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Abstract

We study the small initial data Cauchy problem for the three-dimensional Boussinesq equations with the Coriolis force in
variable exponent Fourier-Besov spaces. By using the Fourier localization argument and Littlewood-Paley decomposition, we
obtain the global well-posedness result for small initial data (u 9,9 o) belonging to the critical variable exponent Fourier-Besov
spaces $\mathcal{F}\mathcal{\dot{B}}_{p(\cdot),q} " {2-\frac{3}{p(\cdot)}}$.
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1 | INTRODUCTION

In this paper, we consider the three-dimensional Boussinesq equations with the Coriolis force:

Ou—vAu+Qe; Xu+u-A)-u+VP =ghe;, in R*x(0,c0),

0,0 — uAG +(u-A)-0 =0, in R3x(0, ), (L)
divu = 0, in R3x (0, ), ’
u(x,0) = uy,  6(x,0) = 6, in R3,

where u = (u,, u,, u3) denotes the velocity field of the fluid, € is the fluctuation, P is the the pressure. The positive constants v, u
and g are the kinetic viscosity, the thermal diffusivity and the gravity. Q € R is the Coriolis parameter, which denotes twice the
speed of rotation around the vertical unit vector e; = (0, 0, 1). The term gfe; represents buoyancy force using the Boussinesq
approximation, which consists in neglecting the density dependence in all the terms but the one involving the gravity. The
parameters v and u do not play any important role and we set v = u = 1 throughout the rest of this paper. For more detailed
explanation, we can refer the readers to Babin'l, Charve?, Cushman-Roisin" and Pedlosky.

When Q =0, reduces to the classical Boussinesq equations. Abidi, Hmidi and Keraani® proved a global well-posedness
result for tridimensional Navier-Stokes-Boussinesq system with axisymmetric initial data. Danchin and Paicu® studied the
Cauchy problem for the Boussinesq equations with partial viscosity in dimension N > 3 and obtained a global existence and
uniqueness result for small data in Lorentz spaces. They' also proved the global existence of finite energy weak solutions in
any dimension, and global well-posedness in dimension N > 3 for small data. In the two-dimensional case, the finite energy
global solutions were shown to be unique for any data in L?>(R?). Hmidi and Rousset® proved the global well-posedness for a
three-dimensional Boussinesq system with axisymmetric initial data. Karch and Prioux® studied the existence and the asymp-
totic stability as the time variable escapes to infinity of self-similar solutions to the viscous Boussinesq equations posed in the
whole three-dimensional space. Sulaiman'? obtained to the 5global existence arlld uniqueness results for the three-dimensional

Boussinesq equations with axisymmetric initial data v° € B;l(ﬂ@) and p° € B;l([R{3) N LP(R3) with p > 6.
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When Q # 0, but 6 = 0, (I.T)) reduces to the Navier-Stokes equations with the Coriolis force. Babin Mahalov and Nicolaenko u
proved existence on infinite time intervals of regular solutions to the 3D rotating Navier-Stokes equations in the limit of strong
rotation. Iwabuchi and Takada''? proved the global in time existence and the uniqueness of the mild solution for small initial
data in B‘l near BMO~!(R?) and obtained the ill-posedness for the Navier-Stokes equations with the Corilis force. Fang, Han
and Hleber13 proved the uniqueness of the global mild solution to the rotating Navier-Stokes equations with only horizontal

dissipation in the Fourier-Besov space FB ,” (R3) for p € [2,00],7 € [1,0). Hieber and Shibata'* proved that the Navier-
Stokes equations with the Coriolis force possess a unique global mild solution for arbitrary speed of rotation provided the initial
1

data u, is small enough in the H2 (R3). We refer the readers to Babin, Mahalov, Nicolaenko™ 316, Twabuchi, Takada'”, Giga,
Inui, Mahalov, Saal'®, Koh, Lee, Takada'®, Konieczny, Yoneda?’, Sun, Yang, Cui?! and Sun, Liu, Zhang?*

