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Abstract

Atherosclerosis is a chronic inflammatory disease that poses a serious threat to human health. It starts with the buildup of
plaque in the artery wall, which results from the accumulation of pro-inflammatory factors and other substances. In this paper,
we propose a mathematical model of early atherosclerosis with a free boundary and time delay. The time delay represents
the transformation of macrophages into foam cells. We obtain an explicit solution and analyze the stability of the model and
the effect of the time delay on plaque size. We show that for non-radial symmetric perturbations, when $n = 0$ or $1$, the
steady-state solution $(M_*,p_*r *)$ is linearly stable; when $n \ge 28, there exists a critical parameter $L_*$ such that the
steady-state solution is linearly stable for $L. < L_*$ and unstable for $L. > L_*$. Moreover, we find that smaller plaque are

associated with the presence of time delay.
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Atherosclerosis is a chronic inflammatory disease that poses a serious threat to human
health. It starts with the buildup of plaque in the artery wall, which results from the ac-
cumulation of pro-inflammatory factors and other substances. In this paper, we propose a
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we find that smaller plaque are associated with the presence of time delay.
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1 Introduction

Human health is significantly threatened by cardiovascular disease, atherosclerosis is one of the
most prevalent pathophysiological bases of cardiovascular disease, it occurs when substances such
as lipids and cholesterol deposit within the arterial walls, forming plaques. Once the plaque
ruptures, it can lead to rapid, lethal conditions like myocardial infarction, which block blood
vessels. Based on the most recent data released by the World Health Organization, cardiovascular
ailments stand as the foremost global fatality factor ( [1]). The mortality rate associated with
cardiovascular diseases is disconcerting, with figures surpassing 18.56 million deaths in [20]. In
order to treat the cardiovascular disease clinically, it is crucial to understand the mechanisms
underlying atherosclerosis formation.

The concise description of the mechanism of atherosclerosis is illustrated in Figure 1. When

the intima layer undergoes damage, levels of low-density lipoprotein (LDL) and high-density
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Figure 1: The interaction between HDL, LDL, M;, M>, and foam cells involves a dynamic inter-
play, where the arrowhead symbolizes production or activation.

lipoprotein (HDL) in the blood increase, signifying the beginning of the plaque formation process
( [2]). Some LDL and HDL molecules penetrate the endothelial cells and become oxidized by
free radicals. Endothelial cells secrete monocyte chemotactic protein (MCP-1) in response to
oxidized LDL (ox-LDL), triggering a series of inflammatory processes that lead to the migration
of monocytes into the intima. Once monocytes enter the intima, they differentiate into pro-
inflammatory macrophages (M;). When M ingest oxidized LDL, foam cells (F') are formed.
These foam cells (F') need to be cleared by the immune system, while simultaneously they trigger
a chronic inflammatory response: they secrete proinflammatory cytokines (such as TNF-q, IL-1),
increasing the activation of endothelial cells to attract more new monocytes. HDL serves as an
antioxidant and plays a role in inhibiting plaque formation. Reverse cholesterol transport (RCT)
is the process where HDL molecules bind to foam cells and transport oxidized LDL out of the foam
cells and into the liver. Once LDL has been removed from foam cells, they transform back into
macrophages, specifically non-inflammatory macrophages (M3). In order to prevent the oxidation
of LDL, HDL and LDL compete with each other for free radicals. Hence, the balance between
HDL and LDL is crucial for the development of plaque. (see Figure 1)

In the past few years, there has been a growing emergence of mathematical models aimed
at depicting the progressive development of arterial plaque; see [3,4,7-9,11, 15, 18, 19, 21-26]
and the reference therein. Among them, [3,4,7,15,24] are lipid-based models. In particular,
Lui and Myerscough [15] proposed an ODE model for lipid dynamics that accounts for the lipid
accumulation of macrophages, the formation of apoptotic cells and the formation of necrotic
core, and studies the timescales in plaque development. Additionally, there are models that
focus on the role of fiber cap (see [23]) and HDL (see [3]). All of these models acknowledge the
crucial significance of LDL, commonly known as “bad” cholesterol, and HDL, known as “good”
cholesterol, in the determination of plaque growth or regression. These models offer a richer and

more comprehensive understanding of plaque growth.



Hao and Friedman ( [8,11]) suggested an intricate reaction-diffusion boundary system in the
publication. The model includes smooth muscle cells, T cell interactions, MCP-1 (Monocyte
Chemoattractant Protein-1), MMP (matrix metalloproteinase), inflammatory macrophages, anti-
inflammatory macrophages, foam cells, free radicals, and LDLs, ox-LDLs, and HDLs. This leads to
the 17 equations in the system. A good numerical simulation has been performed. Unfortunately,
it is not simple to study the reaction-diffusion system, which consists of 17 equations.

In 2015, Friedman [9] considered four aspects of the simplified model, including LDLs, HDLs,
macrophage cells (M) and foam cells (F'). Theoretically, the simplified free boundary model
show that symmetric stationary plaques exist and carry out a careful mathematical analysis to
demonstrate that for any Hy and each small € > 0, there exists a distinct Ly such that there
exists a unique € — thin stationary plaque. It makes sense to have a balance between “good”
and “bad” cholesterol. They found the necessary and sufficient conditions to show that the small
initial plaque contracted, disappeared or permanently existed.

On the basis of these models, many scholars have also considered bifurcation; see [6,12,13,28,
31,32]. Assuming that the plaques have a strict radially symmetrical shape is unreasonable, there-
fore, Zhao and Hu ( [31]) constructed finite branches of symmetry-breaking stationary solutions
that bifurcate from the radial symmetric solution. The system involves many highly nonlinear
and coupled equations, which prevent explicit solutions and pose great challenges for verifying
the Crandall-Rabinowitz theorem. To address this issue, many sharp estimates were developed
in [31]. The model has many parameters, to explore the branching phenomenon, they introduced
a new parameter u that represents the balance between HDL and LDL for a stable solution. They
showed that for each p,, (n > 2), there exists a small ¢ radially symmetric solution corresponding
to the perturbation cos(nf). Moreover, Zhao and Hu [32] further examined [31] by establishing
bifurcation points. This study helps to understand why one side of the artery has more plaques
than the other. Zhang and Hu [28] also considered the RCT process of HDLs and studied the
bifurcation.

Hao and Zheng [12] considered the ingestion of ox-LDL by macrophages and the RCT pro-
cess of HDL. Assuming that the plaque growth is proportional to the binding rate of LDL and

macrophages, they construct the following model and obtain the explicit solution:

¢ OM

“AP=LM T, z e Qt),
OP oM (1.1)
on = Von =M vely,
OP
M =1,P = vk, v,(t) =% x € Ty(t).

By performing the perturbation analysis on these solutions, they not only established the existence
of bifurcation branches, but also analyzed the stability of radial symmetric steady-state solutions.

Combining the aforementioned model and the research on atherosclerotic plaques, it is clear
that abnormal proliferation of cells within the plaque directly leads to an increase in arterial

wall thickness and plaque formation. This phenomenon inevitably brings to mind the formation



and development of tumors in the human body caused by uncontrolled cell proliferation. Similar
models have been proposed in tumor research (see [14,17]), exploring tumor development and
bifurcation phenomena (see [16]). Additionally, some studies have considered the impact of time
delays on tumor models ( [5,27,29]). In 1997, Byrne [5] was the first to propose studying the
impact of time delay on tumor growth using a mathematical model. The way he introduce time

delay in the process of cell proliferation is as follows:
S = ,U,O'(g(t - T;J,‘,t),t - T) - /’L5-7

where po(§(t — 7;2,t),t — 7) denotes the augmentation of the total volume within a given time
period caused by cell proliferation; ué denotes the reduction of the total volume during a specific
time interval due to natural cell death, and o denotes the threshold concentration for tissue
maintenance; p is a parameter that quantifies the “intensity” of the proliferative expansion through
mitosis. £(s;x,t) is the cell position at time s when the cell moves with the velocity field V and

the function &(s; z,t) satisfies:

{ & t)=V(Es), t-T<s<t,

€l = .

