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Abstract

The knife-edge diffraction model (KED) and the uniform geometrical theory of diffraction (UTD) have been widely used to

predict the shadowing effect at millimetre-wave (mmWave) bands. This letter proposes a mathematical derivation to rigorously

prove that, for an absorbing screen, UTD applying the narrow-angle Fresnel approximation is equivalent to KED. The simulation

scenarios are designed to validate the proposal by comparing KED with UTD in the narrow-angle (less than 20*) and wide-angle

(over 20*) regions at mmWave bands (20 GHz - 100 GHz). Simulated results agree with the proposal that KED is identical to

UTD with a low error of less than 0.1 dB in the narrow-angle region, while they have a difference with an error of over 1 dB

in the wide-angle region. In addition, the average computational time is measured and results in both UTD and KED taking

approximately 8.0 ms for one test. From the proposal, it can be theoretically explained the differences and similarities between

KED and UTD for an absorbing screen.
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Equivalence of knife-edge diffraction model
and uniform geometrical theory of diffraction
applying Fresnel approximation for an
absorbing screen

X. Du and J. Takada

The knife-edge diffraction model (KED) and the uniform geometrical
theory of diffraction (UTD) have been widely used to predict the
shadowing effect at millimetre-wave (mmWave) bands. This letter
proposes a mathematical derivation to rigorously prove that, for an
absorbing screen, UTD applying the narrow-angle Fresnel approximation
is equivalent to KED. The simulation scenarios are designed to validate
the proposal by comparing KED with UTD in the narrow-angle (less than
20◦) and wide-angle (over 20◦) regions at mmWave bands (20 GHz -
100 GHz). Simulated results agree with the proposal that KED is identical
to UTD with a low error of less than 0.1 dB in the narrow-angle region,
while they have a difference with an error of over 1 dB in the wide-
angle region. In addition, the average computational time is measured and
results in both UTD and KED taking approximately 8.0 ms for one test.
From the proposal, it can be theoretically explained the differences and
similarities between KED and UTD for an absorbing screen.

Introduction: The prediction method of the forward scattering can be
utilized to quantify the shadowing effect in the 5th generation (5G)
mobile communication systems at the millimetre-wave (mmWave) bands
[1, 2, 3]. To predict the shadowing gain accurately and quickly, the
knife-edge diffraction model (KED) [4] and the uniform geometrical
theory of diffraction (UTD) [5, 6] have been developed and widely used.
KED based on physical optics (PO) is the analytical solution of the
Kirchhoff approximation (KA) by using the Fresnel approximation [7].
Since KED models the obstacle as an absorbing half plane, it does not
concern boundary conditions, i.e., polarization and surface impedance.
On the other hand, UTD based on geometrical optics (GO) is a closed-
form solution approximated by the exact solution of the canonical
problem asymptotically [8, 9, 10]. Although UTD can deal with boundary
conditions, the diffraction coefficient of UTD for an absorbing screen does
not need to consider polarization [11].

The comparison between ray-based UTD and KED has been studied
by several previous works. The work in [12] compared the ray tracking
technique with KED in an urban environment, and it found that the ray-
based method outperformed KED in accuracy for the wide-angle region.
In the work [13], KED and UTD were simulated by comparing them with
the measurement results, and it concluded that UTD had a significant
improvement in accuracy with the wide-angle incidence or diffraction.
However, those works only compared them by using numerical simulation
or measurement, which did not provide further mathematical investigations
to theoretically explain the differences and similarities between KED
and UTD. This work aims to connect KED and UTD through rigorous
mathematical approaches. In this letter, the authors propose a detailed
derivation to rigorously prove that, for an absorbing screen, UTD applying
the narrow-angle Fresnel approximation is equivalent to KED.

Proposed approaches to connect KED and UTD: Figures 1(a) and 1(b)
show the cross-section view of the model in the shadowed and lit regions,
respectively. A semi-infinite-height absorbing screen is placed between the
transmitter (Tx) and the receiver (Rx). The parameters li and ld denote the
distances from the diffraction point to the Tx and Rx. The parameters ϕi

and ϕd denote the angles of the incident and diffracted rays, respectively,
measured in a plane perpendicular to the edge at the diffraction point. The
parameters d1 and d2 are the distances perpendicular to the screen from
the diffraction point to the Tx and Rx.

