P—q P—q P o
:: —_— P = -
a’R(Zqu) 8P,QP _ QR( 7Q) pp . qQ R(p yd )apﬂ’
where 9, , is the (p, ¢)-derivative defined as follows:

¢(p2) — $(qz)

ap,q¢(z) = (p—q)z

(5)

The algebra associated with the R(p, ¢)-deformation is a quantum algebra, denoted Ag . q), generated by the

set of operators {1, A, AT, N} satisfying the following commutation relations:

AAT = [N + 1]R(p,q)7 ATA = [N]’R(p,q)
[N, Al = A, [N, AT] = AT



with its realization on O(Dg) given by:
Al =z, A= 0r(pq), N := 20,

where 0, := % is the usual derivative on C.
The particular case of the Jagannathan-Srinivasa quantum algebra [I0] gives the (p,¢)-numbers and
(p, q)-factorials:

L 1 for n=0
[ty = (@:a)i:a)n o > 1

(p—q)™ =7

with the following relevant properties

n—1
[nlpg = an_l_qu7
k=0
[n+mlpq = q"[n]p,g + D" Mlpq = P [nlp,q + 4" [Mpq,
[=mlpq =—a""p " [mlp,q;
[n—mlpg=0q""[nlpq —a """ [Mmlpq =0 " [n]pg — " "P " Mpg,
[M]p,q = [2lpgln — Up,q — paln — 2]p,q,

where n and m are nonnegative integers. Furthermore, the related (p, ¢)-binomial coefficients

n B ((p:9); (P, @)n o
[ K 1 T 00 (0 g ST EM R

p.q

where ((p,q); (p,9))m = (p — Q) (P* — ¢*) - -- (p™ — ¢™), m € N, satisfy the following identities:

n _ n — p(n=h) n _ pn—h) n
k n—k k n—k ’
Ip.q P,q q/p q/p
n+1 | n ot n
= pF +grth :
k k k—1
“p.q P,q Pyq
n+1 k| T b1k n n n n—1
= p +p — (" —q
k l k k—1 ( ) k—1
“p.q P,q P,q Dyq

with

k| (a/pia/p)e(a/pia/p)n s

[ n ] (a/p;a/P)n
q/p

(¢/p;a/p)n = (1 —q/p)(1 = ¢*/p?) -~ (1 — ¢"/p"); and the (p, q)-shifted factorial
((a,); (p,q))n := (a —b)(ap — bq) - - (ap™ " — bg" )
or, equivalently,

((a7 b)’ (p, q))n = Z [ n ] (_1)kp(nfk)(n*kfl)/2qk(kfl)/2anfkbk.
p,q



Finally, the algebra A, 4, generated by {1, A, AT, N}, associated with (p, ¢)-Janagathan-Srinivasa deformation,

satisfies the following commutation relations:

AAT—pATA =gV, A AT —qgAtA =pV
[N, Af] = AT, [N, A] = —A.

Finally, let us recall that the R(p, ¢)-deformed exponential function [3]

oo

1
Baprip () = Y = 2"
(p,9) T;J (R

obeys the R(p, q)-difference equation

R(P,Q) EIpR(p,q)(Z) = ZEIpR(Pﬂ)(Z)'

Setting
PG = —Ra0
P ,q9) + —¢9R(1,0) .
(P,0) (Q-P) (prC;z()pP(fQ) CIRLO) 4 o,
and
F(z) ==z
_ -
“RQ)=orpr@ 0

where [ is given in the the relation , leads to

Baprip(2) = L= F)G(P.Q)] Erpripg (72)

and
n—1 k n

Expr(p,q) () = H [1 - F(; ) (P, Q)] Expnpq)(q )
k=0

3. R(p, q)-deformed hypergeometric series

For a,b € C, let us consider the R(p, g)-deformed shifted factorial:

n—1 k
(@b RG.0), =1 (@bR0.0), =[] (0= P DGP.Q))  nen
k=0
and
oo k
(0, R(p, 0)oe = [ | (a F (P,Q)) ,
k=0
and the R(p, ¢)-deformed n-shifted factorial:
(alv"'asvbl"'7bt;R(p7q))n = (a'lablvR(pvq))n(asabtaR(pﬂq))n

(CLl,.. .as,bl 7bt,7€(p,q))oo

(a1,b1;R(p,q)) - - (as, b6 R(p,q))

(10)

(11)



Lemma 1. For a € C, the R(p, q)-deformed shifted factorials satisfy the following useful identities:

(a,b;R(p, q))n’ ke{0,1,2,---,n}. (15)

qk
(a’ z?b; Rl q))nfk ~ (4, R(p, ),

For any a € C,

(a,0;R(p,9)) .

a,b; R(p, = 16
(a.b:R(p.q)),, (0 E0R0.0)_ )
(a.b:R(p,0)),,, = (a,b;R(p,q))n(ayszb;R(pﬂ))k
k
= (a,b:R(p,q)), (a, %kb; R(p,q)),- (17)
q" ) . (a;b;R(pa q))k(aa Zflzb’R(p’ q))n
(a, z?b’R(p’ ), = (@, R(p.q)) . ' (18)

Proof. It stems from a straightforward computation.

The R(p, q)-deformed binomial coefficient can be re-written in term of the R(p, ¢)-factorial as follows:

{ n L(p ) (a,b; R(p, q))

- n . (nk)eNxN, n>k
k (a,b:R(p, ), (a,b:R(p,q)),,_, (. k) !

Then, the generalized R(p, ¢)-deformed basic hypergeometric function is defined by:

(a1,b1),...,(ar,br) | = = (ahbl;R(paq))n'--(arabr;R(pvq))n B g (;) 1+877‘xn
r¢5 ( (C1,d1),---,(bs,ds) ‘R(p,q)’ ) 7;) (Cl7d1;R(p7 q))n (cSads;R(ILQ))n [ (p) ] ’

where r > s + 1. The R(p, ¢)-Cauchy identity is given by:

i(a,b;R(p,Q))k v (a6 R(p, ),

= (p,¢:R(p, ), v (a,2;R(p,q)) (19)
affording the special cases
S 1
Z (L2 R(p. ) - (21)

(p,a; ( p,q ))k

Remark 1. The following special cases deserve attention:

(a) Putting R(z,1) = we recover the q-deformed hypergeometric series given in [13].

q_l’
(b) Taking R(z,y) = ;:g, we obtain the hypergeometric series from the (p,q)-deformed quantum algebra
investigated in [10)]:




For a,b € C, the (p,q)-deformed shifted factorial is defined by:

n—1
(a,b:p,9)y =1, (a,bip,q), = ] (ap® —bg"), n €N,
k=0
and,
(a,5;p, @)oo == [ [ (ap” — bg").
k=0

Furthermore, the (p, q)-deformed n-shifted factorial is given as follows:

(a1,...as,b1...,b;p,q) = (a1,b1;p,q), ... (as,beipq)
(a1,...as,b1.. . b;;p,q) = (a1,b15p,q) - (as,bi;piq)

and for a,b € C and « € C, the (p, q)-deformed shifted factorials satisfy the following useful identities:

k (a,b;p,q)

q
77b7 ,) = n7k 071727"'7 )
(a PP (a,b;p,9), <A ™)
a,b;p, q
(ayb;p,q)a=—( . )=
(a’%b;paQ)

qn
(a7b;p7 Q)n_,_k = (a7b;pa C])n (a/a p7b7pa C])k
k
=GP, q) 4 0D, q)
(0.652.), (0. Sbiv.0)