When Q = 0,and 0 = O, @ reduces to the classical Navier-Stokes equations. Abidi, Gui and Zhang23 proved the local
well-posedness of three-dimensional incompressible inhomogeneous Navier-Stokes equations with initial data (a, i) in the
critical Besov spaces and proved this system is globally well-posed provided that [Jug|| || 3 is sufficiently small. Sun and Liu“*

demonstrated uniqueness of the weak solution to the fractional anisotropic Navier- Stokes system with only horizontal dissipation.
Kozono, Ogawa and Taniuchi® proved a local existence for the Navier-Stokes equations with the initial in Bgo’oo(lR”) containing
functions which do not decay at infinity and established an extension criterion on our local solutions in terms of vorticity
in the homogeneous Besov space Bgo’oo([R”). Bourgain and Pavlovic?® proved the Cauchy problem for the three-dimensional
Navier—Stokes equations is ill-posed in B’;l *©°(R3). Ru and Abidin“? studied the Cauchy problem of the fractional Navier-Stokes

A-20——
equations in critical variable exponent Fourier-Besov spaces FB O (R?). Yu and Zhai“¥ studied the well-posedness of the

fractional Navier-Stokes equations in some supercritical as well as in the largest critical spaces By, (Zﬂ l)(IR”) for g e (%, 1) and
the well-posedness for fractional magnetohydrodynamics equations in these Besov spaces.

There are many differences between variable exponent Fourier-Besov spaces and Fourier-Besov Spaces. Some classical the-
ories such as Young’s inequality and the multiplier theorem do not hold in variable exponent Fourier-Besov spaces. Because of
this, it is difficult to consider the well-posedness of equations on such spaces. In this paper, we mainly use the properties intro-
duced in Section 2] 3] and combine with the Banach’s contraction mapping principle to consider the global well-posedness of
the Boussinesq equations with the Coriolis force in variable exponent frequency spaces FBS() (RS) The main results are as
follows.

Theorem 1.1. Let p(:) € Clog(R3) n PO(IR3), 2<p(-) £6,1 <q,p < o, and there exist a sufficiently small ¢ > 0, such that

loll o5 + II90II 22 <€
B C) ()
(g p()a

for Q@ € R. Then problem (I.I) has a unique global solution
~ 2= o Gl o L
(¢S] . () p . » 0 . 2
(.0) € T>(0.00: FB, ) N L7(0, 003 B, *) n L2(0, 001 BB} ).

Moreover, let p(-) € Clog(R3) n PO(R3), 5;() € Clog(lR3), and 5,(-) = % +2 - pi(.), if there exist a constant ¢ > 0 such that
2 < p;(+) £ ¢ < p(+), then the above solution is still satisfied l

.0) € CO.0 B, 1) T, 0o P ).

3

.2-
Remark 1. The Fourier-Besov space FBP(.)’ji; is critical for (T-I). In fact, if u(z, x) is the solution of Eq.(I.1)), then
uy(t, x) = Au(A%t, Ax)

is also a solution of the same equation and

Il (0, X)II e ~ Ny (0,01, 5.

FB PO

p< )q 0K
Remark 2. From the structure of variable exponent Fourier-Besov space, we can find that this kind of space is quite different
from variable exponent Besov space. Compared with variable exponent Besov space, this kind of space is more favorable for us

to consider the boundedness of semigroup operators and the estimation of nonlinear terms.
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In sectionI] we mainly introduce some background and main results; sectior2] we recall some basic facts about Littlewood-
Paley theory and function spaces; sectiorﬁ], we establish the linear estimates of the semigroup {T(#)},50; sectiorﬂ_f], we devoted
to the proof of Theorem|T.1]

2 | FUNCTION SPACES

S(R") denotes the space of smooth rapidly decreasing functions on R". S’(R") denotes the topological dual space of the S(R"),
also be called temperate distribution. For any f € X, there exists a constant ¢ > 0 such that || f||, < c|| f|l,. then it is written
as || - ll, S Il - Il,- We first recall the homogeneous Littlewood-Paley decomposition?.

