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Abstract

A new method for the design of event-triggered stabilizing state feedback controllers for nonlinear fractional-order interconnected
systems is proposed in this paper. A new condition for the existence of state feedback controllers ensuring the closed-loop system
is asymptotically stable is established based on fundamental mathematical transformations and linear matrix inequalities. A

numerical example with simulation results is provided to demonstrate the effectiveness of the proposed design method.
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SUMMARY

A new method for the design of event-triggered stabilizing state feedback controllers for nonlinear fractional-
order interconnected systems is proposed in this paper. A new condition for the existence of state feedback
controllers ensuring the closed-loop system is asymptotically stable is established based on fundamental
mathematical transformations and linear matrix inequalities. A numerical example with simulation results is
provided to demonstrate the effectiveness of the proposed design method.
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1. INTRODUCTION

Unlike traditional calculus, which considers integrals and derivatives of integer orders, fractional
calculus considers integrals and derivatives of any order. Fractional order systems describe a large
of systems that are more complicated than classical integer order systems. They often appear in
various practical applications such as electrical circuits [1], chaotic Lu systems [2], diffusion of
heat [3], fractional-order systems of PID, sliding mode, adaptive and cement mill controllers [4],
image encryption [5], Cohen-Grossberg BAM neural networks [6], viscoelastic mechanical systems
[7], electrochemistry [8], economy [9], biology systems [10] and so on [11]. Due to its importance in
both theoretical study and practical applications, such systems attract increasing attention, especially
with respect to state feedback control [12, 13, 14, 15, 16, 17, 18].

In contrast to the traditional control [12, 13, 14, 15, 16, 17, 18], where the control signal
is transferred to the actuator in actual time, which may lead to unnecessary sampling and
communication, event-triggered control can eliminate unnecessary sampling and transmission.
It thus can improve the efficiency in resource utilization of the network components (see,
for example, [19], [20], [21], [22], [23], [24], [25]). In particular, event-triggered stabilization
problem [19], event-triggered tracking problem [20], event-triggered output regulation problem
[21], continuous-time event-triggered control [22], [23], [24], discrete-time event-triggered control
[25]. Nevertheless, the methods reported in [19], [20], [21], [22], [23], [24], [25] are only applicable
to integer-order dynamical systems. Since the Leibniz rule does not hold for fractional-order
derivatives, it is not easy to extend the methods of designing event-triggered control from integer-
order systems to fractional-order ones. Recently, by combining the Lyapunov function and the
dynamic surface control design technique, the authors of the work [26] proposed an adaptive fuzzy
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output-feedback event-triggered control algorithm for a class of fractional-order nonlinear system,
while an event-triggered control scheme for fractional-order linear multi-agent systems is introduced
in [27]. However, to the best of our knowledge, the method reported in [26] and [27] can not be
applied to design an event-triggered control to stabilize the nonlinear fractional-order interconnected
systems, which motivates the present study.

In this study, we propose a new method for the design of event-triggered stabilizing state feedback
controllers for nonlinear fractional-order interconnected systems. Firstly, a new event-triggered
mechanism without the Zeno phenomenon is designed and used in the framework of designing state
feedback control for nonlinear fractional-order interconnected systems. Secondly, a new condition
in terms of a linear matrix inequality is proposed to ensure the existence of the event-triggered
controller. Thirdly, a numerical example with simulation results is provided to demonstrate the
effectiveness of the proposed design method.

In the next section, we present some preliminaries and the problem statement. The design of an
event-triggered mechanism and a state feedback controller is presented in Section 3. A numerical
example with simulation results is presented in Section 4. In Section 5 we provide the conclusion
of the paper.

Notation: X7T denotes the matrix transpose. ||-|| is the Euclidean norm. R" is the

n— dimensional linear vector space over R. * is the entries of a matrix implied by
o0

symmetry and diag is a block-diagonal matrix. I'(v) = [ e~'tv~1dt is the gamma function.
0

I*v(t) = 1oy fot (t — 7)*'o(7) dr denotes the Riemann-Liouville fractional integral operator of

order a > 0. D*v(t) = ﬁ fg (t — 7)~“0(7)dr denotes the Caputo derivative of function v(t)
with order o € (0, 1).

