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1 | INTRODUCTION

Developable surface in Euclidean 3-space is a curved surface that can be developed onto a plane without tearing and stretching.
The Gaussian curvature of developable surface is zero everywhere on the surface. A plane is a special surface, its Gaussian
curvature at each point is constant zero, so any surface with zero curvature at each point can be unfolded into a plane by bending,
that is, it has an isometric mapping to the plane. Such a surface is called a developable surface. Many applications can benefit
from the use of developable surface in many areas of engineering and manufacturing, including modeling of apparel, automobile
components, and ship hulls (see e.g. 1220232 "Sinoylarity refers to a point that is different from the overall nature of things.
Because of its particularity, mathematicians have paid much attention to it and formed a new branch - Singularity Theory.
With the accumulation of several generations of mathematicians, it has been booming and promoted the development of other
disciplines.

The developable surface can be parameterized using the Serret-Frenet frame of space curves from the viewpoint of singularity
theory?. In®, S. Izumiya et al. introduced the rectifying developable surfaces of space curves, where they showed that a regu-
lar curve is a geodesic of its rectifying developable surface and revealed the relationship between singularities of the rectifying
developable surface and geometric invariant. Ishikawa investigated the relationship between the singularities of tangent devel-
opable surfaces and some types of space curves. He also gave a classification of tangent developable surfaces by using the local
topological property®. There are several works about singularity theory of developable ruled surfaces by using the Serret-Frenet
frame of space curves, for exampleZ%®, Among them, in®, Satoshi Hananoi and Shyuichi Izumiya also specifically discussed
the ellipsoid, using a parameterized surface, the singular value of the normal developable surface of the trajectory is the focus
surface of the surface of all coordinate curves.

However, the Serret-Frenet frame is undefined wherever the curvature vanishes, such as at points of inflection or along straight
sections of the curve'l. Thus, the notion of rotation minimizing frame (RMF) which is more suitable for applications was intro-
duced by Bishop in"1, But, it is well known that Bishop frame calculations are not an easy task, see!'“%, Therefore, inspired
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by the work of Coquillart®, Mustafa introduced a new adapted frame along a space curve and denoted this the quasi-frame'%.,

As different disciplines are more closely related than ever, interdisciplinary subjects have drawn researchers’ attention. There-
fore, in the future work, we would take the advantage of singularity theory and submanifolds theory etc. presented in‘41316L7
to explore new results and theorems.

In this paper,we put our research content on the curve containing singular points in Euclidean space. We know that there is a
big difference between the developable surface generated by regular curve and the curve containing singular points. So, we give
the quasi-frame along a unit speed curve and introduce a directional developable ruled surface. Applying the unfolding theory,
we classify the generic properties, and present new two invariants related to the singularities of this surface. It is demonstrated
that the generic singularities are cuspidal edge and swallowtail, and the types of these singularities can be characterized by these
invariants, respectively. Finally, examples are illustrated to explain the applications of the theoretical results.

2 | BASIC CONCEPTS

Let a = a(s) be a unit speed curve in Euclidean 3-space, with x(s) and z(s) that denote the natural curvature and torsion
of a(s), respectively. Let {T(s), N(s), B(s)} be the Serret-Frenet frame associated with the curve a(s), then the Serret-Frenet
formulae read:

!

T 0 « OY(T
Nil=|-x0 z|[||IN R (D
B 0 —-z0]J)\B

where dash denotes differentiation with respect to s. Although the Serret—Frenet frame can be calculated easily, its rotation about
the tangent of a general space curve often leads to undesirable twist in motion design or sweeping surface modeling. Moreover,
the drawback of Serret-Frenet frame is that it is not continuously defined for a C'-continuous space curve, and even for a C?-
continuous space curve the Serret—Frenet frame becomes undefined at an inflection point (i.e., curvature k¥ = 0), thus causing
unacceptable discontinuity when used for surface modeling!'?, Therefore, Coquillart>, and Mustafa et al.1% gave a new frame
called Quasi-frame (for short Q-frame) of a space curve as the following: Given a unit speed curve a = o(s) the Q-frame is
given by

&()=T. ex(5) = = ey(s) = ¢, xe @)
$)=T, e(s) = ———, e3(s) = )
‘ S
where € is called the projection vector. The relation between Serret—Frenet frame and Q-frame is given as follows:
e 10 0 T
e, [=]0cosp sing || N, 3
e; 0 —sing cosp J\ B
with a certain angle @(s). By taking the derivative of Eq. (3) with respect to s, and using the inverse transformation, we obtain:
e/l 0 x x)[e
e, |=|-x0 x|lel. “)
e; -k, —k3 0 €3

The triple (k;; k,; k3) is called the Q-curvature functions of a. Here,

ki (s) =Kcosp = (e;,%)’
Ky(s) = —ksing = (€|, e}, 5)
Kie)=1+¢@ = <ez,e3> .

