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The wave speed for a time-periodic bistable 3-species
lattice competition system

Jiali Zhan? Hongyong Wang'

Abstract

In this paper, we consider propagation direction, which can be used to predict which
species will occupy the habitat or win the competition eventually, of bistable wave for a 3-
species time-periodic lattice competition system with bistable nonlinearity, aiming to address
an open problem proposed in [J.-S. Guo et al, The sign of traveling wave speed in bistable
dynamics, Discret. Contin. Dyn. Syst., 40 (2020), 3451]. As a first step, by transforming the
competition system to a cooperative one, we study the asymptotic behavior for the bistable
wave profile and then prove the uniqueness of the bistable wave speed. Secondly, we utilize
comparison principle and build up two couples of upper and lower solutions to judge the
sign of the bistable wave speed which provides partially the answer to the open problem.
As an application, we reduce the time-periodic system to a space-time homogeneous system,
we obtain the corresponding criteria and carry out numerical simulations to illustrate the
availability of our results. Moreover, an interesting phenomenon we found is that the two
weak competitors can wipe out the strong competitor under some circumstances.
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1 Introduction

This paper is devoted to the propagation direction, which is determined by the sign of wave
speed, of traveling wave solutions (TWS) for the following bistable lattice system

wj(t) = di(t)Dafuy](t) + uj(t)(r1(t) — arr(t)uj(t) — ara(t)v;(t)),
vi(t) = da(t)Dalvj](t) + vj(t) (ra(t) — baa(t)v;(t) — bra(t)u;(t) — buz(t)w;(t)), (1.1)
w’-(t) dg(t)DQ [wj](t) + wj(t)(’l“g(t) — Cll(t)wj‘(t) — ClQ(t)Uj(t)), jeZ,t>N0.
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In model (1.1) and in the sense of biology, one can interpret u;(t),v;(t) and w;(t) as the pop-
ulation densities of three species at position j and time ¢ respectively, d;(t) as the diffusivity
coefficient and r;(t) as the growth rate of the species. Here, the coefficients a1,(t), c14(t),i = 1,2
and dg(t),b1x(t),k = 1,2,3 are assumed to be positive T-periodic functions with 7" being a
positive number. Biologically speaking, ay;(t), b1x(t), c1:(t) are the intra-specific competitive co-
efficients as ¢« = k = 1, while ¢ = 2 or kK = 2,3, they represent the inter-specific competitive
coefficients. The term Dy[s;](t) appeared in (1.1) is the second order central difference and is
defined as Dy[s;|(t) := s(t,j + 1) + s(t,j — 1) — 2s(t, j) for s = u,v,w. Obviously, system (1.1)
is a competitive system, it models such a relationship between three species: v competes with
u and w for common resources, while there is no competition between u and w. The biological
interpretation is that species v and w have different preferences for food resources, while species
v has the same food preferences as v and w.

As we all know, nature is a constantly changing and relatively stable system, in which
competition for survival between species is a common phenomenon in nature. Therefore, to
study the dynamic behavior between different species, it is necessary to study the phenomenon
of competition between species and establish a reasonable model. Lotka-Volterra competitive
diffusion system is one of the classical biological models to describe inter- and intra-specific
interactions. When the environment is assumed to be homogenous, the general form of 3-species
Lotka-Volterra competition diffusion model in the above biological context is as follows:

up = diugy + mu(l — u — a1v),
vy = doUgy + 1T20(1 — v — agu — azw), (1.2)

wi = d3wee + r3w(l —w — aqv),t € RT 2 € R,

where dg,r, k = 1,2,3 and a;,1 = 1,2, 3,4 are positive constants. As a matter of fact, system
(1.2) can be regarded as an extension of the classic 2-species Lotka-Volterra system which has
been studied extensively in past decades, see for examples [1,12,21-23,29,32] and more references
therein. Due to the benefit from the classic Lotka-Volterra system in application of ecology, more
and more works also have been devoted to the system (1.2). For instance, we refer the readers
to [14,26] for the selection mechanism of minimum wave speed in the monostable model; [4] for
the stability of monotone traveling wave solutions; [5] for the exact traveling wave solutions of
(1.2) with nontrivial three components; [25] for the uniqueness of traveling wavefronts; [13, 33]
for the sign of wave speed in the bistable model. Related to the present paper, we particularly
mention that Guo et al [13] studied two different cases for system (1.2): (1) the case where
two species are weakly competitive and one species is strongly competitive, (2) the case where
all three species are very strong competitors. They obtained some new observations in contrast
with the 2-species Lotka-Volterra model. In addition to system (1.2), we further refer the readers
to [11,15,17,28,31] for discrete three-species competition system; [8] and [19] for three-component
competition system with nonlocal dispersal; [18,24] for competitive-cooperative Lotka-Volterra
system of three species.

In their recent paper, besides the model (1.2), Guo et al [13] also proposed a discrete version



of (1.2) as below

uy(t)
vj(t)

wj(t) =

d1Da[u;](t) 4+ rifu; (1 — uj — bavy)(1),
d2Dav;](t) + r2v; (1 — biuj — vj — baw;)](¢), (1.3)
dsD [ ](t)+T3[wj(1—b21}j—w]’)](t),tER+,jEZ,

in which, the parameters dg,r; and by, k = 1,2, 3 are positive numbers and can be interpreted
as the ones in system (1.2). In (1.3), although the sign of wave speed of (1.2) has been addressed
for certain special cases, it is still largely left open for the discrete case (1.3). One of the reasons
is that their method used on system (1.2) relies on the integration of the corresponding wave
profile system, so it seems that such a method can’t be applied to system (1.3) directly due
to the central difference involved in (1.3). Another might be that the combination of patchy
environments and periodicity can make the corresponding analysis more difficult. In this paper,
we try to make some progress in this direction and this is our main motivation. Our strategy
is to use the upper-lower solution method to investigate the sign of the bistable wave speed of
(1.1). As a matter of fact, this method has been proved to be valid in this subject for several
diffusion systems, see for instances [22,26,29].