2. PRELIMINARIES AND PROBLEM STATEMENT

We now consider the following fractional-order time-varying interconnected system with time-
varying delays:

N
D%ai(t) = (Au+AAu()zi(t) + Biui(t) + Y Aya;(t) + filzi(t), t >0, (1)
J=1,j#i

zi(0) = i(0), @

where N e N, N >2,0<a; <1, z;(t) € R™, z;(t) € R™ and u;(t) € R™ are the local state,
remote state, and control input vectors, respectively. Each ¢;(0) € R™ is an initial condition.
Matrices A;; € R <™, A;; e R**™, and B; € R™*™ are constant matrices. AA;(t) =
E;F;(t)H;, where FE;, H;, are known real constant matrices of appropriate dimensions, F;(t) is

unknown real time-varying matrix satisfying

FI(4)Fi(t) < I,Yt > 0. 3)
Dail’il (t)
D% Ti2 (t)
By D“iz;(t) we meant that D z;(t) = . . In (1), the nonlinear function f;(x;(t))
D"‘ixim (t)
is assumed to be satisfied conditions f;(0) = 0 and
Hfz(vl) — fz(’l)z)H < Li,V'Ul,UQ S Rni, 1=1,2,..., N, @)
where L; € (0, 00).
Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
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In the following, we will propose an ETM and design a robust state feedback controller based on
the proposed ETM to stabilize the fractional-order interconnected system.
We first express the system (1)-(2) into the following form

Dx(t) = (A+AA(t)x(t)+ Bu(t) + f(z(t), t >0, 5)
z(0) = ¢(0), (6)

N N
wheren =3 ."  n;,m=>,_, m; and

x1(t) uy (t) D1z (t)
() = 962.(75) () = Uz.(t) Dou(t) = D fU2(t) |
’LLN(t) DaNl‘N(t)
A11 A12 ... AN Ji(z1 (1))
A21 A22 oA falzi(t
Y ey = | 0
N1 AN2 ... Ann In(zn(t)))
) :dlag AAll ),AAQQ(t),...,AANN(t)), B:diag(Bl,Bg,...,BN).

Remark 1. The following conditions hold:
F(0) =0, [[f(x) = FW)II < Lllx — yl| )
forany z,y € R", L = nmax{Ly, Lo, ..., Ly}, and
AA(t)y=FEF(t)H, (8)

where E = diag(F4, Es, ..., Ey), F(t) = diag(Fy(¢), Fa(t), ..., Fn (1)), H=
diag(Hy, Ha, ..., Hy),and FT(t)F(t) < I, Vt > 0.

To reduce the data transmission as much as possible while keeping the desired control
performance, we propose the following event-triggered mechanism (ETM):

to =0, trya = inf{t >t s lo(t) = o(t)l] = 201}, ©)

where v € (0, 00) will be designed.
Provided that the ETM (9) is designed, we propose an event-triggered controller u(t) = Kx(tx),
such that the following closed-loop system is asymptotically stable

Dz(t) = (A+ AA(t)+ BK)x(t) + BKe(t) + f(z(t)), t € [tk,tkt1), (10)
z(0) = z9€R", (11)

where K € R™*™ is determined later and €(t) is the error between z(t) and x(¢x), i.e. €(t) =
z(te) —x(t), t € [th, ths)-
3. MAIN RESULTS

Lemma 3.1
The distance between two arbitrary triggering instants ¢; and ¢y, of the dynamic ETM (9) is

satisfied condition inf {tk+1 —tr} > 0, i.e. there is no Zeno-behavior for this ETM.

Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
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Proof. For t € [t t;+1), taking the right-hand upper Dini fractional-order derivative (see [28]) with
note that D*z(t;) = 0, the following inequality is obtained

Dle@)l < |ID*x(t)]] < [[(A+ AA(®)2(t) + Bu(t) + f(=(®))|
< aulle@)I] + dallz (), (12)

where 6; = sup{||A + AA(t)|| + L} and 02 = sup{||A + AA(t)|| + L + ||BK]||}.
By integrating inequality (12) from ¢, to ¢, one gets

IOl =il < goay (| lletollie—s)°as

A

+ / t Sl ()|t — s>a‘1d8)

tr

1
< - _ «
< rarplleole—n)
1 t
- _ a—1 . 1
iy [, DI = 5 (13)
Since ||e(tx)|| =0 and limlHt;+1 @] = llet DI = [le(@®)]], t € [tr,trt1), the following
inequality is obtained
1
< - — )
@l < Famgtllelie—t)
s [t il = 5)7 1
D(a) J;, “H1 e ’ ’
S|z (tr)[| + 0 lle(tiy )]
< t— )" 14
< NCES) (t —tx) (14
Letting ¢t — ¢, ; on both side of (14), we obtain
_ G (tr)|| + d1le(ti )l o
le(tpat)ll - < R (trgr — )™ (15)

I'a+1)
It follows from (15) and the event-triggered condition in (4) that

Oalz ()| (trr1 — )

Mol < et )l < Fraipy =g (16)
Inequality (16) implies that
(trt1 — te)™ > M~ 17)
Therefore, we obtain
thpr — b > eéln<12§a+§§)> > 0. (18)

The proof is completed.
We first obtain the following result which provides a sufficient condition to guarantee the
stabilizability of the nonlinear system (10).

Theorem 3.2
Given a positive scalar £. The closed-loop system (10) is globally asymptotically stable if there exist
positive scalars 11, V5, 6, a symmetric positive definite matrix P, and a matrix Y with appropriate

Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
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dimensions such that the following LMI is satisfied:

0, P'HT Lp~' p! BY
* —unl 0 0 0
* * —vol 0 0 <0, (19)
* * * —0I 0
* * * x (1 -2P7h
where v = ﬁ and

O =AP '+ P AT + BY + YTBT + 1y EET + 1ol

Moreover, the event-triggered controller is obtained as follows:
u(t) =Y Px(ty), tE€ [tk,trt1)- (20)
Proof. Let us consider the following Lyapunov functional candidate:
V(t) = 2T (t)Px(t). 1)

By taking the Caputo derivative of V' (¢) along the trajectories of the closed-loop system (10) and
using Theorem 2 in [29], we obtain

DV (t) < 227 (t)D%x(t) = 2T (t)|PA+ ATP + PBK + KTBTP|x(t)

(22)
+ 22T () EF(t)Hax(t) + 227 (t)PBKe(t) + 227 (t) Pf (2(t)).
Combining inequality (7) with the Cauchy matrix inequality yields
2¢7 (t)PEF(t)Hx(t) < vizT (t)PEET Pa(t) + vy taT () HT Ha(t), (23)

20T ()P f(x(t)) < vox” (t)PPa(t) + vy fT (x(t) f(2(t)) < voaT () PPa(t) + vy ' L22 (t)x(t).

(24)
and
22T (t)PBKe(t)) < €eT (t)e(t) + ¢ ot (t)PBK KT BT Px(t)
(25)
< &2 ()a(t) + € 12T (t)PBKKT BT Px(t).
It follows from (22) to (25) that
DV (t) < 2T (t)Qx(t), Vt>0, (26)

where

Q=PA+ AP+ PBK + KT"BT"P 4+ 1yPEETP + v,PP + £+°1
+v ' HYH + v 'L*T + ¢ 'PBK KT BT P.
We will prove that Q < 0. For this, by denoting ® = P~1QP~1, it gives
®=AP '+ P'AT + BY + Y'BT + vy, EET 4+ 1p1

+ &V PPy P HTEP T 4 PP P ¢ BY PRY T BT 27

Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
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It follows from the Schur complement lemma that & < 0 is equivalent to the following inequality

0y, P 'HT Lp! pl BY
* -l 0 0 0
* * —vol 0 0 < 0. (28)
* * * —0I 0
* * * x  —EpP?