The Q-frame have many advantages compare to other frames (Serret—Frenet, Bishop). For instance, the Q-frame can be defined
even along a line (i.e., curvature ¥ = 0). However, the Q-frame is singular in all cases where T and ¢ are parallel. Thus, in these
cases, where T and ¢ are parallel, the projection vector { can be chosen as {=(0,1,0) or {=(0,0,1) (for details, see [19, 20]). From
now on, we shall often not write the parameter s explicitly in our formulae.
A ruled surface in Euclidean 3-space R? is a differentiable one-parameter set of straight lines L. Such a surface has a
parameterization of the form
M :y(s,v) = a(s) + ve(s), v €R, 6)
where ou(s) is its base curve and e is the unit vector along the ruling L of the surface. The rulings of a ruled surface are asymptotic
curves. If the tangent plane of the ruled surface is constant along a fixed ruling, the ruled surface is called the developable
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surface®2V23 Tangent planes of such surfaces depend on only one parameter. All other ruled surfaces are called the skew
surfaces. The base curve is not unique, since any curve of the form:

C(s) = a(s) — o(s)e(s), @)

may be used as its base curve, o(s) is a smooth function. If there exists a common perpendicular to two neighboring rulings on
y(s, v), then the foot of the common perpendicular on the main ruling is called a central point. The locus of the central points is

called the striction curve. In Eq. (7) if / )
: (o (s),€(5))
)= ——m

2
le @l
then C(s) is called the striction curve on the ruled surface and it is unique. In the case of o = 0 the base curve is the striction
curve. The distribution parameter of y(s, v) is defined by

_ det(cd' (s), e(s), € (5))

®)

u(s)
le‘ ]’
It is known that a ruled surface M is a developable if and only if u(s) = 0, that is,
det(a (), e(s), € (5)) = 0. )

Here, we give the notions of contour generators. We suppose that M is a regular surface, and n is a unit normal vector field on
M . For a fixed unit vector x € S?, the normal contour generator of the orthogonal projection with the direction x is defined by

{p eM | (n(p),x) = 0}.
Furthermore, for a fixed point ¢ € R3, the normal contour generators of the central projection with the center ¢ is defined by
{peM | (p-c.n(@)=0}
7

For the regular surface, the concepts of contour generators plays an important role in the theory of vision*.

3 | DIRECTIONAL DEVELOPABLE SURFACE

In this section, we introduce a new form of developable ruled surface, and call it a directional developable surface, or D-
developable surface for short: Under the assumption (k; (s), k3(s)) # (0, 0), one define the following ruled surface

M :y(s,v) =a(s)+ve(s), v ER, (10)

where
ki€ + k€;

e(s) =—1——13 (11)

\ K3+ K}
Differentiating Eq. by using formulas (@), it gives

, KiKy — KK, \ —Kje + Kz€

e(s):(zcz— 13 321> 1€1 3% (12)
K3t K N R

So that we have det(a/(s), e(s), e/(s)) = 0. This means that M is a developable surface. Further, we introduce two invariants

6(s), and o(s) of M as follows:

!

’ !
KK, — K3K

K K
8(s) = K, - ————, and o(s) = S ! , (13)
K3+ Ky K34k | 8()y/K5 + K7
where 6(s) # 0. We can also calculate that
K
Yo XY, = | ————— +ué |e,. (14)
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Theorem 1. (Existence and uniqueness). Under the above notations there exists a unique D-developable ruled surface expreesed
by Eq. (I0).

Proof. For the existence, we have the D-developable along & = a(s) represented by Eq. (I0). On the other hand, since M is a
ruled surface, we assume that

M :y(s,v) = als) + v&(s), v € R, with (k,.k3) # (0,0),
&(s) = Cl(s)e1+é’2(5)e2+é’3(s)e37 (15)

IGOIP =2+ 2+ 2 =1, (s) #0.