In recent years, an increasing number of scholars are attracted to traveling wave solutions that
have advantages in describing the development, migration and invasion of biological populations.
In particular, the sign of wave speed of traveling wave solution can be used to explain the outcome
of competition between different species which makes it a meaningful topic. In this paper, we
will study the propagation direction of traveling wave solutions for (1.1) which is a lattice
competition system. To the best of our knowledge, the research of lattice dynamical systems
which is more in line with nature originated from Bunimovich and Sinai [3] in 1988. After that,
lattice dynamical models are widely used in biological issues, see for examples [7,10,16,27,29,30].
Generally speaking, it is more effective in case of the species live in patchy environments.

Obviously, the corresponding space-homogenous ordinary differential system of (1.1) is as
follows,

)
[ra(t) — bi1(t)v(t) — bia(t)u(t) — bis(t)w(t)], (1.4)
W (1) = w(B)[rs(t) — en(Buw(t) — cia(Ho(D)], ¢ € RY.
It is easy to see that system (1.4) at least has three nonnegative T-periodic solutions, which
are the equilibrium points of (1.1). We denote them by eg := (0,0,0),e; := (0,¢(¢),0),e2 :=
(p(t),0,7(t)) respectively, in which p(t), q(t), r(t) can be expressed as

( ) poefgm(s s efoTTl s)ds _ 1
p(t) =
Do fot ai1(s) efo r(0)ddgg 4 1 fo ai1(s efo IOLF Py
( ) Oeforg s)ds €f0 ra(s)ds _ 1
q(t) = ) ;
q0 fg b11 S €f0 r2(6) dadS +1 fO bn efo r2(0 deds



T
7“()6]0 r3(s)ds €f0 r3(s)ds _ 1

yTo = .
0 fg cr1(s)edo 3@ gg 4 q fo cr1(s)elo ms(0)d8 gg

r(t) =

It is direct to check that p(t),q(t) and r(¢) are T-periodic functions and satisfy p(t + T) =
p(t),q(t+T) =q(t) and r(t+T) = r(t) for all t € RT.

Since our main focus is on bistable waves of (1.1), we have to make the following assumption
throughout this paper
(A) fO 7“1 dt < fO a12 dt fO 7"2 dt < fO b12 (t) + b13() ()dt and fO ’1"3 dt <
Jo er2(t)a ()dt,
so that, e; and eg are linearly stable equilibrium points.

As mentioned above, we are concerned with periodic traveling wave of system (1.1), which
bears the form of

uj(t) U(t,j +ct) U(t, 2)
vit) | =Vt j+et) | = | V(t,2) |, 2 =7 +ct, (1.5)
w;(t) W(t,j+ ct) W(t, z2)
satisfying
Ut+T,z) Ul(t, 2)
Vit+T,z) | =| V(=) |,
W(t+T,z2) W(t, z)

and subjects to the boundary conditions
(U, V,W)(t,—0) = (0,0,0), (U, V,W)(t,+o00) = (1,1,1), (1.6)

where ¢ is called as the wave speed, (U, V, W) are called as the wave profile. The limits in (1.6)
holds uniformly in ¢t € RY.
After a substitution of (1.5), (1.1) can be rewritten as a wave profile system

Ui 4+ cU, = dy (t)DQ[U] (t, Z) + U(T‘l t) — an(t)U — alg(t)V),
]

Vi + eV = da(D[V](t, 2) + V(ra(t) — b ()V — bia()U — bis(W),  (1.7)
Wt + CWZ = dg(t)Dg [W] (t, Z) + W(T3<t) — Cll(t)W — C12 (t)V),

where Do[S](t,z) = S(t,z+ 1)+ S(t,z—1)—2S(t, z) for S = U, V,W. Via the following changes
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r(t) — Wi(t, z)
r(t) ’

,@(t, Z) =



system (1.7) can be converted into a cooperative system

di(t)D2[®@](t, 2) — c®. + (1 — P)[a12(t) (1) ¥ — a1 (t)p(t) ] = P4,
da(t)Da[W](t, 2) — W, 4+ W[b11(t)q(t) (1 — ¥) — bia(t)p(t) (1 — @) — big(t)r(t)(1 — ©)] = Ty,

d3(t)D2[O](t, 2) — €Oz + (1 = O)[c12(t)q(t) ¥ — c11(8)r(1)O] = O,
(1.8)
with periodic conditions and boundary conditions (1.6) become

(®,V,0)(t,2) = (®,V,0)(t + T, 2),
(®,¥,0)(t,—00) = (0,0,0), (P, ¥,0)(t, +o00) = (1,1,1).

For the sake of convenience, we shall call the first equation of (1.8) as ®-equation, the second
equation as W-equation and the last one as ©-equation throughout this paper. Note that the
existence of bistable periodic traveling wave solution of (1.1) can be proved by following the
ideas in [6,15], or by the abstract theory established in [9].

The remainder of this paper is organized as follows. In Sect.2, we investigate the asymp-
totic behaviors of ®(t,z),V(t,z) and O(t, z) as the co-moving coordinate z tends to infinity,
upon which the uniqueness of bistable wave speed is considered. In Sect.3, we derive two crucial
theorems concerning the determination of the sign of the bistable wave speed by employing com-
parison principle. We will construct suitable upper/lower solutions to obtain explicit conditions
in Sect.4 and the results of numerical simulation are shown in Sect.5.

