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Introduction

In 1823, Abel used fractional calculation rules to solve the following integral equation:

Ty®) e
| = fa),

presenting the current definition of fractional integration, known as Riemann - Liouville:

I°f(z) = r(la) /; = f%)ladt, z > 0.

This was an introduction to the concept of a Riemann-Liouville fractional-order deriva-
tive, which was followed by Hadamard in 1892 [5], who presented another definition using



the logarithmic function and the related Stieltjes integral:

Iaf(z)_rsa)/:f(t). (lni)a_ldlnt_l_‘(la)/amf(t). (m%)a_l%, x> 0.

The Riemann-Liouville type fractional calculus theory has recently been developed. Many
authors introduced various properties and established new definitions that generalize
those approaches (see for instance [I], 4\ [6, [9] 12} [13, [15] [16] 17, [18]).

The concept of distribution, on the other hand, is considered relatively new in the his-
tory of derivative. First, Heaviside (1893, 1894) and Dirac (1926) introduced generalized
functions, with derivative and integration operations isolates of the mathematical rules
that must be available (this problem solved by Schwarts in the early 1950s [19]). The
concept of ”quasi-derivative” is then introduced in Lery’s work on the motion of a liquid
in R? (1934) [I1]. Sobolev introduced the concept of a generalized solution of the wave
equation using compactly supported auxiliary functions in 1934 and 1935, paving the
way for a new concept, the weak derivative, and laying the groundwork for what were
later known as Sobolev spaces [2]. Schwartz developed the theory of distribution. He be-
gins with articles published between 1945 and 1950 and concludes with his famous book,
in which he lays the theoretical foundations of the concept of distributions, specifically
derivatives and various operations [19].

It is natural to seek a fractional notion of derivative in the sense of distribution. To this,
Samko et al. introduced preliminary ideas to present the notion of fractional derivative of
generalized functions, as well as fractional derivatives of multivariable functions defined
on rectangular sets a1, b1] X ...[an, by], where (a1,as,...,ay),(b1,ba,...,b,) € R™ (see
[9, 18]). Next, Mincheva-Kaminska [14] established the notions of fractional integrals and
derivatives of functions and distributions in the cone Eﬂ According to these concepts,
we generalized the notion of fractional derivative from classical to general form in our
work, and we also defined fractional derivatives for functions with multiple variables. We
performed demonstrations based on distribution theory.

Our work is divided into five sections: In the first section, we introduced the fundamental
concepts of fractional calculus that will be used throughout the article. We presented the
weak fractional derivative in the second section, which generalizes what are presented
in [7]. We tried to present the integral and fractional derivative of distributions with
compact support in the third section. We used the convolution product in the fourth
section to established the derivatives and fractional integrates of the distributions defined
on the entire R. We extended everything presented above to the dimension superior in
the fifth section. Finally, we provided a conclusion and some definitions concerning usual
differential operators (gradient, divergence, Laplacian).

1 Preliminaries

In this section, we will discuss some derivative and fractional integration concepts and
properties with respect to a sufficiently regular function.



Let (a,b)(—00 < a < b < 400) be an interval of the real axis R and p such that
1 < p < 4+o00. All functions in this paper considered real- valued functions. From now on,
let o be positive real number and 1 = [a] + 1. We denote by ¢ a function in C'(a,b) at
least such that ¢’ > 0. Therefore, o is one by one function from (a,b) to (o, 0p) where,
0, = lim o(x),0p = lim o(x).
z—=5a z—+b

Definition 1.1. [10] We denote by X% (a,b) the space of measurable functions f on (a,b)
such that || f||x» < oo, where

b »
|f||xg<a,b></ If(t)l”d'(t)dt> : (1.1)

Note that

1
ap 5
lczean = ([ 17007 @Pay) =17 00 i (12

so, f € XP(a,b) if and only if foo~t € LP(0,,0p).

If0 < i{lfb) o'(z) < sup o'(z) < 400, then, X2(a,b) is the same as LP(a, b), the usual
z€(a, z€(a,b)
Lebesgue space on (a, b).

