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Abstract This paper studies the problem of optimal control with state constraints for mean-field
type stochastic systems, which is governed by a fully coupled forward-backward stochastic differential
equation(FBSDE) with Teugels martingales. In this system, the coefficients contain not only the state
processes but also its marginal distribution, and the cost function is of mean-field type as well. We use
an equivalent backward formulation to deal with the terminal state constraint, and then we obtain a
stochastic maximum principle by Ekeland’s variational principle. In addition, we discuss a stochastic
linear-quadratic (LQ) control problem with state constraints.
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1 Introduction

In the classical case, many random phenomena can be described by a mathematic model of stochas-
tic differential equations. However there also exist some cases which should characterize the individuals
mutual interactions. Such models may be identified by mean-field stochastic systems, where the mean-
field term is used to model the interactions among agents and approach the expected value when
the number of individuals tends to infinity. The rigorous investigation of continuous time mean-field
stochastic differential equations was initiated by McKean [1] in 1966. Since then, the interest in mean-
field theory has increased and many applications have been found in physics, engineering, economics,
finance and game theory. Dawson [2] examined the dynamics and fluctuations in the critical situation
with a mean-field model exhibiting bistable macroscopic behavior. Yong [3] discussed corresponding
mean-field stochastic LQ problems by a variational method and decoupling technique. Andersson and
Djehiche [4] solved the Markowitz mean-variance portfolio selection problem based on the stochastic
maximum principle of mean-field type. See also Ahuja et al. [5], Wang et al. [6], Ma and Huang [7]
for the mean-field games of stochastic systems.

The maximum principle is an important approach to study the modern optimal control theories.
It was first studied by Pontryagin et al. [8] and has been developed widely by many authors, including
Kushner [9, 10], Bensoussan [11], Peng [12], Xu [13], also see Wu [14] for the fully coupled FBSDEs.
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Moreover, for the control systems related to Teugels martingales can realistically describe the random-
ness in the world, the models with Teugels martingales are of great importance in applications such
as the jump-type behavior in financial markets. Thanks to a very useful predictable representation
property obtained in Nualart and Schoutens [15, 16], stochastic differential equations driven by Teugels
martingales have been investigated increasingly. For backward stochastic systems associated with Lévy
process, existence and uniqueness of solutions were given by Bahlali et al. [17], and the maximum
principle has been studied by Meng and Tang [18]. A survey of stochastic linear quadratic problems
with Lévy process has been investigated by Tand and Wu [19]. The study regarding forward-backward
stochastic control system driven by Teugels martingales were considered, see Baghery et al. [20], and for
the maximum principle see Wang and Huang [21]. However, mean-field forward and backward stochas-
tic differential equations (MFFBSDESs) driven by Teugels martingales theory and state constraints are
not considered in the above control problems, which inspires our work.

This paper is concerned with the mean-field optimal control problem with terminal state constraint.
It has a widely application especially in economics and finance, such as the optimization of recursive
utilities under constraints [22] , and the mean-variance portfolio selection with bankruptcy prohibition
in a complete market model [23]. The difficulty is that the classical theory is generally incapable of
solving this problem as our terminal state constraint is a sample-wise constraint [24]. So we would like
to adopt some recently developed methods called dual method and terminal perturbation method (refer
to [25, 26]). Firstly, we transform the forward and backward stochastic system into a purely backward
stochastic system. Then we derive an equivalent control system on which the terminal state zr is
regarded as the control variable. Meanwhile, the initial condition of the forward equation turns to be
an additional constraint. It is fortunately that this constraint can be tackled by Ekeland’s variational
principle which ensured our transformation feasibly.

Motivated by the above discussion, this paper investigates the stochastic control problem for fully
coupled MFFBSDESs, and gets the results of variational inequality and stochastic maximum principle.
The paper is organized as follows. Section 2 presents some preliminaries used in this paper and formu-
late the optimal control problem. In Section 3, we reformulate the control problem as an equivalent
backward system under some assumptions, then we obtain the variational inequality and the maximum
principle by Ekeland’s variational principle. Section 4 is devoted to the LQ stochastic optimal control

problem with terminal state constraint.

2 Preliminaries and Problem Formulation
2.1 Preliminaries and Basic Notions

Let (Q, F,{Fi}+>0, P) be a complete probability space on which we define two mutually independent
stochastic processes: a d-dimensional standard Brownian motion {W; }+>0 and a m-valued Lévy process
{L:}+>0 with a Lévy measure v(df) such that fR(l/\QQ)u(dG) < oco. Let F}¥ and FF be the P-completed
natural filtration generated by {W;}:>o and {L:}¢>0 respectively. Set F; = F¥ V F& VN, where N
denotes the totality of the P-null set.