It can be immediately seen that M is developable if and only if
det(a,6,8) = 0 & ~558 + 68 = & (Giy = Gky) + K5 (2 +¢2) = 0. (16)

Moreover, since M is a developable surface which is developable surface along a = a(s), we have

(styu) (S’ U) =ll/(s’ U)eQ’ (17)
where y = y (s, v) is a differentiable function. Further, the normal vector y, Xy, at the point (s, 0) is

Thus, from Egs. , and li one finds that {, = 0, and {3 = y (s, 0), which follows from Eq. li that {3 (C3K3 - Kl) =0.
If (s, 0) is a regular point (i.e., y (s,0) # 0), then {3(s) # 0. Thus, we have {; = ﬁ§3, with k| # 0. Therefore, we obtain
Ky

_5 _ S [5, 5 ~
8(s) = —=Ce 40365 = — k3 + Kk e(s), with k; # 0. (19)
Ky Ky
This means that {(s) has the same direction of e(s). If k; # 0, we have the same result as the above case. O

Furthermore, we have the following result for 6(s), and o(s):

Theorem 2. Let M be the D- developable surface defined by Eq. (I0). Then:
(A) The following are equivalent:

(1) M is a cylinder,

(2)6(s)=0foralls € I,

(3) ¢ = ai(s) is a contour generator with respect to an orthogonal projection.
(B) If 6(s) # O for all s € I, then the following statement are equivalent:

(1) M is a conical surface,

2)o(s)y=0forall s € I,

(3) o = a(s) is a contour generator with respect to a central projection.

Proof. (A) From Eq. (I2),, it is obvious that M is a cylinder if and only if e(s) is constant, i.e. (s) = 0. Therefore, the condition
(1) is equivalent to the condition (2). Suppose that the condition (3) holds. Then there exists a fixed unit vector x € S? such
that (e,,x) = 0. So there exist a, b € R such that x =ae, + be;. Since <e’2,x> = 0, we have —ak| — bx; = 0, so that we have

X = KE \/ K32 + Klze(s), with k; # 0. Namely, the condition (1) holds. Suppose that e(s) is constant. Then we choose x = e(s) € S?.

By the definition of e(s), we have (x, e,) = 0. Thus the condition (1) implies the condition (3).
(B) The condition (1) means that the singular value set of M is a constant vector. Thus, in view of Egs. (7), (8), and Eq. (T,
We can calculate that

!

Cis)=|—2 al e(s) = o(s)e(s).

K2 + k2 o(s) K32 + Kf

Then M is a conical surface if and only if o(s) = 0. It follows that (1) and (2) are equivalent. By the definition of the central
projection means that there exists a fixed point ¢ € R? such that {e,, @ — ¢) = 0. If (1) holds, then ¢(s) is constant. For the fixed



point ¢ = ¢(s), we have

o,e o,e
(ez,(x—c)=<e2,< ; 2>e>=< ; 2> (e,,e) =0.
] '
This means that (3) holds. For the converse, by (3), there exists a fixed point ¢ € R? such that (e,, @ — ¢) = 0. Taking the
derivative of the both side, we have

(ey, 00 — c)/ =(k,e; + k;e5, 0 —¢c) =0,

thus we may write a—c =f(s)e(s), where f(s) is a differentiable function. Taking the derivative again, we have:

(e, —c) = (k€ + Kse5,€,) + <(K1e1 +K3€3) 00— c> =0,

(ey,—c¢) =k, — f8y/Kk3 + K7 =0.

o.,e
< 2> e(s) = c(s).

or equivalently,

It follows that

K
c=0(s) - ————e(s) = o —
1) K32 + K'12 | e
Therefore, c(s) is constant, so that (1) holds. O]

U

As a result the following corollaries can be given.
Corollary 1. The D-developable surface M is a non-cylindrical if and only if 6(s) # 0.
Corollary 2. The D-developable surface M is a tangential developable if and only if 6(s) # 0, and o(s) # 0.

Proof. According to the proof of Theorem m when 6(s) # 0, and o(s) # 0, we have e #0,and ¢ # 0. Since
det(o, o, ') = 0,(c/, ¢’) = 0,(e,e’) = 0, we can get ¢ ||e. It follows that M is a tangent surface. O

We now give relationships between the singularities of M and the two invariants 6(s) and o(s), as follows:
Theorem 3. Leta : I C R — R3 be a unit speed curve with K'12 + K32 # 0. Then we have the following:
(1) (sg, up) is non-singular of the D-developable surface M if and only if

K1(8g)

\ /K32(so) + KIZ(SO)

(2) Suppose (s, Uy) is singular of M, then the D-developable surface M is locally diffeomorphic to Cuspidal edge CE at
(89> up) if
(i) 6(sg) # 0, 6(sq) # 0, and

- u05(S0) # 0.