(a,b;p,9), (a, %ib;p, q),
(a,b;p,q), '

qn
(%ﬁb;% Q)k =

Moreover, the (p, q)-deformed binomial coefficient is defined as:

b.
[n] — (a, apvq)n . (nk)eNxN, n>k
klpqg (ab:p.q),(a,bipq),

and the generalized (p, q)-deformed basic hypergeometric function yields:

o ( (a1,b1), ..., (ar, by)

ad ai,bi;p, ... (ar,br;p, "V 14s—7
p,q;x) — Z ( p q)n ( p q)n [(71)@)(2)] teTon

(Cl,dl),...,(bs,ds) (Clvdl;p7Q)n'~~(Csvds;paQ)n p

n=0

where r > s + 1. Note that

(alv b1)7 cery (ar+1; bT+1)
r+1¢)s
(Cla d1)7 ey (bra dr)

o0
paza) =3 (02,0059,9),, - (@r41, 0412 0)
» 45 — (C1,d1§pa Q)n . (cr,d,«;p7 q)n



Besides, the (p, q)-Cauchy identity is expressed by:

i a,b;p,q), o (a,bx;p,q), (22)
= (p,a;p.q), (a,2;p,q)

providing the special cases

— (p,;p,9),, (Laip,q)
k=0

&0 ( 1)k k

Z(pqp oo = Wmpa),
k:O ) 7 k

4. R(p, q)-deformed polynomials and properties

In this section, we construct some polynomials from the generalized quantum algebras [3]. Related proper-
ties are investigated and particular cases are deduced from the formalism established.

Let us start defining the generating function of theR(p, ¢)-deformed Cauchy polynomials

n—1 k
Pu(a,y) =[] (¢ - F(LycrqQ)), (23)
Y kl;[o ( ! )

also called the homogeneous form of the R(p, ¢)-Cauchy identity, by:

oo i tk B (a,yt;R(p,q))k
kZ:OPk( ) (p.a:R(p.0), (a,2t:R(p,q)_ (24)

It gives the identity for y = 0 and @ = 1. As it has been highlighted from [I4],[I5],[16],[17],[18], the
Rogers-Szego polynomials play an important role in the study of the Askey-Wilson polynomials.

Definition 1. The R(p, q)-deformed Rogers-Szegé polynomials are defined by:

2 neN (25)

ha (2R (p, q)) := i [ "

koL k ]R(p»q)
The basic identities for the h, (z|R(p,q)) are developed in the following proposition.

Proposition 1. The generating function for the R(p,q)-deformed Rogers-Szegi polynomials is given by the

exTpPression:
= t" 1
hon (2 R(p, q = 26
,;0 (R ))(p,q;R(p,Q))n (p.t,2t; R(p,q)) (26)
with the Mehler’s formula:
oo tn (L zyt*; R(p, q))
ho (23 R(p, ¢)) P (y| R (p, = L, 27
2 n( R(p, )y q))(nq;R(pyq))n (L t,2t,yt, xyt; R(p, q)) &0

where max{|t|, |zt], |yt|, |zyt|} < 1.



Furthermore, the Roger’s formula for hy,(x; R(p,q)) is given by:

0 n s™m ,l‘S;R ’
> s (zR(p, q)) i ~ (LastiR(p.9)

—~ (p.a:R(p,0), (p.:R(p.q)),,  (Lt,s,at,xs;R(p,q)), (28)

where max{|s|, |t|, |zs|, |xt|} < 1.

Proof. We have
ktn

n l n ‘| z
i Lk g, PEREP0),
ke
—~ p,q,R(p,q))n(p,q;R(p,q))n,k

tqu

tn
> (23 R(p, q)) e RGD).

3
I

3

tqu

3
I
o

TL

(0,4 R(p.q Z

n
), = (p,a; ( ,q))k
1 1

" (0. 6Rp.a) L (026 R(p.q))

||F|18

Then, the relation follows, and the remaining formulas are self-evident.
Remark 2. Particular cases

(a) The Rogers-Szegd polynomials and relations associated to the q-deformed quantum algebra are given in
[14/7[15/}[16/, ["]7/7[18/'

(a) The (p,q)-deformed Rogers-Szego polynomials and identities are deduced as follows:

ac|p, Z[ ] z*, neN,

with the generating function :

oo

D ) A——
=TT pgpa),  (potatipq)
and the Mehler’s formula:
> t" (1, zyt*;p, q)
(2 p, Q)b = o
;::0 2@ P ) ha(ulp.0) (paspia), (L t,at,yt,zyt;p,q)_

where max{|t|,|zt|, |yt|, |zyt|} < 1. Furthermore, the Roger’s formula for h,(x;(p,q)) is given by:

- - §m (L, st;p, q)
- - y
2, hmim(@lp-) (p.g:p.9), (PGp.9),, (Lt setesipa),’

where max{|s|, |¢, |xs], |zt|} < 1.

Now, we investigate the R(p, ¢)-deformed Hahn polynomials.



Definition 2. The R(p, q)-deformed Hahn polynomials are defined by:

n

¢\ (@ R(p,g) =D [

)
k=0 k 1R(p.q)

(a,b;R(p, Q))kxk' (29)

Note that, for a =1 and b = 0, we get ¢5°(z) = hy, (z|R(p, q)).
Proposition 2. The generating function for ¢£{l’b) (x; R(p,q)) is given by:

S @) (. " ~ (abat;R(p,q)) a1l L
nz:%qs" V@i RAp,q) (p.a:R(p,0), (b t.2t;R(p,q)) et tl} <1 (30)

and the Mehler’s formula is retrieved as:

> 60 (3 R )65 (R, " _ (oot byt R(p, )
;¢n (z; R(p, 0)) 7" (y; R(p; ) (p,q;R(]L Q))n (p,t t, yt; ,R p7 )oo
(

><3¢>2< (( a), (p.), (p.1) ‘R(p,q);xyt) (31)

t
p, axt), (p, byt)

where max{[t], |xt|, |yt|, |zyt|} < 1.

Proof. We have

%) m n n
¢£1a7b)(x§Rp7Q)—: |: :| abRp, "
o n b R ,
_ Z m Z a (p ))
= = (0aRP D), (06 RP: ),
B f: (a,b; R (P, ), (zt) k i tn
&= (p,qﬂ%(p, = (p.¢:R(p.q)),
 (a,bat; R(p, q))oo 1
(p.2t;R(p.q)) . (p.t:;R(p,q))
~ (a,bet;R(p,q))
(p,t xt; R(p, q )oo
proving the relation , and the rest follows.
Furthermore,
Z Z ¢ t" s o (p7a$3 R(p7 ))OO
== ntm(@ p,q;R(pﬂ))n (P, R(p:9),, (s s, 2t;R(p,q))
N T (32)
(p, axs)
where max{|s|, |t|, |zs|,|zt|} < 1. Note that
¢Y/" () = hn(z,y|R(p, q)) (33)
¢ (1/x) = 27" hn(2,y|R(p, q)). (34)

10



Remark 3. Particular cases of Hahn polynomials and properties are deduced as:
(a) The g-deformed Hahn polynomials and identities are determined in [19].