Let (y, @) be a couple of smooth functions with values in [0, 1], y is supported in the ball B(0, %) ={£ e R3¢ < %}, @is
supported in the shell C(0, ?_1’ g) ={ée R3|% < L g}. We use @;($) to denote @(277¢) and

Yo @=1,  VEeR\{0}.
jEZ

The localization operators are defined by

Aju= @ (Dyu=2Y / w (2 yyu(x — y)dy, Vj€eZ,

[R3
Sju=yQ27/Du=2" / h(2 yu(x - y)dy,  VjeZ,
[R3
wherew = Flpand h = F~ly.
From the definition above there hold that
AkAjuzo, if |j—k|>2,

Ak(S'j_luAju) =0, if |j—k|=5.

Su=Y Au
i<j—1

Let 7(R") be the set of all measure functions p(-) : R" — (0, co] such that p_ = essinf g, p(x), p, = esssup, g~ p(x). For
p € Py(R™), let LPO(R") be the set of all measurable functions f on R” such that for some 4 > 0,

£l = inf (4> 0 ¢ 0,0, (f/A) < 1)

p(x)
= inf A>O:/(@> dx <1

Rn

If u € S,, there holds that

We postulate the following standard conditions to ensure that the Hardy-Maximal operator M is bounded on LPO(R™):

1. p is said to satisfy the Locally log-Holder’s continuous condition if there exists a positive constant C,,,(p) such that

_ Clog(P) n
p(e) = P < iy, (forall x, y € R, x # ).

2. pis said to satisfy the Globally log-Holder’s continuous condition if there exists a positive constant Ciog(P) and p_,, such

_ Clog(p) n
that |p(x) — p| < oot I’ (for all x € R™).

We use Cy,,(R") as the set of all real valued functions p : R" — R satisfying 1 and 2.
Let p(-), q(-) € Py(R"), we use 190 (LPO)Y to denote the space consisting of all sequences { f ; } jez of measurable functions on

R” such that
. i
{f;3}ezlliwor ooy 2=1nf § > 0, 0000100 {—J} <1 p <oo,
H ) jez

| 17,001\
Olfl(‘)(Lp('))({fj }jeZ) = Z inf94>0: / i dx <1

JjezZ fn A

where
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Since we assume that g, < 00, 000 (Liy({ f}}jez) = ZjeZ ” |fj|‘?(')| L holds.
Definition 2.1. B%Let p(), () € Ciog(RDNPH(R") and 5(-) € C,,(R"). The homogeneous Besov space with variable exponents

B;(()) 0 is the collection of f € S’(R") such that

p().q()
1/ ls0 = 25O, e
where S’ denote the dual of S(R") = {f € S(R") : (D”f)(O) =0,Va}.

B =1/ €S tlflzo <o),
p()-q()

01q()(Lp()y

For T > 0 and p € [1, o], we denote by L?(0,T’; Bs() ) the set of all tempered distribution u satisfying

- )
”u”L"(O,T;B.;(('_))f) .= <Z ”215 A u“]_,P()> < 00.

~

The mixed L?(0, T; BY() ) is the set of all tempered distribution u satisfying

1
~ - Jjs()
lallzoors ) += <Z 127°OA,ull;, L) < .

JjEZ
For simplicity, we denote

p st . P s() TP S() e _Tp . 73s¢)
LTBP()r —L(OTB ) and L B .—L(O,T,Bp(_)’r)

By virtue of the Minkowski’s inequality, we have

Il zoor s ) < Wl oo, i P =T,

[Jull LrOT:BY) ) < ”u”Zﬂ(O,T;B’;((:;J) it r<p.
To obtain the global well-posedness of the small initial data Cauchy problem for the three-dimensional Boussinesq equations
with the Coriolis force in Variable Exponent Fourier-Besov Spaces, we need to introduce the following spaces.
Definition 2.2. “/[Homogeneous Fourier-Besov spaces with variable exponents] Let p(-), q(-) € Gy, (R") N Py(R") and s(-) €

Ciog(R"). The homogeneous Fourier-Besov space with variable exponents FBC is the collection of f € S’(R") such that

() q(-)