K(sg)
uo = )
0(sg)1/ K32(s0) + KIZ(SO)
or
(i) 6(sy) = k(sg) = 0, 8 (s) # 0, and
K1(sg)
Uy # - s

6(59)1/ K32(so) + Klz(so)

or
(iii) 8(s9) = K1(s9) = 0, &, (s9) # 0.
Clearly, if 8 (s,) # O then
2K (80)K5(80) + K, (s9)K3(80) + K, (59) # 0.
(3) Suppose (sq, u,) is singular of the D-developable surface M, then M is locally diffeomorphic to Swallowtail SW at (s, 1)
if 6(s9) # 0, 6(s9) = 0, 6 (54) # 0, and
K1 (sp)

6(59)1/ K32(50) + Klz(so)

Uy =
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The proof will appear later.
Here,

2
CE = {(xl,xz,x3)|x1= U, X,= V%, X3= 03} i
SW = {(xp. %0, x3)xy = U, xp =30 +uv?, x3 = 40° + 2uv}

The pictures of CE, and SW are shown in Figure[I]and Figure[2]

Figure 1 Cuspidal edge. Figure 2 Swallowtail.

3.1 | Support height functions

For a unit speed space curve a: I — R3, we introduce a height function H : I X R* — R, by H(s,x) = (€,(s), X — a(s)).
We call it support function on a(s) with respect to e,. We denote hXO(s) = H(s,X,) for any fixed x, € R3. From now on, we
shall often not write the parameter s. Then, we have the following proposition:

Proposition 1. Let a: I — R3 be a unit speed curve with K12 + K32 # 0, and hy (s) = (e,(s),x — a(s)). Then, the following
statements hold:

@))] hXO(s) = 0 if and only if there exists u, v € R, such that x,—a(s,) = ue,(sy) + ve;(sy).

2) hXO (sg) = h;o(so) = 0 if and only if there exists u € R such that

ki€ + k€3
Xo—0(sq) =t | ——=|(sy).

) 2
K3+K1

(A). Suppose that 5(s,,) # 0. Then we have the following:
(1) hy (sp) = h;o(so) = hlo(so) = 0 if and only if

1 K3€) + K€

K

5\/K32 +1<12 \/K32 + K12

(2) hy (s9) = h;o(so) = h;o(so) = h{)(sy) = 0 if and only if 5(sp) = 0, and (1).

(3) hy, (s9) = H, (s9) = h (59) = Iy (5) = Iy (s) = O if and only if 6(s) = 6'(s) = 0, and (1).
(B). Suppose that 6(s) = 0. Then we have the following:

(1) hy (s9) = B, (s0) = h;O(so) = 0 if and only if x;(sy) = 0, the is, k(sy) = 0, K (50) + Kk(so)k3(sy) = 0, and there exists
u € R such that xy—au(sy) = ue,(sy).

2) hXO (s9) = h;o(so) = h;o (s9) = h;?(so) = 0 if and only if one of the following conditions holds

X—0(sy) = —

(50)- 6]




(@) 6'(s) # 0, k,(sp) = 0, that is, &, (so) = 0, K;(SO) + Kk, (5)k3(59) =0

2K2(S0)K;(SO) + K;(SO)K3(SO) + KII,(SO) #0

and ,
Kz(s())
Xo—0u(sg) = — ; ; M e;(sp),
2165 (50)K,(S0) + K, (50)Kk3(80) + K, (8)

(b) 6'(s) = 0, K (5) = K’ (59) = 0, that i,

K1(59) = K (59) = K5(59) = 0, K, (59) + Ka(50)K3(50) = O

and there exists u € R such that x,—ou(s) = ue;(sy).

Proof. Since hy (s) = (e,(s), xo—0u(s)), we have the following:
i) h = (e,,X,—a),
(ii) h = (—ke; + k3€3,X)—a),
(iii) h =i+ (= (k, + yk3) € — (K2 + K2) &) — (K + KK, €3, X)),
(iv)h( =2k +K2K3+<(K'1 (K‘ +K +K)+KK'3+2K'2K ;r>el—
3 (KlK +K3K' )e2+ (K (K +K + K ) -k 1K1 —21(11(2 - K3)83,X0—a>,
(v)h =3K = 3Kk + i (K2 + K2+ k2) + (K (3K2+K2+K§)+
Ky (3K]K +5K2K +5K‘3K‘ ) K1K;3 (K +K + K ) +K K3+
31(11('3 + 3K1K — ]el + [(K +x ) (K + K +x ) + 21(2 (1<31<1 KIK;) -
3(1< +K,) 4<K‘1K/+K3K‘ >]e2+[ K‘(3K + K] +K‘)