(b) The (p,q)-deformed Hahn polynomials are defined by:

n

o\ (z1p,q Z[ } (a.b;p,q), ="
p,q

k=0

giving, fora=1 and b= 0, ¢.°(z) = hy, (:c|p7 q). The generating function for ¢£La’b) (z;p,q) is given by:

n s bat; p,
Z¢“b>xp, 0 ebtp Do et} < 1
(0 a:pq),  (pt,at;pq)

with the Mehler’s formula:

oo

tn (p, axt, byt; p, q) (p, ), (p,b), (p, 1)
> ot (i, )05" (i py @) — = e P g gyt |
n=0 (pa q; P, Q)n (p7 tv xta ytan q)oo (p7 axt), (p, byt)

where max{|t], |xt], |yt|, |zyt|} < 1.

The R(p, q)-differential operator defined by:

Dripf() = - 5= 5RPP.4Q) M

satisfies the following identities:

Dk ( 1 > = v
R\ (2, yt; R(p, ). (z,yt; R(p, q))

N @y R D) o\ _ni . (=, yvq™ R(p, q)) .
DR(p’q)<(m,yt;R(p,q))oo> = t"(z,v/t; R(p,q)),, Gt R ). (36)

The R(p, q)-deformed exponential operator

T (2 Dr(pg)) : Z

—~ (p,q; (p7 Q))n ' 37

is used to perform the R(p, ¢)-deformed Rogers-Szegd polynomials h,, (:E|R(p, q)), to deduce Mehler’s formula
and Rogers formula for h, (z|R(p, q)).

The homogeneous R(p, ¢)-deformed operator D,,, on functions in two variables

_ “1,N (=1
Doy(J(e0)) i= B LR (P g T2 90 a2:0), (59)

turns out to be suitable to derive the homogeneous form of the binomial theorem and the Leibniz formula for
this operator. From the homogeneous R(p, q)-difference operator, we deduce the homogeneous R(p, ¢)-shift
operator E(Dzxy) as follows:

oo Dk
E(Dzy) = Z 5 (p7 q)) (39)

—~ (p.a:

11



Remark 4. The differential operators and quantum algebras known in the literature are easily recovered from

the above results as follows:
(a) The results concerning the operators related to the q-deformed quantum algebra are reitrived in [1, [20].

(b) The (p, q)-differential operator defined by:
flpz) — flgz)

X

Dp,qf(x) =

satisfies the following identities:

1 tk
o )
PO\ (2, ytp,q) (z,yt;p,q)

(z,yv;p,q) ) (z,yvq™;p, q)
Pl /=2 =t"(z,v/t; e
7""‘((9:,yt;p,q)oo (z,0/t:p,4) (2, yt;p,q)

The (p, q)-deformed exponential operator is defined as follows:

oo

zD
T (2 Dx Z pa)
p) —~ p,qp,q)

Moreover, the homogeneous (p, q)-deformed operator Dy, on functions in two variables is defined by:

fle,pgty)—glp~ " qua,y)

ple—qly

Dy (f(z,y)) =

with the homogeneous (p, q)-shift operator E(Dxy) given by:

E(Dzxy) = i

— (p,q;p, q)

Definition 3. The homogeneous R(p, q)-deformed Roger’s-Szegé polynomials are given as:

hn (2,9 R(p, q)) =) [ "

} Pyle,y). (10)
k=0 k 1R,

Note that, when y = 0, we obtain the R(p, ¢)-deformed Rogers-Szegd h,, (33|R(p, q))
From the R(p, q)-deformed exponential operator T'(Dgp,q)) and the homogeneous R(p, ¢)-deformed oprator

D,,, we obtain the following results:

Proposition 3. The generating function for the R(p, q)-deformed Rogers-Szegi polynomials is given as follows:

o tn (p,yt; R(p, q))
ha (2, YR (p, 9)) = o, max{[t], [zt]} <1 (41)
nz:;) (n:R(P,9), (.t 2 R(p,q))
with the Mehler’s formula :
" ~ (p,yt, vt R(p, )

n;) o (@, YIR(P: @) oo (1 0 R (- ) (p.a:R(p,q)),  (pt.wt,zut; R(p,q))

12



s ( (,v) (9, 1), (9, 0/w)

(p, yt), (p, wvt)

|7€(p, q); ut) : (42)

where max{|t|, |xt], |ut|, |zut|} < 1. Moreover, the Rogers formula for hy, (z,y|R(p,q)) yields:

> tn 5™  (pysiRD9)
2 2 I (4R ) (p.a:R(p,0), (p.a:R(pq),,  (ps,@s,2t:R(p.q))

n=0m=0

X 21 < (p,v), (p, vs)
(p,ys)

R(p,q); t) ;o (43)

where max{|t], |s|, |«t], |xs|} < 1.
Remark 5. Let us emphasize the following:

(a) The Mehler and Rogers formulae for h,(x|q) were obtained by Chen et al in [20].

(b) The homogeneous (p, q)-deformed Roger’s-Szego polynomials are given by:

n

ho(z,ylp.q) = [ : Lq Py(z,y)

k=0

with the corresponding generating function:

- t" (p,yt;p,q)
> (@, ylp, @) — = . ;- max{t], ot} < 1
— (p.aipq),  (pt,atipq)

the Mehler’s formula:

tn (p,yt, zvt;p,q)

oo
h 9 b h b 9 -
nz::o n{@ylp: @) (0. vlp- ) (p.aipiq),  (ptat,zutip,q)_

(2 y), (p, xt), (p,v/u)
e < (p,v1), (p, zot)

D, q; ut) )

where max{|t|, |zt|, |ut], |xut|} < 1, and the Rogers formula:

S " m D, YS: D, q
Z Z h'n-i-m (m,y|p, Q) ° = ( )oo

(».e:pq), a:09),, (ps,xs,xtp,q)

(,y), (p, xs)
X0 < (p,ys)

n=0m=0

p7q;t> ;

where max{|t],|s|, |xt], |zs|} < 1.

5. Generalized Cauchy operator and some identities

In this section, we introduce the Cauchy operator for basic hypergeometric series induced from the quantum
deformed algebras [3]. Furthermore, we derive some operator identities and deduce relevant particular cases

from quantum algebras existing in the literature.