Inspired by [5], [29,30] consider time delay into models involving nutrient and pressure dynamics.
In [29], the author proved that under non-radially symmetric perturbations, there exists a critical
value g, such that while u < p,, the stationary solution (o, ps, R«) is linearly stable; while
I > [y, the stationary solution is unstable. Subsequently, in 2020, Zhao and Hu extended the
considerations in [29] by incorporating bifurcations into the model. They established a bifurcation
result for all even mode n > 2, the results encompasses the smallest bifurcation point, which holds
utmost significance as it denotes the point of stability changes under specific conditions.
However, in the context of plaque models, time delays have NOT been adequately considered.
Each process, long or short, is not instantaneous and takes a certain amount of time. Therefore,
this paper aims to establish a plaque model that takes into account time delays 7 to comprehen-
sively understand the dynamic behavior of cell proliferation within the plaque. By incorporating
time delays, we aim to provide a more realistic representation of the biological processes involved
in plaque formation. We will build upon existing research (see [29]) and propose a modified model
that takes into account the effects of time delays. In this paper, we will study the time delay
model based on (1.1) and utilize the time delay formula presented in [5]. By using the explicit
solution and the properties of modified Bessel functions, we first construct the radically symmetry
stationary solutions, and then we prove that under non-radically symmetry perturbations, both
the radius pQ(¢) and perturbation term pl(¢) have explicit expressions. Therefore, we can deter-
mine the influence of time delay on plaques by solving these explicit expressions. Taking into
account the effects of parameters, we consider two cases for solving p () and p(t): when n > 2,
and when n = 0 or 1. By doing so, we obtain the results: when n = 0 or 1, the steady-state
solution (M., p«,rs) is linearly stable; when n > 2, there exists a critical parameter L, such that
the steady-state solution is linearly stable for L. < L, and unstable for L > L,. Moreover, we find

that smaller plaque are associated with the presence of time delay.



The rest of this paper is structured as follows. In Sect. 2, we present the mathematical
models. In Sect. 3, we briefly explain the existence and uniqueness of radial symmetric steady-
state solutions. In Sect. 4, we investigate the linear stability of the model and how the time delay

affects plaque size.

2 Mathematical Model

Based on (1.1), we take into consideration the time delay in the formation of early atherosclerotic
plaque. Clearly, adding time delay to the atherosclerosis model (1.1) enhances its realism. Due to
the presence of the time delay 7 € [0, 7], the size of plaque depends on the initial concentration

of macrophages. Thus we can rewrite the equation as
—AP=LME(t—T1y2,t),t —7) =T,

where LM (£(t — 7;x,t),t — 7) is the increase of total volume per unit time interval, and 7" is the
clearance capacity provided by immune system, and £(s;x,t) represents the position of the cell
at time s and moves at speed ¥, hence £(s; x,t) satisfies the following ODE:

d
diiz_’(gas)7t_7_§$§ta
=, s =t.

For simplicity, we take T" as a parameter in the model. We further assume that the plaque texture

is a porous medium type and use Darcy’s law, to get the model studied in this paper described

as:
oM
— AP =LME(t—Ty2,t),t—7) =T, x € Qt),t >0, (2.2)
3
o —7< <
7s = V(& ), t—7< s<t, (2.3)
g:x7 S:t,
M=1 P =k, vn:—g—P, x €To(t), t >0, (2.4)
n
oP oM
_— = _— = —M F 2-
an Y an Y z E 17 ( 5)
0(1) = 0, r<t<, (2.6)
M(ZC,t) = My, —7<t<0,z € (27)

where L and H represents the concentration of LDL and HDL respectively, M represents the
density of macrophages, and §2(¢) represents the intima. The inner surface of the arterial wall,
[9(t) is a free boundary, at the same time, 'y is a fixed boundary that represents the surface
between the intima and media. In addition, we assume that the pressure P is balanced by the

surface-tension which is proportional to the mean curvature k.



3 Radically symmetric case

In the case of radially symmetric, the model of (2.1)-(2.7) becomes

%—Y—DAM:—HM, pt) <r < R,t>0, (3.1)
— AP =LM(t—T12,t),t —7) =T, p(t) <r<R,t>0, (3.2)
g  opP
£__E(§73)7 t—1< Sétv (33)
§_r7 S_t’
oM
oP 1
p(t) = po, -7 <t <0, (3.6)
M(p,t) = My, po<r<R,—7<t<0, (3.7)
dp 0P
& =~ (o(0),1) (38)

Supposed that the radial symmetric steady-state solution of (3.1)-(3.8) is (M, Pk, psx), which

is on a small ring-region Q. = {p. < r < R}, then we have

DAM, = HM,, px <1 <R, (3.9)
— AP, = LM, (&{(—7;7,0)) — T, px <r <R, (3.10)
d€ 0P,
(s - : r< s<
5(8;?”,0) =T, s =0,
M, :I,P*:i7 = pPx, (3.12)
ps
oM, 0P,
= —M,, ——(R,t) =0, = v A
h (R0 =0 r—R (3.13)

Theorem 3.1 For sufficiently small 7, system (3.9)-(3.13) admits a unique radically symmetric

classical stationary solution (M, Py, p«).

Proof. The proof is similar to that Lemma 3.1 of [29], so we omit it here. O

Remark 3.1 Since it is a radially symmetric case, the solution is independent of the angle and
only related to the radius. In the case of radial symmetry, the problem becomes one-dimensional.
Let v be the radius of the intima, ro be the distance from the plaque to the fized boundary I'1, and
r1 be the distance from the lumen center to the plaque. As a consequence, when r1 exists and is
unique, the existence and uniqueness of ro is also guaranteed. So we can quote Lemma 3.1 of [29]

to prove the existence of ry.



4 Linear stability

In this section, we consider the stability of (2.1)-(2.5). For a small enough ¢, in order to linearize
(2.1)-(2.5), we let

ON(t) : 7 = py +ep1(6,t) + O(e2), (4.1)
M(r,0,t) = M.(r) + eMi(r,0,t) + O(e?), (4.2)
P(r,0,t) = P.(r) + Py (r,0,t) + O(?). (4.3)

In polar coordinate system, £(s;r, 0, t) in formula (2.3) can be expressed as (£1(s;7,0,t),&2(s;r,0,1)),

where £ represents radius and &y represents angle. We expand &7, &2 in € as

& = &o + e + O(£%),
& = &0 + o + O(2),

where &; (i =1,2; j =0,1) is calculated in [29] as follows.

