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Abstract

HIV is a serious disease that threatens and affects capital stock, population
composition and economic growth. This research paper aims to study the
mathematical modeling and disease dynamics of HIV/AIDS with memory
effect. We propose two fractional models in the Caputo sense for HIV/AIDS
with and without migration. First, we prove the existence and positivity
of both models and calculate the basic reproduction number Ry using the
next generation method. Then, we study the local and global stability of
the obtained equilibria. In addition, numerical simulations are provided for
different values of the fractional order p using the Adams-Bashforth-Moulton
fractional scheme, to verify the theoretical results. Moreover, a sensitivity
analysis of the parameters for the model with migration is carried out.
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1. Introduction

AIDS is a disease brought on by the human immunodeficiency virus (HIV)
that results in a continuous deterioration of the immune system [19, 20]. It
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is extremely harmful. Once infected with HIV, the immune system become
impaired, resulting in various diseases such as opportunistic infections and
eventually leading to death.

In 1981, five young homosexual men in California who had been diagnosed
with Pneumocystis carinii pneumonia were found to have the first cases of
human immunodeficiency virus [10]. Since then, there has been a steady
rise in cases throughout the world, which has had a significant impact on
global public health. According to the World Health Organization (WHO),
approximately 20 million people have already lost their lives due to acquired
immunodeficiency syndrome(AIDS), and an estimated 38.4 million people
are living with the virus through 2021; 25.6 million of them are in Africa.
The virus kills CD4+ T cells, causing a loss of cell-mediated immunity and
leaving the immune system vulnerable to cancer and other infectious dis-
eases.AIDS is not always present in people with HIV. It can take many years
for the virus to cause a major infection in the body. With the development of
HIV/AIDS, many mathematicians have established a large number of math-
ematical models to assess potential effects and explanations for the spread
of HIV/AIDS and to find out how these models can be used to prevent or
reduce this disease ([1, 4, 14, 18, 21, 25, 28, 31]).

We refer to some research on the evolution of the HIV/AIDS pandemic
and ways to prevent it. In [12], the authors have illustrated the influence of
treatment on the progression of the HIV epidemic by including a compart-
ment of the population on treatment in the epidemiological model. Y.-H.
Hsieh and S.-P. Sheu [11] have proposed a mathematical model for the spread
of HIV and AIDS through heterosexual relationships, with community-based
systems for testing and enrollment in care. The authors in [13] develop a
mathematical model to analyze the impact of awareness-raising and educa-
tional efforts on the spread of HIV epidemic. There are many reasons for
the spread of HIV in the world, one of them is migration. We review some
articles that deal with the issue of migration and its effects on the spread of
HIV [7, 9, 32].

Most of the mathematical models used to explain the transmission of
epidemics are differential equations (systems), which contain derivatives of
functions with respect to time. Recently, the fractional derivative has been
widely used in mathematical epidemiology|5, 15, 22, 30]. The memory effect
is the primary characteristic of the fractional order derivative as opposed to
the classical (integer order) derivative, which is a local operator, see [17, 29].
Furthermore, the extendement of the stability region of mathematical sys-



tems is considered an added benefit of the non-integer derivative. Saeedian
et al.[24] constructed a SIR model to show the effects of memory on the
evolution of the epidemic. Moreover, there are many definitions for the
fractional derivative, including those from Riemann-Liouville, Hadamard,
Caputo, Grnwald-Letnikov, Weyl, and Hifler. The characteristic that the
derivative of a constant is zero is not satisfied by the majority of definitions
of fractional derivatives, in contrast to Caputo’s fractional derivative.

Inspired by this work [3], which established a mathematical model with
population migration, and obtained that migration plays an essential role
in the prevalence of AIDS. We have proposed two mathematical models of
HIV/AIDS that identify , and describe HIV transmission using the fractional
derivative in the sense of Caputo, motivated by existing work and the benefits
of fractional derivative equations.

This work is organized as follows: in section 2, we will start with some
preliminaries on fractional derivatives in the Caputo sense. Sections 3 and
4 provide the basic properties of the fractional model without migration
and with migration . Then, the numerical simulation of the two proposed
fractional models using the Adams-Bashforth-Moulton fractional technique
is obtained in section 5. We conclude this article with a sensitivity analysis
of the model parameters without migration.

2. Preliminaries

In this section, we will present some basic definitions and notations related
to the Caputo fractional derivative that we will use in this paper (see for
example [27, 23]).

Definition 2.1. [23]. The Riemann-Liouville fractional integral of order
p >0 of a function f : Rt — R is given by

) = ﬁ /0 (t— 2~ f(2)de,

where T'(p) = / t*~te~tdt is the Buler Gamma function.
0

Definition 2.2. [23]. Let p > 0,n = [p]+ 1,n — 1 < p < n, where [p)
denotes the integer part of p. The Caputo fractional derivative of order p for



a function f € C"([0,400),R) is defined by

CDRf(t) = 1D (1) = ]’pyéu I 46 s

when 0 < p < 1 we find

1 tfs)
c 1—
DPf(t)y=1""Df(t) = / ds, t>0
CL=p) Jy (=)
In this article, we propose two models of HIV /AIDS-infected population.
The first is the model withoud migration and the second model with migra-
tion.

3. Fractional Model of HIV/AIDS whithout migration

In this model, we divide the hosts population into three compartiments,
namely Susceptible (5), the infected (I) by HIV, and (A) the infected by
AIDS. Where susceptible individuals can be infected at a rate of al where
« is HIV transmission rate for susceptible individuals. Individuals infected
with HIV develop AIDS at a v rate.