"

K3 (31(21( +5K1K +5K‘3K‘)+K1K3 (K +K +K) KK, —

31( K 3K'2K — Ky < les, Xo—a).
By deﬁnltlon h O(SO) 0 if and only if x,—a(sy) = ue,(sy) + we,(s,) + ve;(sy), and

(Xp—(s), €5(59)) =0

Then, we have x,—a(s,) = ue,(sy) + ve;(sy). Therefore, (1) holds.
By (ii), Ay (s9) = h;o(so) = 0 if and only if x,—a(s,) = ue,(sy) + ve;(s,), and

—uk; (59) + vk3(sy) =0

If k,(sg) # 0, and k5(s,) # O, then we have

K5(5q) K(s9)
3270 ,and v = 1707
K1(8g) K3(8¢)
Then there exists v € R such that

X)—0(s)) =0———
\/ K + K
Suppose that k;(sy) = 0. Then we have k;(s,) # O; so that x;(sy)v = 0. Therefore, we have
ki€ + K1e3

XO_(x(So) :uel(SO) =+ y——-
1/ K + K

If k5(so) = 0, then we have x,—a(s)) =ve;(s,). Therefore, (2) holds.
By (iii) Ay (s) = h;o(so) = h:o(so) = 0 if and only if

kK;€; + K3€2
X)—0(s)) =0———

1/1( +K

K3 <K2K3 + K1> + Ky (K1K2 + K3>
k1(sg) — 0 (59)=0

2 2
\/K3+K1

and
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It follows that

! (sg) + 0| K, —
K32 + Klz K32 + Klz
Thus, , ,
KKy — K3K, K
0(8g) = Kky(sy) = ————(s9) # 0, and v = — (sg)
K3+ K7

/-2 2
l(3'|-K1

or 6(sy) =0, and k,(sy) = 0. This completes the proof of (A), (3) and (B), (1).
3

Suppose that 6(sy) # 0. By (iv), hxo(so) = h;()(so) = h;o(so) = h;:] (s9) = 0if and only if
K , ’ ”
! K (K'12+K§+K'§)+K‘1K‘3+2K2K3—K1)

2K;+K2K3——<
[ 2 2
o Ky + K,
—Ka)

K
+ ! (Kl (K12 + K% + K32) — K, K| — 2Kk,
2
K3 + K|
=0
at s = s,. It follows that
, . 2k, (K, K+ K, K3) K'”K'l — K K3
21<(s)+1c(s)1<(s)—2 K. l 3 -3 L - (5¢)-
1o R0 0 2 K2 + k2 K2 + k2 0
3 1 3 1
Since , /
/ / (KlKl + K‘3K'3) <K‘3Kl — K1K3> Ky Ky — K, K3
6 =x,—2 2, 2 T 2. 2
K5 + K, K5 + K
and ) , ,
, 8 (sg) KK + Ky K3
2K, (8¢) + Kp(s9)K3(s0) — K1 (sp) -2k, > > (s9) =0.
o(sg) Ky + K]
Further, by applying the relation
K K K, Ky — K/ K3 K
21 2 - /23 2 3K2+K12 N /23 2(5_K2)
K'3+Kl K3+K'1 3 1 K'3+K]
to the above. Then we have
Ky
(so)

8(s0)\/K2(s9) + K2(s0) s +
1 /K32(so) + Klz(so) 04/ K32(S0) + Klz(so)
= 6(s9)o(s9)/ K32(S0) + KIZ(SO) =0,

so that o(s,). The converse assertion also holds.

’ " 3) . . .

’Suppose that 6(sy) = 0. Then by (iv), hxo(so) = hxo(so) = hxo(so) = th (sg) = 0if and only if k(sy) = 0, that is, k;(sy) = 0,
K, (50) + K(s9)K3(s9) = O, there exists u € R such that x,—a(s,) = ue,(s,), and

ZK;(SO) + K, (S)k3(Sg) —u <2K2(SO)K;(S0) + K;(SO)K_o)(SO) + K;(S0)> =0.