2 Uniqueness of bistable wave-speed

To facilitate the forthcoming calculation and statement, we define some mathematical notations
as follows:

Al(t) = bn(t)q(t) - 1)12 (t)p(t) — blg(t)r(t),

( q(t)
(e + e =2) —cp—an(t)p(t),
(el +eH —2)—cp—ecrr(t)r(t),
L(t, p) := da(t)(e" + 7" = 2) + cp — b ()q(t).
To investigate the asymptotic behavior of the bistable wave profile, we denote the unique
positive solutions of the following equations

dy(t) (et + e M —2) — e+ Aq(t) =0,
GO (e + e —2) — e — anOp(D) =
da(t)(e + e = 2) —cp— e (t)r(t) =



by pi(c), pa(c), us(c) respectively. Moreover, by a simple analysis it is not hard to find p;(c),
u2(c), us(c) are increasing functions in c. And uq4(c), pus(c), pe(c) respectively express the unique
positive roots of the following equations in turn:

di(t)(e" + e —2) + cpu+ As(t) = 0,
d3(t)(e" + e —2) + cu + As(t) =0,
B (e + e = 2) + o — b (DalD) =

Here, p4(c), ps(c), us(c) are decreasing functions in c.
Based on the above notations, we are already to give the following lemma.

Lemma 2.1 As z — —oo, the wave profile (®,V,0)(t, z) behave like

®(t, 2) ?51 (1) $o1(t) 0
Uit o) |~ A o) | e+ a0 | 0 e aas| o | e (2.1)
O(t, z) 05, (t) 0 Oo1(t)

where j11 # poy # p3 and it holds uniformly int € RY. As 2 — oo, the wave profile (®, ¥, 0)(t, z)
behave like

@(t,z) 1 qbll(t) 0 0
W(t,z) | ~ [ 1] =Bu | w5y () | e = By | wii(t) | €797 = By [ gua(t) [ e7#%%,  (22)
O(t, 2) 1 0 011(t) 0

where gy # s # pe and it holds uniformly in t € RT. In the above formulas, A;, B;,i =
1,2,3 are nonnegative numbers. The functions 1o1(t), ¢o1(t), 6o1(t), ¢51(t), 65, (t) are defined as

(2.6),(2.10),(2.11),(2.13),(2.14) respectively; and ¢11(t), 011(t), ¥11(t), ¥, (t), ¥ii(t) are defined
as (2.17),(2.18),(2.21),(2.22),(2.23) respectively.

Proof. First, we are concerned about the situation of z — —oo. It is clear that the linear
system of (1.8) around the equilibrium (0,0, 0) can be represented by

d1 () D2[®)(t, 2) — @, + ar2(t)q()V — ayy (£)p(t)D — By = 0,
da(t)Da[ W] (t, 2) — eV + [br1(£)q(t) — bra()p(t) — bas(t)r(t)] ¥ — Ty =0, (2.3)
d3(t)D2[O](t, 2) — €O, + c12(t)q(t)V — 11 (£)r(t)O — O = 0.

Substituting ¥ = 10 (t)e* into the second equation of (2.3), we can obtain corresponding
characteristic equation

do(t)(e" + e — 2) — cp+ Ay(t) — Zgig; =0, (2.4)

where 191(t) > 0 is a T-periodic function. Integrating both sides of equation (2.4) from 0 to T°



gives

da(t)(e' + e —2) —cu+ Ar(t) = 0. (2.5)

Noticing fOT ro(t)dt = fOT b11(t)q(t)dt, and recalling the assumption (A), it can be obtained that
Aq(t) < 0. Thereby equation (2.5) has a unique positive root defined as p; := p;(c). By putting

= 1 into (2.4), 1o1(t) can be calculated as

o1(t) = o1 exp (/Ot <dg(s)(e“1 +e M —2)—cu + Al(s))ds>, (2.6)

with ¢01(0) = o1 > 0. Thus, the asymptotic behavior of ¥(t,z) as 2 — —oo can be expressed
as
\If(t, Z) ~ Alw()l(t)eulz. (27)

Using the same approach, ignoring a12(t)q(t)¥ and c12(t)q(t)W. It is clear that the linear equa-
tions for ® and © of (2.3) respectively are as following:

d1(t)Da[®](t, 2) — @, — ay1(t)p(t)® — B, = 0, 28)
ds(t)Ds[B](t, 2) — O, — c11(t)r(t)© — O, = 0. '
Setting ® = ¢o1(t)e!* and © = o1 (t)er*, (2.8) can be simplified as
dy(1)(e" + e —2) — ep— an(Op(t) — 200 — g
dy(t) (et + e — 2) — e — en (t)r(t) — Sl g
Oo1(t)
Likewise, we can obtain .
¢01(t> = ¢01 exp </0 Fl(s, uz)d8>, (2.10)
t
Qol(t) = 901 exp </ FQ(S, ug)ds). (2.11)
0

In the first and third equation of (2.3), if the terms containing U are not considered, the asymp-
totic behaviors of ® and © when z — —oo can be expressed as A1 (t)eH2? and Aszfo (t)eH3>.
Next, we consider (2.3). Replacing ¥ with Aj1p1(t)e!1*, we get

~ 9, = —Araia(t)q(t)or (t)e!?,
— ©; = — Ay (t)r(t)or ().
It is not hard to obtain

{ D(t,2) ~ A1dg; (1)l + Aagor (t)eH??, (2.12)

@(t, Z) ~ A19’61 (t)e“lz + A3901(t)€u3z.