{dgé = 8p*(flo) t—7<s<t, {Cﬁi}: 5 (§10)€11 — q(ﬁlo,&o,s)7 t—7<s<t,
§10|g—p = 73 11]—y = 0;
(4.4)
{d§§°=0, t—1<s<t, {dﬁil— 510239(5107520, s), t—71<s<t,
20l 4y = 0; 21l = 0;
(4.5)

then we substitute (4.1)-(4.5) into (2.1)-(2.5). We collect only the linear terms in £, so we obtain

the equation satisfied by the first order term of €, namely,

H
AM; = BMl, (4.6)
aM* *
) (47)
OM;(R)
= —M 4.
or I(R)7 ( 8)
M,
— AP, (’I“, 0, t) = Laa’(rflo)gll(t — 77,0, t) + LMl(glO, t— 7’), (49)
1
Pl(p*vezt) = _? (pl(evt) +p199(07t))’ (410)
oP(R) _
o = 0, (4.11)
dp1  9*Pi(ps) APy (ps)
dt = — o2 pl(e,t) - ar . (4.12)
In what follows, we seek solutions of the form
Mi(r,0,t) = My, (r,t) cos(nb),
Pi(r,0,t) = Py,(r,t) cos(nd),
1(r,0,t) = Pin(r,t) cos(nf) (4.13)

p1(0,1) = pin(r,t) cos(nd),
&11(s;7,0,t) = pn(s;r,t) cos(nb).

7



1 1

Substituting (4.13) into (4.6)-(4.12), and using the relation A = 8, + ~0, + — 0y, We obtain the
T r

following system:

0?Myy(ryt)  10Myp(r,t) n? H B
aM* *

Mln(p*ye,t) = _8:’p)p1n(9,t), (415)
OMi,(R) L

81" - Mln(R)a (4'16)

0?Pry(r,t)  10P(r,t) n?
- 92 _; or +ﬁpln<rat) :LM1n<flo(t—T),t—T)

oM,
+LW(€10(t_T)vt_7_>90n(t_7—;)7 (4.17)
n?—1

Prp(ps,t) = 7;}1”(75), (4.18)
0P, (R) B
= 0, (4.19)
dpln(t) _ 82P* (P*) apln(p*>

G - o Pl (4.20)

where ¢, satisfies (see [29])

Opn(s;r,t)  0*Pu(€10) , 0Py (10, 8)
ds N or2 (87 1) o
Pn |s:t = 0.

at_TSSSta

By combining the above formulas, we can derive the following theorem:

Theorem 4.1 When n = 0,1, for any L > 0, there exists 6 > 0 such that }pg(t)‘ < Ce %,
{p%n(t)‘ < Ce % when n > 2 and L < L,, there exists § > 0 such that }pg(t)‘ < Ce %,
!p%n(t)‘ < Ce %, for all t > 0, where & is independent of n; otherwise, the stationary solution is

linearly unstable.

In order to get Theorem 4.1, we should look for the expansion in 7.

4.1 Expansion in 7

We now study the impact of 7 on this system. Since the time delay 7 is actually very small, we

look for the expansion in 7. Let us denote
pe=pltTp+0(r),  M.=M)+7M, +0(r),
P, =P’ +71P +0O(r?), My, =M +7M, +O(r?), (4.21)
Py, =P +71PL +0(1%), pin=p, +71pi, +O(1?).

Combining (3.9), (3.12), (3.13), then we have

02 M, 10M, _ H
or? r or _EM*’ p« =T <R,
M, =1, = Py,

aé\ﬁ* = —M,, r=R.




Denoting z, = \/%r, we get
M*(r) = leo(zr) + CQKO(ZT),

where Iy(z,) is Hankel function of the first kind, and K(z,) is Hankel function of the second kind
(see [10,12]), and

B Ay o) — As
Ailo(zp,) + AsKo(zp,) ? Ailo(zp,) + AsKo(zp,)

H H
A = \/>K1(ZR) — Ko(zr), A2= \/>II(ZR) + Io(2r),
D D
so we conclude

_ Alfo(zr) + AQKO(ZT) _ Alfo(zr) + AQK()(ZT)
Arlo(zp,) + A2Ko(zp,)  Arlo(zp0 +72,1) + A2Ko(2p0 + T2,1)

Cy

with

M.(r)

Arly(z) + A Ko(zr)

810(2,,0) P
Ay IO(ZpQ) +7 or * Zpl + Aa KO(ng) +7 ar :

Allo(zr) + AQK(](ZT)

N lo(z,0) 9Ko(z,0)
Alfo(ng) + AQKQ(ZPQ) + 7| A o %pl T AQT*Z/&

= -7 2,1 + O(72
AlIO(ZPQ) + AZKO(Zp ) [AIIO(ZpQ) + AQKO(ZpQ)P [ ( )

_ Ailo(z) + AsKo(2r) [A1T1(z,0) — A2 K1 (2,0)] [A1lo(2) + A2 Ko(zr)]

=M (r) +7M}(r),

thereby

0(1) — Mo (r: 0 — Arlo(2) + A2 Ko(zr)
M (r) = M.(r; p;) = Ay (0) + AsKo(z0)’ (4.22)
[Alfl(ng) — Ay K,y (Zpg)] [Allo(zr) + AQKO(ZT)]

[AlIOZPQ + A2K02p9]2

M) =— (4.23)

Zﬂi'

In what follows, we calculate Py. For equation (3.11), integrating from —7 to 0 on both sides,

r—g(—T;r,O):/O (_ap*(«sés;r,()))ws’

_r r

then we get

SO

M (r) OP)(r)
or or

M (E(—=T;7,0)) = M2(r) + 7 ( + M} (r)> +0(7?). (4.24)



From (3.10), we know
—A(P] +7P}) = L [M)(&(s;7,0)) + M (&(s;7,0))] = T.
We then derive the equation for P and P},

0?PY  10P°

[R— —_— P O fR—
55— o = LM, (r) —T, (4.25)
0’P!  10P} OMO(r) OPO(r) 1

- or  ror L or or M) (4.26)

with the boundary condition

1 pi  OP)(p?
oPY OP}

Similarly, by substituting the expression of My, into (4.14), we get that M , M| and (4.14)
satisfy the same formula. We then expand (4.15) to get

0 (0 1 1,0 oM 1 OM} 0 1 2
Mln(p* + Tp*at) + TMln(p*7t) = - W(p* + Tp*) +T or (p*) (pln(t) + Tpln(t)) + O(T )7
(4.29)
so we can obtain that M{]n and Mlln, respectively, satisfy
oMO
M?n(pgvt) = - or (pg)p(l)n(t)v (430)
oMy, (00 (pd) 1 OMD(p?) 0> M (p?) oM, (o)
100 5 Y In\Fs)\Px) 1 Y5 \WPx) 1y Y M) 1T 0 Y% Px) 0
Mln(p*v t) - Ir P or 1n(t) 2 P«P1n or pln(t)' (431)
Similarly, expanding (4.16), we find
aM?n(R) _ 0
—5 = Mn(R), (4.32)
5y = Min(R) (4.33)
Noting that (see [29])
0
on(t — 151, t) = pp(t;r,t) + a(‘;?(t;r,t)(—T) +0(1%) = Ta(];;" (r,t) +O(7?), (4.34)
and using (4.24),
0
M et = mimt),t = T onlt = mimt) = (220 o)) (72504 4+ 0(2)
or or or (4.35)
M., 0P, ) '
=T 87‘ (T) 87‘ (T7t) +O(T )’

10



we deduce,
M?n(é_l()(t —TT, t)’t - T)
:M?n(glo(t —Trt),t—71)+ TMlln(T’, t) + 0(7'2)

t
=My, <7’ + / ﬁ(&o(s; r,t))ds,t — r) + 7ML, (r,t) + O(r%) (4.36)
t—r

3M?n(7”’t) OP(r) aM?n 1 2
o % " o (ryt) + My, (r,t)| + O(17).