The real-valued Lévy process L = {Lt,t > 0} has stationary and independent increments with

Lo = 0. Denote the left limit process by L;— = lim Ls,t > 0 and the jump size at time ¢ by

s—t,s<t
ALy = Ly — Ly—. We suppose that for some ¢ > 0 and A > 0, f(,a Y exp(A|0])v(df) < oco. Let’s
recall a convenient basis for martingale representation provided by the Teugels martingales in Nualart-

Schoutens[15]. We denote the power-jump processes by L,El) = L; and L,Ei) = > (AL, for i >
0<s<t



2. Yt(i) = Lii) — E[Lgi)] is the compensated power jump process of order i. Then the family of
Teugels martingales { H{"}2°, associated with the Lévy process {L;}+>o is defined by H” = ¢; ;¥ +
ci,i_lY;(i*l) + ci,i_th(iﬁ) + .+ ci,lth, where the coefficients ¢; 1, correspond to orthonormalization
of the polynomials 1,z,z?, ... with respect to the measure u(dzr) = z?v(dz) + 020o(dz). Moreover,
{Ht(i)}fil are pairwise strongly orthogonal and their predictable quadratic variation processes satisfy
<H(i>,H(j)>t = 0yjt.

For any given Hilbert space H, we denote by | - | the norm of H and by (-, -) the scalar product of
H. Then we introduce the following spaces:

L*(Q, Fi, H) = {§ :Q — H | ¢ is Fy-measurable, and E|€]* < oo}

S%(0,T; H) := {:r :[0,T] x Q — H | (z¢)o<i<r is Fr-adapted and cadlag processes such that

E( sup |2:]?) < oo}
0<t<T

MZ(0,T; H) := {cp :[0,T] x @ — H | (¢t)o<i<t is Fr-progressively measurable process such that
E [ g:?dt < 0o}
PH):={ {fP}iz1 | {f"}iz1 is H-valued sequences and satisfies Y [|f||% < oo}
i=1

1%(0,T; H) := {{f(i)}izl 200, T] x Q — 1*(H) | {ft(i)}ogth is Fi-predictable processes for each
i>1,and E 7S£ }dt < 00 }.
i=1
Recall the more general It6’s formula about semimartingales. Let X = {X; : ¢ € [0,T]} be a cadlag

semimartingale, and [X] = {[X]: : t € [0,T]} is the quadratic variation, F' is a C* real valued function,

then F(X) is also a semimartingale and the following 1t6’s formula holds

F(Xt)—F(X0)+/t F’(XS_)dXS+;/t F'(Xo)d[X]e+ Y {F(X) - F(Xeo) = F/(Xo-)AX, ),

0<s<t

where [X]° is the continuous part of the quadratic variation [X].
Let us consider the following fully coupled MFFBSDE with Teugels martingales:

dl‘t = B(t, Tt, El‘t, Yt, Eyt, Zt, EZt, Tt)dt + 5‘(t, T, El‘t, Yt Eyt, Zt, .E‘Zt7 ’f’t)th
+ Z g<])(t7 Tt—, E$t77yt77 Eyt77 Zt, EZt7 Tt)dHt(j)a
j=1
dye = —f(t, 20, Bee,yr, Bye, 2, Bze,r4)dt + 2edWi + S v dH,

J=1
zo =a, yr = h(zr, Exr).

where W, is a R? valued Brownian motion and {Ht(j ) }521 is a family of Teugels martingales independent

of Wi; a is a Fp measurable random variable, and

(ol

:Qx [0,T] x R x R™ x R™ x R™ x R™*% x R™** x [*(R™) — R",
:Qx [0,T] x R" x R™ x R™ x R™ x R™*% x R™*% x [>(R™) — R™*,
(Qx[0,T] x R® x R™ x R™ x R™ x R™*?* x R™*% x I*(R™) — I*(R"™),
:Qx[0,T] x R® x R® x R™ x R™ x R™** x R™*% x I*(R™) — R™,
QX R"xR"— R™

Qi

S QI

are J; progressively measurable processes.



Given a m x n full-rank matrix G. Let

Ex -GTf
A=| vy | ,Ex=| Ey |,Alt N EXNT)= Gb (t,\, EX, 7).
z Ez Gao

Throughout this paper, we assume the following;:
(H1) (i) b, &, g, f are uniformly Lipschitz with respect to (A, EX,r) ,
(ii) for each A € R™ x R™ x R™*% and r € I*(R™), A(-, A\, EX,7) is in M?(0,T),
(iii) h(x, Ex) is uniformly Lipschitz with respect to x € R™, and h(z, Ex) is in L*(Q, Fr, P).
Here, we denote M?(0,T) = SZ(0,T; R™) x S%(0,T; R™) x M%(0,T; R™*%) x 1%(0, T;I>(R™)) as
the natural space for solutions of equation (1). Set AX = A— X = (Az, Ay, Az) = (z—2',y—y',2—2")
and Ar = r — 7/, let’s assume the following monotonicity conditions
(H2)(A(t, X, EX,7) — A(t, N, EX ,7'), AX) + i (GgD(t, X, EX,7) — Gg) (¢, X', EX "), ArD))
j=1
< —Bi(IGATPHGEATP)—5a(|GT AyP+|GT EAYP+GT AP +GTEA 2+ Y |GTArD|2),
j=1
(h(z, Ex) — h(2', Ex'), GAz) > u1 (|GAz|> + |GEAz|?), ’
where 81 and B2 are given nonnegative constants with 81 4+ B2 > 0, B2 + u1 > 0. Moreover we have
B1 > 0 (resp., B2 > 0) when m > n (resp., n > m).
Then it can be very useful to indicate the following result for the well-posedness of the state equa-
tion.
Lemma 2.1 (Existence and uniqueness of MFFBSDE driven by Teugels martingales)
Assume that (H1) and (H2) hold, the fully coupled MFFBSDE driven by Teugels martingales (1)
admits a unique adapted solution (z, yt, 2¢,7¢)-
The above lemma can be proved by the technique similar to that of [27]. Besides using It6’s formula
and constructing a contraction mapping, which is the main idea in the derivation, Jensen’s inequality
is also helpful to deal with the mean-field variables in the process. More details about the derivation

can be seen in the appendix.