Now, by combining inequality I — 2P~ > —P~2 with inequality (19), one obtains inequality
(28). Thus, we can conclude that D*V'(¢) < 0, i.e system (10) is asymptotically stable. The proof is
completed.

Remark 2. If the assumptions of Theorem 3.2 are satisfied then the closed-loop system (10) is
globally asymptotically stable, i.e. under the event-triggered controller u(t) = Kxz(ty), the state

X1 (t)
xro (t) . i
vector z(t) = ) of (10) converges to zero as ¢ goes to infinity. As a result, the state vector
T (1)
Ti1 (t)
i2(t) L .
x;i(t) = . converges to zero as ¢ goes to infinity foralli = 1,2,....N.
Ling (t)

The following algorithm allows us to design ETM (9) and matrix K.
Algorithm 1
Step 1: Given an interconnected system of the form (1)-(2). Check if conditions (3) and (4)
are satisfied. Obtain L = nmax{Lq, Lo,..., Ly}

Step 2: Given a positive scalar &, solve the convex problem (19) to obtain +, P and Y.
Step 3: Obtain the event-triggered mechanism (9) and matrix K = Y P.

4. AN EXAMPLE

Let us consider the following system of the form (1)-(2), where o« = 0.87 and

$11(t> l‘gl(t) -5 0 0
xl(t) = l‘lg(t) s J)Q(f,) = Igg(t) s A11 = 0.2 —4 0 s
l'lg(t) l'gg(t) 0]. 02 01
1 2 0 3 2 0 -4 0 0
Aipo=11 0 0|, A3=|1 1 0 |, Ay = 1 -5 02 |,
0 2 1 1 0 0 01 0 =3
[ 1] 1 )
Bi=| 1 |,B=]|2 ’EIZ{OO.J’le[O'l 0 0.01],
| 42 1
2
Ey=| 0 |,Hy=1[02 0 0.02], Fi(t) = F5(t) =sint, V¢t > 0,
| —0.2]
[ 0.01sin(z11(t)) 0.04 cos(z21(t))
fi(za (1) = 0 » fa(wa(t)) = 0
| 0.05sin(z13(t)) 0.04 cos(z25(t))
Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
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251 T

Wi MNP ‘ ‘ ‘ ‘ ‘ ‘
2 4 6 8 10 12 14 16 18 20
Time(s)

Figure 1. Triggering instants and intervals of ETM (9)

Now, we follow Algorithm 1 to design an event-triggered controller for this example.

Step 1: We can check that nonlinear functions fy(z1(¢)) and f2(x2(t)) are Lipschitz with
L; = 0.05 and Ly = 0.04, respectively. Therefore, we obtain L = 2max{L;, Lo} = 0.1.

Step 2: Given £ = 0.95, the LMI condition (19) is feasible with v = 0.0306, and

[ 0.0041 —0.0006 0.0001 —0.0015 —0.0009 —0.0002
—0.0006 0.0041 —0.0003 -0.0011 —0.0002 0.0001

p_ 0.0001  —0.0003  0.0029 0 —0.0013 —0.0006
—0.0015 —0.0011 0 0.0031 0 0.0003 ’
—0.0009 —0.0002 —0.0013 0 0.0047  —0.0004
L —0.0002 0.0001 —0.0006 0.0003 —0.0004 0.00341

v — —38.5 —33.0843 —193.5221 —38.2461 —82.3415 —54.1894}
—146.8294 —112.0405 —16.7805 —189.5149 —15.5388 19.6974

Step 3: The event triggering mechanisms is
to =0, typs = inf{t >ty ¢ [Ja(t) — ()] > 0.0306||x(t)||},

and the event-triggered state feedback controller is obtained as

u(t) = —-0.0117 -0.0116 —-0.4119 —-0.0327 —0.0656 —0.0414 2(ty)
| —0.2514 —0.165 —0.0148 —0.2523 0.1075 0.0453 ks

fort e [tk, tk+1).