=M (r,t)+ 7 {

By substituting equations (4.34)-(4.36) into equation (4.17), we drive equations for P and P},

respectively,
0Py, 10P),  n? g 0
“or gt M (437
o*pPL,  1oPL n?_, OM? OP} oMY oPY oMY
_ n_ -~ An o T opl _ p e P dn y p P n 2k p PAn 4 p ol 4.38
or? For 2 o or " "Tor or o M (4.38)
with boundary condition from (4.18) and (4.19), we have
n?—1
orY. n?—1 2(n? —1)pl
PL(p),t) = — 871‘ (P2, t)ps + Wp%n(t) - Wﬂ?n(ﬂa (4.40)
PO
9 gLT(R) - (4.41)
OP} (R
gzr( ) _o. (4.42)
Next, we substitute (4.21) into (4.20) to get
APl + 1) _ O [PAP+ Tp) + TP (pd + 7p2)
O[Ph(pl +7pl) + TP (p) + 7pl)]
or ’
which implies that
d (1) PP oPY,
dpi, () 0*P(p) 4 °*PY(pY) 4 g 0P (p2) o
n - _ * \Mx t) — * \Mx 1) — x \Mx "
dt or2 pln( ) Or3 p*pln( ) or pln( )
0*PY, opPL,
el A b wal R (4.44)

4.2 Zeroth-order terms in 7

Combining with formula (4.22), (4.25), (4.27), (4.28), (4.30), (4.32), (4.37), (4.39), (4.41) and
(4.43), we obtain the zeroth-order term system of 7

0
AM? = %MS, MO2(p2) =1, ‘9]‘457@ = MY, (4.45)

11



9*pPY  10P? 1 9PYR)
_ * = * MO —-T PO 0y — * —
Or? r or LM((r) ’ < (p) pY’ or 0,
O*My,  10MY n* HY , o
_ n _ - n e it [/ A
or? r Or r2 + D) in =0,
6M0 oMy, (R,t
M1 = — 2L 00 (1), P _ o (g,
or or
— n_ - n P =LM P, t) = —— t — =
or2 r Or + 72 1In 1Ins 1n(p*7 ) (02)2 pln( )7 or
() PP oPy,
bt - - Or2 P(l)n(t> - T:,(pgat)
From (4.45), (4.46), we know
A1ly(z) + A2 Ko(2r)
MO(r) = ,
( ) A1[0(Zpg) + AQKO(ZPQ)
DL 1
Pf(r) ?MO( )+A31nr—|—A4—|—ZTr2,

where (see [12])
Az =

Ay =

T=-—

DL R*(p)* ((MQ(p)))  MJ(R)
H R?— (0)2< pQ R )’
1 DL

;* + F _ASIH/)* - ET(/)*) )

l;fRZ_QW(RMS(R) + pA(M(p))).

Our mean calculation is the formula of (4.49). In fact, from (4.46), we have

_0*P2(pl + 7p.)

laPE(Pg*'TPi) — LMY 4+ 7pl) — T
* * * Y

or?

SO

i.e.

In what follows, we calculate

o or
82P0(PO) 0/ 0
_ 2 x ) T M —-T
8T2 *(p*)
0*P(p2)
— ¥ —T(L)— L.
52 (L)
0 0
8P1n(p*7t) Let
or
DL
7791 = Plon + ?M{)rw

12

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)



then

we get,
70 = C1(t)r"™ + Co(t)r™™.

Substituting boundary condition, we obtain

2
n®—1
PP (pd,t) = Wp(l)n(t)v

oPo(R)
Oor ’

SO

In order to get Ci(t) and Ca(t) from (4.52),(4.53), we first calculate
calculate MY from (4.47), it follows that

M), 1oMY,  (n®  HY 4
o2 r or +p ) Min =0,

2 D

that means
MY = BiI,(z) 4+ BoK,(z).

Substituting boundary conditions, then

_8M£(P2) 0

0 0 _
Mln(p*7t) - or p1n<t)’
OM? (R, t) 0
T — _Mln(R7 t)-

In consequence

BlIn(ZpQ) + BQKH(ZpQ) = - [Mg(pg)] p(l]n(t)a
Blfn(ZR) + BQKTL(ZR) = —Blf;L(ZR) — BQK;L(ZR).

Combine (4.54), (4.55), we get

0/ 0\ ~
By — - [M@M()&mz&&@,

Iz(p?) + KKy (2,0

13

OM},(R)

(4.51)

(4.52)

(4.53)

Er and then



KOG o s g
2= 72000 & KRu(z) 1) = Bepin(),

where
_ In(ZR> + [%(ZR)
K= Kn(zR) + KA(ZR> ’ (4'56)
as a result
MY, (r) = [Biln(z) + BaKn(2:)]p0, () = Qu(r)pl (2). (4.57)

Next, we go back to (4.52) and (4.53) to obtain

{Ol (R ()" + Ca(tnR ()" = BEMY, (p)nB ! = EtnR 4, 1),
" - —n- -n _na O'n, _
C1(t)nR™1(p0) ™™ — Cy(tynR-""1(p0) =" — BL(p0)=n2MalR) _

or

Adding two equations and then

n(n? = 160" = B [Qu(RR"! = Qu(pn(pd)"]

Oit) = L A, (458)
e = [esnmen + 22, ] . (4.50)

We mark the right hand of (4.58) and (4.59) as Cy 9, (t) and Cyp9, (t) respectively. From (4.51),

we get,
DL

P(r) = C1(t)r"™ + Co(t)r " — ?M{)n. (4.60)
Now, we take derivation of (4.60),
8‘Plon _ n—1 —n—1 DL 8M?n
67’ = n01 (t)’l” — ’I/LCQ(t)T’ - ?T,

thus

P (p,t)

0
5 = [né’l (POt = nCo(p?) ™t — DL@Qn(p*)] ?

Substituting formula (4.50), (4.51) into formula (4.49), then we obtain

dp,(t) _ PPY(PY) o P, (2, 1)

dt - or2 pln(pgvt) - or
- - DL 0Q,(p°
= (~ 1@ - 21— (aCu(y =t —nCalpty - BEELDN) 2
0 ~ ~
_ <L g DEOOP) eyt 4 n@(pfi)“) (),

hence

0 ~ ~
(L_T"‘% G e) n G (p) = 4nCo (02)*"*1)15

Pla(t) = p1,(0)e (4.61)

Lemma 4.1 ( [12]) For given R > 0, p is a neighbor of R, namely, p = R — ¢ for a small
g,Ca(n, p, R) > 0 is decreasing with respect to n.

14



We study the properties of the index part of (4.61) below.