Finally, p is the natural mortality rate, A is the recruitment birth rate,
01 and dy are the HIV-related mortality rate and the AIDS-related mortality
rate respectively. The flow diagram of HIV transmission without migration
is shown in Figure 1.

AS alS )/I\ Y (A

fh o+ 0 [+ 01

Figure 1: Schematic diagram of HIV transmission.



Based on the above assumptions, we obtain the classical formula for this

model as follows:

Fractional Model

(dS

dl

o =alS—(n+o+)] (1)
dA

(it ay)A

7 =7 (1 + d2)

Now by changing the classical derivative in model 1 to the fractional
derivative in the sense of Caputo, we get the following system of fractional

ODEs:

(CDPS = A —alS — puS

YD =alS — (u+ 6 +)I (2)

“ DA =~T — (u+62)A

With non-negative initial conditions S(0) = Sy > 0,1(0) = I, > 0, A(0) =
Ay > 0 and the operator “D is the Caputo fractional derivatives of order

p € (0,1].

3.1.

Positivity and boundedness of solution

Lemma 3.1. (Generalized Mean Value Theorem [26] ). Suppose that
f €Cla,b), and DL f(t) € C(a,b], 0 < p < 1. Then,

Where 0 < £ < t,Vt € (a,b.

Corollary 3.1. [26] Suppose that f € Cla,b], and DJf(t) € C(a,b], 0 <

p < 1. Then,

1. If “DPf(t) >0, Vt € (a,b], then DL f(t) is non-decreasing.

2. If “D{f(t) <0,Vt € (a,b], then DY f(t) is non-increasing.
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Theorem 3.1. The region O, = {(S,I,A) e R";S>0,1>0,4A>0} is
positivity invariant set for the system (2).

Proof. From Theorem 3.1 and the remark 3.2 in [16] the solution of system
(2) is exist and unique. Now we prove the positivity of the solution, since

“DPS\s—0 = A >0,
“DPI\;—o =0,
CDfA\A:O =~1 >0,

By using the Corollary (3.1), we get that is, the solution will stay in Ri and
hence,

O, ={(S,I,A) e R";S >0, >0,A >0} is positivity invariant set for
the system (2). O

Next we establish the boundedness of solution by the following theorem.

Theorem 3.2. The region © = {(S,I,A) e R"; S >0,1>0,A>0,
A

0 < N(t) < —, where N(t) = S(t) + I(t) + A(t) } is positivity invariant set
i

for the system (2).

Proof. Summing all the equations of system (2), we have
UDIN(t) = A — uN(t) — 611(t) — 6,A(t), (3)
In the absence of disease the equation (3) becames
CDEN(t) < A — N (D) (4)
Solving the equation (4), we get
N(t) < Epa(=pt?)N(0) + AP Ep pia (—pt”),

A A
< [Ep1(—pt?) + pt? Ep pa (—pt?)] = o

Then, the feasible region © is positivity invariant. this imply the bounded-
ness of solution . O



3.2. Equilibrium and basic reproduction number
To calculate the equilibrium of model (2) we solve :

“DPS() = “DII(t) = “DIA(t) =0,
Then, we obtain the disease free equilibrium DFE which is given by
50 = (S()u -[07 AO)? (5>

A
Where Sg = —, Iy = 0, Ag = 0. The basic reproduction number R obtained
by the next generation which is given as follows :

1. There are two infected states: A, I, and one non infected state: S.

A
2. Equilibrium without infection is S = —, I = A = 0. Linearized system

around the equilibrium point associated with the infected states,
YD/ =alS — (u+ 6 +7)1, “DYA =1 — (u+6y)A,

The transmission and transition matrices are given by

(57 0) = (MY Ll ).

Finally the basic reproduction number for the STA model is given by

_ Sy al
Ra=o0(=T2"1) = = . 6
o=l ) (n+01+7)  plp+0+7) )
Theorem 3.3. If Ry > 1, then there exists a unique endemic equlibrium

& = (8", I, A") of system (2).

Proof. To find the endemic equlibrium, we solve the system
“DLS(t) = “DlI(t) = “DYA(t) = 0,

The model (2) has a unique endemic equilibrium denoted by & = (S*, I*, A*)
With,

a alp+d+7v) p+ Oy
As we have R > 1, then I" > 0, which implies S* > 0,and A* > 0. H



3.8. Stability analysis
Theorem 3.4. If Ry < 1, then the disease free equilibrium &y of system (2)
is locally asymptotically stable. If Rg > 1, then & is unstable.

Proof. The Jacobian matrix of system (2) at & is

—u —« 0
J(&)=| 0 aSo—(u+d+7) 0
0 v —(p+ d2)

By some calculations, we obtain the characteristic roots are:
A
AL =~ Ao = —(p+ 62), Asza;—(/H-fSH—V)-

Evident, A\; < Oand Ay < 0. If Ry < 1, then A3 < 0. Thus, we have

Jarg (A)] > £

rium. O

(¢ = 1,2, 3). Hence the stability local of disease-free equilib-

Theorem 3.5. If Ry > 1 then the endemic equilibrium &, of system (2) is
locally asymptotically stable. If Ry < 1, then & is unstable.

Proof. The Jacobian matrix of system (2) at & is

—al* —p —aS* 0
j(81>: al” OJS*—(M+51+’}/) 0
0 ¥ —(p =+ d2)
We replace I* and S* by their values we obtain
_,LLR(] —(,U/—i‘(sl—i")/) 0
J(&)=[n(Ro—1) 0 0
0 0 —(p+ 92)

To determine the eigenvalues, we solve the equation

—uRo—A —(p+d+7) 0
det(j(gl) — )\Ig) =det 1% (RO — 1) —A 0 s
0 gl —(u+062) = A

= (1 + 02+ A)((tRo + M)A+ (1 + 61+ 7)p (Ro — 1)),
= (1 + 0o+ NN+ pRoA + (1 + 61+ 7)p (Ro — 1)).