T11 (0) 1 T21 (0) 4
For simulation, we choose the initial condition | z12(0) | = | 2 | and | z22(0) | = | 5
1’13(0) 3 1'23(0) 6

Figure 1 shows the triggering instants and intervals of the ETM (9). Figure 2 and Figure 3 show the
responses of x11(t), x12(t), x13(t), x21(t), xa2(t), x23(t) of the open-loop system and the closed-
loop system, respectively. It is shown from Figure 1 that time intervals between two consecutive
triggering events of the measurement transmission instant sequence are positive, i.e., the Zeno
behavior does not happen for this ETM. Figure 2 and Figure 3, we see that the open-loop system is
not asymptotically stable while the closed-loop system is asymptotically stable.

Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
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0 2 4 6 8 10 12 14 16 18 20
Time(s)

Figure 2. Responses of the open-loop system

1
0 2 4 6 8 10 12 14 16 18 20
Time(s)

Figure 3. Responses of the closed-loop system

5. CONCLUSION

We have considered the design of event-triggered stabilizing state feedback controllers for nonlinear
fractional-order interconnected systems. A new Zeno-free event-triggered mechanism has been first
proposed, and then the event-triggered state feedback controller is designed in terms of a convex
linear matrix inequality. A numerical example with simulation results is provided to demonstrate
the effectiveness of the proposed design method.

DATA AVAILABILITY STATEMENT

All data generated or analyzed during this study are included in this article.

REFERENCES

1. Kaczorek T, Positive linear systems consisting of n subsystems with different fractional orders, IEEE Transactions
on Circuits and Systems I: Regular Papers, 2011, 58: 1203-1210.

2. Lu GJ, Chaotic dynamics of the fractional-order Lu system and its synchronization, Physics Letters A, 2006, 354:
305-311.

3. Podlubny I, Fractional Differential Equations, Academic Press, New York, 1999.

4. Efe M, Fractional order systems in industrial automation-a survey, I[EEE Transactions on Industrial Informatics,
2011, 7: 582-591.

5. Mani P, Rajan R, Shanmugam L, Joo YH, Adaptive control for fractional order induced chaotic fuzzy cellular neural
networks and its application to image encryption, Information Sciences, 2019, 491: 74-89.

6. Rajivganthi C, Rihan FA, Lakshmanan S, Muthukumar P, Finite-time stability analysis for fractional-order Cohen-
Grossberg BAM neural networks with time delays, Neural Computing and Applications, 2018, 29: 1309-1320.

7. Lazopoulos KA, Karaoulanis D, Lazopoulos AK, On fractional modelling of viscoelastic mechanical systems,
Mechanics Research Communications, 2016, 78: 1-5.

Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
Prepared using ocaauth.cls DOI: 10.1002/oca



10.

12.
13.

14.

16.
17.

18.

19.
20.
21.
22.
23.
24.
25.
26.
27.
28.

29.

EVENT-TRIGGERED STATE FEEDBACK CONTROL FOR... 9

. Martynyuk V, Ortigueira M, Fractional model of an electrochemical capacitor, Signal Processing, 2015, 107: 355—

360.

. Yousefpour A, Jahanshahi H, Munoz-Pacheco JM, Bekiros S, Wei Z, A fractional-order hyperchaotic economic

system with transient chaos, Chaos, Solitons & Fractals, 2020, 130: 109400.
Boukhouima A, Hattaf K, Lotf EM, Mahrouf M, Torres DF, Yousf N, Lyapunov functions for fractional-order
systems in biology: Methods and applications, Chaos, Solitons & Fractals, 2020, 140: 110224.