2.2 Formulation of the Control Problem
The control system is described by the following MFFBSDE:

dzy = B(t,:ﬂt,Ext,yt,Eyt,Zt,EZt,Tt,ut)dt + 5(t,$t,E$t,yt, Eyt,Zt,EZt,’f’t,ut)th

+> g9t 2 Bxe,ye By, 20, Bz, re, ug)dH,
= o 2)
dyt = _f(tv Tt, Ext: Yt, Eyt7 Zt, EZt,Tt,Uz)dt + thWt + Z Ti])dHt(])’
j=1
zo =a, yr = h(zr, Exr),

where

(=l

:Qx [0,T] x R x R™ x R™ x R™ x R™ % x R™*% x I>(R™) x R — R",
:Qx[0,T] x R® x R® x R™ x R™ x R™** x R™*% x [*(R™) x RF — R™¢
(% [0,T] x R™ x R™ x R™ x R™ x R™*% x R™*% x I>(R™) x R* — I*(R"),
:Qx [0,T] x R x R™ x R™ x R™ x R™*% x R™** x [>(R™) x R* — R™.

Ql

QI

~

We define the admissible control set by Usq = {u(-) | u(-) € M?(0,T; R¥)}. Under the assumptions
(H1) and (H2), we know (2) has a unique solution for any admissible controls u(-) € Usq. Our control



problem consists in minimizing the cost function as follows:

T
j(u) :E{/ L(t7xt7E$i7yizEyt7ZtvEZt7Tt7ut)dt+¢($T7ExT)+¢(y0)}‘ (3)
0

where L : Q x [0,7] x R" x R" x R™ x R™ x R™*% x R™** x [>(R™) x R*¥ - R, ¢: R" x R" — R,
¥ R™ — R. We also assume
(H3)(i) b,5, g, f,h and L, ¢, are continuous and continuously differentiable in their arguments,

(ii) The derivatives of b,, g, f and h with respect to their variables are bounded,

(iii) The derivatives of L are bounded by C (1 + |z|+ |Ex| + |y| + |Ey| + |2| + |Ez| + |r| + |u|), and
the derivatives of ¢ and i are bounded by C(1 + |z| + |Ez|) and C(1 + |y|) respectively. Here C > 0
is a constant, which can be different from line to line.

The optimal control problem can be formulated as follows.
Problem A.

Minimize J(u)
st. u€Uug, xr €M, M C R" is convex.

An essential feature is that the above optimal control has a terminal state constraint. Since it is
difficult to deal with the stochastic control with sample-wise state constraints, we tackle it smoothly
by the backward stochastic differential equation(BSDE) theory and terminal perturbation method.

2.3 The equivalent problem in backward formulation
Let us transform the mean-field forward-backward control system into an equivalent backward form,
and get an equivalent control problem. Moreover, the stochastic maximum principle will be derived.

For this, we need the following additional assumption:

a(t, A\, EX 0
(H4) The mapping u; — ot A B,y u) ~ is a bijection for any (¢, A, EX, 7).
0 glt, \, EX; 7, u)
Therefore, if we set pr = (¢, A\, EN\,7,u), q¢ = g(t, A\, EA,7,u) under (H4), then there exists the
g L(t, \, EX 0
inverse function 5!, §~1, such that u; = 77 (A BA ) . . In this way, the
0 g (&N EX )

system (2) can be rewritten as

dxt = —b(t, )\t7 E)\t, Tty Pt, qt)dt + ptth + Z (],Ej)dlft(j)7
i=1

dye = —f(t, M, EXe, o, pe, qi)dt + 2dWo + S r P dHD, 4)
i=1

zo =a, yr = h(zr, Exr),

where b(t7 )‘t7E)‘t3Tt7pt7qt) = _B(t’ >\t7EAt,7't,'U/t), f(t7)‘t3 E)‘t7Tt7pt7qt) = f(t,)\t,E)\t7Tt,Ut)-

Y%7

0
Without loss of generality, < 0 ) could be regarded as the control variable. By the exis-

qt
0

tence and uniqueness theorem of mean-field BSDE, selecting ( ]:)t ) is equivalent to selecting the
qt

terminal state xr. Therefore we obtain an equivalent backward control system as follows:

dxt = —b(t, )\t, E)\t, Tty Pt, qt)dt + ptth + Z qgj)dHt(j),
Jj=1

dys = —f(t, A, EXe, 7o, e, qu)dt + zedWe + ) ridH, )
j=1

rT = 57 yr = h(§7 E£)7



where the control variable is the random variable ¢ € U , U = {¢ | E|¢|* < o0,£ € M, a.5.}.