DL 8@71(02) 5 0yn—1 5 0y—n—1
L—T—F?T_nCl(p*) +n02(p*)
DL 2 SrQn(R)R™

T H R ()’ (RM.(R) + pl[M.(p)]') + L+ %Q%(pg) +2

(n® —n)(p*" = R*") DL _(p2)*" — R*"
DI R T TH 1+ R

when n = 0, remember E(n, p?, R, L) = Cy(n, p?, R)L

(o2 e "

Qn(p),

D 2

1R = (" D 2R ()" Qu(R) + n(R>" = (0))]
H R? — (pQ)? |

i P2 + B2

RM,(R)) + pl[M.(pd)] +1+ %Q;(pﬁ) +

From Lemma 4.1, it is easy to know Cs(n, p!, R) < 0 and that C(n, p?, R) is monotonically
decreasing with respect to n. Therefore E(n, p!, R, L) < 0 is decreasing with respect to n as well,

as a result when n = 0, we get
0
P?o(t) = Pgo(o)eE(O’p*’R’L)t — 0.
Similarly, when n = 1,
0
P?l(t) = P(l]l(o)@E(l’p*’R’L)t — 0.
When n > 2, we define L,, as the solution of the following formula

= m) ()" — R*")
(A ((p)2 + B

E(napaRvL)_< :07

as a consequence
n(n? = 1)[(p2)>"~ R>"]
DT T+ R]
Co(n,p, R) '

when n > 2, L, > 0 and on monotonic increasing of n, i.e. Ly < L3 < ... < L. Since n = 0,1 is

L, =

true for all L, we define Ly = L; = oo, and let L, = min{Lg, L1, Lo, L3, ...}, it is easy to know
L,=Lsy. Asforn <2, and L < L., we have

36 >0, s.t. |p(1)n(t)‘ < }p(fn‘ et for all t >0,

n(n? = ()" — R
P[P + )

For sufficiently large n, there exists the corresponding §,n® > 0, for each n € [2,ng], s.t.

LCy(n,p2, R) — < —6n’.

n(n? = 1)[(p2)? ~ B
(PP + R

Let 0 < § < min {4y, 02, ...0p, }, as a result we have

3

LCy(n, p?, R) — —dpn”.

‘p%(t)’ < }pgﬂ et 1> 0.

So far, we have completed the proof of the first part of Theorem 4.1.
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4.3 Calculate of p!

Since p, = p? + 7pL + O(72), we would like to know how the time delay 7 affects the size of the
tumor p,, thus we are interested in the sign of pl.

Theorem 4.2 pl > 0, which means adding the time delay in the model would result in a smaller

stationary tumor.
Proof. From (3.10) —AP = f, multiplying r on both sides and then integrating, we get

R
apgiR)R B 8P;ip*)p* _ / (LM, (&(—757,0)) — T)rdr. (4.62)

OPR) p _ OF:(p:)

From the boundary condition (3.13), we get p« = 0, so (4.62) becomes

R
/ (LM, (&(—=7357,0)) = T)rdr =0, (4.63)
Because
0
MLAE(-rir0) = M. (r+ 77 + 007
oPY oPY
:MB< 8r>+TM*1< 87“)
0(r) §PO(r
=Mr)+ 7 (8]\2*7“( ) (")Pa*r( ) + Mi(r)) )
0 0y BP0/
M (£(—757,0)) = MO(r) + 7 (8]\2’;( ) anr( ) + M, (r)) . (4.64)
Substituting (4.64) into (4.63), we get
R 0() 9PO(
/ L [Mf(r) +r (31‘22( )8P5: >> N 0(72)] rdr — %T[RQ —(p)? =0 (4.65)

For the first term of (4.65), substituting (4.22) into it, then we get

R
LMY (r)rdr = / [A11o(2r) + AaKo(2,)] rdr
/* (r) I, )+A2K0 Wi 2 Ko(2r)]

s (4.66)
= Alfo( )—|—A2K0 H/ Allo Zr + AQKo(ZT)]ZTdZT
Owing to ; J
xly(z) = I [ (z)], xKo(z) = e [—2K1(z)]. (4.67)

Substituting (4.67) into (4.66), we get

- H Alfo(ng) + AzKo(Zpg) H Alfo(ng) + AQKQ(Zpg)

/R LMS(T) d?“ . %ZR{Alll (ZR) — A2K1 (ZR)] DL Zp* [Alfl (Zp*) — A2K1 (Zp*)]
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_DLROM)(R) DL (259 + 72p1)[A1]1 (20 + 7250) — A2 K1 (259 + 7250)]
- H or H Alfl(ng) + AgKl(Zpg)

8]1(z 0) 8K1( )

_DLROM)(R) pr Gt T 7%1) [(Alfl( 0) + T4 zp1> - (AgKl( ) + 74

H or B H Alfo(ng) —i—AgKo(Zpg)

all(zpo) 8K1(Zp())
prromO(r)  pr Fe TE) (Ahi(ze) = AR () 72 | A —5 — Ar =

H or H Alfo(ng) +A2K0(Zp9)

A ah(z 0 A akl(z 0)
DLROMY(R) DL zp [Aili(z0) — AsK1(z0)] . 2p02p1 | A1 2
_ N 7 .
H  or 1 Adole) A Role) A1Io(ng) + AgKo(ng)

[Zp}f (Alll (Zpg) - AQKI(ZpQ))]
A1[0(Zp2) + AZKO(ZpQ) '

Therefore, the above formula is

R DLROMO(R) DLp dMO(p?)
0 _ * . * * \Mx
/ LM (r)rdr = H or H or

0Ii(z o) O0K1(z o)
.| oA <Allarp(*2 - Azla/’g> /B (Aih(z) - 4K (z40)

*

DL

e :
T H p Alfg(ng) + AQKO(ZPQ) (4 68)
DL ,OMY(R) DL ,dM2(p}) DL o [OM2(p)]" | [oM2(p?)
B B s - ra s TR A T [a] + [a] -
Substituting (4.68) into (4.65), we have

DL ,0M? DL M (p?) DL | o (OM2(p)\" | (0MO(p?)
w o T HY e T\ | (a) " (a)

Y ) (4.69)

OM, (r) 0P, (r) 1 1 g2 2 _
+ /p* < r o + M, (r) | rdr §T[R (ps)*] = 0.
Expanding the fourth item in (4.69), we get

1 1 1
g TIR? = (p)%] = STIR? = (ol + 7p0)*] = ST[R® = (p2)* = 2rphps + O(7%)]. (4.70)

Substituting formula (4.70) into formula (4.69), we get

17



DL ,0M? DL 03ME(P(»3)+T{DL 1

M2 (PN | (OM2(p?)
= 0 * * * *
H R or 7™ or " p*< or > +< or )

R 5M$(7’)3PB(T) 1 0.1 _1 2 0\21 _
+/* ( —i—M*(r)) rdr+TP*,0*} T[R" = (p.)7] =0.

(4.71)

or or 2

In the formula of (4.71), the zero-order term of 7 and the first-order term of 7, respectively,

meets
DL ,0MJ(R) DL ,9M](p) _ 1 2 02
DL | o (M) | (OMO(p) R OMO(r) OPY(r) |, 01
(4.72)
As for the first item of (4.72), we have
DL 1 [ o [0M2(p))]" | oM\ _ DL o [ oMl(r)]’
H {'0* [ or * or TH " o . (4.73)
p*

In the second item of (4.72), we substitute into formula (4.22), (4.46) then

/R (aMS(T) P (r)> rdr = /R [8M’9(T) (—DL@M’?(T) LAy 1Tr> 4 M (r)] rdr

or or or H or r 2
R DL (oMO(r)\* A30MO(r) 1. OMO(r) .
_/* [H ( o > + T + §TTT + M, (r)| rdr (4.74)

B DL (oM2(r)\” 0 0 L (f,oM(r) B
_/* _H< 4 > rdr—i—Ag[M*(R)—M*(p*)]—i—2T/p*r 4 dr—i—/p M (r)rdr.