Definition 1.2. [9] Let f € L2(a,b).

i) The generalized (left and right) fractional integral operators of the function f with
respect to the function o are given by

1o f(z) = ﬁ / “(o(@) — o (1) F ()0’ (D, (1.3)
b
12 1w) = g [ 0 = o) 0o et (1.4)

+oo
where I (o) = / e~ 't~ 1dt, is the Buler gamma function.
0

ii) The generalized (left and right) fractional derivative of the function f with respect to
the function o € C"(a,b) are introduced by

Dy f(z) = (%)Z(I;?;“’”f)(xgc o .
= T / (o(x) = a(®))" "1 f(t)o’ (t)dt,
DY f) = (—10)"(T @)
- ﬁ(—w / (o(t) - st 0 i, O
where ~,(x) = U%w) %



Notation: For a = —oco, we denote respectively Iaf, D7, by 97, D7 For b = +o0,
we denote respectively I;X,U,D;’,‘T, by %7, D7

Remark 1.1. For o(z) = x, the notions of Deﬁnition coincide with the notions of
Riemann-Liouville integrals and derivatives T, I;* , D%, , Dy* (see for example [9]). So,
by using the change of variable s = o(t), we get

L f(a) =T (foo ) (o@),  LYf(@) =TI} (foo (o).  (17)

Hence, for o, = —00 or o, = +00 we need 1 < p < — ( for the definition of 77, T,
a

we need 0 < o < 1. For more details, we refer to [9)(Lemma 2.11).

Now, we will present some properties of fractional operators of functions of infinitely
differentiable functions, with compact support. In what remains, we consider that o €

C*>([a, b]).
Theorem 1.1. For all ¢ € C°(a,b) we have
I € C*(a,b), T,>%p € C*(a,b),

where C°(a,b) is the space of infinitely differentiable functions, with compact support in
(a,b). Moreover, if supp ¢ C [aog, bo] C (a,b) then, I:°p vanishes in the interval (a,aq)
and I,°% o vanishes in the interval (bo,b).

Proof. Let ¢ € C°(a,b). Then,

1 z o1 , _ x ) L,
@/ (o(z) = o (t))* ()’ (t)dt = / (0(x) — (1)) (t)dt.

L p(x) =
Since (o(z) — o(t))*¢'(t) € C(a,b), then,

d o0 o'(x)

%Iai p(z) = Ta) /:(a(x) —o(t)* o(t)dt = o' ()L (Vo) ().

Since o’.¢ € C([a,b]) then o' (2)Z57 (vo¢) € C(a,b). Hence I:%p € C'(a, b).

d*
We will proceed in the same manner for In kIg‘f (k € N), keeping in mind that

- kI;:" ZP o). I3 ke, (1.8)

where P; is a polynomial of degree 1.
Now, let € (a,ap), then o(t) = 0 for all ¢ € (x,b). Hence, Z5 p(x) = 0.
We follow the same steps for Z,"%¢. O



Remark 1.2. It is not always true that T7 ¢, T,"" ¢ € C°(a,b) for ¢ € C(a,b). For
example, let p € C(a,b) such that ¢’ > 0 on (a,b) and supp ¢ C [ag,bo] C (a,b). Then,
for x € (bo,b) we have

bo
R = p [ o) - o) B >0

Remark 1.3. We only introduce the proofs for the fractional operators Is‘f and D;Xf
in the sections that follow. The operator Ig‘_’d and operator D;’_’” proofs follow suit.

The following theorem ensures the continuity of the operators Z';” and Z;"7.

Theorem 1.2. For all 0 € C*(a,b), the operators 757 and I,°° are continuous from

C(a,b) to C>®(a,b).