The original KED assumes that the screen is normal to the Tx-Rx line
[4], as shown in Fig. 1. The parameters h and −h are the distances parallel
to the screen from the diffraction point to the Tx-Rx line in the shadowed
and lit regions, respectively. The total electric field calculated by KED is
formulated in [4] as

EKED = j
Eie

−jπ/4

√
2

∫∞

ν

e−j(π/2)X2
dX (1)

screen

Tx Rx

(a)

screen

Tx Rx

(b)

Fig. 1 Location of screen the antennas (cross-section view). (a) model in the
shadowed region, (b) model in the lit region

with

Ei =
λE0e−jk0(d1+d2)

4π(d1 + d2)
, ν = h

√
2

λ
(
1

d1
+

1

d2
) (2)

where j, Ei, E0, ν, λ, and k0 are the imaginary unit, the scalar electric
field of the spherical wave incident to the Rx, the scalar electric field of the
source (Tx), Fresnel-Kirchhoff parameter, wavelength, and wave number
in the free space, respectively.

On the other hand, since this work focuses on the comparison of UTD
with the forward scattering KED, the reflected field for the backward
scattering is not considered in the UTD calculation. UTD for an absorbing
screen with a spherical wave incidence explained in [11] calculates the
total electric field as

EUTD =

{
Ed (for shadowed region)

Ei + Ed (for lit region)
, (3)

with

Ed =−
λE0e

−j(k0li+
π
4
)

8πli
√
2πk0

sec
ϕd − ϕi

2
F (t)

√
li

ld(li + ld)
e−jk0ld (4)

where Ed and F (t) denote the diffracted scalar electric field and the
modified Fresnel integral defined by (5), respectively.

F (t) = j2
√
tejt

∫∞

√
t

e−jτ2
dτ , t= 2k0

lild

li + ld
cos2

ϕd − ϕi

2
. (5)

To connect KED and UTD, specifically, by letting τ =
√

π/2X, the
integral in (5) now reads∫∞

√
t

e−jτ2
dτ =

√
π

2

∫∞√
4k0
π

lild
li+ld

cos2
ϕd−ϕi

2

e−j(π/2)X2
dX. (6)

Note that

4k0

π

lild

li + ld
cos2

ϕd − ϕi

2
=

2

λ

2lild

li + ld
(1 + cos(ϕd − ϕi)) , (7)

and apply the law of cosine as

2lild cos(ϕd − ϕi) = l2i + l2d − (d1 + d2)
2, (8)

then (7) becomes

2

λ

2lild

li + ld
(1 + cos(ϕd − ϕi)) =

2

λ

(li + ld)
2 − (d1 + d2)2

li + ld
. (9)

Here, the Fresnel approximation [14, 15] for li,d is applied as

li,d ≈

 d1,2 +
h2

2d1,2
(for phase variations)

d1,2 (for amplitude variations)

(10)

given that the narrow-angle condition of the Fresnel approximation is held,
i.e., | arctan (h/d2)| ≤ 20◦ [16]. Accordingly, (9) can be approximated as

2

λ

2lild

li + ld
(1 + cos(ϕd − ϕi))≈ h2 2

λ
(
1

d1
+

1

d2
) = ν2 (11)

according to (2). By substituting (7) and (11) into (6), the Fresnel integral
becomes ∫∞

√
t

e−jτ2
dτ =

√
π

2

∫∞

|ν|
e−j(π/2)X2

dX. (12)
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Through substituting (5), and (12) into (4), the diffracted field becomes

Ed ≈
λE0e−jk0li

4πli

√
li

ld(li + ld)
e−jk0ld

−e−j π
4

2
√
2πk0

× j2

√
2k0

lild

li + ld

∣∣∣∣cos ϕd − ϕi

2

∣∣∣∣ ej2k0
lild

li+ld
cos2

ϕd−ϕi
2

× sec
ϕd − ϕi

2

√
π

2

∫∞

|ν|
e−j(π/2)X2

dX. (13)

According to the similar approaches with (9) and (10), the exponential
terms of (13) can be approximated as

e−jk0lie−jk0lde
j2k0

lild
li+ld

cos2
ϕd−ϕi

2 ≈ e−jk0(d1+d2). (14)

By substituting (14) into (13), we have

Ed ≈
−je−j π

4

√
2

λE0e−jk0(d1+d2)