13



Definition 4. The R(p, q)-deformed Cauchy operator can be defined as follows:

T (y,z DR(PQ) Z ;Z: (p7q)))) (ZDR(pQ))n' (44)

It reduces to the R(p, ¢)-deformed exponential operator T(zDR(p’q)) when x = 1 and y = 0. It generates

the following identities:

Theorem 1.

n
(z,y;R(p, ), 2", (45)

To(y: 2 Dripg) ) (€") = D [

k=0 k ]R(p,q)

1 (z,y2t; R(p, q))
To(y, 2, Dr(p, { }: < |zt < 1, 46
( Rw0) (z,ct; R(p,q)) (2, ct, 2t R(p,q)) i (46)
1 (2, y2t; R(p; 4)) o (@, ct), (z,y)
T, ) 7D = R yq)s ) 47
(v 2 R(p’q)){ (z,cs,ct; R(p, q))oo} (z,cs, ct, zt; R(p, Q))oo2¢1 (x,yzt) (P, )iz ")
(.13, CU;R(p’ q)) ($, Yzs, CU;R(pa q))oo
T, s aD = =
(02 R(p’q)){ (2, cs,ct; R(p, q))w} (z, zs, ct, cs; R(P, q) ) oo
z,Y),(x,cs), (x,v/t
(x,yzs), (z,cv)
where max{|zs|, |zt|} < 1.
Proof. We have
> (=, R(p,q))
Ty, 2, Dr(p.g) ) 1"} = k ok DX "
( R(p q)) kZ:O (p, @ R(p, q))k R(p,q)
SIL et
im0 L K IRw.0)

Moreover,

1 B 1 = (2,5 R(p,q)), (zt)"
Tl(y’Z’DR“”q’){ (x,ct;R(p,q))oo}  (#,ctiR(p9)) . nz:; (. e:R(p.0),

Using the Cauchy R(p, ¢)-binomial theorem (19), we obtain ([46). Furthermore, from the R(p, q)-Leibniz rule
for the operator Dy q) :

D%(p,q){f(m)g(‘r)} = [ " ] (pQ) Hn= k)Dk pq)f( ok )DR(p q)g(q x)
o L F R(p,q)

k=0

1 = (I,y, n - —k(n—k)
T.(y,z,D = E N abbd Shrralyil E v
(v.2 R(p’q)){ (z,cs,ct; R(p, Q))Oo} (p,q,R 2.0))n [ L(p ) (pa)

14



XD%(p,q){(%cspn_;R(p’ ) }D o {(a: ctqk; 713(197 7)o

1

x,ct,y; z8
Z( Y R(p, @) (2s)"

(o, gt

k
~i= PG REDh
R(p.q))

(z,2t; R(P, 7)) o
1 (z,y2t; R(p,q))

(w08, R(D, Q) (7,28 R(P, Q) oo

o0

Z (‘T7Ct7y;R(p7Q)>k(Zs)k

- = (2,92t R(p, ), (p, 4 R(D, @)k

(z,yzt;

(x,cs,ct, 2t;R(D,q)) oo

Furthermore, in light of Leibniz’s formula, the left-hand

(z,yzt)

R(p,q))oo 21 < (.%‘,Ct),(%:lj) "R(p q)'zs> )

side of gives

z,cv; R(P,q)) o > x, ,vt”_k;R , x, cvg® R , o (2t)F
( (p,9)) }:Z( y, v/tp (P, D)k (x,cvq"; R(p, q)) o (21)

T, (y,z,DR(p,q)){ (x’cs,ct;R(pa Q))oo k=0

k
xTx<q
p

Using the relation , the above sum takes the form:

(2, G R(P: @) k) oo (z,ctp"=*; R(p, q)

1

—k

D '
ky,Zq ) R(PMI)){(x,csqk,R(p;Q))Oo}

S, Ct7 CS; R(pa Q))OO

(z, cv; R(P, 4)) oo }: (%, y2s,cv; R(p, 9))oo

T, (y,z,DR(p,q)){ (35703,61?;73(10’ Q))Oo (z,z

(z,y,cs,0/tp" " F R (p, q))k (zt)F

DI
k=

= (0,4 R(p, @))x (2, co; R(p, )i (2, y28; R(p, 4) )

and the relation follows, and the proof is achieved.

Remark 6. The next particular cases of the Cauchy operator deserve attention:

(i) The q-deformed Cauchy operator

where

verifies the following identities:

TI(yvz7 Dq)(cn)

=3 [ ! } (z,y; )k 27",
k q

k=0
(%, y2t; q) oo

Tz(y,sztﬂ{ (:c,ctl; q)oo}

= , et < 1,

Tz(yvzaDq){ (%cs,tt;q)w} - (x,(

T, Y2t q)oo (z,ct), (z,y)
201
cs, ety 2t q)oo (w,yzt)

15
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Tx(y,z,Dq){ (xchQQ)oo } _ ((xvyzsvc");(l)oo o < (x,y), (:E,CS), (m,v/t) |q; Zt) 7

(z,cs,ct; @)oo T, 28, ct, 8, q)oo (z,yz2s), (z, cv)

where max{|zs|, |zt|} < 1.

(i) The (p,q)-deformed Cauchy operator :

— (#,4;p,O)n
To(y, 2 Dpg) = Y m(z Dpq)"

n=0
obeys the identities:

n

n
Tm(ya z, Dp,q)(cn) — Z |: :| (.’ﬂ, Y P, q)k chnfk’

k=0 p.q
1 (z,y2t; D, @)oo
T ) ’D = ’ t < 17
av(y z ;D,q){ (ZL', ct;p, q)oo } (;p, ct, zt; p, q)oo |Z ‘

T.(y,z,D 201
I(y PxQ){ (l‘, cS, Ct;pa q)oo x,cs, Cta Zt;pa q)oo (JU, yzt)

1 (Yt p @)oo (w,ct), (z,y)
b= ’ (

b, q; ZS)

p7q;zt> , o (51)

Tx(%Z’DM){((Iacv;p,q)oo }_ ((x,yzs,cv;p, 7)o p ( (z,y), (z,cs), (x,v/t)

3
T,¢8, ¢t P, q)oo z,zs,ct, ¢85 P, q)oo (x,yzs), (z,cv)

where max{|zs|, |zt|} < 1.

The homogeneous Rogers- Szegé polynomials h, (z, y|R(p, q)) are obtained from the Cauchy operator as a

limit case:

Jim T(y/2, 2, Drpg)) (") = (2, yR(p, 0)). (52)

The relation allows to determine the Mehler and Rogers formulae for h, (x,y|R(p, q)). The particular case
induced from the g-deformation was introduced by Chen and Gu [IJ.
Let us now highlight some identities relating to R(p, ¢)-deformed Cauchy operator T;(y, z; Dg(p,q)), Which

are very important to investigate the extended identities for the homogeneous R (p, ¢)-Rogers-Szegd polynomials
hn (2, yR(p, q))-

Theorem 2. Forn € N| the following identity holds.