Proof. Let o € C*(a,b), K be a compact in (a,b) (we can always choose K = [ag, bo)),
ke NU{0} and 1 < i < k. Then, for ¢ € C°(a,b) such that supp ¢ C [a1,b1] C (a,d),
we have

i )
(o)'ele) = 3 i (5) (@a)
J,1=0

Hence, (7,)"p is bounded on all compact in (a,b). So, there exists M; > 0 such that

sup  [(70) (@) < My sup (@)
ao<w<bo a0 < <bo,0<)<i

Then,

IN

: (o(bo) — o(ag))® ;
su Z%% (v4) o(x)(x M~—— 7 Su W) (z)],
a0§w2b0| ot () (@)@) Pl +1) QOSZSbOI;)OSJSi‘(p (@)l
= M sup |<p(3)(33)|,
ao<x<bo,0<5<i

which leads to

dk k . .
s | Lzerew| < M sw P@olaD). s [
ag<z<bg | AT i—0 ao<z<bg ag<z<bo,0<5 <1
< M sup 0@ ().

ap<x<bo,0<i<k

Since supp ¢ C [a1,b1], we get

sup oD (z)] < sup o ()]
ap<w<bol,0<i<k a1<w<by 0<i<k
Then,
dF X
sup —— I8 p()| <M. sup  [pP(x)].
ao<w<bo,0<i<k | dX ar <w<by 0<i<k
So, the continuity of Z:7. O



2 The weak derivative

In this section, we present a first version of distributional fractional derivative, which is
the weak derivative of functions. For this we consider a > 0,1 = [a]+1 and u € L2 (a,b).
If Df7u, Dy u exist in the sense of Definition and verify properties of Lemma 2.7
in [9] then, for all ¢ € C2°(a,b) we have [10]

b b
(D u, ) :/ ;“fu(x).gp(x)al(x)dx:/ u(x). Dy p(x)o’ (x)dx

a

b b
(Dg‘;au,go):/ fou(m).gp(x)a’(x)dx:/ u(x). D5 p(x)o’ (z)dx

Using this characteristic, we extend definition [I.2]in the manner described below.

Definition 2.1. let u € LE(a,b). The weak derivatives “D:7u and Dy u of the func-
tion u are given as follows

i) If 77 |u| exists then,
b
<“’D2‘fu,<p):/ u(x). Dy p(x)o’ (z)dz (2.1)
a
ii) If ,"° |u| exists then,
b
(“Dy>u cp)z/ u(x). DY p(x)o’ (x)da (2.2)
a

Theorem 2.1. D 7w, D,""u above define distributions on (a,b).

Proof. Let [ag,bo] C (a,b) and ¢ € C°(a,b) such that supp ¢ C [ag, bg]. Then, we have

b
Pl N%—a) / (o(8) = (@) (=) (B)o" (D)t
bo
- F(nl—a)/ (U(t)_a(ﬂv))n_a_l( o )T (t)o (t)dt
: 320 n—a-l n ’
< F(nl—a)/l (o(t) — o(x)) bol( Yo ) (t) |0’ (t)dt
ST a>z3?5bo'(%)%(t)'/w (0(t) = o))’ ()t

) sup[(=0)"e(0) (0 (b0) — o (@)




So,
(n— a)(a(bo) — o(ao))

Parelel € ey i, (e eelett) o)
A 777 . n—oa—
s, [l = o)
Hence,
b
D) = | [ ule) D p(a)o w)da

bo
/ u(x). D5 p(x)o’ (x)dx
A sup  [(=70)"p(2)]

ap<z<bo

bo
Ta ), et o) s

= [(n—a)(o(bo) — a(ao))Z]v 7 |ul(bo)] . sup [(—=70) ()|

U (%)
Note that (—v,)"¢(x) = Z a;,j <01/> (w)-w(j)(x)-

i,j=0

(%)
1 ,
Since (/) 790(]) are bounded in [ag, by] there exists M, , > 0 such that
o

n (%)
1 4
s (el = s | 0 (5) @@ <My s ool

ap<z<bo ao<z<bo ; ap<z<bo; k<
)

Hence,

S Mu,o”,n sup |<p(k) (l‘)‘,
ao<z<bo; k<n

b
/ u(x). D5 p(x)o’ (z)dx

where = M, o/, = (1 — a)((0(bo) — 0(ao)) L]~ |u|(bo). Mo o,
which is required. O

Theorem 2.2. If “Du (YD, u) exists, it is unique.
Proof. Let “'D%u," 2 D%7u be two weak derivatives of u, then,
(WD =2 DN, @) = 0, for allp € C°(a,b).
Hence, “'D%7u =2 D% 7w in the distributional sense. O

Corollary 2.1. If D)7 u exists in the ordinary sense then, “D. ) u = D u.