The equivalent cost function is

T
J(é.) :E{/ L(tht?EmtvytvEytaZtsziaTtyptvqt)dt+¢(xT7E:ET)+¢(y0)}7 (6)
0
where L(t, xt, Bxt,ys, Bys, 20, Eze, 74, pt, qi) = L(t, @4, Ee, ye, Bys, 20, Bz, 7o, ut).
Consequently, the optimal control problem is given rise to the following equivalent optimization
problem.
Problem B.

Minimize J(§)
st. £e€U, a:g =a,

here x5 is the solution of Equation (5) at time 0 under £.

In this way, the terminal state turns into a control variable £, and the initial condition xé =a is
considered as a constraint. That is, it is more feasible since a control constraint is much easier to be
dealt with than a state constraint. Moreover, b, f, L also satisfy the similar conditions in (H3) accord-
ing to their definitions. From now on, we focus on Problem B to describe the maximum principle of

the optimal control.

3 Maximum Principle
3.1 Variational equation

Let £&* € U be an optimal control of Problem B and (zf,y:, 2{,7:,pi,qi) be the state process of
(5) with £*. As U is convex, for each 0 < e < 1, £ € U, we know & = " +e(§ —¢&*) € U. The
corresponding trajectory of (5) with £° is denoted by (z¢f, yi, 2f, 7%, Df, 45 )-

Consider the following mean-field BSDEs called the variational equations:

dXy = — [b X + b3 EX: + b)Yy + by EY: + b Zy + b EZy + by Re + by Py + b3 Q] dt
+PAW: + Y. QY dHD,
j=1
AYy = —[fiXe + [EEXe + 3 Yo + f3EY: + f2 2o+ [EEZo+ [P Re + fy P + [ Qu] dt (7)
+Z:dW; + S RV dHY,

Jj=1

Xr=8-8&, Yr=ha( EE) - (§ &) + ha(€7, EET) - E(E — &),

here b = bu(t, @i, Bai, vi, Byis 21, B2 vt opi, ai)s £i = falt,ai, Baf,yi, Byl 28, B2 vl pi ), which
is a first order partial derivatives to a (a = x, %, v, 7, 2, Z, 7, p, q respectively), Z, g, Z are written for Ex,
Ey, Ez respectively to ease notations.

The above equations (7) are obviously composed of two linear mean-field BSDEs with Teugels
martingales. Under the assumptions, it is easy to check that (7) have the unique adapted solution
(X0, Ya, Zu, Ry, Pr, Q).

Set

z :g_l(l’f _xz) _Xt7 gf :g_l(ytE _y:) _Ky ‘?:tE :6_1(Zf _Z;) _Ztv
= tri—r)—Re, pi=¢'(pi—pi)— P, G = (g —q)— Q.

We have the following convergence results:



Lemma 3.1 Let condition (H1)-(H4) hold, we have

T T
lim sup Eli§[?=0, limE [ |3]°dt=0, lim E/ |75 |1dt = 0,
e—0 0

e—0 0<t<T

e—0 0
T T
lim sup E[§i[>=0, lim E/ |p5)%dt =0,  lim E/ llg112dt = o.
e—0 0<t<T e—0 0 e—0 0

Proof. It is easy to check that

di‘i:_{E_l[b(t7A§7E)‘§7T§7p§7qf)_b(t’Az7EA:7TZ7p:,qz)] b*Xt b*EXt_b?ijt
CVEEY — b2 — EZ, — bR — by Py — biQu bt + prdWe + 3 49 dHD,

Jj=1
= —{ba(t)&F + bz (t) EES + by ()35 + byt )EAS + b (t)2f + bz(t)EZf + br ()75
b, (055 + by (D) + AT Yt + FraWs + Y- g B,
j=1

d@f:*{f EAt7rtsvp1€E7qiE)7f(t7A:aEA:7rr7p:7q:)] f;Xt f;EXtif;K
—ngY; 70~ [LBZi— [Ro— [P~ [;Qu}dt+ 5aW, + 3 i dHD),

j=1

= —{fo()F + fs()EE; + f, ()95 + fi(t )Ez)t + f(0)2 + f2() EZ + fr(t)7
+fzo(t)pt + fq(t)‘h + B }dt+ Z{dWy + Z P Ht<j)7

j=1

(9)