We pose A = (1 Ro)? — 4u(p + 61 +7)(Ro — 1).
We can see if A > 0, we find

(1 Ro) — VA Ny — —(1Ro) + VA

A\ = —
! 2 ’ 9

)\3 = —(/L + 52)

If Rp > 1, then \; < 0, A2 < Oand A3 < 0. Thus all eigenvalues have
negative real parts. Hence the endemic equlibrium of system (2) is locally
asymptotically stable for all o € (0, 1]. O

Theorem 3.6. The disease-free equilibrium &y, of the fractional model (2)
s globally asymptotically stable when Ry < 1.

Proof. Consider the Lyapunov function £y(S, I, A) defined as follows:

Colt) = 2 (S(t) — 5+ 1)) + 2EF 0 F T

5 - (1).

Using Lemma 1 in [2], we can calculate the derivative of £y along the solution
of model (2), we have got that

CDILY(t) < (S(t) — S+ 1(t)) (CDES(t) +€ DLI(1)) + w CDeI(Y),
(S(t) = So + 1(t)[—p(S(t) = So) — (p+ 61 +)1(t)]

4 2T (0 (5(0) — o)1) — 1+ 61+ — ) 1]
= (S() ~ S0~ (un+ 6+ )P0 + LT (R 1) 1(r),
If Ry <1, then we get
DLy = —p(S(t) — So)* — (u+ 61+ )% + 2oty (Ry —1) < 0.

The globally asymptotic stability of the disease-free equilibrium is demon-
strated by the Lyapunov stability theorem|[34].
O

Theorem 3.7. The endemic equilibrium &, of the fractional model (2) is
globally asymptotically stable when Ry > 1.



Proof. We define the Lyapunov function as follows:

2%+ 4 I
L) :%(S—S*H_I*)uw (1—1*_1*1HF>

N (+ 61+ ) (1 + 92)
72 Ro

Using Lemma 1 in [2], and Lemma 3.1 in [33] , we find

(A— A",

2%+ 6 I
ODILy < (S-S +1—T)(°DYS+ °DeT) + W (1 - 7) Cper

(1 + 01 +7) (1 + 62)
72 Ro
=(S=S"+I—-I)VA—pnS—(n+0+7)I]
4 W (1-?) (ST — (pu+ 61 + 7)1
(“+51;2<“+52> (A—A%) [y 1 — (u+62) A,
—(S =S 4 T =TS + (461 +7) =S — (u+ 61 +)1]
(1o + 01+ 7) (1 + 02)

+ 2 x (A—A*)°DeA,

+ 2 x

+2x 2R (A=A [yT =y T+ (p+ 0) A" — (u + y) A]
0
2
(6%
" + 01 + + 0)° \
S—M(S—S*)Q—(M+51+V)(I—I)2—2><(’u 1727%(0“ 2) (A— A"
(481 +7)(n+ d2)
+ 2 X A—AN(] = T*
R A-A =)
+ 01 + + 05)°
U (S =SV = () (I =T — 2 x 1727%2“ 2" (4 - Ay
(1 + 01 + ) (p + 62)? o, HA0+y >
A-AY+————((I-T
T R, ( )"+ e ( )2,
1 (1481 +7) (e + 62)?
< — S—S*Q_ ) 1— — [_1*2_
<—p )" = (1 + 61 +7)( Ro)( ) TR
Since Rg > 1, then
“Drey < 0.
Therefore, &; is globally asymptotically stable . n

10
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4. Fractional model of HIV/AIDS whith migration

The HIV/AIDS model is extended in this part to account for the impact
of migration, as shown in the following figure 2.

oM

alS

A/SN

M\

%

m

qM
B " A
I '\A

m +01 m| \u+0,

Figure 2: HIV/AIDS transmission pattern with migration

We use the same parameters as the previous model and add others:

e M represents the immigration of people into the host country.

o rate of migrants engaged in S.
p rate of migrants enrolled in /.
q rate of migrants enrolled in A.

m migration rate at which the population leaves.

We assumed that a proportion of o, p, and ¢ were recruited from the S(t),
I(t), and A(t) populations, respectively. In addition, We assumed that im-
migrants in populations S(t), I(t), and A(t) left the host country at a rate
of m. Under these assumptions, we have the model described below:

)
§=0M+A—a15—(u+m)s
dl
E:pM+aIS—(u+m+51+7)I (8)
dA
E:qM—l-vf—(,u—i—m—i—&)A

\
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Fractional model

By replacing the classical derivative in model (8) by the fractional deriva-
tive of Caputo, we obtain the following system

°DPS=0cM+A—alS—(un+m)S
“DPI = pM + oIS — (n+m+ 6, + )1 (9)
YDA =qM +~I — (u+m+ 8)A

4.1. Positivity and boundedness of solution
Theorem 4.1. The region ©; = {(S,I,A) € R*; S > 0,1 >0,A > 0}, is
positivity invariant set for the system (9).

Proof. Similar to the Theorem (3.1), we obtain that @ is positivity invariant
set for the system (9). O

Theorem 4.2. The region Oy = {(S,I,A) e RT;S>0,1>0,4>0,
A+oM

Y ]7
0<N(t) < T where N(t) = S(t)+I1(t)+A(t) } is positivity invariant
w4 m
set for the system (9).