" (2,92 R(0.0)oc x|
Tw ) 7D =
(y z R(pﬂ)){ (Lcs,ct;R(p, q))oo} (z, zt, cs, ct; R(D, Q) oo ;j_o j _
=0J= P.q
(xayact;R(p7 q))_]_H(aT,CS,R(p,q))] n—j j+1 1

@yt R aReon o o

where max{|zs|, |zt|} < 1.
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Proof. Using the Leibniz formula, we have:

oo

. Cn x y7 ))kz Cn

L. ’DR(”’q)){(p,cs ct; R(p, q) } kzzo (paR JI))k Phiva {(Pvcsvct?R(PvQ))oo}
))
p:q))

00 k
(z,9, R o
=> [ 1 (pg)~ 79
J R(znq)
x p k=0 pi DY

-
kio p, q7 7 0
Ripa)© R(”’q){ (p, esqd, ctq] R(p,4)) }

noox’ ),H_Zkﬂn
D Py = l

=0 k=0 panR(p7Q) k ] ‘|'R(p,q)

k  j=

qfakcnfj

1
. | | . 54
X R(p#z){ (p, csqd, cth;'R(p> Q))OO } ( )

Exploiting the relation and the operator , we get

x,cs, ct; R(p, q) =

qj -J 1
X Tyl — ]7 D j / . K
" p] zq R(p,q)) { (.T, qu]’ thj; R(pv Q))oo } ( )

Tm(yaszR(p,q)){( < } Z l ] (xvva(paq)) " JZ]
R(p,q)

Since

¢ 1 z,p ¢ yzt; R(p, q)) oo
T, <p]y72q J7DR(p,q)){( : : } = ( ( ; ; ( ))

x, es¢7, ctq?; R(p,q)) x, 2t, esq?, ctqd; R(p, q)) oo

X 3 (z,y¢’p™7), (x, ctq’)
2¥1 ..
(z,yztp~7q?)

)
after some algebra, the result follows.
Putting n = 0 in the relation (53)), we obtain ([47)). Setting s = 0, we obtain the following result:

Corollary 1. Forn € N,

c" _ ({E th RP, 0o = ((E yth.R(p7 ))J o 7
R O e ey R ez o u%[ L( ewrEa),©

where max{|bt|} < 1.

Taking n = 0 in the relation (56)), we get (45).

Theorem 3. Forn € N, the following relations hold:

(a)

Ty D ){ " (x,cv; R(p, q))so } _ (,yz5,c0;R(p,0)) i —~ | n i
z\Y: %, UR(p,g) (x’cs,ct;'R(p,q))oo (x, zs,cs, ct; R(P, Q) ) oo =00 LJ Ripa)
- - p,q
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o (@ et RAp,0)); (x, 0/t R(p, a))u(, y, 8 R(P: q)) g+
(0, ¢: R(p, ) (z,yzs,cv; R(p, q))j+i

, (57)

where max{|zs|, |zt|} < 1. Setting v = 0 in the relation (57), we obtain (53). Putting v = s = 0 in the
relation , we get and taking n =0 in , we have (48)).

(b)

Tx(y,Z,DR(p-,q)){( } = ( > [

x,¢s, ct,cv; R(p, q)) z, 2t, cs, ct; R(p, q))oo j ]
R(p:q)
o @y, et R(p, @)1, 5 R (P, @)
(7, y2t; R(p, @) j+k
(z0)* (28)!

X , 58
®, ¢ R(p, @)k (9, 4 R(p; ), %)
where max{|zs|, |2t|} < 1. Setting v = 0 in the relation (58), we get ([{A7).
(c)
(#,cv; R(P, 4)) (2,y25,c; R(p,q)) e o~ (@t R(p,0))i
Tfl: ) 7D =
(y, 2 R(p’Q)){ (x, cs, ct, cu; R(p, q))oo (x, 28, cs8,ct, cu; R(p, q)) oo k;() P, ¢; R(p,q));
(x,y,cs;R(p, Q))j-Fk(xvv/t;R(pa Q)) ( ) (’Z )
X ) (59)
(@, y2s, cv; R(P, @) j+k (. ¢; R(p: @)k

where max{|zs|,|2t|} < 1. Putting v =0 and replacing s by t in the realtion (59)), we obtain (58). Setting

v=u=0 in , we get -
(d)

(, cv, cw; R(p, 4))oo }: (z, 928 R(p,q))oo_(cv, cw; R(p, q))oo
(

Tfl: b 7D
(y N R(p’q)){ (x,cs,ct,cu,cz;R(p, q))oo x,28,¢8; R(P, q)) oo (ct, ctu, cz; R(p, q))oo

» Z (z yvcs R(p,q))j+k+1(, ct; R(p, q)) k1
ko (z,yzs,cv; R(P, Q) j+k+1
0/ R(p,0)s 0/ R(p )
(macw;R(pa Q))k
(2t)! (28)" (2u)’
(P, 4 R(p,9)); (p: ¢ R(p, @) (P R(p, @)1’
where max{|zs|, |zt|} < 1. Putting w = 0 in the relation (60), we obtain (59). Settingv =w =2z =0 in
and changing s with t in , we obtain , and finally settingv =w=u=2=0 1in , we get
@).

Proof. The proof is similar to that of theorem .

(60)

Remark 7. (i) Forn € N, we deduce the identites associated to the g-deformation as follows:

" } - (%, y2t; 4)oc

(z,cs,ct; q) oo x, zt, s, ct; q) oo

Ty, 2, Dq){

18



o n [ n ] (l’ y, ct; q)J+l(,1} CS; q)j n—j ]+l l
> ’

(z,y2t;9)j+1(q; Q)1

Tx(y%Dq){ 7 07'1 OO} _ ((x,yzt;q)oo Z": l n ] (2.2t 0); e s

(z,yzt;q);
q

n oo n
T,(y, 2 D { S0 Do | (120,003 D s
A (mzscsctqoolio

o @y esiq)j(e, ct; Q)a(x U/t Q)i
(x,yzs, cv;q)+1(q; Q)

1 @yt = | | (20)F (2s)
Tx(y,Z,Dq){ } = ( —~ l ‘| . ).

(x, s, ct, cv; q) oo x, zt, s, ct; q) oo

« (xa Y, Ctv q)j+]€(xa CS; Q)k
(@, y2t:9) 1

T, q) 00 T,YZS, CU; q)oo 0 (zt) (zu)k
Tx(%z’Dq){( (z,cviq) }:(( y q) (2t)’ (zu)

Z, CS, Ct> Cu; q)oo Zz,zs,Cs, Ct7 Cu; q)oo k,j=0 (qa Q)J (Q7 q)k:

« (.’L’, Y, Cs; q)j+k(x7 Cta Q)k(% U/t7 q)j
(xv Yzs, cv; Q)j+k

)

oo
Z, Cv, cw; q T, Yz8,cv, cw; q T, Y, C81q) j+k+1(T, € Q) k41
Tl(y,zD){ ( )oo }:(( Y )oo Z( Y )itk Dt

(1’,CS7Ct,C’LL,CZ;q)OO x, zs,cs, ct, C’LL,CZ;C])OO (xvyzsvcv;q)j+k+l

k,j,1=0
o @ v/tq)(@ w/z ) (2t)7 (z8)" (zu)
(z, cw; )k (©0); (¢ Ok (G0

where max{|zs|, |zt|} < 1.