SO _ . |
FBa =1/ €S 1Ay < oo},

10 = 1200, F) 5l s < o0,
AU

Similarly, we denote by L?(0, T PBS( ) ) the set of all tempered distribution u satisfying

r

W irar s = (S o, ) | <o

The mixed L?(0, T’ PB‘() ) is the set of all tempered distribution u satisfying

1
”ll”L,, 0,T; rﬁ” ||2JS()(P u” 1370 < 0.
( ) SN L

JjEZ
Definition 2.3. % Letu,v € 5;,, the product uv has the homogeneous Bony decomposition as follows

uwo =T, v+T,u+ R(u,v),

where
T,v= ZSj_luAjv, Tu= ZSj_lvAju,
jez jez
R(u,v)=2Aju5ju, &ju= Z Ao
JEZ [j—kl<1

Lemma 2.1. The following inclusions holds for the variable exponent function spaces.
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(I) (Holder inequality*) Given a measurable set A and exponent functions r(-), g(-) € Py(A) define p(-) € Py(A) by
1 1 1
— +

P q(x) " r(x)
Then there exists a constant C such that for all f € LY9(A) and g € L"V(A), fg € LPI(A) and

1&gl < ClUS NG llg -
In particular, given A and p(-) € Py(A), for all f € L*)(A) and g € L”(A), fg € L'(A) and

/ |f()g(ldx < Cpiy [1f 1l 1181y
A

where the function p’ is called the dual variable exponent of pand A,, A,, A, are disjoint sets, i.e.,

1 1
L Cn= <p— ot 1) lxa oo + lxa Nleo + 112, llo-

- +

OO

(I) (Sobolev inequality=") Let py, p;, g € Py(R") and 54,5, € L®(R") N Cyoy(R™) with 55 > s,. If é and
_n_ . _n
0 Do - )41
are locally log-Holder continuous, then

s So(‘) > 51(')
Bpo('),q(~) = Bp1(~),q(~)‘

M) (3% Let py. py. 4. 41 € Po(R") and 50, 5, € L¥(R") N Cpop(R") with s, > s,. If qiqi and
0 1
so—izsl—£+e(x)
Do Pi
are locally log-Holder continuous and essinf .. £(x) > 0, then
'S(J(') '51(‘)
BP()(')v%(‘) p1(.q, ()’

(IV) (Molification inequality”*) For p(-) € G (R") and y € L'(R"), assume that ¥(x) = sup |y ()| is integrable. Then
YE€B(O,|x])

If o well pogeny < CNFN oo 1P L1y
for all f € LPO(R"),where y, = an(l) and C depends only on #.
Lemma 2.2. ®[Hausdorff-Young’s ineqéualit;] Let f € LP(R"), 1 < p <2.Then f € L” (R") with i + ﬁ =1and
WAl < I fll g
Lemma 2.3. 22 A constant C exists such that for all s € R,
rr = ||L4||1_f;,§f2 < C||”||B;‘r],

pr<pp > Al o1, S Cllullg, .
B I ) 1

pr

Lemma 24. Let s > 0, 1 < p,r < 00, p (), po(*) € Cjpe(R") N Py(R"), and 1% = I)L() + pL() Then
v AN

luvllgs < Nullge Mollg:  +Nollgo Mullg: .
pr 12104 121084 12104 paC)r

Proof. According to definition[2.3] for fixed j > 0, we have
Auvy= D A(Sud) + Y A(S AW+ ) A(AUAL)

[k—jl<4 [k—jl<4 k>j-2
=1, +1L,+ 1.
We will estimate each of the three above. Using Young’s inequality and Holder’s inequality from the Lemma[2.1} we have

||2jSAj(Sk—] ub o)l S NS-qull pro ||2jSAkU” LnO>s
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then

120 S D0 NSkcyull o127 Aol o
|k—j|<4

Similarly, for I, we have

127Dl $ D0 NSkcioll o 127 Ayl e
[k—jl<4

Now, it remains to estimates I5. Using Young’s inequality, we have

1A;Aud 0l S Al pno | ALl Lo

Hence,
12° Isll 1 S 2 1127 Agutll oo 1Al oo
k>j-2
= Y 297 2R Al o Al o
k>j-2
Taking the norm || - ||;» on both side of above inequality, there holds that
luollp, < lullge Mollg:s  +1ollgo Mullp: .
pr p1C)r 12108 p1C)r pa()r
O
Lemma 2.5. Lets > 0,1 < p,r, p < 00, p; (), po(-) € Ciou (RN N Py(R"), and + = — 4 L =L 4 L Then
s LR O R 210 N A TR 3
uvl|e s S |1l 501 5 U||572 s vl|501 5 ullzeps -
” ” L?Bp.r ” ” L;l B;)l o ” ” Lf’rZ sz(_v + ” ” L/’Tl B;Jl(-),r ” ”LPTZ sz(-),r
Proof. In the proof of the lemma replacing L?® with L7 L"), we can get that the conclusion holds. O