Proof. Similar to the Theorem (3.2), we obtain that @, is positivity invariant
set for the system (9).
[

Next, we will analyze the local and global stability of the equilibrium
points associated with System 9 with the help of the basic reproduction
number. As transportation has advanced, leading to an increase in migration
and the movement of individuals from different areas contributing to the
overall population movement, we will examine three scenarios of individual
migration and their impact on disease transmission.

4.2. The absence of migration in the infected population

In this subsection, we will focus on the presence of migration only in the
susceptible population. The migration within infected individuals is ignored

(p=q=0).

12



4.2.1. The equilibrium points
To obtain the equilibria, we solve the following equations;

A+oM—alS—(u+m)S=0
alS —(u+m+6,+7)[ =0 (10)
Yl —(p+m+5)A=0
Then, we obtain the disease free equilibrium DFE which is given by
Eo = (S, 1o, Ao), (11)

A M
Where S, = —:_—U,IO = 0, A9 = 0. The basic reproduction number R,
m

obtained by the next generation which is given as follows :

R = aSy B a(A+oM) (1)
0 (p+m+o1+v) (u+m)(p+m+d+7)

The model (9) has a unique endemic equilibrium denoted by
E, = (S*,I*, A*) with,

gr_ftmtoty o aloM+A)—(p+m)(ptm+o+y) .

Theorem 4.3. When p = q =0, we have

1. If Ry < 1, then the fractional SIA model (9) has a unique disease-free
equiltbrium Eg.

2. If Ry > 1, then the fractional SIA model (9) also has a unique endemic
equilibrium By = (S*, I*, R*), where S*, I" and A* are given in (13).

4.2.2. The local stability analysis of the equilibrium points
The local stability of equilibria can be determined by examining the Ja-
cobian matrix.

Theorem 4.4. For model SIA fractional with p =0 and ¢ =0, we get

13
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1 - The disease-free equilibrium Eq is locally asymptotically stable when
Ro < 1, and it is unstable when Ry > 1.

2 - The unique endemic equilibrium E* = (S*, 1", R*) is locally asymptoti-
cally stable when Ry > 1.

Proof. 1 - The Jacobian matrix at equilibrium E, of fractional model (10)
can be presented as

—(p+m) —a 0
J(Eg) = 0 aSy— (p+m+d1+7) 0
0 v —(p+m+ 07)

The eigenvalues of the matrix can be easily obtained:

M=—(p+m+d2), Ad=—(p+m), A3=aS)— (u+m+d+7).

If Ry < 1, the eigenvalues are all less than zero. This suggests that Eg
is locally asymptotically stable.

2 - For the endemic equilibrium E*, the Jacobian matrix is given by

—(p+mRoy —(p+m+d+7) 0
J(E) = | (p+m) (Ro—1) 0 0
0 Y —(p+m+ 0)

To calculate the eigenvalues, we solve the equation

det(J (Ey) — \I3) = 0.

We obtain,

(p+m+02+A) (N + (p+m) Ror+ (p+01+m-+7)(u+m) (Ro—1)) = 0.

If A= ((u+m)Ro)® —4(u+m)(p+m+ 6 +7)(Ro— 1) > 0, then
((t+m)Ro) — VA  —((p+m)Ry) + VA

A= — DA = A3 =—(u+m+dy).

2 2

If Rp > 1, then \; < 0, Ay < 0 and A3 < 0. Thus all eigenvalues have
negative real parts. Hence the endemic equlibrium of system (9) is

locally asymptotically stable for all p € (0, 1].
O
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4.2.3. The global stability analysis of the equilibrium points
Theorem 4.5. If p = ¢ = 0 and Ry < 1, then the disease-free equilibrium
Eo of model (9) is globally asymptotic stable.

Proof. We consider the following Lyapunov function

2(u+m)+51+’yl

Lo(t)) = 5 (S(6) — 8+ 1(0)* + 2L

(t)-

Using Lemma 1 in [2] ,we obtain,

CDfLo(1) < (S(1) — Sy + 1)) (CDS(e) + CDpr(n) + I ENET ey
=(S(t) = So + I(t))[=(pn +m)(S(t) — So) — (1 +m + 61 +v)I(t)]
2 m) EOEY (4 — Sy)I(E) — (451 4y — o) ],

a
2(p+m) + 6+
a

=—(n+m)(S(t) = So)* = (n+m+ 0 +7)I* +

(RO - 1) [<t)7
If Ry < 1, then we find

2(p+m)+ 01+~

CDfILo(t) = —(uAm)(S(t)—=So) = (utm+014+7) I (t)+ -

(Ro — 1) I(t) < 0.

as the theorem is established. O

The following theorem is used to determine the global stability of the
endemic equilibrium E; .

Theorem 4.6. If p = q =0 and Ro > 1, then the endemic equilibrium E,
of the model (9) is globally asymptotically stable.

Proof. We define the Lyapunov function as follows:

(2(u+m) + 01 +7) (

1 I
cl(t):5(5—5*+1—1*)2+ ]—I*—]*ln—)

I*
N (w+m+ 6 +7)(p+m+ )
7 Ro

(A— A%,
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Using Lemma 1 in [2], and Lemma 3.1 in [33] , we find

CDILy(t) < (S—S*+1—T°) (°DIS+ DIT) + 2(“4”"2; k] (1— Ij) Cper

(1401 +7)(p+62)
7% Ro

=S =S"+I-I")[A+oM —(u+m)S — (u+m+d +7)I]

L 2ptm) 4oty (1_1*

+ 2 x (A— A" “DrA,

« I
(4 m + 01 +v)(p +m + 02)
72 Ro
=8-S +I-I[pS"+(p+m+o+)I"—pnS—(p+m+6+7)I]
(w+m—+061 +v)(n+m+d2)
72 Ro
n 2(u+m)+51+7(I—I*)(aS—aS*),

«
<—(u+m) (S=8) = (utm+8+7) (-1
(L+m+ 614 7) (1 +m+ 62)?