Since 8(s,) = 0, and K, (s), we have & (s9)k3(s0) + K (s9) = 0, so that
K (s9) = v <2K2(S0)K3(S0) + K (50)K3(5) + K;’(so)) —0



It follows that 2ic,(sg)xs (o) + Ky (so)Kk3(s) + K (59) # 0, and
K (50)

2K2(s0)1(;(s0) + K;(SO)K_o’(SO) + K;(SO)

u=

or
216, (59)K5(50) + K (Se)K3(50) + K5 (59) = 0, and & (s5) = 0
Therefore we have (B), (2), (a) or (b). By similar arguments to the above, we have (A), (5). This completes the proof. O]

3.2 | Unfolding of functions by one-variable

In this subsection, we use some general results on the singularity theory for families of function germs®2l, Let
F: (IR X R", (so,xo)) — R be a smooth function, and f(s) = Fx(](s,xo). Then F is called an r-parameter unfolding of f(s).
We say that f(s) has A,-singularity at s, if f?P(sy) = 0 forall 1 < p < k, and f**D(s)) # 0. We also say that f has A -
singularity (k > 1) at s,. Let the (k — 1)-jet of the partial derlvatlve 9F at s, be j&D ( (s x0)> (s0) = Zf oL (s - so)j
(without the constant term), for i = 1,...,r. Then F(s) is called an p- Versal unfolding if the k x r matrix of coefficients (L j,-)
has rank k (k < r). So, we write important set about the unfolding relative to the above notations.

We now state important set about the unfolding relative to the above notations. The discriminant set of F is the set

D, = {XEIR’| there exists s with F (s, X) = aa—F (5,%) = 0 at (s,x)} . (20)
S
A well-known classification®Z€ follows:

Theorem 4. Let F: ([R X R", (s, XO)) — R be an r-parameter unfolding of f(s), which has the A, singularity at s,. Suppose
that F is a p-versal unfolding.

(). If k = 2, then Dy is locally diffeomorphic to CXR'~!;

(b) If k = 3, then Dy, is locally diffeomorphic to SW xR 2.

Hence, for the proof of Theorem 3} we have the following proposition:

Proposition 2. Leta: I — R’ be aunit speed curve with 3 +x3 # 0, and hy (s) = (e,(s), X — a(s)). If h, has an A,-singularity
(k =2, 3)at sy € R, then H is a p—versal unfolding of hXO(so).

Proof. Letx = (xl, X5, x3), a= (a,,az, a3) and e,= (ll, Ly, 13). Then, we have

H(s,x) = (x; — a;(5)) 1,(5) + (x, = 03(5)) L5(5) + (x3 = a3(s)) I5(s) (1)

and OH
—(5,x) = [;(s), (i=1,2,3).
0x;

Therefore, the 2-jets of % at s, is as follows:

2 0H ' 1 2
]Za—(SO,XO) =1;(sg) + 1,(sp)(s — s9) + =1, (5¢) (s - so) .
X 2

We consider the following matrix:
11(s9) 12(50) I3(sp) €(s0)
A=|T7 1(s0) I (sO) l;i(so) =1 e, (so) |- (22)
I (s9) l 5 (80) 15 (s9) e,(s0)
By the formula in Eq. (@), we have
€
A(S()) = —Klel + K3e3 (S()). (23)
(K'2K'3+K') (3 (K +K)€2+( K1K2)63
Since the orthonormal frame {e,(s), €,(s), e;(s)} is a basis of R3, then the rank of A(sy) is equal to the rank of
0 1 0
—Kl(so) 0 —i5(8g) . 24)
(Kng + K ) (sg) — (K'22 + K ) (s0) (K' - K1K‘2) (sg)
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This means rank A = 3, if and only if

—K (K3 KIKZ) + K3 (K2K3 + K;) =K, (Klz + K32) - (K1K3 - K‘;K3) #0.

The last condition is equivalent to the condition 6(s,) # 0.

Also, the rank of
<e’2(s0)> _ < ) €,(s9) , >
e,(s9) —k, (s9)e; (o) + k;(sp)e;(sp)

is always two. If A, has an A-singularity (k = 2, 3) at s, then H is p-versal unfolding of 4, . This completes the proof. [

3.3 | Proof of Theorem 3

By direct calculation, we have

K
[2 4 .2
Ky + K
Therefore, (s, vy) is non-singular if and only if y, Xy, # 0. This condition is equivalent to

K(sg)

A /K32(SO) + Klz(so)

This completes the proof of the assertion (1).
By Proposition (2), D, is the image of the D-developable surface. Suppose 6(s,) # 0. By Proposition (A)-(l), (2), and
(3), hy (so) has an A,-type singularity (respectively, an Aj-type singularity) at s = s, if and only if

Y, Xy, = +ud|e,.

+ uy6(sg) # 0.