. Sun H, Zhang Y, Baleanu D, Chen W, Chen Y, A new collection of real world applications of fractional calculus in

science and engineering, Communications in Nonlinear Science and Numerical Simulation, 2015, 64:213-231.
Chen L, Chai Y, Wu R, Yan J, Stability and stabilization of a class of nonlinear fractional-order systems with Caputo
derivative, IEEE Transactions on Circuits and Systems I1: Express Briefs, 2012, 59:602-606.

Chen L, He Y, Chai Y, Wu R, New results on stability and stabilization of a class of nonlinear fractional-order
systems, Nonlinear Dynamics, 2014, 75: 633-641.

Zhang R, Tian G, Yang S, Cao H, Stability analysis of a class of fractional order nonlinear systems with order lying
(0,2), ISA Transactions, 2015, 56: 102—110.

. Lenka BK, Banerjee S, Asymptotic stability and stabilization of a class of nonautonomous fractional order systems,

Nonlinear Dynamics, 2016, 85: 167-177.

Huong DC, Thong LB, Yen DTH, Output feedback control and output feedback finite-time control for nonlinear
fractional-order interconnected systems, Computational and Applied Mathematics, 2021, 40:1-16.

Thuan MV, Huong DC, Robust guaranteed cost control for time-delay fractional-order neural networks systems,
Optimal Control Applications and Methods, 2019, 40:613-625.

Pratap A, Raja R, Agarwal RP, Cao J, Stability analysis and robust synchronization of fractional-order competitive
neural networks with different time scales and impulsive perturbations, International Journal of Adaptive Control
and Signal Processing, 2019, 33:1635-1660.

Tabuada, P, Event-triggered real-time scheduling of stabilizing control tasks, /IEEE Transactions on Automatic
Control, 2007, 52: 1680-1685.

Xing L, Wen C, Liu Z, Su H, Cai J, Event-triggered adaptive control for a class of uncertain nonlinear systems,
IEEE Transactions on Automatic Control, 2017, 62: 2071-2076.

Liu W, Huang J, Robust practical output regulation for a class of uncertain linear minimum-phase systems by output
based event-triggered control, International Journal of Robust and Nonlinear Control, 2017, 27: 4574-4590.
Girard A, Dynamic triggering mechanisms for event-triggered control, IEEE Transactions on Automatic Control,
2015, 60:1992-1997.

Huong DC, Huynh VT, Trinh H, On static and dynamic triggered mechanisms for event-triggered control of
uncertain systems, Circuits, Systems, and Signal Processing, 2020, 39:5020-5038.

Huong DC, Event-triggered guaranteed cost control for uncertain neural networks systems with time delays,
Circuits, Systems, and Signal Processing, 2021, 40:4759-4778.

Huong DC, Discrete-time dynamic event-triggered H-infinity control of uncertain neural networks subject to time
delays and disturbances, Optimal Control Applications and Methods, 2022, http://doi.org/10.1002/0ca.2945.

Wang C, Ma Z, Tong S, Adaptive fuzzy output-feedback event-triggered control for fractional-order nonlinear
system, Mathematical Biosciences and Engineering, 2022, 19:12334-12352.

Shi M, Yu Y, Teng X, Leader-following consensus of general fractional-order linear multi-agent systems via event-
triggered control, IET Control Theory & Applications , 2018, 2018:199-202.

Yang S, Hu C, Yu J, Jiang H, Exponential stability of fractional-order impulsive control systems with applications
in synchronization, IEEE Transactions on Cybernetics, 2020, 50: 3157-3168.

Tuan HT, Trinh H, Stability of fractional-order nonlinear systems by Lyapunov direct method, /ET Control Theory
& Applications , 2018, 12: 2417-2422.

Copyright © 2017 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. (2017)
Prepared using ocaauth.cls DOI: 10.1002/oca



	1 Introduction
	2 Preliminaries and Problem Statement
	3 Main results
	4 An example
	5 Conclusion