) ST = a4+ )1

+ 2 x (A= A") [y I — (p+m+ d2) A],

+ 2 x

(A=A") [y I =y I" + (u+m+62) A" — (u+m + d2) A]

—2x R (A—A")?
4oy tmAh )t m o) (A— A (-1,
7 Ro
< (o) (S = 87 = (et m o+ 8y ) (1 1) 4 B (g2
Loy (pEmtd 1—277%?4—171—&—62)2 (A— A7)+ (1 +m+ 6 1—277)2(0u+m+62)2 (A— A%
< (utm) (=8 = (utmt by )(1 = 7o) (I 1)
_(u+m+51;u277)z(0u+m+52)2 (4 A%,
Since Ry > 1, then
“DPLi(t) < 0.
Therefore, &; is globally asymptotically stable . O]

4.8. The presence of migration in the HIV-infected population

We limit our selves to the case where individuals infected with HIV virus
are able to migrate with the rate (p > 0). The infected individuals with AIDS
are less likely to migrate or travel ¢ = 0.
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4.3.1. The equilibrium points
If p =0 and ¢ > 0. In this case, the existence of an equilibrium for the
model (9) are given as follows.

Theorem 4.7. When p = 0 and g > 0, the model (9) has one endemic
equilibrium E* = (S*, I, A*), and also If a(A+oM) — (p+ 0 +m~+~)(u+
m) > 0, the model (9) has two endemic equilibriums E* = (S*, I*, A*) and
E™ = (8™, 1™, A™), where

__qM
_u+m+(52’

*

A M
_atol I* =0, A*
w+m

A+ oM —(p+ S +m+y)I* oA+ oM)— (u+ 0 +m+y)(p+m)

S** 7[**_ ,
p+m a(p+ 01 +m+7)
pw+m+ oy

Proof. Any equilibrium of model (9) can be obtained as

A+oM —alS— (p+m)S =0,
alS — (p+m+06,+v)I =0, (14)

gM +~I — (p+m+d2)A =0,

All solutions of equation (14) satisfy I # 0 and A # 0, indicating that model
(9) does not have a disease-free equilibrium. When we add the first two
equations in the system (14), we get

A+ oM —(p+0+Fm+y)I
u+m

S

: (15)

We replace (15) in equation two of the system (17), we obtain
—a(p+6+m+y) P+ (a(A+oM) — (40, +m+7)(u+m))I =0, (16)

If a(A+oM)—(u+ 36 +m+~v)(e+m) > 0, then the equation (16)
admits two positive solutions which we note E* = (S*, I*, A*) and E™

(S**’I**7 A**)‘ D
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4.3.2. The local stability analysis of the equilibrium points
Theorem 4.8. When p =0 and g > 0,

1- Ifa(A+oM)— (u+ 3 +m+~)(w+m) > 0, the endemic equilibrium
E* = (S*, I", A*) of model (9) is locally asymptotically stable

2- Ifa(A+oM)— (pn+ 6 +m~+7)(n+m) > 0, the endemic equilibrium
E™ = (8™, 1™, A™) is locally asymptotically stable

Proof.  1- For the endemic equilibrium E*, the Jacobian matrix is given

by
—(p+m) —aS* 0
J(E) = 0 aS* — (p+6+m+7) 0
0 ¥ —(p +m + &)

By some calculations, we obtain the characteristic roots are:
)\1 = —(u—i—m), )\2 :CYS* — (u+(51—|—m+’y), )\3 = —(/L+m+52)

Evident, \; < 0 and A3 < 0.
If a(A+0oM)—(p+ 6 +m~+v)(+m) >0, then Ay < 0. Thus, we

have |arg (\;)| > %T (1 = 1,2,3). Hence the stability of the endemic
equilibrium E**.

2- For the endemic equilibrium E**, the Jacobian matrix is given by

—al™ — (p+m) —aS™ 0
J(E™) = al™ aS™ — (p+ 01 +m+7) 0
0 v —(p+m + &)
—al™ —(p+m)— A —aS™
det(A — J(E™)) = al™ aS™ —(p+h+m+y)—A
0 Y

We search for the eigenvalues of the Jacobian matrix J(£™) as follows:

det(A — J(E™)) = 0.

N4l ptmA- (o +my) —aS*) +a S* I +(al* +pt+m) (u+-61+m+y—aS*)

18
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IfA = (al*+ pu+m+ (u+ 6 +m+7) —aS*)? —4(a’S* T* + (al* +
p+m)(p+ 6 +m+vy—aS*)) >0, then we have

—(al* +ptm+ (p+ 0 +m+7) —asS) — VA,

A= 5 :

N = —(al*+p+m+(p+d+m+7y) —aS*) +vA

2 — )
2

If a(A+oM)—(p+01+m~+v)(u+m) > 0, then A; < 0and Ay < 0.Thus,
we have |arg (\;)| > p77r (1 = 1,2). Hence, the stability of the endemic

equilibrium E**.
]

4.3.3. The global stability analysis of the equilibrium points

Theorem 4.9. Whenp > 0 and q =0, and a(A+oM)— (+06,+m—+7)(u+
m) > 0 the endemic equilibrium E* of model (9) is globally asymptotically
stable.