Similarly, we put “D,>"u = Dy u.



a,0

From now on, we will use the symbol D " u, D?,’Uu for either an ordinary derivative or a
derivative in the concept of distributions.

Example 2.1. Let (a,b) = (—00,+00) and 0 < a < 1. We will calculate the fractional
derivative of the Heaviside function, defined by

0 : =<0
H(x):{l : m;O

Let o € C(R). Then,

+oo
H(z)D" ¢o(z)o’ (x)dx

— 00

= /Jroo—dIl_a’o (x)dx

. d l-a,0

T

I *70(0) — lim ' *7(A)
A—+o0

= I 79(0).

(DY7H, @)

+oo
(DX7H,¢) = H(z)D° p(x)dz

(o)
[

= — x)dx
0 d.’L'A+ v

. d l—a,0
-l [T el

= lim [Ty “7p(A)] — I “70(0).

A—+oo
If lim o(A) = +oo then, lim I, *“p(A) = +oo. Hence, D> H does not eist.
A—+oco A—+oco
Considering now that AliIJrrl o(A) = o4 < 400. Then,
— 400

1

B
Jim T00) = s [ (= o) 00 (0t = T (o),

where B is chosen in a way that supp ¢ € [—B, B].
a,o —a,o l—a,0
So, (DXH, ¢) = T,” " p(04) = I, 7(0).

3 Fractional derivative of distributions with compact
support

Let T be a distribution with compact support on (a,b), denoted by suppT'. First, we
will define Z75” and Z;”?. Next, we introduce the notions D727 and D;2%. It is known



that the space &(a,b) of distributions with compact support is the dual of the space
C*(a,b). According to Urysohn’s Lemma, there exists x € C°(a,b) such that x =1 in
the neighbourhood of supp 7T'. Using this important property to give the following notions

Definition 3.1. The integrals ijT, ISLUT are given by the following formulas

(0T, @) = (T, x. I,2% ), (3.1)

(Z,2°T, ) = (T, x L, ) (3.2)
Note that the choice of x has no impact on the above formulas.

Theorem 3.1. Z°2°T and T,-°T define distributions on (a,Db).

Proof. Assume that suppT C [ag,bo] C (a,b) and let x € C(a,b) such that y =1
on (ag — &,by + €), where € > 0 is small enough. Let ¢ € C2°(a,b) such that supp ¢ C
[a1,b1] C (a,b). Then, there exists k € NU {0} and M, M’ > 0 such that

(T, ) = KT, X2 @),
m
< M sup —(XZp ‘,
ao<z<bo,0<m<k dwm( b ¥)
m
= M sup I‘“’(p)‘,
a0 <2 <bo,0<m <k azm B
< M. sup (™) ()],
ap<z<bo,0<m<k
< M. sup \w(m)(x)|.

a1 <z<by,0<m<k
O

Example 3.1. Let (a,b) = (—00,+00). We will calculate the Dirac mass’ fractional
integral. Let p € C°(R). Then,

(ZL76,0) = (0, xI2% ) = X(0)I27(0) = 27 (0).
o0 ¢ l-a,0
Hence, )6 =D, ™" H.
(Z276,0) = (0, xTF %) = x(0).Z$7(0) = ZT7(0).
Definition 3.2. The derwatives D))" T, D,2°T are given by the following formulas

(DT, @) = (T, x. Dy ), (3.3)

(DT, ) = (T, DI ). (3.4)

Theorem 3.2. DT and Dy2°T define distributions on (a,b).