4π(li + ld)
sec

ϕd − ϕi

2

∣∣∣∣cos ϕd − ϕi

2

∣∣∣∣
×

∫∞

|ν|
e−j(π/2)X2

dX. (15)

Here, the denominator li,d can be approximated as d1,2 according to (10).
Through substituting (2) into (15), the diffracted field is expressed as

Ed ≈−j
Eie

−j π
4

√
2

sec
ϕd − ϕi

2

∣∣∣∣cos ϕd − ϕi

2

∣∣∣∣ ∫∞

|ν|
e−j(π/2)X2

dX. (16)

In the shadowed region, due to ϕd − ϕi >π and ν > 0, we have

sec
ϕd − ϕi

2

∣∣∣∣cos ϕd − ϕi

2

∣∣∣∣=−1 , |ν|= ν. (17)

Accordingly, (15) now reads

Ed ≈ j
Eie

−j π
4

√
2

∫∞

ν

e−j(π/2)X2
dX. (18)

The total field calculated by UTD in the shadowed region is considered as
the diffracted field alone, and the result is identical to KED in (1) as

EUTD
∣∣
ν>0

=Ed ≈ j
Eie

−j π
4

√
2

∫∞

ν

e−j(π/2)X2
dX = EKED

∣∣
ν>0

.

(19)
In the lit region, due to ϕd − ϕi <π and ν < 0, we have

sec
ϕd − ϕi

2

∣∣∣∣cos ϕd − ϕi

2

∣∣∣∣= 1 , |ν|=−ν. (20)

Therefore, (15) reduces to

Ed ≈−j
Eie

−j π
4

√
2

∫∞

−ν

e−j(π/2)X2
dX. (21)

Note that∫∞

−ν

e−j(π/2)X2
dX =

√
2e−j π

4 −
∫∞

ν

e−j(π/2)X2
dX. (22)

Consequently, (21) becomes

Ed ≈−Ei + j
Eie

−j π
4

√
2

∫∞

ν

e−j(π/2)X2
dX. (23)

The total field calculated by UTD in the lit region is considered as the sum
of the diffracted and incident fields, and the result is equivalent to KED as

EUTD
∣∣
ν<0

=Ei + Ed ≈ j
Eie

−j π
4

√
2

∫∞

ν

e−j(π/2)X2
dX = EKED

∣∣
ν<0

.

(24)
In the transition region, due to ϕd − ϕi = π and ν = 0 at the shadow

boundary (SB), sec{(ϕd − ϕi)/2} has the singularity at SB. The value of

UTD at SB is defined to be the limiting value as

lim
ν→+0

EUTD = lim
ν→−0

EUTD ≈ j
Eie

−jπ/4

√
2

∫∞

0

e−j(π/2)X2
dX (25)

according to (19) and (24) for ν →+0 and ν →−0, respectively. Thus,
UTD at SB has the same value compared with KED as

lim
ν→0

EUTD ≈ j
Eie

−jπ/4

√
2

∫∞

0

e−j(π/2)X2
dX = EKED

∣∣
ν=0

. (26)

Ultimately, from (19), (24), and (26), the UTD for an absorbing screen
can be approximated as KED despite the sign of ν. Viz.

EUTD ≈EKED (27)

given that the narrow-angle condition of the Fresnel approximation is held.

Simulation: Due to the lack of the exact solution for an absorbing screen,
this work considers UTD as the reference to compare it with KED. Since
the original KED cannot deal with the multiple-diffraction problem, three
scenarios of the single-diffraction problems are simulated. For the sake
of simplicity, a semi-infinite-height absorbing screen, which is uniform
along the z-axis, is considered. As shown in Fig. 2(a), scenario 1 varies
the distance d2 from 0.05 m to 10 m with an interval of 0.05 m for the
frequencies f = 20 GHz, f = 40 GHz, f = 60 GHz, f = 80 GHz, and
f = 100 GHz, respectively.

Scenario 2 varies the observation angle θ from −90◦ to 90◦ with an
interval of 1◦ at f = 100 GHz, as depicted in Fig. 2(b), where θ is defined
as the azimuth angle measured from the x-axis, i.e., θ= arctan (−h/d2).
Scenarios 1 and 2 assume that a uniform plane wave travelling along the
x-axis is a normal incidence on the screen. However, scenarios 1 and 2
do not vary incident angles, while the narrow-angle approximation is also
applied at the Tx side in (10).