*

Substituting (4.74) into formula (4.68), since equation (4.72) itself is a first-order term of T,

we can ignore the first-order term of 7 in equation (4.68) Thanks to

PMS(T)TT >0,

or

SO

R 0 2
/ —% <a]\§;(r)> rdr < 0. (4.75)
Px

We then deal with the second item of the right hand side in (4.74), and it follows that
A3 [M)(R) — M (p.)] = As [MD(R) — M (0} + 7p1)]

18



8M£(p2) 1

Az |MJ(R) = MD(p)) — 7
We ignore O(72) item, then
g [MO(R) — MO(p.)] = Ay [MO(R) — MO(60)]. (4.76)

Utilizing the third item of the right hand side in (4.74), and combining with the properties of

Bessel function and Hankel function of virtual argument, we arrive at

d o _.2 d o _ .2
%(r Iy(r)) = rIi(r), %(r Ks(r)) = —r*Ki(r).
Hence
R 0
1T/ r? oM, (r)dr
2 s or
1 /R o A1li(zr) — A2K(2)
=T r r
2 . AIIO(ZpQ) + AQKO(ZPQ)
1 1 R R
=_T [/ T2A1[1(z7«)dr—/ r2A2K1(zT)dr}
2 Alfo(ng + AQKQ(ZPQ) D P

)
3
- T [A1(2R)*I2(2R) + A2(2r)*Ka(2Rr) — A1(2,0)2I2(2,0) — A2(2,0)? K2 (20)].
2(A1lo(zp0) + A2Ko(2,0)) P [ P P
(4.77)
As for the fourth item of the right hand side of (4.74), we have

R MO0 R
M (r)rdr = —85?@*)/71 M2 (r)rdr. (4.78)

Px Px

We substitute formula (4.73)-(4.78) into formula (4.72) to get:

DL , [T8Mf(r)]/

DL % (OM(r)
H P or

2
= d A MO _MO 0 T 0 1
i/, o ) rdr + A3[M, (R) < (P +Tpspy

—1—1T <D>g [A1(ZR)2[2(ZR) + A2(ZR)2K2(ZR) — (A1(2p9)212(2p9> + AQ(ZPQ)ZKQ(ZPQ))] (4'79)
2 H Allg(ng) + AQK()(ZPQ)
3MS(02) 1 R 0
— P /p* M, (r)rdr = 0.
0 /
To simplify (4.79), as for %pi [r 3]\?; (r)] ,welet f(r)=r (Mf(r))/, then f'(r) =r (MS(T))N—F
r
P2
(M2(r)' = HrMO(r) 2 0,50 £/(r) > 0, thus [ 280 >0
o9
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0 8M (Z 0)
As for —% zRal\%‘T(R) — 2.0 Px

i , due to the fact that f is increasing, we get

oM (R) OM (z0)
ZR — 2,0

0
or Py or -

By the maximum principle, we know that M, (r) > 0, forp? < r < R, M.(p?) < 0, M/(R) < 0,
thus
A [MO(R) — MY(p)] < 0.

As
57 (%)% [A1(2r)* Ia(2R) + A2(2r)* Ko () — (A1 (250)* Ia(250) + Ao (20 Ko (20))]
3" Aido(z0) + Apkg(zyg) PRS2 RS A2lzR) B2 2R) = (4 2 2(2p0))];

let g(r) = Ay 72I5(r)+ A2 72 Ko (), then g(r) = 241 rIo(r)+ Ay r2I5(r) +2 A5 1 Ko (1) + Aa 2 K4 (7).
On account of I},(z) + I, (x) = I,—1(x), and K] (z) = —%K,(x) — K,_1(x), we have

(1) = 2410 D(r) + Arr? [Il(r) _ iIQ(r)] + 2A9r K (r) + Agr? [—Kl (r) — %Kg(r)
= A1T2I1 (r) — A2T2K1(T‘).

Ar?I
Comparing AQ:QKI(()) and transferring the values of A1, As, we get

[\/gKl(zR) - Ko(ZR)] Iy(r)
[\/gh(zR) + IO(ZR)} K(r) |

If 1/% is near 1, then (4.80) < 1, so we can get ¢'(r) < 0, and g monotonically decreases. In

(4.80)

summary,

/R (az\ﬁ(r) azg(r) +M*1(7")> rdr = ; % (az\gr ) s

+ A3[MJ(R) — M (p))] +

T () (g(zr) — g(z))  OMOY) | [F
2(A11o(z,0) + AsKo(z,0))  Or P /p* M, (r)rdr.

Therefore, (4.79) can be simplified as
DL [ OM](r) / o MY [T o 1
il PR LA 7,0 _ L \P) [
{ H |:7a 87” :| + p* a/r / *(T)rd/r p*
09

D

H

2

P
R 2
:DL/ <‘9M=9<7”)> rdr — A3 IMO(R) — MO()] + 4

9(zr) — 9(20)
Arlo(z 0 )+A2K0( 0)’

H or
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then

9(zr)—9(20)
A1[O(Zp9)+A2KO(Zp9)

0 2 r(h)"
by T (aAé*r( )) rdr — A5[MO(R) — MO(p0)] + Z4i1)

> 0,

OMO(p?) (R
+Tp0 - G |

=

g, o O(r)rdr

]

02

which means pl > 0. O

Remark 4.1 Compared with models without time delays, Theorem 4.2 indicates that the size of
stationary solution with time delay is smaller. It is reasonable because there is more time for the
combination of macrophages and ox-LDLs to turn into foam cells, which gives the plaque a chance

to grow slowly.

4.4 First-order terms in 7

In what follows, we will prove the second part of Theorem 4.1. We are going to tackle the system

involving all the first-order terms in 7. Noting that:
MY (P +7py) + TM () +7py) = 1,

as a consequence

MO (0
M2 + 7| Pt i) <1,
ie.
M(pY) =1,
oM (p?
S g k) =0,

We now collect first-order equations and their respective boundary conditions from (4.23), (4.26),
(4.29), (4.31), (4.33), (4.38), (4.40), (4.42) and (4.44):

[Alfl (ZpQ) — AgKl(zp}F)] [Alfo(zr) + AQKO(ZT)]

M) = - [A1o(2p0) + A2Ko(2,0)]? o “82)
JOh) _10% [Mﬁ OB (7“)] , (4.83)
P = b - O, (480
- 82]\?2(/)2) - iagfn <7;§ N g) Ml —o, (4.85)

C oM, (p2) 4 OMD(PD) 4 ML) 1o OML(pY) ¢

ph= TSPl = ST ol - P P o), (4:86)

Mlln (pg’ t) = or * or 1n 2
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o’pP} 10P} n? oMY op;,  OMY, oPY  OMY,

_Z T opl _ M 4.
or? r or * p2-1n L or Or M or Or L ot + LMy, (4.87)
or), n?—1 2(n? —1)pk
PlL(pdt) = — 6; (P2, t)px + Wﬂ%n(t) - <(pg)3)’ (4.88)
dﬂ%n(t) _ 8P (p?) 1 &P (p?) 1.0 & Pl(p)) 0 82P10n 0 1 aplln 0
dt - or2 pln( ) - Tp*pln(t) - Tpln(t) - or2 (p*vt)p* - or ( *)

(4.89)

Pl M}
ot ak(pl) =0, Pl _ g M) _ iy (1.90)

MY (p?)
or

In formula (4.89), % has been calculated in formula (4.50), we will next calculate

%. Taking the derivative of 7 on both sides of equation (4.46) simultaneously, we get
23 PY N 1oP) 16°P) LaMQ
or3 ~r2 9r r orz 7 Or
Consequently, we have
&P (p) + Tp1) 1 PPN +7p) 10PN OMY
or3 ) + 7pl or? ror )  or

