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1 Introduction

The equivalence problem, [6], for the fifth-order operator means that two fifth-order differential opera-
tors on a real line can be transformed into each other by an appropriate change of variables, [2, 3, 4, 5].
We will treat both versions of equivalence problems that include the direct equivalence problem and
an equivalence problem to determine conditions on two differential operators such that there exists
a fiber-preserving transformation mapping one to the other according to gauge equivalence. We as-
sociate a collection of one-forms to an object under investigation in the original coordinates; the
the corresponding object in the new coordinates will have its own collection of one-forms. Once an
equivalence problem has been reformulated in the proper Cartan form, in terms of a coframe w on
the m-dimensional base manifold M, along with a structured group G C GL(m), we can apply the
Cartan equivalence method. The goal is to normalize the structure group valued coefficients in a
suitably invariant manner, and this is accomplished through the determination of a sufficient number
of invariant combinations thereof, [10].

The classification of linear differential equations is a special case of the general problem of classifying

differential operators, which has a variety of important applications, including quantum mechanics
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and the projective geometry of curves, [10]. In the last section, applications of this method for fifth-
order differential operators are presented. S. S. Chern turned his attention to the problem under
contact transformations [5] and Hajime Sato et all [11], but are specialized by linearity. Niky Kamran
and Peter J. Olver have solved the equivalence problem for the second-order differential operator
with two versions of the equivalence problem [7] and recently some papers have been written about
the equivalence of differential operators [1, 9]. The fifth-order operators have different geometry and
equivalence problem for fifth-order differential operators is a different challenge. In the end, we apply
the equivalence problem for an illustrative example for a boundary value problem for the fifth-order

differential operator with integrable potential.

2 The Cartan equivalence method

We first review Cartan’s equivalence problem as an algorithmic method that include the structure
equations, normalization, and absorption. The standard reference is [10].

Let G € GL(m) be a lie group and w and @ denote coframes defined on the m-dimensional
manifolds M and M. The G-valued equivalence problem for these coframes is to determine whether
or not there exists a local diffeomorphism ® : M — M and a G-valued function g : M — G with the
property that

(W) = g(z)w. (1)

In full detail, the equivalence condition(1) has the form

@) =Y gi(w), (2)
j=1
for i = 1,--- ,m where the functions g!(z) are the entries of the matrix g(x), which is constrained

to belong to the structure group G at each pointz € M. In view of the group property of G, it will
be satisfied if and only if we can find a pair of G-valued functions g(Z) and g(z) such that omitting
pull-back for clarity

9(T)w = g(z)w. (3)

Our goal is to reduce a given G-equivalence problem to a standard equivalence problem for coframes,
and the way to do that is to specify the matrix entries of ¢ = g(x) and §(Z) as functions of their

respective coordinate. The new coframes defined by

0" = Zgéwj, 7 = Zg;?wj, (4)
j=1 j=1

which will be invariant: <I>*(§l) = #'. This motivates the preliminary step in the Cartan solution to

the equivalence problem, which is to introduce the lifted coframe
0=guw, (5)

or, in full detail,



We compute the differentials of the lifted coframe elements:
—d(Zg;wj) = Z{dgj» A w? —I—g;dwj}. (7)
j=1 j=1

Since the w forms a coframe on M, one can rewrite the 2-forms dw’ in terms of sums of wedge products

of the w'’s. Moreover, viewing (5), these can be rewritten as wedge products of the 6*’s, so that

Z'yj/\ej—i—z kng AOF i=1,...,m. (8)

J,k=1
i<k

The functions Tzk are called torsion coefficients. The torsion coefficients are constant, or depend on
the base variables x or the group parameters g. Some of torsion coeflicients may be invariants but

they are typically not invariants for the problem. The fy;s in (8) are the 1-forms

m
v = dgi(g "), 9)
k=1
which have the following matrix notation
y=dg-g " (10)
The 7 forms the matrix of Maurer-Cartan forms on the structure group G. Assume the set {at,... a"}

is a basis for the space of Maurer-Cartan forms then each fy} is a linear combination of the Maurer-