Proof. We define the Lyapunov function as follows:

1 2 I
Loft) =5 (S—S"+1—I)'+ (ptm) + 0 +7 ([—[*—[*ln—) Oy (A= A2,

Qo I*

With

(w+m+8)(p+m+ 6 +7)%(u+m)

C pumy
! ay (A +oM)

By using lemma 1 in [2], and lemma 3.1 in [33] we obtain
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2 5 I
CDPLy < (S— 8 +1—1")(°DPS+ CDIT) + (“+m>a+ Lty <1_1> Cprr

+2C) (A—A%) “DPA,
=S —-S"+I-I")[oM +pM +A— (u+m)S — (u+m+ 01 +)I]

2 I*
n (L+m)+é1+7 <1_

T
£ 20 (A= A%) [T — (it m+ 62) A]

(S =8+ T— 1) [(u m)(S" — 8) + (u+m+ 61 +7)(I* — )
+2C1(A=A") [yI —~yI" 4+ (p+m+ 02) A" — (u +m + 2) A]

2 2
+ (u—’—m)a—i_él—i_v(l—l*)(aS—aS*)—pM (“72;51”

«

>[pM+aSI—(u+m+51+7)I]

< —(nt+m) (S =5 = (u+m+6 +v) (I -I")° —pM

(I_I*)27
2 +m) +d1+7

al I*
+2xC1y (A=A (I =T =2 x Ci(p+m+8y) (A— A*)?,

<—(u+m) (S=8) —(u+m=+04+7) I —I)? —2x Cr(p+m+ d) (A — A*)?

2(p+m) 461+
ol I*

—pM (I -1

C1v?
(1 +m+02)
<—(u+m) (S—8%)° —Ci(u+m+d) (A—A)?

—(p+m+a +7)Q(A+GM) _Q?IELLTJ”)(“H”) (I-17)?,

If we have a(A +oM) — (u+ 01 +m +7v)(u +m) > 0, then E* is globally
asymptotically stable. O

+Ci(p+m+6y) (A— A™)? + (I-1)?,

Theorem 4.10. Whenp > 0 and ¢ =0, and a(A+oM)—(p+6+m~+)(pn+
m) > 0 the endemic equilibrium E** of model (9) is globally asymptotically
stable.

Proof. As in the proof of the previous theorem, it is sufficient to replace the
Lyapunov function with this function.

2(,u+m)+51+7(
a

_1 oQxx _TEx\2
Ly(t) =5 (S — 5 + 11"+ -

With

o — (i +m+0)(+m+ 3 +7)*(u+m)
T ay (A +oM) '
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4.4. The presence of migration in the both HIV and AIDS infected popula-
tions
Here we extend the migration to the whole model and reveal its influence
on the transmission of HIV and AIDS viruses (p > 0,q > 0).

4.4.1. The equlibrium points
If p > 0and ¢ > 0. In the latter case, the existence of equilibrium for
model (9) is obtained as follows.

Theorem 4.11. Whenp >0, ¢ > 0 and if «(A+oM) — (u+ 6 +m +
)t +m) > 0, the model (9) admits a unique endemic equilibrium, denoted
by B = (S*, I, AY), where

p4 0 +m+3)(u+m)(B+1)+apm—C

o
> = 2a(u+m)

Y

I*_(u+51+m+’y)(,u~l—m)(B—1)—|—apm+\/5 o qM +~I*
2a0(p+ 61 +m+7) ’ pAm+ oy

with

B a(A+oM) o1

(1 + 01+ m+7)(n+m)
C=(a(A+ (p+o)m)— (401 +m+7y)(n+m)®+dapm(p+ 6 + m+7)(u+ m).

Proof. whene Any equilibrium of model (9) can be found as follows

oM+ A—alS—(u+m)S =0,
pM +alS — (p+m+ 6, +v)I =0, (17)

qM +~yI — (p+m+62)A = 0.

It is simple to see that none of the solutions of equation (17) can have I =0
and A = 0, indicating that model (9) has no disease-free equilibrium. This
solution is noted by E* = (S*, I, A*). After some calculations, we find

—a(p+ 6 +m 43T +(a(A+ (0 +p)m) — (+ 61 +m + ) +m))I*

+4dapm(p+ 6 +m~+y)(u+m) =0, (18)
If a(A+oM)—(pu+ 6 +m~+7)(pw+m) > 0, the equation (18) admits
one positive solution I*. H
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4.4.2. The local stability analysis of the equilibrium points
The following theorem allows to study the local stability of the endemic
equilibrium of model (9) in the case when p > 0 and ¢ > 0.

Theorem 4.12. Whenp >0, q > 0, and if «(A+oM) — (u+ 6 + m +
V) +m) > 0, the endemic equilibrium E* = (S*, I*, A*) of model (9) is
locally asymptotically stable.

Proof. As the second part of the theorem (4.8), we obtain that E* = (S*, I*, A*)
of model (9) is locally asymptotically stable. (9). O

4.4.3. The global stability analysis of the equilibrium points

Theorem 4.13. Whenp > 0 and ¢ > 0, and a(A+oM)—(u+6;+m+~)(u+
m) > 0 the endemic equilibrium E* of model (9) is globally asymptotically
stable.