Substituting formula (4.46), we get

PP+ 1) oM

= LM (pQ+7pl) —T)+ L 4.91
where
PP(os +7ps) _ OPIpY) 1 O'PY
= T .
or3 or3 P+
It is easy to know that the first item of the right hand of (4.91) can be calculated as
1 1 1 11 —7pl 1
—— ==t ===+ = — +0(7),
wRtToe A T pd A AR T AR
oM (p?
LMD + 7l) ~ T = M) + Lrpt PV ) o,
r
Therefore, (4.91) is transformed into
B3P 1 MM\ T
* :*LMO 0 L[ - 22\ = 4.92
ors 0T (bu) + < pi > P2 (4.92)

0?PP (pVt
Next, we calculateM. According to formula (4.60), we get

or?
8P10n _ n—1 —n—1 DL aM{)n
W = TLCl(t)T — nCQ(t)T — ?7,

22



%P _ o DL &2M?
87"21 =n(n—1)CL(t)r" 2 + n(n+ 1)Cy(t)r ™2 — T 87"21
Accordingly
PRASY) [y 1G22 il + )Ga(p) ™2~ PET @] o iy a0g)
Or2 1P+ 2P« H or2 Pin\l). .
We then calculate %, from (4.26), we know
0?PL(r) 1 P} OM?(r) OPY(r) 1
— = —L * * M . 4.94
or? roor [ or or + (T)] (4.94)
From (4.84), we multiply r in both sides and integrate to get
OP; _ L [T (0M)(y)dP)y) , ,
or _r/r ( or or +M, (y)> ydy. (4.95)

Substituting (4.95) into (4.94), we know

2 1 R 0 0 O(r) OP(r
ot = [P i a2 | PR ). aso

Let h(y) = d]\/éi(y) 8P0(y) + M} (y)dy, thus (4.96) becomes

2pl(, R
9 5;2( ) = f;/ h(y)ydy — Lh(r). (4.97)

Substituting p? into (4.97), we get

2pl( 0 R
0 ];*;(Qp 2) _ (pﬁ)Q / h(y)ydy — Lh(pY). (4.98)

Because 7 is small enough, from (4.81), we know

R
/0 h(r)rdr = az\/gi > rdr + A3[MO(R) — MO(p2)]
p* T(H §< () = 9(5)  OMO(p0) , [T (4.99)
*\9\2R i 9(p!
2(A1lo(z0) + AsKo(z,0)) 0 Pi/ M (r)rdr,
Substituting (4.99) into (4.98), we get
2pl( 0 R 0 , 2
. ];?gp*) _(pﬁ)fz {/0 _% <8]\§;( )> rdr + As[M2(R) — M (p))]
* P2
n T(%)%(g( rR) —9(z0)) oM (p)) 1/RM0(r)rdr — Lh(p?) (100
2(A1Io(zy0) + A2 FKo(2 pg)) o ], M p2).

Pr(p?)

2
So far, 88# has been found.
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Moreover, we need to calculate 2 8 (p*, t), based on

O*°M}, 10M], ~(n* H?

1 _
o r or 1+ +D2 Mlon_oo’ 273707 .0 1,0
oM (p)(p) M (py) "M, (py) OM; (py)
10 4y __ Y7 In\Fx/\Fx) 1 Y7« \Px) 1 gy ¥ "7+ \Px/) 1 0 _ Y« \Px/) 0
];4]\1;1( (}7;) - or P or pln(t) Or2 P«P1n or pln(t)’
P ML),
therefore

Mlln(r) = Elln(zr) + EQKn(Zr),

Let DI
- Plln Mlm
50 82 1 o 1 2 o Oa 0 o 0 o 0 o 0
_ nn_lﬂ nﬁ 1 _ M* Pln Mln P* _ Mln
or?2  r or T = L or Or L or or L ot (4.101)
From (4.22), (4.60), (4.57), we know
0 / /
8M>k _ /E AlIO(ZT) +A2KU(ZT) ’ (4102)
or D Alfo(ng) + AQKO(Zpg)
a]Dlon _ n—1 —n—1 DL aM?n
o = nCy(t)r" " —nCa(t)r T o (4.103)
oM? oQn(r) o
= 4.104
or Ir pln(t)a ( 0 )
we further deduce oA a0 (0
Pin t
n . 4.1
Wi = Qur) 1 (1.105)
Then we get the following formula from (4.46),
oPY DL oM? 11
Ot iy 4.1
ar T or + A3T + 2TT (4.106)
Substituting (4.102) - (4.106) into (4.101), we get
ot 1omt n? o OMOT L o, = 1 DLOQL(M)] o
“or ror Tl [”C”" e T ] Pinl?)
0Qu(r) ( DLOM® 1 1\ e, (1)
+ L or <H 87" + Agf + QTT pln(t) — LQn(T’) dt
OM?(r) - 1 8]\/[0 ~ oMY
.y * n L_97, *
[ ar nCyr (9 *nCor™ o
3Qn(R) 1 0Qn 0 dﬂ1 ()
L As— LT LQ,—=
(2 % ) - 1
Denoting
0 . 0 0
() = L0 et [ OMD s o OME L (0Q(BR)N 1 + LT 0Qn.
r r or or or
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As a consequence, we can rewrite (4.101) as

o*nt  1omt n? 0 dp?, (t)
s e/ RIS t) — LQ, 2 4.107
and the boundary condition,
DL
From (4.90), we know
877 8P1 (R) DLOML (R) DL
—2(R,t n —n M (R). 4.109
2
To simplify the calculation, we denote operator . = —39,, — -0, + n— and denote the solution

2
of (4.107), (4.108), (4.109) as n} = D+ 0l ul? where ul ),u,(q),us)) satisfy the following

equations, respectively. In what follows, we let p¥! =1 — ¢, and R =1,

Ll = G0, (1), P <r<R,
ul (p0,1) =0, (4.110)
Bug)

or (R) = 0§

< un = —LQndp“‘(t), o) <r <R,

W2 (p0,1) =0, (4.111)
2 (R) = 0

.Zugl): 0, p?<r<R,

ul) (00, ) = P (o0, ) + BEM, (50, 1), (4.112)
0w (R) = —DLM] (R).

As for (4.110), from Lemma 4.2 of [31], we know

W0 Ar™ + Br—" + K[G](r)p},(t), n#0,
" A+ KI[G](r)p},(t), n=0.

Case 1: n > 2. We have
ufl) = Ar"+ Br" 4 K[GI)oh (0.

Substituting the boundary condition,

K[G ](1 —)pin(t) =0,

nA — Bn+ K[G]'(R)p}

{A(l—s) +B(l—e) "+
n(t)

we get

KIGI(1 —<)(1 — )" + - KIGY (1)), (1),

25



’ _ ~\2n
1 KIGTMA =™ a1 — oy — o] 20 ).

From [31], we have

aw(ll)
or

:[nAr”—l _ nB_n_l]P(l)n(t) + K[G]/(T>p(l)n(t)
nrnl
- <_1_1_(1_,5.;)2H[K[GK1 —e)(1—e)" + %K[G]/(l)]
nr*nfl K[G]/(l)(l . 5)2”
_ 14+ (1 — E)Qn |:
<2(n” + 1)p},(¢),

CK[G)(1 - o)1 - e>"] n K[G]’(r)> 2.0

n

SO

(1)
8;; < 2(n + 1)p, (8).
In the same way, in (4.111),
ou? dpl. (1)
or |~ 2n"+1) dt

We next calculate us’), from (4.112), we know

uﬁf’) (r,t) = Ar™ + Br—".