K1(8p)

5(50)4 /KSZ(SO) + KIZ(SO)

and o(sy) # 0 (respectively, o(sy) = 0 and a'(so) # 0). By Theorem and Proposition we have (2)-(i) and (3). Suppose
6(sy) = 0. By Proposition (B)-(l) and (2), th(so) has an A,-type singularity if and only if «,(sy) = 0, and

u0:

K;(SO) # 0or K;(SO) + v, (ZKI(SO)K;(SO) + K;(SO)K3(S0) — K;(SO)) #+0.

Following from Theorem [ and Proposition [2] we obtain (2)-(iii). This completes the proof.

4 | EXAMPLES

In this section, we give some examples.
Example 1. We consideracurvey : I — R3, I c R, defined by
1,13
) =(t,=t°,=t).
y(@®) =( 713 )

It is located in a surface which is globally diffeomorphic to standard cuspidal edge. We take (0,0,1) is the projection vector. Then
the Q-frames are given by

e(t) = ————(1,1.5;
142414
e(t) = ——(1,—1,0);
1412
es(n) = ! R

V1+2+41+ 12
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‘We obtained that

, —t =27 -7 2+ 1
e (= T T S E
A+22+™2 A+2+2 A+2+1%):2

e'2(t)=< L 3,0>.
(1+s2)2 (14 s2)

The Q-curvature functions of y are given by

k(1) = (€], e;) = —

1

Vit +Vi+ 2
2

t
VI+2+440 +12)

K3(1) = (e}, e5) =

The directional developable surface is

@, v) = y(@) + ve(?)
1o 13
=, =t,=t" +v),v ER,
( 713 )
where
_ Kkze + K,e5

e(t) =
[ 2 2
K3 + K|

The pictures of the curve y and the D-developable surface see Figure [3]and Figure [d]

= (0,0, 1).

Figure 3 The curve y. Figure 4 D-developable surface of y.

We consider an other example.
Example 2. Lety : [ — R3, T c R be a curve on the standard swallowtail defined by
y(t) = (3,41, 0),



1z |

Similarly, we take (a,b,1) is the projection vector (one will see that Klz +K32 = 0 if the third component is zero). Then the Q-frames
are given by
1

el(t)= (t7 170);
1+
e,(t) = ! (1, —t, bt - a);
V1412 + (bt —a)?
ey(t) = ! ! (bt — a, —bt* + at, —1* — 1).
V1i+ 2 V1+2+ bt —a)p
We obtained that
1
e\() = —— (1,-1,0);
(1+12)3
&)(1) = L (=% —t +ab,abt — a* = 1,at + b)

(1 +12+ (bt — a)?):
The Q-curvature functions of y are given by
1+172 .
A+23(1+2+ bt —a))F
—a(b® + D + b2a® — b* — D> + a(—a® + 20> — Dt — b(a®> + 1)
A +2)510 + 2 + (bt — a)? '
It can be directly calculate that the ruling vector e(?) is paralleled with the projection vector, which is

K, (1) = <e’1,e2> =

K5(1) = <e'2,e3> =

Kje; + kjej
e(t) = ————1(a, b, 1).

2 2

K3 + Ky

Then The directional developable surface is

o(t,v) = y(t) + ve(t) = (3t*,483,0) + v(a, b, 1), v € R.

It shows the intrinsic beauty of geometry that the D-developable surface of y is exactly the projection surface of y alongside
the projection vector. The pictures of the curve y and the D-developable surface see Figure [5]and Figure[6]

Figure 5 The red curve y located in a standard swallowtail. Figure 6 D-developable surface of y.
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S | CONCLUSION

In this paper, we shown a new version of developable ruled surfaces in Euclidean 3-space. We establish the quasi-frame
along a unit speed curve and introduce a directional developable ruled surface. Applying the unfolding theory, we classify the
generic properties, and present new two invariants related to the singularities of this surface. It is demonstrated that the generic
singularities are cuspidal edge and swallowtail, and the types of these singularities can be characterized by these invariants,
respectively. Finally, examples are illustrated to explain the applications of the theoretical results.

ACKNOWLEDGMENTS

We gratefully acknowledge the constructive comments from the editor and the anonymous referees.

Author contributions

Conceptualization, Jing Li, Zhichao Yang, Rashad A. Abdel-Baky, M. Khalifa Saad, Yanlin Li; methodology,Jing Li, Zhichao
Yang, Rashad A. Abdel-Baky, M. Khalifa Saad, Yanlin Li; investigation, Jing Li, Zhichao Yang, Rashad A. Abdel-Baky, M.
Khalifa Saad, Yanlin Li; writing—original draft preparation, Jing Li, Zhichao Yang, Rashad A. Abdel-Baky, M. Khalifa Saad,
Yanlin Li; writing— review and editing, Jing Li, Zhichao Yang, Rashad A. Abdel-Baky, M. Khalifa Saad, Yanlin Li; All authors
have read and agreed to the published version of the manuscript.