(i) For n € N, we obtain the following identities corresponding to the (p, q)-deformation:

c” (z,yzt;p,q > - i il 1
T, D — ’ i it
x(yv 2, 10711) { (;v,c&ct;p, Q)oo } (LL' Zt cs, ct: D, q lz: Z ¢ z s

OO
05=0 P:q

. @y, ctip, @), csip, q)J
(z,y2t;p,9)j+1(P, & P, O

cn (l‘ th P, q (x,y,Ctépv q)j —J .7
. b _ WY, D:4)5 m—j
o:(ﬁ%z, p,q){ (:U,Ct;p, q)oo} (x 2t ctip, q Z (:v,yzt;P, Q)j c 27,

Cn(l‘ cu;p Q)oo (aj Y28, cuip, q OO oo n 5 G4,
T D ! ! ? = . " ] ]+ t
x(y725 pﬂ){ . (LL' zSs,CS, ct; P, q )oo ZZ ‘ :

(5570370157177(])00 1=0 j=
p.q
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% (IIT, Y,Ccs;p, q)jJrl(xa ct; b, q)] ($7 U/t;p, q)l
(z,y2s,cv;p,q) j+1(D, ¢ P, Q)i

1 } (#9260, oo [n] (2,9, ct; @) j+k
0

T.(y,z, D {
r( y 2y P,q) (aj,csjct’cv;p7 q)oo (x,zt,cs,ct;p, q)oo Py Ji (x,yzt;p, q)j+k
W q

X($705§p7Q)k(2’v)k (zs)!
(p,a;p, )k (Pq;p.q);

(5’3701);?7 q)oo } _ (3371/25701);10’ Q)oo = (xa%CS;p#Z)jJrk
(

T:(y,z,D
I(y p’q){(ﬁC,CS,Ct,CU;p, Q)OO l',ZS,CS,Ct, cu; p, Q)OO x,Yyzs,Ccu;p, Q)j-‘rk

k,j=0 (
o (@ ctip, k(@ v/tp, 0 ()] (zu)k
(P, @:p; q); (0, @0, Ok’

and

(z, cv, cw;p, @)oo } _ (z,yzs, cv, cw;p, @)oo = (T,Y,¢8;p, @) j+k+1
(

T. D
w2, p’q){ (z,cs,ct,cu, cz;p, Q) oo x, 28, ¢s, ct, cu, cz;p, q) (x,yzs,cv;D, Q) j+kti

 k,j,1=0
o (@ ctip Qe 0/t q); (x,w/2p, q)r(z2t)
(z, cw; p, @)k (P a;p,9);

(25)" (zu)!

(0, @0, )k (0, 0y Q)0

where max{|zs|, |zt|} < 1.

6. The identities for h%(x,y; R(p,q))-polynomials

In this section, the generating function, Mehler’s formula, Rogers formula, and their extended versions for
the generalized homogeneous Rogers-Szegd polynomials induced from R(p, ¢)-deformed algebra are discussed.
Identities related to the quantum algebras known in the literature are derived as particular cases.

The generalized homogeneous Rogers-Szegd polynomials are given by the following relation:

n

he (2,9 R(p, q)) = Y [ ] (a,y;R(p,q)), =" " (61)
i=o Lk IR
Note that, taking R(z,1) = TT_l and a = p = 1, we recover the homogeneous ¢-deformed Rogers-Szego

polynomials determined by Saad and Sukhi [21]:

n

n —
mteain) =30 | ] e
i—o Lk lg

Using the representation of the R(p, ¢)-deformed homogeneous Rogers-Szego polynomials in the form
by the R(p, g)-Cauchy operator, i.e.:

To(y: 1, Dr(p.y) {2"} = b (2,3 R(p, 0)), (62)

we compute the basic identities for h%(x,y; R(p, ¢)) as summarized in the following theorems.
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Theorem 4. The generating function for he(x,y; R(p,q)) gives:

tr a,yt; R(p, q)) oo
Zh i Rip, ))(nq;R(p,q)) - (é,tfjwt;é]()pf]c)z)))oo’maxﬂt’xt|}<1' (63)

Proof. From the relations and , we have

o0

S B R ) s = 3 T 1: Do) ( -

= (p.:R(p:a) = s G; R(p, a))n

=Ty, 1; Dr(p,q)) {Z (p,; R ))n}

1
el “Dnmw){ummmm}

_ (4,9 R(p, q))
(a,t, 2t; R(p, q))

and the proof is achieved.

Theorem 5. The extended generating function for h%(z,y; R(p,q)) is determined by:

- k
. | i (e, ytR(pq (@9, 26 R(P, ) 1j
nzzothrk(CC;yaR(pa q)) 7. R, q)) - (a,t,zt; R(D, q))oo JZ [ ‘| (a,yt; R(p,q)); v, (64)

)

where max{|t|, |zt|} < 1.

Proof. We have

© i o0 N tn
2 Maealon i R0 )G iy gy = 2 T B PR b Y G
n= » ’ n=0 o ’ "

= Tu(y, 1; DR(p,q)){xk ni": ((l’t)"}

— (0, G R(p,0)n

zk
~1015Pe00) T

and the result follows.

Putting k = 0 in the relation (64)), we obtain the generating function for the generalized homogeneous

Rogers-Szego polynomials.

Theorem 6. The Mehler’s formula for h%(z,y; R(p,q)) yields:

— t" (a,yt, zvt; R(D, q)) oo
iy (2,3 R(p, ) by, (w, v; R(p, g =
,;) (@5 R{p )b ( ))(p,q;R(p, 9)  (a,t, ot 2ut; R(p, q))oo

s ( (a,9), (a, 1), (a,0/u)

(a, yt), (a, zvt)

|R(p, q); ut) , (65)

where max{|t|, |zt|, |zut|, |ut|} < 1.
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Proof. We get:

o0 tn .
by (2,43 R(p, @) gy (w0, 0; R(D, q)) 57— = ¥ Ta(y, 1; Dr(p,g){iz"
g (2,9 R(P. @) (1,03 R (P @) s g R {2}

(P, G R(P: Q)

_ . (a, zvt; R(p, q))
=Ty, 15 DR(p’Q)){ (a, zt, zut; R(p, q))

— (a,yt, zvt; R(p, q))oo
(CL, t7 xt, xut; 'R,(p7 q))oo
X 3¢9 ( (a,9), (a,xt), (a,v/u)

(a, yt), (a, zvt)

X hg(u,v; R(p, q))

‘R(p, q); ut) :

Then the proof is achieved.

Taking u = v in the relation , we get the generating function for the generalized homogeneous
Rogers-Szegd polynomials h¢(z,y, R(p,q)). Besides, setting y = v = 0 in the relation (65, we get Mehler’s
formula for the Rogers-Szegé polynomials.

Theorem 7. The extended Mehler’s formula for h%(z,y, R(p,q)) is given in the form:
= hy, (’LL, v; R(pa Q)) " (Cl yut, vt; R p L
ho(z,y; R(p, q ntk = J Wk ()
go ( (p,q)) (2, ¢; R(P, q))n (a,t, ut, 7ut; R(p, q))oo ZZ;]ZO i (2)
" R(p,q)

(a,y/2;R(p,q))i (a,v,ut; R(p, q));j+1(a, zut; R(p, q));
(p, ¢ R(p; @)1 (a,yut, vt; R(p, q))j+1

,  (66)

where max{|t|, |zt|, |ut], |zut|} < 1.

Proof. We have

;hi(%y;R(p,Q))hZM(wv;R(p,q))(p’q’R— Z (z,y;R(p,q))

X To(v, 1; DR(pﬂ)){uk((Ut)}

P, ¢ R(P,q))n

)
(a, yut; R(p, q)) oo }

a,ut, zut;

R
_ (a,yut,vt; R(p, q)
_(atutxutRp, ZZ

001030

= Ta(vv 1 DR(p,q)){uk(

7

a))
173(17@

oo (@0, uts R(p, q))j+1(a, zut; R(p, q)); (@, y/2s R(p, 4)):
(a7yUt7UtaR(pa ))]-H (p7QaR(pa Q)) ‘

Taking k£ = 0 in the relation , we obtain the Mehler’s formula .