=0,
97 =M%, BET) — W€, BE)] — ha (€7, BE) - (€ — €) — ha(€", BE™) - E(6 - €7),

>
B
—

o~
N2

Il

/1 ba (t, A(a,t), EA(a,t), B(a,t), EB(a,t), C(a, t), EC(a,t), D(a, t), F(a,t), G(a, t))da

fa(t):/ fa(t, A(a,t), EA(a, t), B(a,t), EB(a, t),C (o t), EC(a, t), D(a,t), F(a,t), G(a, t))da
a=ux,%,9,9,2,2,T, P, q, respectively,
Ala,t) = 27 + ae(Xe +27), B(ot) =yi +ae(Yo+9:), Cla,t) = zf + ae(Z + 25),
D(avt):T:+a5(Rt+ff)7 F(avt) :p:“i’aE(Pt +ﬁ§)7 G(avt):qz+a€(Qt+(th)v
and
Ap = [ba(t) — b2]Xe + [b2(1) — 0Z]EXe + [by(t) — by]Y: + [by(t) — b3]EY: + [b=(t) — bZ] Z:
+[bz(t) — VE]EZ: + [br(t) — 7] Re + [bp(t) — bp] P + [be(t) — b5]Qt,
Bi = [fa(t) — f2]Xe + [fa(t) — [ZIEXe + [fy (1) — fulYe + [f5(t) — [F1EY: + [f-(1) — fZ]Z:
() = FZIEZe + [fr(t) — fEIRe + [fo() — fp]Pe + [fa(t) — £5]Q¢.

With the fact that [H®, H9)], — (H® HU)), is a Fi-martingale, we apply It6's formula to |5 |24 |95,
then

T T
Ela” + Blgi]? + / (5P + 22)ds + B / (71 + 116212 ds
t T t T
< Blgsl? + cB / (52 + 195 ds + 1 / (622 + |25 ds
t t

T T
fe B / (71 + 165 ]12)ds + o2 / (14 + B2 ds,
t t



where ¢; < 1 and € > 0 is sufficient small. In the light of Gronwall’s inequality, it follows that

T T
wamF+swsz+E/(WF+wma+E/(WNHW@ﬂﬁ
0<t<T 0<t<T 0 0 (10)
T
sammf+aE/'@ﬁF+mﬂﬂm

0

T
It is easy to check that lim E | 45 |*= 0. Moreover, we can get lim E/ (|A‘,§|2 + \Bf|2)dt = 0 from
e—0 e—0
0

the Lebesgue’s dominated convergence theorem. Then, let ¢ — 0 in (10), the desired results (8) are

obtained.

3.2 Variational inequality
Now let’s recall the following Ekeland’s variational principle to deal with the initial state constraint
5 =a
5 =a.
Lemma 3.2 (Ekeland’s variational principle) Let (V,d(-,-)) be a complete metric space and
F(-): V — R be a proper lower semi-continuous function bounded from below. Suppose that for every

€ > 0, there exists u € V such that F(u) < vuel‘f/ F(v) + ¢, then there exists u. € V such that

(i) F(u.) < Fu),

(i) d(u, u2) < VE,

(iii) F(v) + vEd(v,ue) > F(ue),Yv € V.

The metric in U is defined by d(&1,&2) = (El& — §2|2)% for &1,& € U. Obviously, (U,d(-,-)) is a
complete metric space.

We firstly consider the case where L(t,\, EA,7,p,q) = 0 in the cost function (6). For the given
optimal control £* € U, we give a penalty function F(-) : U — R by

=

P(§) = {Ia§ — ol + maa® (0,6(6, ) — 6(€", BE) + () — w(u3) +6) } (11)

where § > 0 is an arbitrary constant. It is easy to check that F(-) is a continuous function of £ defined
on U. From the Ekeland’s variational principle, we have the following variational inequality.

Theorem 3.1  Under the assumptions (H1)-(H4), let £&* be an optimal control to Problem B.
Then for any £ € U, there exists ho > 0 and h1 € R™ with ho + |h1| # 0, the following variational
inequality holds

(h1, Xo) + ho(da(§", EE™) + ¢3(£7, EET), € — €7) + ho(thy(y5), Yo) > 0. (12)
Proof.  From the penalty function F(-), we have the following properties:

F() =14 F() >0, ¢£eU; F(§*)§gglf]F(§)+5~
According to Lemma 3.2, there exists £° € U satisfying
(i) F(E) < F(€),
(i) (€%, €7) < V5,
(iif) F(§) +V0d(¢,€°) > F(&°), Ve e U.
Since U is convex, for any & € U and 0 < p < 1, it is obviously that £ = £° +p(§—§6) € U. Denote
(@, yP, 20,0 pf,qf) and (a2, 9, 28,79,p,¢)) to be the solution of (5) with & = £°, & respectively.



In the same manner, let (X0 Y2, Z3 R P? Q?) be the solution of variation equation (7) when &£ is
substituted by £°. Therefore, we have

F(&P) = F(£%) > —Vbd(¢", €). (13)
By using Lemma 3.1, it follows that

lim E sup |p~'(af —2f) — X/ =0, lmE sup [p~'(yf — i) - Y[> =0,

p—0  o<t<T p—=0  o<t<T
limE/ lp~ ' (2f — 20) — Z|Pdt = 0, hmE/ lp~t(p? —pd) — PP|2dt =0, (14)
p—0

hmE/ 1o (8 — r8) — RE|Pde = 0, lgE/ o™ —ad) — Q1P dt =0,
0

Thus
wf —x) = pX{ +o(p), Yyl —ul=pY +op), = —2z=pZ+o(p),
Pl —pt = pP +o(p), rf—ri=pRi+olp), af —al =pQi+olp),
Consequently, let us define the following expansions:

|26 — al® — |27 — al® = 2p(a — a, X§) + o(p),
(67, E€P) — ¢(&", BE) +9(y6) — v (y5) + 0 — |6(€°, BE®) — ¢(€7, BE™) + ¥(yo) — v (y5) + 0]
=2p[0(&°, EE®) — $(€7, EE) + 9 (y0) — v(ys) + ]
[(@:(€2, EE%) + ¢3(€°, EE), € = €°) + (vy (40), Y5) ]| + o(p). "
15
For the given § > 0, we need to consider the penalty function in the following two cases.
Case 1. There exists po > 0, such that for all 0 < p < pg, it holds that

P(&°, EE”) — ¢(€7, EE") +(yh) — ¢(yo) + 0 = 0.