Financial disclosure

This work was funded by National Natural Science Foundation of China (Grant No. 12101168) and Zhejiang Provincial
Natural Science Foundation of China (Grant No. LQ22A010014).

Conflict of interest

The authors declare no potential conflict of interests.

References

1. R. L. Bishop, There is more than one way to frame a curve, Am. Math. Mon. 82 (1975), 246-251.

2. J. W. Bruce and P. J. Giblin, Curves and Singularities, 2nd ed., Cambridge Univ. Press, 1992.

ISV}

. R. Cipolla and P. J. Giblin, Visual Motion of Curves and Surfaces, Cambridge Univ. Press, 2000.

4. J. P. Cleave, The form of the tangent-developable at points of zero torsion on space curves, Math. Proc. Camb. Philos. Soc.
88 (1980), 403-407.

W

. S. Coquillart, Computing offsets of B-spline curves, Comput. Aided Design 19 (1987), 305-309.

6. S. Hananoi and S. Izumiya, Normal developable surfaces of surfaces along curves, P. Roy. Soc. Edinb. A 147 (2017),
177-203.

~

. S. Izumiya and N. Takeuchi, Singularities of ruled surfaces in R3. Math. Proc. Camb. Philos. Soc. 130 (2001), 1-11.
8. S. Izumiya, K. Saji and N. Takeuchi, Circular surfaces, Adv. Geom. 7 (2007), 295-313.
9. G. Ishikawa, Topological classification of the tangent developable of space curves, J. Lond. Math. Soc. 62 (2000), 583-598.

10. F. Klok, Two moving coordinate frames for sweeping along a 3D trajectory, Comput. Aided Geom. D. 3 (1986), 217-229.



14

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

C. Y. Li, R. H. Wang and C. G. Zhu, Design and G1 connection of developable surfaces through Bézier geodesics, Appl.
Math. Comput. 218 (2011), 3199-3208.

C.Y.Li, R. H. Wang and C. G. Zhu, Parametric representation of a surface pencil with a common line of curvature, Comput.
Aided Design 43 (2011), 1110-1117.

C. Y. Li, R. H. Wang and C. G. Zhu, An approach for designing a developable surface through a given line of curvature,
Comput. Aided Design 45 (2013), 621-627.

Y. Li, Y. Zhu, Q. Sun, Singularities and dualities of pedal curves in pseudo-hyperbolic and de Sitter space, Int. J. Geom.
Methods Mod. Phys. 45 (2021), 1-31.

Y. Li, D. Ganguly, S. Dey, A. Bhattacharyya, Conformal #-Ricci solitons within the framework of indefinite Kenmotsu
manifolds, AIMS Math. 7 (2022), 5408-5430.

Y. Li, A. Alkhaldi, A. Ali, P. Laurian-Ioan, On the Topology of Warped Product Pointwise Semi-Slant Submanifolds with
Positive Curvature, Mathematics 9 (2021), 3156.

Y. Li, M. Lone, U. Wani, Biharmonic submanifolds of Kihler product manifolds, AIMS Math. 6 (2021), 9309-9321.
D. Mustfa, E. Cumali and T. Hatice, Directional tubular surfaces, Int. J. Algebr. 9 (2015), 527-535.

H. Pottmann and G. Farin, Developable Rational Bezier and B-Spline Surfaces, Comput. Aided Geom. D. 12 (1995), 513—
531.

H. Pottmann and M. Wallner, Approximation Algorithms for Developable Surfaces, Comput. Aided Geom. D. 16 (1999),
539-556.

W. Wang, B. Joe, Robust computation of the rotation minimizing frame for sweeping surface modeling, Comput. Aided
Design 29 (1997), 379-391.

W. Wang, B. Jiittler, D. Zheng, Y. Liu, Computation of rotating minimizing frames, ACM T. Graphic. 27 (2008), 1-18.

H. Y. Zhao and G. J. Wang, A new method for designing a developable surface utilizing the surface pencil through a given
curve. Prog. Nat. Sci. 18 (2008), 18, 105-110.



	Directional developable surfaces and their singularities in Euclidean 3-Space
	Abstract
	Introduction
	Basic concepts
	Directional developable surface
	Support height functions
	Unfolding of functions by one-variable
	Proof of Theorem 3

	Examples
	Conclusion
	Acknowledgments
	References