The results for the Rogers formula for the generalized homogeneous Rogers-Szego polynomials from R(p, q)-

ub=I (xt)l
)

(p
j
q));

deformed algebras are summarized in the following theorems.

Theorem 8. The Rogers formula for h%(x,y, R(p,q)) is given by:

- a . t" s™ (@GR (SR, q)) oo
2 MR )>(p, GRP, ) (0. G RM, @) m (a,5R(D,q))s0 (@5, 2R (P, q)) oo

n,m=0
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where max{|t],|s|, |zt|, |zs|} < 1.

Proof. We have

co oo m §m x
h x,y; R(p, = T.(y,1; D
2 D Mgy RAp q»(nq;R(p,q))n (. ¢ R(P,9))m 2 Tolw i D)

n=0m=0 n=0
R G s
(2, ¢; R(p, @))n (P, ¢ R(P: @) m
(a,ys;R(p,q))
(a,s,zs,xt; R(p,q))

% a1 ( (a,y), (a, zs) ‘R(p)q);t> |

(a,ys)

Setting y = 0 and a = 1 in the relation (67)), we obtain the Rogers formula for the Rogers-Szegd

polynomials.

Theorem 9. The extended Rogers formula for he(z,y, R(p,q)) is determined as follows:

oo o0 © k
" s™ (a,yt; R(p,q k
h’IC’LL m €, aR 9 =
2 2 M (0. R D o, 6 Rips ) 06 Rpralm (@bt zs R (p:4))oc ZZ [ j L( :
p.q

n=0m=0 =0 j=0

(a7y,xt;R(p, )J+l a, xsz(p>q))J okl (
(a, yt; R(p, @) j+1(p, ; R(p, @) )i

Proof. We have

2, 2 Mhemesle v RAp.0) (p,q;g(Lp, 0)n (p,q,R( Z Z Ta(y, 1; Drp.g) ) {215}

n=0m=0 n=0m=0

t7l Sm
0.6 R, ) ,Roo,q))

= Ta(y, 1; DRr(p,q) {xk Z

n=0 paQa ( )n

Xz::() (P, a; ( q))m}

m

.’Ek
:Ta(ya:l;DR(p,q)){(l 5 xt'R(p ))oo}

__ (a,ytR(p,q)
~ (a,t,wt, 28, R(p, )OOZZ j
R(p:9)

=0 =0

(a,y, 2, R(p, @) j+1(a, 25, R(0,0)j  k—j 4
X S
(aa yt; R(pa Q))j-H (p, q; R(p7 q))l

Taking k£ = 0 in the relation , we obtain the Rogers formula for generalized homogeneous Rogers-

Szego polynomials.
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Remark 8. Particular cases are derived as follows:

(a) The results corresponding to the q-deformation are recovered by taking R(x,1) = =L in [2].

(b) Putting R(z,y) = %, we obtain the results corresponding to the Jaganathan-Srinivasa algebra, i.e. the

generating function, Mehler’s formula and their extended versions for h%(x,y;p,q) :

ihi(%y;p,q) G 1 )T Y
— (paipa) (4t 2t5p, ¢)so
and
00 k
t" (a,yt:p, @) k (a,y,26:p,9); kj
ho k(T4 9,q) = s S LA
,; ek (431, q) (a7t,wt;p7q)oo]z::0 j (a,yt;p,q);
b,
where max{|t], |xt|} < 1. Furthermore,
o0
t" a,yt, zvt;p, g (a,y), (a, zt), (a,v/u)
> b,y p, @) (u, 03 p, @) —— _ ty o ) o PR pq;ut |,
n=0 (p7Qap7 Q) (aa y L, TULS P, q) (CL, yt),(a, JJ’Ut)

where max{|t|,|zt|} <1, and

n sy I s n+k y Us s . - . .
n=0 (p7 qa pa q)n (a> t7 Uta 1’“157]0, q)oo 1=0 j:O _] v
o (@ v, utsp, g)jia, zut; p,q); (a, y/2;p, q)zuk_j(xt)l7
(a,yut,vt;p, q);41 (0, ;1,1

where max{|t|, |xt], |ut|, |zut|} < 1. Moreover, the Rogers formula and its extended version for h%(z,y;p,q)

are deduced as:
m

e L T 4Dy e (P @30, D (a5, @8, 285, q)

a0 ( (a,9), (a,25)

(a,ys)

where max{|t],|s|, |zt], |zs|} < 1 and

m

o oo " s a . - co k
Z Z hz+m+k(g§,y;p,q)( ! = ( ’yt’p7q) ZZ [ k ]

== PGP D (PGP Dm (a2, 285D, ¢) oo

(a'a Y, xt7p7 q)j-‘rl(a'a rs;p, Q)] l'k_j Sl
(a,yt;p,@)j+1(p, ¢ 0, O

7. Extended formulae for hl(z,y; R(p,q))-polynomials

In this section, we use the Cauchy operator T;(y, z; Dr(p,q)) to derive other extended identities for the

homogeneous Rogers-Szegd polynomials k2 (x, y; R(p, ¢)) with the help of the relation (57).
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Theorem 10.

iha (z,y; R ))hzﬂ(%v;R(p,Q))tk: (@, vt, uyt; R(p, 4)) oo
Y (P, 4 R(p, )« (a,t, ut, uxt; R(p, ))oc

(a,v, ut; R(p, q))i+i
X
DI Wi

(a, uxt; R(p, q))i+j(a,y/z; R(p,q))i
(a,vt; R(p, @) ir1(p; ¢ R(p, @)1

x (a,y: R(p, q)) ;"™ Tu" " (tg’)', (69)

where max{[t], |ut|, |xt], |zut|} < 1.

Proof. We have
+k

Z hay (2, 5 R(D, @) gy g (w, 05 R, Q))m = Tu(v,1; Drp,g) ) {u

n—i—k}

X h (@ R Q) o
k=0 (p7QaR(paq))k

(a, uyt; R(p, q)) oo
= Ta ) 1; D "
(v R(p,q)){“ (a, ut, uxt; R(p, q))oo

« i [ m ] (a,yauxtﬂz(p, q))j mm—j}
R(p.q)

(a, uyt; R(p, q));

J

, n (a,uyt(q/p); R(p,q))oo
*Talwn1; DW)){“ (@t wt 4/ P R (p. 4))m }

=> [ " ] (a, 5 R(p. q)) 2™~
R(p,9)

Since

. o (@ uyt(a/p) i R(p,@))oe | _ (@05 R(p,9)oe (uyt(e/p)s R(P,q))oo
e (05 R{p, ) (i (a/pVER ()

a,v,ut R(p7 ))i"rl
X
;ZO (a, vt, uyt(q/p)7; R(p; 4))itj+

y (a,uzt(q/p); R(p,q))i(a,y/x; R(p, q))i -
(paq§R(p7Q))i+j+l

(ztg )1,
after computation, the result follows.