Proof. Considering that suppT C [ag,bg] and let x € C°(a,b) such that y = 1 on
(ap — &,bp + €), include in (a,b). Let ¢ € C°(a,b) such that supp ¢ C [a1,b1] C (a,b).
Then, there exists £k € NU {0} and M, M’ > 0 such that

(DT ) = [T.xD," )l
m
< M sup —— (xD*7 )|,
dm «,0 )
= M sup — (D> )|,
ap<z<bg,0<m<k d(Em< b
dm n aO’( )7] )
= M sup —(Z " (=, ,
ap<x<bo,0<m<k dzm( b a)$

Using the same reasoning as before, it can be demonstrated that

(DT, o) < M. sup o™ (),
ao<z<bo,0<m<k+n
< M. sup o™ ().

a1<2<b1,0<m<k+n

O

Example 3.2. Let (a,b) = (—o0,+00). We will calculate the Dirac mass’ fractional
derivative. Let ¢ € C°(R). Then,

(DE76, ) = (6, XD27¢) = x(0)D7p(0) = D27 ¢(0).

(D275, ) = (6, XD ) = x(0).DL7(0) = DL ¢(0).

Remark 3.1. If T oo~! has a compact support in (o(a), (b)), we can extend the Defi-
nitions as fellows:

(IT, ) =(Too ', x Iy (poa 1)), (3.5)
(2T, 0) =(Too ', xI(pooh)). (3.6)
(DT, o) = (Too ', x. Dy (poo™ ), (3.7)
(DT, @) =(Too ', x.DX(poa™h)). (3.8)

where, Y € C2°(0(a),o(b)) such that x = 1 in a neighbourhood of supp(T o c~!) and

70,12, D

leY
at?

Dy are the integrals and derivatives in the sense of Riemann - Liouville.

10



4 Fractional calculus using the convolution product

In this section, using the convolution product of distributions, we present a conception

of fractional integrals and derivatives of distributions on the entire line R. Considering

that @ = —o00,b = +00,0 € C®(R), lim o(x) = —oo and lim o(x) = 4o0. Let
T—r—00 Tr—r—+00

f € L2(R). Then, for all ¢ € C°(R) [10]

+o0 oo
/ 197 f(x)p(x)o’ (x)de = / f(@) 127 p(x)o’ (x)dw

— 00 —o00

oo T (o(t) — o(x))>t
[ e [ O g

Using the change of variable y = o(t) — o(z), we get

+oo +o00 +o00 y
| e @ae= [ e [

—00 —0o0 0 F(a)
Using the change of variable z = o(z), we obtain

a—1

(poo )y +o(x))dy.

+o0o +oo +oo , a—1
| mr@e@e@an= [ [T (oo e o+ 2y

which lead to

+o00o
| @@ @hde = (0 o)+ Yayu), (@)
—00
0 2 <0
where Y, (z) = ¢ 27! >0 , ) =poo~t € C®(R) and * denotes the convolu-
I(a)

tion product of distributions on R.
In a similar argument, we can write

—+oo
[ I f(a)p(x)o’ (z)dx = {(f 0 0~ ) * Y, 1), (4.2)
(71.)0471 -
where Yo (z) ={  D(a) v<0 P =¢poo~! € CZ(R).
0 x>0

We know that in order for the convolution product to be well defined, supp f and supp Y,
(respectively supp f and supp Y, ) must be permitted convolution at the following sense

Definition 4.1. [§] The closed sets Ay,..., Ay CR™(n € N) are called permitted convo-
k
lution if for all compact K C R™ the set E = {(x1,...,xp) € HAi cx1 4+, € K}
i=1

is compact in R™*.

11



Remark 4.1. The following requirements must be fulfilled for the set E to be compact:

For allr > 0, there exists p > 0 such that for all z; € A;: if |x1+ -+ x| < 1 then,

Jax lzi| < p

Taking into account that supp Y, = [0, +00),supp Y, = (—o0, 0], we obtain the following
result

Proposition 4.1. Let T be a distribution on R. Then,

i) suppT and supp Y, are permitted convolution if and only if suppT C [A, +00) where
A€R,

ii) suppT and supp Y, are permitted convolution if and only if supp T C (—oo, B] where
B eR.

Proof. i) Assume that suppT C [A,+o00) and let R > 0. Then, for x € suppT and
y € supp Y, such that |z + y| < R we obtain A <z < Rand 0 <y < R— A. So,
|z] < R+ |A| and |y| = y < R+ |A|. Hence, suppT and suppY, are permitted
convolution.