Substituting boundary condition

_ %8Qn(pg) 0

A" + B(p) ™ = |nCu(p)" ™! = nCa(p) ™! = T of, (1))
n? -1 2(n? —1)p! DL
+ Wp%n(t) - ((po)g)p(l]n(t) + fMlln(pg)a (4.113)
DL
nAR"! —nBR™"! = =2 M, (R). (4.114)

We denote the right hand of (4.113) as J.
Furthermore, we calculate M7, . From (4.85), (4.86), (4.90), we know

Mlln(r) = DlIn(Zr) + Dan(zr).
So we get

_0M>9(p2) 0 _ PMY(P?) 1 o _ IMP(p)) 4 _ OML,(P) 4

Dl[n(ng) + D2Kn(zp9) = or Pin(t) Tp*mn(t) Tpln( ) or Pxs
(4.115)
len(ZR) + DgKn(ZR) == *DIIL(ZR) - DQK;L(ZR), (4116)

Combining (4.115), (4.116), we get

OM(p2) | OPM2(pD) 1 oM (p?) 0Qn(pY) 1
Dy = — or or? p*p[) (t)— or 1 ()_ or__ P« pO ()
In(z,0) + KEp(z0) " L(z0) + KKp(20)" "




Dy = KD;.

We denote Dy = H(p2, p})pY,,(t) + Spt,(t), where K is as (4.56) and

OM2(p?)

S fr— 8T = .B~ .
Ln(z,0) + KKn(z,0) !

As a result

Mlln(r) = Dlln(zr) + D2Kn(zr)
= [H(p, p2)p1n(t) + Spin (O] In(z0) + [KH (Y, 1) pl () + K Spr,, (8)] Kn(2)
= [H(p?, pi)In(20) + KH (02, pi) Kn(20)]0%0(t) + [STn(2r) + K SKn(2)]p1n(1)-

We denote the above formula as H(p2, pt,n, K, )0, (t) + Qn(r)pl,(t). From the formula of
Qn(r), we know Q~n(7“) = Qn(r), therefore

My, (r) = H(p, prn, Kor)pd (1) + Qu(r)pia (1)
Combining (4.113) and (4.114), we get

nA(p)"R" +nB(p)) "R = JnR",

BA() R = nB() R = — M (R) ()

We further deduce
In()" — BEM], (R) R

A=
(D B
DL Rl
B = AR™ + == My, (R)——,
hence
8u§f’) 0 0yn—1 0y—n—1
Noting that Pl =n! — Mln, combining ul! ),ug), u ), thus % can be rewritten as

OPL(p2.t) _ dui (b)) | 0w (p) | 0w (p2) DL ML, (p%1)

or - or or or H or (4.117)

So far, we have calculated the expressions of all terms in (4.89), OP(p2) iy (4.50), 631;%’72)

or 2
n (4.92), M in (4.100), M in (4.93), w in (4.117). Substituting the above
formula into (4.89), we get
dpin(t) __ 9*P)(pl) 4 PP 1 o O°PL(pY) o O* Py, (pt) 1 0P, (pL 1)
=_ t) — =) #) — = g0 -
dt 87’2 pln( ) 87’3 p*pln( ) 87'2 pln( ) 87‘2 Px or
1 M)\ T
(T Do) = | a4 (<P ) - S it
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aM0< >)

0 _ 0/,0

oL |

%<g<2R (9)) OMO(0)
<Alfo<zp>+A2Ko( o)  Or /Mo Td?“} Lh(m}mn()

5 5 2 0
e R L

u () u? (1) Duil (p0.1) | DLOML, (60, 1)
or or or H or

DL oOM{, (0, 1)
—F(°. ot 0 (T — 1 _ 0 TP In\Peo )

e 1 DLOM (00t
= F (0 o)1) — (T = Loy (1) — An(e)"~" + Bu(ply 4 DL OMatpes)

=F(pY, pus )P (1) — (T = L)pin(t) — An(pd)" ™

DL oM}, (p0.1)

DL R+
2n = 0y—n—1 =
+(aren s Dl Yyt 4 G Pt

=F(p, pl, ) (1) — (T = L)ph, (1) — Anl(p)"" = (o) " R?")

DL oM, (pi), 1)

DL n —n—
Mln(R)R +1(p2) 1+7Ta

H

and

. i DL . o
An[(p9)" 1 = (p?) 1R2]—?an(R)R HpH

In(pQ)" — DEM] (R)R™!

(pg)Q” T+ R2n [(Pg)n_l - (Pg)_n_len]

DL

-7 (H(p, pr,m, K, R)p%, (t) + Qn(R)p1, () R (o))
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{[F<p2, o)l (8) + sk pL(t) + B (H (1) + c?n<p8>p%n<t>>]n<p8>n}
= (po)gn + R2n [(pg)nil - (pg)inilR%L]

S H D, (1) + Qn(R)pi, (D) R (p0)" ! — ()" B2
(p2)?" + R2"

— DR (1) + GuB)ph () R (6.

Substituting the above formula into (4.89),

dpin(t)
dt
0* P (p? 0*PY(p? 0*P}(p? 0> Py, OPL,
=- arg)p%n(t) - arg)pip?n(t) - ar()p(fn( )= =5, (0o = =5 (ol )
N DL - ey DLOMY (P9t
—E (. phm. K)(6) — (T~ Dpho(6) + EQu(Rpl (R ()t 4 DL OMialP D
T
{ (5501 (0) + BEQu(p) ok, (1) (o) — %Lén(R)p%n(t)R”“}
- (0 e (P! = (o))" R*]
n2—1 0\n DL A~ n+1
= n(p*) - ﬁQn(R)R (p0)2n — R DI -
=F0 dT_7 e * _Z=0, n+1/,0y—n—1
pln(t) { + (pg)gn +R2n (pg)n+1 H Q (R)R (P*>

% 8Qn (pg) 1

Q)" (P> — R |y
v o (e

o DLOQu())  2BEQuURR™ ()" | n(n® — D[(pY)*" — R*"]
U " o (R (PP (P2 + Fen)

+n

H o p0((p0+ Ron)

DL (4™ — F]Gn(ps) } o (8) & B0, o1, K)ol (1),
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and the above formula can be rewritten as

T-L-— — n-l
dt H or (p2)?" 4 R?n pe)

T n 0 (1.118)

n(n® —1)[(p)>" — B*"] DL [(p2)*" — R*"|Qn(p?) } 1
(P2)3((p2)%" + R2") H o p(p)*" + B>

8u$11) ug)

or

< FY(p2.pLn, K)pl, (0).

=F(pl.pl,n, K)p},(t) + +

In the following, we denote

DL 8Qn(p?) Q%QNn(R) R o)n—l+ n(n® — D[(pd)** — R*"]

VAL e e R BT Gy )
DL [(p9)*" = R*™Qun(p?)

H o (0 + R

+n

From Lemma 4.1, we know that V' > 0, and from Lemma 4.7 of [29], we know that, when

n > 2,L < L,. Applying this lemma again, as for (4.118), we have
P
|p1a(1)] < Ce™".

Case 2: n = 0,1. From Lemma 4.1, we know that Cy(n, p, R) > 0 is decreasing with respect to
n, hence
CQ(O,,O, R) > Cg(l,p, R) > 0.

It satisfies [29, Lemma 4.7], thus when n = 0,1, we have
Pl (t)| < Ce™®
So far, the proof of Theorem 4.1 is completed.
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