3 | LINEAR ESTIMATES

We establish the linear estimates of the semigroups {7 ()}, in this section, and see the specific introduction of the semigroups
{T(1)},50 in section[d]

Lemma 3.1. Let p() € Cppy(R*) N Py(R?), 2 < p(-) 6,2 < py() < ¢ < p(), 5,(-) = % +2- % and 1 < g, p < . Then
<

NToOf =00 oy ST o3
Q i (O,oo,?b’;ll (-).q) - b";_)f’;')

3

22—
»C)
forQeRand f € F’Bp(.)’q .

Proof. By definition[2.2] we have

”Tg(t)f”Z"(O,oo;?’]&";]](('_lq) = H{||2151(')(pjr[TQ(t)f]||Lﬂ(0,oo;LP1<~))}j€Z

192"

Since Ty (¢) f is bounded Fourier multiplier, we estimate by a positive constant. Using Lemma@ we have

”Tg(t)f“ZP(O,oo;FB;‘l((:))_q)) = ||{|I2j‘gl(4)(ij[TQ(t)f]“Lﬂ(O,oo;LPl('))}jeZ

19(2)
S {27 O, £ ezl
~ P; Lr(0,00;,L710) § jez Il 19(Z)
-3 (232 _20
< Y “210 2 B G m.,)q,me 1220+ e
¢ PO

1201 L0 ) ezl gz
SHAN s

FB ()

p().q
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where the second norm in the second line above is estimated as follows

2,3 3

JGE+2-—=) _22G+D)
©)

200 e Qe

()
L/’(Ooo LePi0)

2 24D ’%
= 127 |l Lo 127 " @l e

2 ; 3 n
= 11277 e | g0y Inf{A > 0 2 [, |2’(f n gl dx < 1)
cpy(x)

Sinf{A>0: [, 12 ”l‘x))(pj+l|“”l<~‘5dx <1)

P1(x)

Sinf{A>0: [, ]9 +,|‘ PI(X)Z 3dx < 1}
ep @)

Sinf{A>0: [ @@ dx < 1}
< C.

Lemma 3.2. Let p() € Cp,(R) N Py(R?), 2 < p() 6,2 < py(-) < ¢ < p(-), 5,(-) = % +2-— % and 1 < g, p < co. Then

t

/TQ(I—T)U:Dde IIfII S

)

(OF
0 Lp(oooFB”” ) Froa

3

0
forQeRand f € T'Bp()q

Proof. Using Lemma [2.1|2.2]and Young’ inequality, we obtain

“ Ji To(t — 0P fdr

-t

< ”{ Hfot zjs,<~>(pje—<t—r>|-|2de
SN

~ SO
L»”(O,oo,FBm(.m)

| 20¢ FL [ To(t — )P fdr]

L"<Os°°2L”“')>}jeZ 192)

L2(0,00;L710)) }jEZ 19(Z)

2,1
2420
Lr(0.00:B), *

where the inner norm of the second line above is estimated as follows

/0' 21s1<->(pje—<r—r>|'|2 far

L(0,00;LP10))
t i (. (=12 ~
fo ||2151()(pje =k I 2n0 “(ij”LZdTH
L2 0

A

Lr(0,00)

N

/-Ot ||2jS1(‘)(pje—(l‘—T)|~|2|| 2p1() ”Ajf”LZdTH
L2710 L#(0,00)

N

2.1 _3,27111(')
Jo 2 27 | 1A, £l ade
L2-r0) L7(0,00)

21
Sy 2T A £ e

A

Lr(0,00)

N

l|e=”
L7(0,00)

iCG+3)
257N A Sl e | 21 0.00)

N

iC+3)
25 TNA S e

L»(0,00)
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4 | PROOF OF THEOREM 1.1

In order to solve the Boussinesq equations with Coriolis force, we consider the following linear generalized problem

u—Au+Qe;xu+VP=0,in R3x(0,00),
divu =0, in R3x(0,), 4.1
ult:() = u()’ in IR3.