Otherwise, there exists C' € R such that (—oo, B] C suppT. Then, for m € N large
enough we have —m € supp T and m € supp Y,. But we have |(—m) + m| < R for

some R and lirJrrl | — m| = +o0. Hence, supp T and suppY,, are not permitted
m——+00

convolution.

ii) The same argument is made for both supp T and supp Y,.
O

So, we will give the definition of left and right fractional integral and derivative of a
distribution of the type of proposition [£:1}

Definition 4.2. Let T be a distribution on R. Then,
i) If suppT C [A, +00) with A € R then, we put

I9°T(z) = (Too ') xY,) 00, DT () IO T.

ii) IfsuppT C (—o0, B] with B € R then, we put

I°T(z) = ((Too H)xY,) oo, DYT = (=, )" T T.

5 Extension to multidimensional case

Let n € N\ {1}. We use the notations of [9, [I8] and [14] which

a = (a17a27 . ~7an)7b = (b17b27 .o 7bn) (_OO <a; <b < +OO)7 (avb) = H(aivbi)a
=1

12



$:($1,$27..., )GRTL (O[l,OéQ,.. OZN) Oéi>0,TI:(77177727~~»77n)a

o 0 0

Let o(x) = (01(x1), 02 (1:2) O’n(iEn)) where o; are increasing functions in C*(a;, b;).
FinaHY7 let D= (plap27 s 7pn) (1 S pi < +OO)

Following the definitions of Riemann-Liouville integrals and derivatives in [9, [Ig], we
present some definitions of fractional integrals and derivatives.

First, as well as [3], we give the definition of anisotropic space XP?(a,b).

Definition 5.1. We denote by XP(a,b) the space of measurable functions f on (a,b)
such that || f|| x2(a,p) < 00, where

Pn
E2 Pn—1

bn, bn—1 b1 P1
1 lxz (s = / / / F@Poldry | ..o deay | olden

n n—1

Pn

which is a Banach space, with respect to the norm ||.|| x2(a,p)-

n

Remark 5.1. Let Q be a domain of R™. Then, there exists (a,b) = H(ai,bi) (—o0 <
i=1

a; < b; < +00) such that Q C (a,b). Hence, we can define the space XP(Q) by extending

a function f by 0 from Q, always denoting by f. So, we set || f|xz ) = [Ifll x2(a.p)-

Let f € XP(Q), where Q2 C ( H a;, b;). Following the definitions of paragraph

(§2.9) in [9], we present those deﬁmtlons

Definition 5.2. The generalized (left and right) fractional partial integral and derivative
operators with respect to the function o; are given by

QisTi £ () = L . oi(xz:) — o:(t: a;—1 ol (ts )
T @) = g [ ) = o) @, 6.1)
;04 _ 1 v (+:) — 7 a;—1 "(t.
% f(x) = o) / (0i(ts) — oi(w:))™ " f(t)oi(t:)dt. (5.2)
DY f(a) — (%i)’f(ﬂ . "’f)(ﬁg)b 5
= — oi(z;)) — o mimei—l '
- ) / () — o) F ()0 ()
D% f(x) = (=) (ZE"7 f) (=)
1 bi / (5.4)

B F(mwi)(%")m/w (o5(ts) = as(wa)) "™ (@) (ta) s,

i

13



2
ol(x) Oz’

where vy, (x;) =

Definition 5.3. The generalized (left and right) fractional integral and derivative oper-
ators with respect to the function o are represented by

797 ( / / (0(2) — (1)) f(B)(oldtr) ... (chdts).  (5.5)

oo _ 1 b bn a—1 / ’
19 f(e) = I‘(()z)/m / (0(t) — (@)L @) (@\dty) ... (o"dt).  (5.6)

PITS@) = ()T
S Tm—a % / / o)1 f(t)(ordty) . . . (ol dt,),
(5.7)
D) = (T @)
L n 1,._ " o —ol(x n—a—1 UI O'/
= [ e —e@rr 1dt1>...(< nc)ztn>,
5.8