Here

600 = ([ Tsas) [ [
( > [/Otclgsrs

i asasate)mn(s)exp (Tl )
exp < — fOT Fl(s,,ul)ds> -1

(2.13)

Yo1(s) exp ( - /OS Ly (r, Ml)dT) ds + 981(0)] ,
(2.14)

: a12(s)q(s)vo1(s) exp < - /0S Iy(r, Ml)dT) ds + ¢31(0)] ;
: (s)r(s)

ds
t

051 (1) = exp ( | Tt
0

¢31(0) =

)

fOT c12(s)r(s)vo1(s) exp ( — J5 Ta(, M1)dT> ds
exp ( — fOT FQ(S,/“)dS) -1 |

By making use of the method of successive approximation (see, e.g. [20]), we conclude that (2.7)
and (2.12) lead to (2.1).
Next, we intend to consider the asymptotic behavior of (®, U, ©)(t, z) as z — co. The linear

001(0) =

system of (1.8) around the equilibrium (1,1, 1) can be expressed as following:

di(t)Da[®](t, 2) — c®, + [a11 (t)p(t) — ar2(t)q(t)]® — &; =
da()D2[W](t, 2) — W, — byy (£)g(t) W + bra(H)p(t)® + byz(t ) ( )0 — ¥, =0, (2.15)
d3(t)D3[O)(t, z) — €O, + [er1(t)r(t) — c12(t)q(£)]© — Oy = 0.

In the same way, the characteristic equations of the first and last of (2.15) are given by

di(t)(e ™ 4+ e' —2) +cu+ Aq(t) — u(®) =0,

?,“((;) (2.16)
ds(t)(e " + et —2) + cp+ As(t) — 12 =0,
011(t)
where ¢11(t) > 0,6;11(t) > 0 are T-periodic functions. From (2.16), we can solve that
t
11(t) = @11 €xp (/ (all(s)(e“4 —e M =)+ cug + AQ(S))dS) , (2.17)
0
t
011(1) = 611 exp / (dg(s)(e“5 ) Ag(S))ds , (2.18)
0

with ¢11 := ¢11(0) > 0,611 := 611(0) > 0. The asymptotic behaviors of ®(¢,z) and O(t,z) as



z — o0 are given by

{ S (2.19)
@(t,z) ~1-— BQQll(t)e Hsz,
Following a similar argument for (2.12), we can get
U(t,z) ~1— Byl (t)e #4* — Bothi (t)e #5* — Bgibyq(t)e 6% asz — oo. (2.20)
Here .
Y11 (t) = 111(0) exp </0 F3(8,M6)d3>a (2.21)
h)=exo ([ Tatsunas) | [vaemoonen (- [T )is o)
(2.22)
11(t) = exp </0 F3(8,M5)d8> : [/0 bis(s)r(s)b11(s) exp ( _/o L3(r, /~t5)d7’> ds+¢ﬁ(0)],
(223)
with
fOT b12(s)p(s)¢11(s) exp ( — fos Is(r, ,u4)d7> ds
U0 = - ,
exp < -y Fs(s,u4)d8> -1
fOT b13(s)r(s)011(s) exp ( — Jo Ta(r, ,u5)d7'> ds
11(0) =

exp < — Fg(s,,ug))ds) ~1

Again, by the method of successive approximation, we can get (2.2) from (2.19) and (2.20). The
proof is thus complete. ]

Remark 2.2 We make some explanations for the symbol “~” appeared in (2.1) and (2.2).
Take the first element, namely ®(t,z), in (2.1) for an ezample. In the case of po < p1 < pz or
po < pg < p1, we mean ®(t,2) = Asdor(t)e2* + o(e!2?) uniformly in t € RT where the symbol
o comes from the classic asymptotic definition.

The uniqueness of the wave speed of the bistable wave solutions of (1.8) is presented in the
following theorem. Instead of using the global stability of traveling wave front to prove the
uniqueness, we employ the idea from [21].

Theorem 2.3 Suppose that (1.8) has two bistable traveling wave solutions (c1, ®1(t, z), U1(t, 2),
©1(t,2)) with z = x + c1t and (c2, P2(t, 2), Ya(t, 2), O2(t.2)) with z = x + cat, then ¢1 = ca.

Proof. To prove the theorem, we use a contradiction argument. Suppose that co > ¢;. Combin-
ing the monotonicity of w;(c),i = 1,2,3,4,5,6 and asymptotic behavior established in Lemma



2.1, we know there exists a suitable positive constants zy (might be sufficiently large) such that
(®o, Uy, O2)(t, 2 — 29) < (P1,¥1,01)(t, 2), (t,2) € RT x R.
Specially, when ¢ = 0, the initial data satisfies
(P2, ¥9,02)(0,7 — 20) < (P1,¥1,01)(0,5), j € Z.
By comparison principle, we have
(Po, U, O2)(t,j + cat — z0) < (P1,V1,01)(t,j + crt).

In particular, there holds
\Ifg(t,j + cot — Zo) < \Ifl(t,j + Clt).
Setting zZ = j + c1t so that Uy (¢, 2) = % we get

1
3= Ui(t,2) > Wa(t, 2+ (ca — 1)t — zp) — 1,a8 t — o0,

and a contradiction then follows, thus cs < ¢;. By a similar manner, it yields co > ¢;. In
summary, ¢; = co. The proof is complete. O

3 The determination of the sign of bistable wave speed

In this section, we aim at establishing two results so that the sign of bistable wave speed can be
determined by comparison. To this end, we first make the following change

sy g Wl oy u) o wil®) .y
J(t)*l p(t) ’ J(t) q(t)’ ](t) 1 T(t) ,tGR 7]627
such that system (1.1) can be rewritten as
w(t) = dy () Dals)(8) + f (1 (1), 0 (1), w; (1)),
vj(t) = da(t)

(O)Da2[v;](t) + g(u;(t), v; (1), w; (1)), (3.1)
Wy (t) = d3(t)Da[w;](t) + h(w;(t), 0;(t), W;(t)), t € RT,j € Z,

where

f(a(t),0;(), w;(t)) : = (1 —u;(t)[ar2(t)q(t)v;(t) — ara (¢)p(t)u;(¢)],

9(u;(t), v;(t), w;(t)) = = v;(8) [bra(t)g(t) (1 — 0;(¢)) — brz(t)p(t)(1 — uj(t))
= baz(O)r () (1 — w;(1))],

h(u;(t),v;(t), w;(t)) : = (1 — w;(t))[cr2()q(t)v; () — caa()r(E)w;(t)].