Cartan basis:
r
V=Y Al ij=1,...,m. (11)
1=1

Thus the final structure equations for our lifted coframe, in terms of the Maurer-Cartan forms, have
the following general form

dot = ZZA;ZQZ NG+ Z T;k(x,g)Qj ANOF i=1,...,m. (12)
1=1 j=1 k=1
i<k
Now one can reduce the Maurer-Cartan forms a! back to the base manifold M by replacing them by

general linear combinations of coframe elements
T
ol Zzﬁ-@j, (13)
=1

where the zé are as yet unspecified coefficients, whose explicit dependence on x. By substituting (13)
into the structure equations (12), one can obtain a system of 2-forms

m

O = > {Biylz] + Tjy(z,9)}07 AOF, ij=1,....m, (14)
4, k=1
<k

where

T

;k[z] = Z( klz Azlzk) (15)

=1
are linear functions of the coefficients z = (z}), whose constant coefficients are determined by the
specific representation of the structure group G C GL(m), and so do not depend on the coordinate

system.



The general process of determining the unknown coefficients z from the full torsion coefficients is
known as absorption of torsion and the other being normalization of the resulting invariant torsion
coefficients, as described above. Replacing each Maurer-Cartan form o! by the modified 1-form

P
ﬂl:al—Zz’fH’:, l=1,...,m (16)
i=1

leads to absorb the inessential torsion in the structure equation (12). Here the 2! = z!(z, g) are the
solutions to the absorption equations. Thus the structure equations change to the simpler absorbed

form
. r m X . m . )
dot =3 D Aum A0+ D0 URO AGS i =1 m. (a7)
=1 j5=1 j,k=1
<k

where the remaining nonzero coefficients U;k consist only of essential torsion. We write the linear

system of absorption equations

Z(A;zzi - zzzé) == ;k (18)

=1

and solve for the unknowns z using the standard Gaussian elimination method.

3 Equivalence of fifth order differential operators

Consider the fifth order differential operator applied on a scalar-valued function u(z)

Dlu] = Z fi(z) D'u (19)

and another fifth order differential operator applied on a scalar-valued function @(Z)
Dlu] = Zfi(i‘) D*u. (20)
i=0

where f; and f;, i = 1,2,3,4,5, are analytic functions of the real variable 2 and Z respectively. For
simplicity we let f5 = f5 = 1. Further, D! = d/dz*, D' = d/dz' and D = D° = 1d are the identity
operators.

The appropriate space to work in will be the fifth jet space J°, which has local coordinates

5
T = {(z,u,p,q,r,s,t) €J’ i p=1Usp,q = Ups, T = Uz, S = Uzgza,t = uxacmcac}

and the goal is to know whether there exists a suitable transformation of variables (z,u, p, q,r, s,t) —

importance. Here we consider fiber preserving transformations, which are of the form

r=¢(@), u=p@)u, (21)
where ¢(z) # 0. Using the chain rule formula we find following relation between the total derivative
operators

- d 1 d 1
D=—= — = D. (22)

iz~ @) dz  €(a)



First we consider the direct equivalence problem, which identifies the two linear differential functions
Dlu] = Dlu). (23)

under change of variables (21). This induces the transformation rule
D=D - — when Tz =¢&(x), (24)

on the differential operators themselves, and solving local direct equivalence problem is to find explicit
conditions on the coeflicients of the two differential operators that guarantee they satisfy (23) for some
change of variables of the form (21).