The solution of equation (@.1)) can be given by the generalized Stokes-Coriolis semi group T, (¢), which has the following explicit
expression

To(tu=F! [cos <Q|§§_3|t> e I + sin <Q%t> e""flzR(f)] * U

=pF! [cos <Q|§<§_3|t> I +sin <Qé—3lt> R(f)] % (e'®u),

where divergence free vector field u € S(R?), I is the unit matrix in M;,;(R) and R(&) is skew-symmetric matrix defined by
! 0 & -4
RO :=5[&6 0 & | &« R\ {0}.
&H 600

Hence, the solution of the equation (I.I)) can be rewritten as

u(®) = To(Ouy — [y To(t — P - Vuldr + [ To(t — 7)Pgbesdr,
() = 20, — [ "2 [(u - V)O1dr.

For the derivation of explicit form of T, (+), we refer to Babin, Mahalov and Nicolaenko'™, Giga, Inui, Mahalov, Matsui'® and
Hieber, Shibata',

Proof of Theorem[I.1] Let M > 0, 6 > 0 to be determined. Set

X =9 @6) : lull_ FEER S 21 22 M,
Lo(0,00F B, M) Lo(0,00F B, M)

0K

Ml 20 N 2 | O SE 1 <6,
Lr(0,00;B) *)NL=(0,00;B7) Lr (0,008, *)NL=(0,00;B2)
which is equipped with the metric

d((u7 9)’ (w7 l))) = ”Ll— w”~ ,2—% ~ A%+% ~ %
L”(O’W;FB,,(.)J, )nLﬂ(O,oo;Bzvq ')nLW(O,oo;qu)
+ 116 — ol _ a3 2,1 1.
Lo(0,00;F B, " )NLr (0,008, > )NL(0,00:B7,)
It is easy to see that (X, d) is a complete metric space. Next we consider the following mapping

t t

@ : (u,0) — (To(ug, e™0y) — / To(t — )P[(u - V)uldr, / A (u - V)0)dr
0 0
+ / To(t — 7)Pghesydr, 0|,
0

where P := I — V(—A)~! denotes the Helmholtz projection onto the divergence free vector fields.
We shall prove there exist M, 6 > 0 such that @ : (X,d) — (X, d) is a strict contraction mapping.
First, we establish that the estimate of (T (1)ug, €'26,). According to Lemma 3.1} it follows that
1T @)uoll+ a0\ S llupll 55,
L O R
and we have

)

€ 00117, (o oppznc ) S NON 5 s
0 Lﬂ(O,oo,FBpll(.)Tq) 0 PB;M
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when Q = 0.
Similarly we can obtain

1T ®ugll 2,1 S
L/’((),oo;B‘f 2
lle 26l 2,0 S 16
1r(0,00:87 2

24

luoll
7DBP(-)

_3
? PC)
4

_3
52 pC)
[QX}

oll

It is easy to show that the estimate for Ty (1)u, and €26, also hold for p = co and p,(-) = p(-), i.e.,

[ To(®ugll _ 22
Feers, 1)

[ To®ugll 1
L>®(0,00:82 )

B
lle 6,1l _ P
Loo

(0,00;

lle" 6ol - 1 3
L>(0,00;

S ol

_3
52750
p()q

Sl s

Next we show that the estimate of the remaining terms. Using Lemma[2.[2.22.3P.5] we can show that

”/J To(t — DP[(u - V)Ll]d’[‘”