To proceed, we investigate two eigen-problems of the ODE system of (3.1) around (0,0, 0)
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and (1,1,1). Denote Ay, A\; by the eigenvalues of the following systems respectively

( % —a12(t)q(t)Y(t) + a1 (t)p(t)o(t) = Ao(t),

% — [bra(D)a(t) — bia(E)p(t) — bis(H)r(E)]w() = Mb(0),

O e Oa( (1) + en(Or(0(0) = M(0),

Pt +T) =¢@), Pt +T)=y(t), 0t +T) =0(t),

and
9 fan(p(t) - ana]o(t) = (),
L b (a0(0) — b Op()H() — bis(O)r((0) = A1),
Y len(r(t) — enda(vlo) = 2o(0)
B(t-+T) = 6(0), (¢ +T) = wlt), (¢ +T) = 6(0).

Let (¢po(t),10(t),00(t)) and (¢1(t),11(t),01(t)) be the eigenfunctions corresponding to Ag and

A1, respectively. It is easy to calculate that

¢o(t) = (ao(t) + ¢0(0)) exp <)\ot _/0 au(s)p(s)ds>,

Po(t) = exp (/Ot(bn(s)q(s) — b12(s)p(s) — biz(s)r(s))ds + /\0t>,
eo(t) = (bo(t) + 90(0)) exp <)\0t — /0 Cll(S)T(S)dS),

where
Ao = —Aq(t), $o(0) =

Jo ara(t)q(t ( exp fo ar1(T)p(7)dr) — Xot)dt

$0(0) =
a11 )dt — A()T

N—

U
~—
>
[«
~
~—
IS8

)
00(0) fO 012 t)’lﬂo exXp fO 011 ) (7‘) T) —
exXp (fT 611 )\0T
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and

( ¢1(t) = exp /Ot(an(s)p(s) —ai2(s)q(s))ds + )\1t>,
() = (@) + o0 exp (Mt = [ ba(slate)ds ).

01(t) = exp ( t(cu(s)r(s) —c12(8)q(s))ds + )\1t>,

where

AL =—Ds(t) = —As(t), ¢0(0) = 00(0) =
Jo (b1a2(t)p(£)$1(£) + bis(B)r(£)01(¢)) exp(fy bur(s)g(s)ds — Mt)dt

¥1(0) =
exp < ST bui(t)q(t)dt — )\1T> -

)

e (t) = /0 (b12(s)p(s)1(5) + brs(s)r(s)61(s)) exp ( / b (r)g(r)dr — Als) ds.

0

Next, to construct a pair of crucial upper and lower solutions, we define the transition functions

as follows
p1(t,z) = ((@)d1(t) + (1 — ((x))do(),
p2(t,z) = C(@)Yr(t) + (1 = C(2))vho(?),
ps(t, ) = C(x)01(t) + (1 — C(x))bo (1),

where ((z) is a smooth function with ((z) = 0 for + < —2 and ((z) =1 for z > 2.
In order to discuss the sign of bistable wave speed, we give the following two lemmas.

Lemma 3.1 For any £+ € R, there exist positive numbers 3,0, such that (u;',v;',w;')(t) and
(uj vy, w; )(t) defined as

Uy, v,

us(t) =@t j+ct+ &5 £ 00(1— e ) £ opi(t,j + et + £ £ o6(1— e ))e,
vE) = U(t,j+ et +EF £ 06(1 — e PY) £ pa(t,j+ ct + 5 £06(1 — e P))e Pt (3.2)
wj-c(t) Ot,j+ct+ 5+ 06(1 —e PY) £ ops(t,j +ct +EF £06(1 — e P))e P,

form a generalized upper/lower solution of the system (3.1).

Proof. The proof is similar to the ideas in Lemma 3.1 in article [2], Thus we omit it for
simplicity here. O

Lemma 3.2 Suppose that the initial data (u;(0),v;(0),w;(0)) satisfies
0 < ;(0) < 1,0 < 3;(0) < 1,0 < @;(0) < 1,

and



then the solution (u;(t),v;(t), w;(t)) of (3.1) fulfills

w5 (0) < T0) < (1), 07 () < T0) < o (), w3 (1) < (8) < wi (1)
for allt e RY j € Z.

Next, we use the comparison principle based on the above two lemmas to establish the two
crucial theorems.

Theorem 3.3 Assume that (1.8) has a nonnegative non-decreasing upper solution (®(t,z),
W(t, 2),0(t,2)) with speed © < 0 and ®(t,2),¥(t,2) and O(t,z) are T-period functions rela-
tive to t, satisfying

(®,V¥,0)(t,—0) < (1,1,1), (®,¥,0)(t,00) > (1,1,1), (3.3)

then
c<ec<0.

Proof. For contradiction, we assume that ¢ > ¢ on the contrary and choose the initial datum
(u(0),v;(0),w;(0)) of (3.1) which is continuous, nondecreasing and satisfies

7,(0) = 5(0) = @;(0) = 0, for j < —J,

and

uj(0) =v;(0) =w;(0) =1—n, forj>J,

for a sufficiently large positive integer J and a small enough number 7 > 0. This together with
(3.3) enables us to further suppose that

u;(0) < (0, 5),7;(0) < (0, ), w;(0) < ©(0,5), forj € Z.
Then, by the comparison principle, we have
w;(t) < ®(t,2) = O(t,j+ct),v;(t) < U(t,z) =U(t,j+ct),w;(t) <O z)=0(tj+ct) (3.4)
for all (t,j) € RT x Z. On the other hand, by Lemma 3.2, we have

Uj(t) > O, j+ct+E —ad(l—eP)) —dpi(t,j+ct+ & —ad(1—eP))e P,
Ui(t) > Ut j+ct+E —o6(1—e P —0pa(t,j+ct +E6 —ad(1—eP))e P, (3.5)
wj(t) > ©

j
wj(t) (t,j+ct+€E —oa6(1—eP)) —op3(t,j+ct+& —ad(l—ePh))e P,

Again, in view of (3.3), we know that there exists a number zy = j + ¢ such that ®(¢, z9) < 1.
Combining (3.4) and (3.5), we can derive