1 a\" 1 a\™m
n = _ — Y = -
where 53(@) (a’l(xl) 8m1> o (ail(xn) (9$n> 1 (,}Zi,;es b

We introduce also the weak (left or right) derivative of a function w : R" — R (if there
exists) as follow

Definition 5.4. For all ¢ € C°(a,b)

b;
D) = [ (o) D (ol o) (59)
b;
D) = [ @) D5 @)l a)des, (5.10)
b1 bn
(DL %u, ) = / . / w(x). D o(x) (o) (x1)dzy) . .. (o) (xn)dy), (5.11)

by bn
('Dg’au,g@:/ / w(@) DY (@) (o (1) da) - (o (wa)dan).  (5.12)

ai Qn
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It follows that the definition of fractional operators for a distribution with compact
support should be included.

Definition 5.5. Let T be a distribution with compact support in 2. Then, for all ¢ €
C(Q) we put

(7T ) =(T,x L"),  D7T = (y,)"LE """ T (5.13)
(T2 T, o) = (T, x T2 ), DI T = (=, )L T (5.14)
(I$°T, @) = (T, x.I%¢),  DLT = (7,)"T0~*°T (5.15)
(I2°T, @) = (T, x I3 ¢), DT = (—7,)"I0"*°T (5.16)

where x € C°(a,b) such that x =1 in a neighbourhood of supp T .

Remark 5.2. Setting o~ = (07" ...0; "). Then, with respect to distributions T where

supp(T o =1) is compact, remark s always true.

Finally, we introduce the definitions of left and right fractional integral and derivative of
a distribution T" using the convolution product. We denote by m;(E) (£ C R"™) the ith
projection map of E, H,,, H,, the following functions defined in m;(R") as following

. 0 Doz <0 ~ . (—l‘i)a_l Do <0
Ho, (w:) = { et s 2 >0 Ho, (w:) = { 0 x>0
So, we have the follows definition
Definition 5.6. Let T be a distribution on R™. Then,
i) If mi(suppT) C [A;, +00)(A; € R) then, we put
o 1 o o
I?';’JIT(:B) = 1’\( )(T(Ila'-'agil(xi)a"'l’N))*H&m D?—;VOHT: (’Ya'i)nilio‘-*—“ng
Q;
ii) If mi(suppT) C (—o0, B;|(B; € R) then, we put
o 1 - o o
I?:’JIT(:B) = 1’\( )(T(Ila'-'agil(xi)a"'xN))*H(M’ D?—“‘LT: (Waj)niliac—l’ng
Q;

iii) If suppT and ([0, +00))™ are permitted convolution then, we put

a,o 1 —1 a,o a,o
I7 T(m):m(Toa Yk Hyy - x Hy, DT = (70)"I°T

iv) IfsuppT and ((—o0,0])"™ are permitted convolution then, we put

1 § §
I*7T(x) = @(T oo V)« Hy, %+ % Hy, DT = (7)) I*°T
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6 Conclusion

In this work, we defined fractional integrals and derivatives in terms of distributions that
are compatible with those in terms of functions. We then extended all of this to the
multidimensional case, allowing us to provide a fractional version of the usual differential
operators (gradient, divergence, Laplace). Let  C R™ be an open. Taking into account
Remark definitions and notations og the above section, we introduce the follows
definitions

Definition 6.1. Let f € XP(Q). Then, the a— gradient of f is given by
VIF = (DY f,DYf,...,D{" f).
VEF = (D2 f, D2 f,...,D%" f).
Definition 6.2. Let F € (XP(Q))™. Then, the a— divergence of F is given as follow
div f = DY'Fy + D Fy +--- + DI F,.
div f = DX'Fy + D Fy +--- 4+ D" F,.
Definition 6.3. Let f € XP(QQ). Then, the aa— Laplacian of f is defined by
A% f = din® (VS f) = DX DY f + D22DY? f +--- + D2 D" f.

AL f = din (VO f) = DD f 4+ D2D2 f + .- 4 D" D" .
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