Therefore,
i FEV-FE) _ 0 1 P - P
p—0 p 0 F(&r) + F(&°) p
= gy (7 — o X8+ [0(€”, BE) — 6(€ BE) 400 — (wi) +0]-
[(82(6°, BE%) + 63 (€%, BE), € — £ + (), Y] }-
Set
hy = ( 5y [9(6° BE") = 6(67, BET) + w(u3) — ¥ (ud) + 9]
hS = ) [xg fa].

From (13), we obtain

(3, X8) + 1 [(60(€0, BE) + 02(€7, BE), € — €0) + (). Y9)] > —V3[Ele — €)%, (16)
Case 2. There exists a positive sequence {p,} satisfying p, — 0 such that
P&, BE™™) — ¢(€7, BEY) + ¥(yp™) —(yo) +6 < 0.

By the definition of the penalty function F(-), we know that F'(£") = {|zf™ — a|2}%‘ As F(-) is
continuous, we have F(£°) = {|z§ — a|? }2 where zf" — x§ (n — o0). Then

i FE ZFE) 1 FR(gm) — F(€%) _ (xh —a, X3)
p—0 Pn p—0 F(€Pn) + F (&%) P F)
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1

Set h =0, hS = FE)

[xg — a], it follows from (13) that
1
(h}, X$) = —V3[Ble - £°1°] . (17)

Above all, we have h$ > 0, |R3|? + |h3|? = 1 and the inequality (16) holds.

From the above, there exists a subsequence of (hg, h‘f) which will converge to a limit denoted by
(ho, h1). Since d(£°,£*) < /8, then we have €% — ¢* in U as § — 0. Therefore, from the regularity of
the solutions of mean-field BSDEs, we have X° — X*, Y® — Y* as § — 0. Let § — 0 in (16), we get
the variational inequality (12).

Next, we consider the case where L(t, A\, EA,7,p,q) # 0. By using the similar analysis, the varia-
tional inequality can be derived as follows:

Theorem 3.2  Under the assumptions (H1)-(H4), let £&* be an optimal control to Problem B.
Then for any £ € U, there exists ho > 0 and h1 € R™ with ho + |h1| # 0, the following variational
inequality holds

<h17 X0> + h0<¢z(£*7 Eg*) + ¢i(§*7 Eé.*)7£ - £*> + h0<¢y(y3)7 YE)>
T
+hoE/ [(L:, Xu) + (L3, EXy) + (L}, Vi) + (L3, EY2) (18)
0
+(LZ, Z) + (L3, EZy) 4 (L7, Re) + (Ly, Pr) + (LZ,QQ]dt >0,
here LZ = Lu‘(t’ "L';k’ Ex;f’ y;? Ey?? 2:7 EZ:7T:’p:’ q:)? a = x? j? y7 g? Z? 2’ T7p7 q’ respeCtively'
3.3 Maximum principle

To derive the maximum principle, we first introduce the Hamiltonian function #(-) associated with

the mean-field stochastic control system as follows:
H(t, A, EXr,p,g,m,n) = (m,b(t, X\, EX,7,p,q)) + (n, f(t,\, EX,7,p,q)) + hoL(t, X\, EX, 7, D, q),
here (my,n:) is the solution of the following adjoint equations:
dm; = [byme + E(b3me) + fone + E(fini) + hoLj + hoL3 | dt
+[bpmue + fyme + hoLy | dW; + il (b2 yme + frgyme + hOL;(j)]dHt(j)7
j=

dny = [bymi + E(byme) + fyne + B(f3m0) + hoLy + hoLy) dt
+ [bzmt + E(bimy) + fine + E(fing) + hoLl; + hOL;]th

+ 3 [Brgyme + Frome + hOL:(J‘)]dHt(j)’
j=1

(19)

mo = h1, no = hotoy(y5)-

Note that the adjoint equations turns out to be two linear mean-field SDEs. From (H3), we know there
admits a unique solution (mg,n:) of the above equation. Associated with the Hamiltonian function

H(-), the adjoint equations (19) can also be rewritten as the following stochastic Hamiltonian system’s
type
dmy = [Hy + E(H3)]dt + HydWe + Zl My dH,
j=

dne = [H + E(H3)|dt + [H + B(HD)]dW, + 3 MY,y dHY, (20)
j=1

mo = hi, no = hoty(¥0),



11

here H; = Ha(t,zi, Exi,yi, Eyi, zi, Ezf,ri,pi,qi ), which is a first order partial derivatives to a,
a=u,%,9,9, 2, 2,7, P, q respectively.
Next, by using a technique similar to that of refs. [12, 13], we can easily get the following
Theorem 3.3  Suppose that (H1)-(H4) hold, let £* be an optimal control to Problem B. Then
for any £ € U, there exists ho > 0 and h1 € R™ with ho + |h1] # 0, the following maximum principle
holds true,