1> ®(t,20) > (t, 20+ (c—O)t+E —ad(1—e PY) —dpi(t,j+ct+E —od(1—eP))e Pt 51,

13



as t — oo, which gives a contradiction. Hence, ¢ < ¢ < 0. The proof is complete. ([

Theorem 3.4 Suppose that (1.8) has a nonnegative non-decreasing lower solution (®(t,z),
V(t, z),0(t,z)) with speed ¢ > 0 and P(t,z),¥(t,z) and O(t,z) are T-period functions rela-
tive to t, satisfying

(2, %,0)(t, —00) = (0,0,0) < (2, ¥,0)(t,00) < (1,1,1), (3.6)
then
c>c>0.
Proof. The proof is similar to that of Theorem 3.3. By choosing proper initial data (depending
on (3.6)) and assume c < ¢ for contradiction, we can obtain
D(t,j+ct) <Ot j+et+EF+05(1 —e ) +opi(t,j+ ct + &7 +00(1 — e P))e Pt
On the plane z = z; 1= j + ct, we set D(t,21) = % Hence

é = D(t,21) < O(t, 21+ (c— )t +ET +00(1—e PY)) 4 0pi(t, j+ct + €T +00(1—eP))e Pt 0,

as t — oo. Thus, we reach a contradiction. In short, ¢ > ¢ > 0. The proof is complete. O

4 Sign of bistable wave speed with specific conditions

Although Theorems 3.3 and 3.4 provide two criteria about how to predict the sign of bistable
wave speed, explicit condition expressed by the model-parameter does not be presented. This
part aims to gain some of such conditions via constructing explicit upper and lower solutions
which seems to be nontrivial in contrast with the classic constructions, namely, the joint of a
constant function and an exponential function.

Theorem 4.1 The speed ¢ of the bistable traveling wave solution of (1.8) is negative, if there
exist constants ki, ks such that

—2dy(t) 10 + da(t) i x10 + bra()q(t)k1 + bia(t)r(t)ks < 0, (4.1)
and
S T A T = <" < S ) S he aw) O
EOROR Aii)(t}rq[(;i(t) BN { [d;ff)('?ﬁzg){ﬁ?‘lxﬁf(t) } . (43)
where o= e gm0 _g o o +12\/W'
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Proof. To make the sign of the bistable wave speed to be negative, by Theorem 3.3, we only

need to construct an upper solution to (1.8). Let

T _ Yo1(t)
\If(t,Z)— w01(t)+€_‘u1(_€)z7

and redefine ®(t, 2), O(t, z), which are continuous functions, as follows

klﬁ(ta Z)a z < Zl(t)a

1, z > z1(1), 44

B(t,2) = min{1, ki ¥(t,2)} = {

koW(t,2), z < 29(t),

O(t, 2) = min{1, ko W(t,2)} = { 1 z > z(t).

I

Here, 0 < € < 1. For any fixed t € RT, 21 (¢) and 25(t) are uniquely determined by kiU (¢, z1(t)) =
1 and koW (t, 20(t)) = 1 respectively. Without loss of generality, we may assume that k; > ko
which implies 21(t) < 22(t),t € R, according to the monotonicity of W(¢, z) in 2.

To proceed, we note that Dy[¥] can be reduced to

Dy[U] = mU(1 — T)(1 — 20) + 720°(1 — V) H,y (¢, 2), (4.5)

where

e (=92 oy (£) (1 — e #1792 [y (1))
(1+ 6_#1(—5)(z+1)/¢01<t))(1 4 e—m(—e)(z—n/wm(t)).

It is easy to check that H(t,z) < x1 with

7‘1 — e’u'l(_E) + 6_’[“(_5) - 27 Hl(t? Z) =

1
XM rare/n+d

We first concentrate on the W-equation. Substituting

T, = i T(1-T), Ty Zgiggqf 1 —T)

and (4.5) into W-equation, we have
da(t)Da[W](t, 2) + €W + V[b11 ()q(t)(1 — W) — bra(t)p(t)(1 — @) — bas(t)r(t)(1 — ©)] — ¥y

< T =D w0+ o+ 200 - D L F( 2m0m + a0t )|

@2(1 — \If){—2d2(t)7-1 + da(t)TEx1 + Y (t, z)},

IN
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where

bi2(H)p(t)(® — W) + bis()r(t)(© — ¥

V) - 20O =)+ bis(r()© =)
U(l—W)

Next, we have to discuss the maximum of Y (¢, z) in the following cases.

(1) When 2z > 25(t), it is easy to realize that ®(¢,2) = 1,0(t, 2) = 1, é < U(t,z) < 1. Then

Yt 2) = 2Opit) % busr() _ (blg(t)p(t) + blg(t)r(t)>. (4.6)

(2) When z < z(t), it follows that ®(t,z) = k1U(t,2) and O(t,2) = koVU(t, 2). From (4.4), we
can infer that ¥ < k:% Therefore, Y (t,z) can be rewritten as

bi2(t)p(t) (k1 — 1) + big(t)r(t) (ko — 1) < bi2(t)p(t) (k1 — 1) + bis(t)r(t)(ka — 1)

Y(t, z) = — .
1
(4.7)
(3) When 21(t) < z < 23(t), we have ®(¢,z) = 1 and O(¢t, z) = koVU(t, z). Then
Yt 2) = 512(229(75) n b13(75)7"(t)(£2 - 1)'
v 1-v
It is easy to check that ﬁ <U < é, which results in
Y (t,2) < bia(t)q(t)kr + bis(t)r(t)ks. (4.8)

By comparing (4.6),(4.7), and (4.8), we find the maximum among them is by2(t)q(t)k1+b13(t)r(t)ks.
Thus, by assumption (4.1), we have

—2dy (t)Tl + d2(t)7’12X1 + Y(t, Z) < —2dy (t)Tl + dg(t)7'12)(1 + b12(t)q(t)k1 + blg(t)’l“(t)kig <0. (49)

Next, we consider the ®-equation. There are four subcases needed to be discussed.
(i) When z > 2 (t) + 1, we get ®(¢,2z) = 1 and hence

dy () D2[B](t, 2) + €, + (1 — B)ara(t)g(t)T — ar1(t)p()F] — Ty = 0.