Proof. We define the Lyapunov function as follows:

1 2 5
Li(t) =5 (S =S+ 1T+ (et m) + 1+7(

J—I*—I*lni) + O3 (A— A",
«

I*
With

(4 m+6)(n+m+ 01 + )2 (p+m)

Cs = ay? (A + oM)

By using lemma 1 in [2], and lemma 3.1 in [33] we have
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CDPLA() < (S— " +1—1%) (CDPS + Cper) 4 Wt mgj oty (1 - II> Cprr

+ 20 (A—A%) “DrA,
=(S—-S"+I—-I"[oM+pM+A—(u+m)S—(u+m-+ 01+ )]

2 I
n (L+m)+ 01+ <1_I> [pM + ST — (u+m + 61 + )]

Q

+2C1(A=A") [y I = (p+m+62) A,
(S =8 T I*) [+ m)(S" — 8) + (- m+ 61 +7)(I" T
+2C1(A-A") [yI —~I"+ (p+m+ 02) A" — (u+m+ 02) A
2(p+m)+ 61+

2 1)
+ (“er); LY (- 1) (@S — aST) — pM N3 (I-1%?,
¥ « 2(p+m) + 01 + "
< (um) (8= S — (ubm 0y ) (1 1) pa IO ey

+2x Cry (A=A (I =TI*) =2 x Ci(u+m+62) (A — 4%)?,
<—(n+m) (S=8) = (u+m+0+7) (I —TI)° = 2x Cr(u+m+52) (A — A*)?

2(p+m)+ 61+
ol I*

—pM (I —I*)?

C1v?
(i +m+d2)
< —(u4m) (S—8%)° —Cru+m+d) (A— A)?
a(A+oM)— (p+ 61 +m+v)(n+m)

+Ci(p+m+62) (A= A%)? + (I-T17)?%,

*\ 2
—(p+m+01+7) (A + ol (I —1%)°.
Since a(A+oM) — (u+ 6 +m +7v)(pu+m) > 0, then
“DPL4(t) < 0.
Therefore, E* is globally asymptotically stabe . O

5. Numerical resolution of FDEs using the Adams-Bashforth-Moulton
fractional technique.

In this section, we are interested in the fractional Adams-Bashforth-
Moulton numerical technique that we will use when simulating fractional
order equations of the Caputo type. This technique was introduced and
discussed by K.Diethelm and A. D. Freed [8].

To be specific, we first consider the fractional differential equation.

°DLy(t) = hit.y(®), 0<p<1
{90 1 )
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Equation (19) is equivalent to the Volterra integral equation in the Caputo
sense.

W)= X i+ [ a0 ke (0

The method is explained in the manner below.
T
Let h=—,t, =nh,n=20,1,2,...,m.

m
The formula for the Adams Bashforth fractional method corrector is given
as follows

[p]-1 tk+1 “ he n he
— n - E ) o - p
Yn+1 = k' yO + P(p + 2) g a’]:k+1 h (xJ7 y]) + P(p + 2) h ('Tk+17 yk+1) ’

(21)
Predictor formulae for y; (t,.1) is given by the Adams Bashforth fractional
method

[a]—1 n
P o= w1, ) 1 b b s 929
yn+1 e k' yO + F(p) jzo 7,n+1 (‘7;]7 y]) I ( )
where
nft—(n —p)(n+1)7, if j=0
Ujni1 =8 (n—7+2)P" 4 (n—j5)™ —2n -5+ 1) fo<j<n,
1, ifj=n
and
hP

bjn+1 = ?[(nJFl—j)p— (n—=7)1,0<j<n.
5.1. Numerical method for model without migration

In this subsection, we study the numerical solution of a fractional order
STA model without migration using the Adam-Bashforth-Moulton predictor-
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corrector scheme. We obtain the following scheme;

p

Sn+1 =S + T(p+2) (A —aSy Iy —pShy) + T(p+2) Z 1 ( — 1S;)
p
Iy =1o + T(p+2) (aSy Iy — (400 +7) 1))
I
+ Tlp+2) ; 1 (@Sl — (401 +7) 1) ,
h? , , o
Api1 =Ao+ )] (V7 — (n+02) AV L)) + T(p+2) j;aj,nﬂ (VI — (u+d2) Aj),
(23)
Where
Shin = Z i1 ( — 1S;)
I =1+ W Z bjms1 (Sl — (401 +7) 1), (24)
Al = Z bjnt ( (1 +02) Aj)

5.2. Numerical method for model with migration

We use the Adam-Bashforth-Moulton predictor-corrector scheme and with
the same notations of the previous section we find the numerical scheme of

25



the STA model with migration

he
Sny1 =S50 + m (A +oM —aS, I[N — (p+ m)STIZ—H)
h? u
7=0
hP
Ly =1y + Tp+2) (M +aSy I8 — (w+m+ 00 +7) I7)
n 25)
e (
+ )] ; W1 (PM + aSily — (u+m+ 01 +7) 1),
P
Anpr =Ao + T(p+2) (M + 40 = (4 m+62) A7)
o<
v , M+~ — A.
+F(p+2)j§0a%n+l(q +7J (,u+m—i—(52) 3)7
With
1 n
Spa1 =S50 + ) D bt (A0 M —aS;l; — (p+m)S;),
=0
1 n
]ngl :]O—FW bj,n+1 (pM—i—osz[j—(u+m+51+7)]j), (26)
=0
1 n
Anpr =40+ () D bimi (qM + 7L — (i +m+65) Ay)
=0

5.3. Numerical sumulations and discussions

In this section, we perform numerical simulations to evaluate and validate
the theoretical results of the two models presented in (2) and (9). We used
the schemes obtained in (23) and (25), to show the influence of the fractional
order. We took the initial values N = 16329400, S(0) = 16329396, 1(0) = 3,
A(0) = 1, M = 435408 [3], and the parameters values indicated in Tables
1 and 2.The graphs presented in Figures 3a,3b and 3c, show the curves of
model solutions S(t), I(t), and A(t) taking different values of fractional order.
We can see from Figures 3a and 3c, that when p is close to 1, the number of
the people susceptible and those infected with AIDS increases.
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Figure 3: Dynamics behavior of model without migration 2 as a function of time (years)
for different p via Adams-Bashforth-Moulton fractional method.