(mr + he (€7, BE )nT + ha(§", EE )nt + hoda (€7, EE) + hodz (€7, EE), € —€7) >0, as.  (21)
Proof. By applying Itd’s formula to (X, m¢) + (Y2, ne), we can write

B(E = € ma) = (Xo,hn) + B{lhel€" BE) - (€ =€)+ hal€”, EE) - Bl = €).mr) = (Yo, hows (4))
= [ {(XeHe + BOL) + (i BOG) + (20 M+ B + (05, P) + (4. Q) + (47, R
Y X, + bLEX, 4 bYi + b EY: + b2y + bEEZy + bRy + b P+ b2 Qe )
X+ JEEX [ [ BY: 4 220+ (B2 [ R+ [P [ Qe

Combing with the variational inequality (18), it can be obtained that

+ho(p= (£, BE™) + ¢z (67, EE™), £ —£7)
= <X07h1>T+ (Yo, hothy (43)) + ho(¢=(£, EE™) + ¢z (€", EE™), £ — £7)
+h0E/ (L3, Xu) + (L3, EXe) + (L}, Vi) + (L3, EY2) + (L, Zi) + (L3, EZy)
0

+(Ly, Re) + (Ly, Pr) + (Lyg, Qt>]dt > 0.

The proof is complete.

4 Application: Stochastic LQ control problems with terminal state
constraints

In this section, we apply the results to investigate the linear quadratic control problem with terminal
state constraints. Consider the following mean-field type linear quadratic control system driven by
Teugels martingales:

dz: = (a12t + a2 Bz + asy: + aa Eye + asue)dt + (bize + baExy + b3ys + baEye + bsug)dWy
+3 CjUtht(j),
j=1

dye = —(free + f2Bxe + faye + faBye + fsze + foBz + frun)dt + z2dWe + S vl dH?,

j=1

(22)

To =a, yr = g1zt + g2ExT,

the object of our control problem is to minimize the cost function:

1
J() = §E[/€19€2T + kayg],

subject to u(-) € MZ(O,T; R). a;,bi, fi,g; and ¢; are finite real numbers with bs # 0. k1 and k2 are
positive constants.
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Let biz¢ + b2 Exy + b3y: + baEys 4 bsur = pe, cjus = q,gj), then the system is transformed into:

dzs = [(al — ”Z—é’l)xt + (a2 — “Z—?)Emt + (a
+pdWe+ 3 ¢ dH,,
j=1

dys = — [(fl - M)"Et + (f2 — f7b2 )Em +(fs — f7b3 Yy + (fa— %)Eyt + fszt (23)
+foBz + Zp.|dt + ztth + Z rdH,
j=1

222 )y, + (a 224) By, + $2pe] dt

zr =&, yr = g1+ g2 EE.

The equivalent cost functional is:
L 1 2 2
Minimize J(-) = iE[klﬁ + kayp],

s.t. ¢eRT, xg =a.

we can get the following mean-field adjoint equations:

dme = [(42 Jmy + (4522 VEm, + (fr — 20, + (f2 — 122) Eny ] dt
+[ = gmm + f7m}th,
dny = [(%% — as)me + (% YEmy + (fs = {222 )n, + ( 14) B, ] dt (24)

+ [ fome + fﬁEnt]th
mo = hl, ng = hokgyg,

where yg is the solution of (22) associated with £*. Then, according to the maximum principle in
Theorem 3.3, if £* is optimal control, we conclude that there exist ho,h1 € R with ho > 0 and
ho + |h1| # 0 such that, for any £ > 0,

(mT + ginr + ggETLT + hoklf*,f — f*> > 0, a.S. (25)

Denote Qo := {w € Q | £"(w) = 0}. From the arbitrariness of £ in (24), we get the adjoint process
(m.,n.) satisfies

mr + gint + geEnr >0, a.s. on Qo,

and on QS , mz + ginr + g2Ent + hok1£* =0, a.s.. Tt follows that if ho > 0 , we have
& = —hg 'k [mr + ginr + g2 Ent),

Appendix. Proof of Lemma 2.1
We give the existence proof in case of m > n as follows.

Consider the following family of mean-field FBSDEs parametrized by a € [0, 1]:

dag = [ab(t, A&, EA, 1) + ¢i]dt + [aa (t, AY, EAY, 78 4 1| dW,

+ 3 ag? (6, A BAT i) + £01dH ),
i=1 ) o , (26)
—dyf = [(1— )1 Gaf + af (A7, EXY,1§) + muldt — z8d W, — 3 v dH,
j=1
x5 =a, yr =ah(zT, ExT)+ (1 — a)GxT + 7,

where ¢, 4, ¢ and 7 are processes in M?(0,T), and v € L*(Q, Fr, P). We can easily check that the

above equation has a unique solution when o = 0. Moreover, when o = 1, the existence of solutions



13

for equation (26) implies that of MFFBSDE (1).