(i) When 21(t) < 2z < 21(t) + 1, we notice that ®(t,z — 1) = k¥ (t,2 — 1),®(t,2 + 1) =
®(t,z) = 1. Therefore, the ®-equation can be evaluated by

di(t)Da[®](t, 2) + €®, + (1 — ®)[a12(t)q(t) ¥ — a1 (t)p(t)P] — By = d1 (1) [k1¥ (¢, 2 — 1) — 1] <0,

using k1 W (t,z — 1) < 1.
(iii) The case z1(t) — 1 < z < z1(t) can be discussed together with the last case.
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(iv) When z < 21(t) — 1, it follows from (4.4) that ®(t,z) = k1 ¥(¢t, 2). Thus,

dy (t)DQ[ ](t, Z) + 652 + (1 — 6) [alg(t)q(t)ﬁ — au(t)p@)E] — 6,5

S kl‘l’{(l — @) |:7'1(1 — QW)dl(t) + folﬁdl(t) + €Ul — ¢61(t):|

Yo1(t)
1= 1) [ 22000 )]
< kK VF (D),
where /
F(T):=(1-7) [71(1 —2W)dy (t) + i x1 Wi (t) + epn — 3218]
(1= 1) [22000 ]

It is obvious that F{ ()
is respect to the variable
calculated that

2d1(t)m1(2 — 11x1) = 0 (using 71x1 < 1), where the derivative

<l |

Therefore, Fy(¥) is concave for ¥ € [0, k—ll] In can be easily

Fi(0) =di(t)m + epr — Zéig; + a12(]2q(t) —a11(t)p(?)
(4.10)
= 1) — da(o)m - A0+ 22 oy i,
() = (1 D)o + (i — 2m)di0) + ey — 20t

/{1 kl ]6'1 %1 (t) .

For the purpose of proving Fy(¥) < 0 for ¥ € [0, é}, we only need to check that F3(0) < 0 and
Fl(%) < 0 which are ensured by (4.2) as € — 07. To sum up the cases (i)-(iv), we have

A (#)Do[B] (1, 2) + € + (1 — B)[ara(D)g()T — ar (£)p(t)B)] — By < 0.

By a similar manner, we can infer from (4.3) that

d3(t)D2[O](t,2) + €0, + (1 — O)[c12(t)qg(t)¥ — c11(t)r()O] — 6, < 0.

As such, it is proved that (®, ¥, ©)(t, z) is an upper solution of (1.8). By Theorem 3.3, the proof
is complete. ]

Theorem 4.2 The speed ¢ of the bistable traveling wave solution of (1.8) satisfies ¢ > € > 0
provided that

- da(t) (2720 + 735)
max{Il;(¢),Ia2(t)} < té?&%] {1 T e 20 } . (4.11)

where an (Op(t) + [dy(t) + di (870 + da()]r20 + Ar (1)

Hl(t) = Chg(t)(](t) )
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TIy(t) := e (8)r(t) + [ds(t) + ds(t) 120 + da(t)] 720 + A1 (1)
o e (t)a() ’

and

To0 = et (0) 4 o=11(0) _ o

Proof. We intend to construct a lower solution to show that the wave speed c is positive. Define

L(t:2) = o1 (Szﬁil(ft),ul(e)z’ O(t,2) =0O(t,2) = L(t2)

=y

with 0 < € < 1 and k satisfing

, da(t) (212 + 73)
max{Il; (¢), ()} < k < tg{l(}’rqlq {1 — bu(t)q(t)z} . (4.12)

By a similar computation with (4.5), we obtain

2
Do) = m¥(1 — 21— 2X) 4 2L (1 -

E E E )H2(ta Z)

S

with

e1(Z oy (1) (1 — eM(= [apgy (1))

_ (e —pi(e) _ —
m=e +e 2, Hy(t,z) = L e @D g0y ()L F e O /gor (@)

On account of the lower bound of Hs(t, ) is —1, we have

do(t)D2[¥](£, 2) — €¥, + W[by1 (£)q(t)(1 — ¥) — bia(t)p(t)(1 — @) = bi(t)r(t)(1 - ©)] — ¥,
> L= D vt - wrd +bawan -}
Thanks to (4.12), we get
da(t)D2[¥](t, 2) — €¥, + W[b11(t)q(t)(1 — X) — bia(t)p(t)(1 — @) — bas(t)r(t)(1 — ©)] — ¥, > 0.
As for the ®-equation and ©-equation, we have the following estimation:

di(t)D2[@](t, 2) — €2, + (1 — )[ar2()g()¥ — a1 (t)p(t) ] — 2,

> (1 - (I)){_dl (t)m2 — d1(t) 73 — do(t)T2 — A1 (t) + ar2(t)q(t)k — a11(75)p(t)},

and
d3(t)D2[O](t, 2) — €0, + (1 — O)[c12(t)g(H) ¥ — e (t)r()0] — ©,

>0(1 - @){—d:s(t)Tz — ds(t)m3 — da(t)T2 — A1 (t) + c12(t)q(t)k — Cll(t)r(t)}7
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in which the assumption (4.12) is used. Let € — 0T, we can derive that
di(t)D2[@](t, 2) — €2, + (1 — @)[a12(t)q(1)¥ — a1 (t)p() @] — &, > 0,

and

d3(t)D2[O](t, 2) — €0, + (1 — O)[e12(t)q(t)¥ — en1 (B)r(1)©] — ©, > 0.