We notice through Figure 3b that the increase of the fractional order
allows to make the peak of the disease larger and takes a maximum value
higher than those in the cases where the fractional order pislessthanl.

The graphical representations of Figure 3b lead us to conclude that it
is crucial to use fractional derivatives since, contrary to the cases where
p =0.99,0.85,0.75, convergence is rapid when classical derivatives are used.
Therfore differential equations with fractional order derivative exhibit rich
dynamics and reflect bilogical systems more accurately than conventional
integer order models.

In model (2), we have Ry < 1, and the equilibrium point is E, =
(1.0816 x 1070, 0). Figure 3 shows that the solution of model (2) converge
to its equilibrium point for all orders derivatives. However, the disease-free
equilibrium Eg is golobally asymptotically stable, which verifies the theoret-
ical results.
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Parameters Value Source

a 5.9921e-08  [3]
5 7.7416e-02  [3]
1 0.0069 3]
A 4.2249e-10  [3]
5 1.7396e-12  [3]
5 4.8233¢-07  [3]

Table 1: The parameters values used in the model without migration.

Parameters Value Source
o 9.7847e-01 3]
v 7.7416e-02 3]
1 3.9060e-01 3]
A 4.2249¢-10 3]
01 1.7396¢e-12 3]
0o 4.8233e-07 3]
o 1.5572 e-01 3]
P 6.3773 e-04 3]
q 1.6611 e-08 3]
m 3.0110 e-02 3]

Table 2: The parameters values used in the model with migration

In Figure 4, the sub-plots show the population of susceptible individuals,
HIV-infected individuals, and individuals with AIDS with migration. By
reducing the value of p, the population of HIV-infected and AIDS-infected
individuals increases effectively while the population of susceptible individ-
uals decreases.

We calculate the condition of stability indicated in Theorem 7 for the
model with migration, we find that a(A + M) — (u + 51 +m + v)(n +
m) = —0.1355 < 0 which shows the instability of the endemic equilibrium.
In Figures (4a), (4c) and (4b), we see that model (9) does not converge
toward the equilibrium that validates the previous theory. The illustrations
above show that for different values of p, the curves converge to other points
Em = (2.0248 x 10°,675.9010, 156.2623) than the equilibrium point, which
confirms our analytical results.

28



x10°

18 900
o1

p=1
800 - p=0.95|{
— p=0.85
700 ——p=075{

600

500

IS
]
3

Suscebtibles
Infectious

300

200

100

0 10 20 30 40 50 0 10 20 30 40 50
time t time t

(a) Susceptible population (b) HIV-affected population

180

p=1
—— p=0.95 |4
—— p=0.85
—— p=0.75 4

160+

140

120

100

AIDS

80

60

0 10 20 30 40 50
time t

(c) Population affected by AIDS

Figure 4: Dynamics behavior of model with migration (9) as a function of time (years) for
different p via Adams-Bashforth-Moulton fractional method.

6. Sensitivity analysis

To identify the variables that have the most significant impact on the
reproduction number Ry , we computed the sensitivity indices of the repro-
duction number Ry for the model (2). To decrease the prevalence of the
disease, we utilize the sensitivity index, which is defined as described in [6].

Definition 6.1. /6] The normalized forward sensitivity index of a variable,
Ro, that depends differentiably on a parameter p is defined as:

aRox b

TR .— Z 2 =
P 8p Ro

With respect to the parameters o, A, u, 6; and v , we calculate the
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sensitivity index for Ry obtained in (6).

TZ}O::%X&: Aa xizl,
oo Ry pup+di+7v) Ro
o R A Aa L

ON T Ry p(p+doi+7) R

TR0 ._ ORyo B 2u+0r+y
=X —— =
g o Ro 01+
Tzs—\’fo = aRO X i — —L’
1 8(51 Ro ,U—F(Sl +’Y
TZ}O = —aRO x L — 7

0y "Ry  pto+q

Table 3: Sensitivity anlysis of Rg of the parameters described in table 1
Parameters Sensitivity index

«Q +1

v -0.9182
1 -1.0818
A +1

01 -2.0632e-11
09 0

Based on the information presented in Table 1, the most sensitive parameters
are the HIV transmission rate «, and the birth rate A. Specifically, since
TRY = 1, a slight increase in @ or A will lead to a decrease of 10% in R,.
Similarly, a small decrease in o or A will result in an increase of 10% in Ry.
The situation is the same when the HIV mortality rate d;, the rate at which
HIV progresses to AIDS ~, or the rate at which people die naturally p are
high; consequently, the reproduction rate is low. Our analysis shows that the
v, 09, 01 and p parameters do not affect the transmission of HIV, whereas
the a and A parameters have a more significant effect.

Conclusion

In this work, we have proposed two fractional models of HIV/AIDS. We
have proved that the fractional models are well posed by using the generalized
mean value theorem. In addition, we have studied the local stability of each
equilibrium for the two proposed models. We have also computed the basic
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reproduction number. Furthermore, we have proved the global stability of
the models by using adequate Lyapunov functions. Finally, the theoretical
results have been confirmed by numerical simulations. We observed that the
variation of the fractional order derivative p does not affect the stability of
the equilibrium but has an impact on the time needed to reach the stable
states, as we found that the convergence toward stable states takes longer
with fractional values. This results perfectly simulates the nature of the HIV
disease.
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