To investigate the characteristics of angles for both the Tx and Rx,
scenario 3 rotates the Tx and Rx with the same angle θ in clockwise
and counterclockwise orientations, respectively, as shown in Fig. 2(c). The
angle θ is varied from −90◦ to 90◦ with an interval of 1◦. The Tx uses a
point source at f = 100 GHz. Since KED requires that the screen is normal
to the Tx-Rx line [4], the Tx and Rx are set with the same height, i.e.,
li sin θ= ld sin θ⇒ li = ld.

Continuous waves (CW) are used in simulations. For an absorbing
screen, both KED and UTD do not need to concern polarization [4, 11].
The simulation parameters are summarized in Table 1. The processor of
the calculating computer is an Intel(R) Core(TM) i9-12900K CPU @
3.19 GHz. The usable installed memory of the calculating computer is
63.7 GB. The system type of the calculating computer is a 64-bit operating
system with an x64-based processor. The simulation software is MATLAB.

screen

plane

wave

incidence
Rx Rx

moving

(a)

screen

Rx

Rx

rotating

plane

wave

incidence

(b)

screen

Rx

Rx

rotating

Tx

rotating

Tx

(c)

Fig. 2 Simulation environments (cross-section view). (a) scenario 1, (b)
scenario 2, (c) scenario 3

Table 1: Values of the simulation parameters
Parameters Scenario 1 Scenario 2 Scenario 3
E0 (V/m) 1 1 1
f (GHz) [20, 100] 100 100
h (m) 1 - -
d2 (m) [0.05, 10] - -
θ (◦) - [−90, 90] [−90, 90]
ld (m) - 0.01 0.01
li (m) - - 0.01

Results and Discussions: To evaluate the shadowing gain, the power of the
total field normalized by a free-space incident field, i.e., |EKED|2/|Ei|2 or
|EUTD|2/|Ei|2 for KED or UTD, respectively, is calculated on a decibel

2



(dB) scale. Figures 3(a), 3(b), and 3(c) show the simulated results for
scenarios 1, 2, and 3, respectively.

(a)

(b) (c)

Fig. 3 Simulated results of the shadowing gain. (a) scenario 1, (b) scenario 2,
(c) scenario 3

The characteristics of distances and frequencies are shown in Fig. 3(a).
The average errors between UTD and KED are calculated at the 20 GHz,
40 GHz, 60 GHz, 80 GHz, and 100 GHz, respectively. In the wide-angle
region (i.e., arctan (−h/d2)> 20◦ [16]), where d2 is less than 2.75 m,
the average errors for all the frequencies have the same value of 1.30 dB.
However, the average errors for all the frequencies have the same value of
0.04 dB in the narrow-angle region (d2 ≥ 2.75 m). Thus, we can find that
the key causing the difference between UTD and KED is not the frequency
but the angle. Moreover, the characteristics of angles are depicted in
Figs. 3(b) and 3(c) directly. The average errors for scenarios 2 and 3 are
1.46 dB and 2.01 dB in the wide-angle region (|θ|> 20◦), while they are
0.02 dB and 0.07 dB in the narrow-angle region (|θ| ≤ 20◦), respectively.
The results show that KED is identical to UTD with a low error of less
than 0.1 dB in the narrow-angle region, while they have a difference with
an error of over 1 dB in the wide-angle region. Furthermore, the average
computational time is measured. Both UTD and KED take approximately
8.0 ms for one test. Therefore, simulated results agree with the proposal
that, for an absorbing screen, UTD applying the narrow-angle Fresnel
approximation is equivalent to KED.

Conclusion: This letter proposed a mathematical derivation to rigorously
prove that, for an absorbing screen, UTD applying the narrow-angle
Fresnel approximation was equivalent to KED. The simulation scenarios
were designed to validate the proposal by comparing KED with UTD in
the narrow-angle (less than 20◦) and wide-angle (over 20◦) regions at
mmWave bands (20 GHz - 100 GHz). Simulated results showed that KED
was identical to UTD with a low error of less than 0.1 dB in the narrow-
angle region, while they had a difference with an error of over 1 dB in
the wide-angle region. In addition, the average computational time was
measured and resulted in both UTD and KED taking approximately 8.0 ms
for one test. Therefore, the simulation agreed with the proposal. From the
proposal, it can be theoretically explained the differences and similarities
between KED and UTD for an absorbing screen.
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