Thus, we proved that (®,¥,0)(¢, z) is a lower solution of (1.8). By Theorem 3.4, the proof is
complete. O

As applications of Theorems 4.1 and 4.2, we want to provide partially the answer to the
open problem proposed in [13] associating to the following constant-coefficient system of (1.1):

wj(t) = diDafug](t) +u;(t)(r1 — anu;(t) — ai2v5(t)),
) = doDafus)(t) + 03(0)(ra — baawg(t) — by (1) — bigw (1), (113
U];(t) = ngQ[ijt) + ’wj(t)(T‘g — Cl1Wj (t) — C12Vj (t)) jeZ,t>N0.

[
U<
—~
~+

For system (4.13), the equilibrium points and bistable condition (A) become respectively

T T T
= (0,0,0), €1 1= (0,=,0), €3 1= (—,0, —),
biy’ ain’ - ci
and
bi1r1 < a12r2, ar1c11m2 < biaciirt + a11bi3rs, biirs < crara. (4.14)

Applying Theorems 4.1 and 4.2 to (4.13), we have the following two corollaries:

Corollary 4.3 The speed ¢ of the bistable traveling wave solution of (4.13) is negative, if there
exist positive constants ki, ko such that

9 T3
—2dy7110 + daTipX10 + bmalﬁ + 513;7@ <0, (4.15)
1 1
and
a12p dim10(2 — 7
1< b bll?;;:'s < 1710( 10;52131) — (4.16)
rdry - S - 2R (do —di)T0  (di —do)T10 — 72 + 12y e
c12p> datio(2 —
1< T < dmolomono) gy
T3+ T2 = a1 c11 + (d2 - d3)7_10 (d3 - d2)7'10 —1r9+ oLl + o1l

Corollary 4.4 The speed c of the bistable traveling wave solution of (4.13) is positive provided
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that
r1+ [dl + di7199 + d2]720 + 79— biar1 _ bisrs

max{ - e
alQm
r3 + [d3 + d3To0 + da]T20 + 12 — bcﬁ? _ bing } (4.18)
Clzm
da(2 >
<Hm{1_3L@iQQ}
te[0,T] T2

We can learn from Corollaries 4.3 and 4.4 that almost all of the parameters appeared in
(4.13) should be taken into account in the determination of bistable wave speed sign. Hence,
one can analyze the effect of different coefficients on this determination. For instance, if one of
the diffusivity coefficients d;,7 = 1,2, 3 are sufficiently small, then one of the conditions (4.15),
(4.16) and (4.17) would not be valid any more. While we fixed d; and d3 and let d3 be sufficiently
large, the condition (4.18) is not true. We emphasize that one of our main contributions is that
we proposed a method and obtained some conditions for the determination of bistable wave
speed sign. One can get more criteria by constructing different upper-lower solutions.

5 Numerical Simulation

We can derive that the bistable wave speed is negative in Theorem 4.1, which implies the bistable
wave speed propagates to the right and v and w will win the competition. On the contrary,
Theorem 4.2 ensures that the bistable wave speed is positive, which means the bistable wave
speed propagates to the left and v will win the competition.

In order to illustrate our theoretical results Corollaries 4.3 and 4.4, we choose the initial data
in the form of

0) 0, 1<j<Nj,

Uj =

! 1, N;+1<j<Np,

V; =

’ 07 Nj_’_]-SJSNL)
(0) 0, 1<j <Ny,

W, =

’ 1, Nj+1<j<Ny,

with the boundary conditions

(t) _UQ( ) = uNL(t) —UNL_ 1(t) =0,
v1(t) — wva(t) = on, (8) — oy, (1) = 0,

w1 (t) — wa(t) = wn, (1) —wn, ,(t) =0,

where N; and Ny, are two integers.
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In (4.13), we choose

aj1 = by =ci1 =1, a;2 = 1.2, b1o = 0.8, b3 =0.7,

(5.1)
01221.2, d1=1, d2=2, d3=1.3, ’I"1=7“2=7”3=1.

From which, we can compute 79 = 0.250, x10 = 0.119. It is easy to see that the set of such
chosen parameters make (4.14)-(4.17) valid. As a result, one may except the bistable wave speed
to be negative. This fact is exactly verified by the numerical results, see Fig. 5.1.

motions of u motions of v

08

0.6

04

0.2

60

20

motions of w

40

0 -100

Figure 5.1: The simulation of (4.13) for the setting of (5.1).

21



motions of u motions of v

0.8
0.6
04
0.2
eé’
40
motions of w

1

0.8

0.6

0.4

0.2

&

40 100
Figure 5.2: The simulation of (4.13) for the setting of (5.2)
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Figure 5.3: The simulation of (4.13) for the setting of (5.3).
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In (4.13), we choose

all = b11 =C11 = 1, a1 = 10, blg = 1.2, b13 = 1.2,

(5.2)
012:8, dlzl, d2:0.5, d3:1.2, 7’1:’]”2:’['3:1,

For the above set of parameters, one can derive that 799 = 2.800. Meanwhile, they fulfill (4.14)
and (4.18), so the bistable wave speed would be positive according to Corollary 4.4. This is
demonstrated in Fig 5.2.

We all know that the competitive ability of a strong species will be greater than that of a
weak species indicating that the strong species can wipe out the weak one. However, when more
than two species are involved, the outcome may be not that simple. Indeed, the Theorem 3.4 in
Guo [13] proves that it is possible for two weak species to outcompete a strong species in model
(1.2) under certain conditions. Naturally, we want to wonder whether the same phenomenon
can be observed in model (4.13). To this end, we choose

ri=ro=r3=1,dy =dy =d3=1.

Fig 5.3 tells us that such a phenomenon still exists.
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