Taking m = n = 0 in the relation , we obtain Mehler’s formula for h?(x,y; R(p, q)). Setting m =0
in (69), we get extended Mehler’s formula for he(x,y; R(p,q))-

From the relation , we obtain the following identity for h%(z,y; R(p,q)).

Theorem 11.
i ha (z,y; R(p, q)) - il vt _ (a, yt; R(p, 4)) oo
S, T 0, R ) (0. 6 R0, 0)m (- R0k (ast, 2t 25,20 R(p, )
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— (a,y,2t; R(p, q))itj(a, 25, R(p, q))i
x 2 (a,yt; R(p, @) )iss

i.j=0
v £y
X , 70
(p,¢; R(p,q))i (P, ¢; R(p, q)); (70)
where max{|s|, |t], |zs]|, |zt], |zv|} < 1.
Proof. We have
0 tn s™m k
ho (@, y; R(p,
. mzk:_o w0 R D) e o e v Rips @) (6 R0 D)
x tn g™ Uk
,1’ D xn+m,+k
z,;: (51 Dripa) }(p,q;R(p, D)n (P, 6 R(P:@))m (P, ¢ R (P, )i
0o 00 S (.I’U)k
=T.(y,1; Drp,
. 1: Pr q)){ 7;) (p,q,R p,q mZ::O (P, 4; (p, 9)m z;) (p, 4 R(p, Q))k}
1
=T 1;D .
a(y’ 7 R(P,Q)){ (CL7 xtv TS, TU; R(p7 Q))oo }
Then, the result follows.
Putting v = 0 in the relation (70, we obtain the Rogers formula for he(z,y; R(p, q))-
Theorem 12.
S k(U5 RO, )05 R(pr ) -
Ly S T A b A ) R (9, 0))m (0o R(p- )i
_ (CL?ySuxvs?;R(pv (J))oo i = (a'ayvxs;,}?’(pa q))j+l
(a,s,xt,xs,xus,;R(p,q))oo 1,j=0 i= v (CL ys R(p7 ))]-H
« (a»xus;R(P» ))z+l(a 'U/U R(pv ))](a‘ ( ))1 ujjtnfi(sqi)jtl7 (71)

(a,2v8;R(D, Q))ivj+1(p, ¢ R(p, 4)) (P, ¢ R(p, @)1

where max{|s|, |zs|, |us|, |rus|, |zt|} < 1.

Proof. We get

he . (u, v; R(p, @) )t™ s*
;G RP:Q)m (0,4 R(p, q))k

> (zt)™ w v (xs)F
X{n;)<p,q;7z<p,q> SRl D Garoan )

k=0

1 ~ n
= T,(y.1:D .
(y R(p,q)){ (a,2t; R(P, 9)) oo Z; [ i 173( :
P.q

1=

(a,2vs(q/p)"; R(P, 4))so }

(a,zs, 2us(q/p); R(P; q))oo

> b uiR(p, ) = To(y, 1; Dr(p.q))

m,k=0

x (a,v; R(p,q))u"""

n n .
=> [ . ] (a,03R(p, q))iu" " "Ta(y, 1; Dr(p,q))
’ (
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X{ (a,2vs(q/p)"; R(P,4)) o ))w}

(a, xt, xt, xs, xus(q/p)*; R(p, q
and the result follows.
Setting n =t = 0 in the relation , we obtain the Mehler’s formula for h¢(x,y; R(p, q)).
Theorem 13.

by (u, v; R(p, )" by, (2, w; R(p, ) s™
2, RP0)n (0,6 R[D,9)m

> Mm@ yR(p, )

n,m=0

(a,t,xt, zut,xs,x28,; R(p, q)) oo

o0

(aa Y, It; R(pa q))j"l‘k-‘rl (a7 IUta R(pa Q))k-‘rl
 (ayt o0t R(p. ) as 205 R(p )

=
(a,v/u; R(p, q))i(a, zs, w/z R(p, )k
(p7Q7R(p7q))](paQaR(p7Q)) (p7q7R(p7Q))l

X
J:k,

(ut) (s2)"s!,

where max{[t], |xt|, |ut], |zut|, |zs]|, |zzs|} < 1.

Proof. We have
hy, (u, v; R(p, ) )t" hy, (2, w; R(p, q))s™
P RM2)n 0, RD,0))m

S 18 (v (t)"
A reag 2T

3 s
: mzk;Oh H iR e ))(p»q;R(n (1))m}

(a, zvt, zws; R(p, q)) oo
=T,(y, ;D '
(y R(p,q)){ (a,xt, zut, xs,228; R(P, q)) oo

Z h?L—Q—m(xv Y R(pv q))

n,m=0

=T, (y, L DR(ZMI))

Taking s = 0 in the relation (72)), we obtain the Mehler’s formula for he(z,y; R(p,q))-

Theorem 14.

tn h,a (u ’[)R( )) Sm wk
ek O R ) 4 R (0, @) m (024 R (P2 @)

(a, yw, zvw; R(p, q))

Z hZM(fr,y;R(P? Q))(

n,m,k=0 b, q’R(pv Q))n

(a w, us, xt, zw, Tuw; R(p, q)) oo

(a,y, zw; R(p, q))iti(a, zuw; R(p, q))it;
x Z (a,yw; R(p, q))iti(a, zow; R(p, q))itj+i
(a,v/u;R(p7 q))l(aav;R(p7 q))j
(p,¢; R(p,2)); (P, ¢ R(p; 0))i(p; ¢ R(p, 0))i

,5,0=0

where max{|s|, |w|, |us|, |zw|, |uw|, |zt|, |zuw|} < 1.

Setting t = s = 0 in the relation , we obtain the Mehler’s formula for h%(z,y; R(p,q)).
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Remark 9. Taking R(z,y) = p_Z’ we obtain the results associated to the Jaganathan-Srinivasa algebra

extended formulae for he(x,y;p,q) are provided by :

tr (a, vt, uyt; p, @)oo
Pt (T Y3 D Qhiy g (U, 05D, @) 7 = T
,;) i Ml )(p,q;p,q)k (a,t,ut, uzt; p, q)oo
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=== (a,uyt;p,q H—H—]

(@, uxt;p,q)i+j (@, y/x;p, )
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x  (a,y;p,q) ;2T Iu Tt

X

where max{|t|, |ut|, |zt], |zut|} < 1, and

n m k

- t s v (@ytp Qo N~ _(a,5:p,q)
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nmz,;:(, kY ) ) e praip @ (ks oty 5,203, ) ;0 (@, yt:p, Q)i
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where max{|s|, |¢|, |xs|, |zt], |zv|} < 1.

Finally,
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o0
t" sm wk (a, yw, zvw; P, ¢) o
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where max{|s|, |wl, |us|, |zw|, |luw|, |zt], [ruw|} < 1.
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8. Concluding remarks

The Cauchy operators and identities in the framework of the R(p, ¢)-deformed quantum algebras have been
constructed. Moreover, the generating function, Mehler and Rogers formulae, and their extended identities
for the homogeneous Rogers-Szegé polynomials have been computed and discussed. Particular identities from

known quantum algebras have been deduced.
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