Next, we introduce a continuous dependence lemma to give a priori estimate for the ”existence
interval” of (26) with respect to o € [0, 1].

Lemma A  Suppose that (H2.1) and (H2.2) hold and m > n. If for some agp € [0,1) there
exists a solution (0, y™°, 20 r*) of (26), then there exists a positive constant do , such that for each
§ €10,80] , there exists a solution (x0T y@0td »e0+d peotdy of MIFFBSDE (26) for a = ag + J.
Proof.  Since for each ¢,v,&,n € M?(0,T), a € [0,1), there exists a unique solution of (26). Let us
define for each quarter (¢, y:, 2, ) € M2(0,T; R"T™T™>x4) » 12(0,T; R™), the following MFFBSDE:

dX; = [ob(t, Ae, EAg, Ry) 4 6b(t, A, B, mt) + ¢¢]dt
+[O¢05’(t, At, EAt, Rt) + 65’(t, )\t7 E)\t, Tt) + ’l/)t]th

+ Z [Ofog(j)(t, Aiy EAt: Rt) + 5§(J>(t7 At? E)‘t7 Tf) + £§J>]dHt(])7

j=1
—dY; = [(1 . Oéo)ﬂlGXt + Otof(t, At, EAt, Rt) + 5( — ﬂlGJSt =+ f(t, At, E/\t,rt))
+ne)dt — ZedW, — S RV dHY,
=1

Xo=a, Yr=aoh(Xr,EXr)+ (1 —a0)GX1T + 5(}1(1’1‘, Exr) — Gl‘T) + 7,
where Ay = (X¢,Y:, Zi). We are going to prove that the mapping defined by
Ia0+6(/\t77“t733T) = (AtaRtaXT)

is a contraction.
We set AA = (AX,AY,AZ)=(X-X'Y-Y',Z—-2Z7"), AR= R— R'. Applying It6’s formula to
(GAX:, AYy), it yields

aoE(AR(XT, EXT), GAXT) + (1 — ap) E|GAX7|? + SE(Ah(xr, Bxr) — GAzT, GAXT)
= E [ (a0AA(t, A, EAy, Ry), AN )dE — (1 — ao) 1 E [ (GAX., GAX,)dt

+E [ ao(AgY (8, A, EAr, Re), GTARY)dt + 8E [ {(GAb, AY:)
j=1

—(GAXy, ~1GAz, + Afy) + (Aoy, GTAZY + 3 (Mg, GTARY) }dt
j=1

< EfOT { = BIGAX ] — aoB1|GEAX|* — aoBa(|GTAY|* + |GTEAY:” + |GTAZ
HGTEAZ + 3 |GTARY [P}t + 6F [} {(GAby, AY) — (GAXy, —f1GAz, + Afe)
j=1

Ao, GTAZ) + Y (Mg, GTARY) L dt.
Jj=1
where Ah(Xr, EXT) = h(X7, EXT) — h(X}, EXT),
AA(t7 Atv EAt? Rt) = A(t7 Atv EAt? Rt) - A(t7A;7 EA;.7 R;)v
AgD(t, Ay, EAy, Re) = g9 (t, A, EAe, Ry) — g9 (¢, A}, EAL, RY),
Abt = Z_)(tv)\tvE)‘hTt) - E(tv >\ng>\£77“1/$)7 Aft = f(t7 )‘tvE>\i7Tt) - f(ta )‘;tvE)\gvT{S)v
Ao-t = 5(t7 AﬁE)‘t?Tt) - 6(t7 )‘27E)\;7r1l5)7 Agt(J> = g(J)(t7 )‘iaEAtart) - g(])(t7 Ai,E/\;,T‘I).
By the assumptions (H1), (H2), we use the Jensen’s inequality and the fact that Ez* > (Ex)?, then
(aop+ (1 — a0)) E|GAX > + B1E [ |GAX,|dt
< 6CE fOT(|A)\t|2 + [Are|? + [AMJ? + |AR[?)dt + 6C (E|GAXr|* + E|GAzr|?).
By applying the usual technique to the BSDE part, we can obtain
E [T(IAN? + |AR?)dt < 6C (B [i (|ANJ? +|Ari|?)dt + E|GAzr|?)
+C(E [, |GAX|*)dt + E|GAX1[?).
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Combing the above estimates, it follows that
T T
E/ (|AA)? + |AR:|*)dt + E|AX7|> < 6C” (E/ (IANJ? + |Are[*)dt + E|Azp|?).
0 0

Here the constant C’ depends on the Lipschitz constants G, 81,82 and T. If we take o = 5%, then

207>
for each ¢ € [0, do], we have

T T
1
E/ (|AA? + |AR:)dt + E|AX7|* < 5(E/ (IANJ? + |Are*)dt + E|Azr[?).
0 0

ag+6 , ap+d _ag+d ao+5)
7 b 7

It follows that In,+s is a contraction. Hence I 5 has a unique fixed point (z z r

Yy
which is the unique solution of mean-field FBSDE. Similarly, the case for m < n can be proved by the

same technique. Then the proof of Lemmaz2.1 is complete.
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