00,007 B0 )

p1()a

- H{ 27190, FL; Tott = OPI@- Vulde]

where the inner norm of the third line is estimated as follows

Similarly, we can obtain

Lr(0,00;LP10)) }jeZ

11(2)
19510 g . o= t=DI [ (5 - VO,
R R R S o
S ”u” 2,1 ||u||~°o RO
Dosil ) DO
Slall ol
LP(O,oo;Bz’?q ) Lm(O,oo;Bz'q)
tAig (. IR I
” S 2510 == (- Vyulde 0ot )
S 127900, g0 1A, @u] odr
L5nO L5 lLr0,00)
t 2.5 o . _3.67p1(-) X
< /0 AR 1)221“2 ey ¢j|| o IIAj(u®u)||L%dT
Lot ’ Lr(0,00)
PRy e
< /0 2 GF =t 1)2/||Aj(u®u)||Lng
Le(0,00)
JG+3) 5 _02
S22 IA @@l le™ Ml L1 0,009
Lr(0,00)
JC+H A
S2 A ®u)l s
L3 [ £r(0,00)
t
Tt —7)P E’edr”~ <|é s
||/0 Q( Fg 3 LP(O,oo;FB;lli'_))q)N I ”Zﬂ(()ooBz%+%)
N ’ -4
r (t—-1)A
e [(u-V)8ldz| . oo S lull 2,1 1011 1.
”/0 L0, F B ) D008 ?) I=000i87,)
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In addition, we can also get

”fo To(t — 0)P[(u - Viuldz

i

E\I\)

Lr(0,00:B” 2)nL>(0,00; Bz)

24

= “ Ji To(t = DP[(u - Vyuldz

2.1

Lr(0,00:F B B i)an(oooiL‘Bz)

S llull 2, el
Lr(0,00:B], i O.00:B2) L=(0.00:B))

|| S To(t — 1)Pghesde|
S el 21 L
Lr(0,003B;, 2)ﬂL°°(OooB )

|5 et 21w - a)01de

2.1

Lr(0.00:B]? )nL°°(OooB )

2

Tr(0,00;B "+ )nL°°(OooB )

S ull 2,1 L 161l

Lr(0,00:B), "2 )T (0,00: B2 ZM(O,m;BZ‘,)'
We finally prove that the ex1stence and umgueness

2—
Let Y = L®(0,00; FB, "“)ﬂu(o 00; B” ) L*(0, oo; BZ )» then

|Pu, 0)lly
= [[@Wlly + [[P@)ly
Sloll o 4100 o+l sy el
p()a p()q ﬂ(OOOB )an(OOOB ) L (O’oo’Bz.)
Hlull 2,1 |I9I| 0] 2,1
Lﬂ(OooB" 2)nL (0003 ) L=(0,00:B7 ) Lﬂ(OooB" 2)an(Omue )

Denote 6 = M =2 |lull . + {16yl 2 | < 2C,, if € is small enough, then we have
3 FB

()4 LOX]

1Pw.Dlly <5+ 5 =0,

NS IS
NS IS

and
d(®(u, 0), ®(w,v)) < %d((u, 0), (w, v)).

It follows from the Banach’s contraction mapping principle that the rotating Boussinesq equation has a unique global solution
and satisfies
1
(u,0) € L*(0, oo; FB ””) N L0, co; B" ) N L*(0, co; Bzzq)
when e is small enough.
On the other hand, let

2,1
Z = L”(O 00; FB "”)nL”(O 0; B” )
3
L°°(0 00; B2 )nL°°(0 00; FBP()”;>
then we have
|®(u, 0)I|
= [Pl 7 + 1Pz
Sl oo+ 10 o el
o O LoO,00B), INL=(O,00:B7 ) L=(0.00:B])
+llull 2,1 1611 el 20 1.
LP(OooB” z)an(OooB ) L2(0.00:87) L"(OooB'” INL®(0,00:B7)
Seté6=M =2 llupll , 5 S o (127 ,. 3 | <2C,, if € is small enough, then we have
FB, O OFp MO B, O NFB N0
p().q p10)q p()q p1()a
5 6
D(u, 0 <=-+=-=35,
Iow.0)ll, < 5+ 3

and
d(®(u, 0), d(w,v)) < %d((u, 0), (w, v)).
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According to the Banach’s contraction mapping principle, it follows that the rotating Boussinesq equations has a unique global

solution and satisfies ,
To . 551 () T oo . > 2_E
(u,0) € L*(0, oo; F’Bpl(_),q) N L0, co; FBP(M

when € is small enough. O
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