The transformation rule (24) doesn’t preserve either the eigenvalue problem Dlu] = Au or the
Schrodinger equation iu; = Dlu], since we are missing a factor of ¢(z). To solve the problem, we

consider the gauge equivalence with the following transformation rule

_ 1
D=y(z) - D — when T =&(z). (25)
o(x)
Proposition 1 Let D and D denote fifth-order differential operators. There are two coframes € =
{wh w? w? wh W Wb W} and Q = {wh, 02, &%, w*, 05, @8 @™} on open subsets T and T of the fifth jet
space, respectively, such that the differential operators are equivalent under the pseudogroup (21) ac-

cording to the respective transformation rules (24) and (25) that coframes Q and Q satisfy in following

relation
w! ail 0 0 0 0 O wl
w? 0 1 0 0 0 0 0 w?
@3 0 a3 a3 0 0 0 O w3
@t | = 0 a1 a5 ag O 0 0 wt (26)
@d 0 ay as ag Q1o 0 0 wb
@b 0 a1 a2 a3 ayy ais 0 wO
@’ 0 0 0 0 0 0 1 w’
where a; € R fori=1,--- 15 and aiazagaipars # 0.

Proof: Note that a point transformation will be in the desired linear form (21) if and only if, for pair

of functions o = £, and 8 = ¢, /p, one-form equations

dz = adu, (27)
dTu - M + 3 dx. (28)
a u

hold on the subset of J5 where u # 0. In order that the derivative variables p,q,r, s and ¢ transform
correctly, we need to preserve the contact ideal Z on J°, which is

Z = (du—pdz,dp—qdx,dg—rdx,dr—sdx,ds—1tdz). (29)

Generally, a diffeomorphism ® : J5 — J® determines a contact transformation if and only if

di —pdx = ai(du—pdx), (30)
dp—qdz = ag(du—pdz)+ as(dp— qdx), (31)
dg—7dz = as(du—pdz)+as(dp— qdzx)+ as(dg — r dz), (32)
dr —5dx = ar(du—pdx)+ as(dp — qdx) + ag(dq — r dzx) + a1o(dr — s dz), (33)
ds—tdz = an(du—pdz)+ a2(dp — qdz) + a13(dg — r dz) + ara(dr — s dx) (34)

+ai5(ds — t dx),



where a; are functions on J5. The combination of the first contact condition (30) with the linearity
conditions (27) and (28) constitutes part of an overdetermined equivalence problem. Taking § =
—p/u, a3 = 1/u, in (28) and (30), it is found the one-form

du—pdr du—pdz

U U ’ (35)

which is invariant, and (35) can replace both (28) and (30). Therefore, we may choose five elements

of our coframe the one-forms

1 2:du—pdx

w =dz, w ,wi=dp—qdr, W =dg—rdx, W =dr —sdr, W* =ds—tdzx, (36)

u

which are defined on the fourth jet space J* locally parameterized by (z,u,p,q,r,s,t), with the
transformation rules

ol = alwl,

o2 = wz7

& = a2w2 + a3w3,

ot = a4w2 + a5w3 + a6w4,

o = a7w2 + a8w3 + a9w4 + a10w5,

2 3 4 5 6
= apw’ + apw” + a13w” + aqw” + ajsw-. (37)

According to (23), the function I(z, u,p, ¢, s,1) = Dlu] = t+ fa(@)s+ fs (2)r+ fo(@)g+ o (@)p+ fo(x)u
is an invariant for the problem, and thus its differential

w'=dl =dt+ fyds + fsdr + fodq + frdp + fodu+ (fis + fir + fq + fip + fou)da, (38)

is an invariant one-form, thus one can take it as a final element of our coframe.
In the second problem (25), for the extra factor of ¢, the invariant is
Dlu]  fs(x)dt + fa(x)ds + fa(x)r + fo(x)q + fi(x)p

I, u,p,q.m5,1) = — = = " + fo(®). (39)

Thus, it is found

1 : t :
S=dl = Lary Pas i By gy g, PRIt R YRV IR gy
U U u U U u
!/ / / !
+{f4s+f3r;tf2q+flp+fé}dm, (41)
as a final element of coframe for the equivalence problem (25). The set of one-forms
Q= {whw? wd wt W’ Wb W}
is a coframe on the subset
= {(z.u,p,q,r,51) € I |u#0and f5(2) £0}. (42)

All of attention is restricted to a connected component I' C I'* of the subset (42) that the signs of

fo(x) and u are fixed. It means, the last coframe elements agree up to contact
o =w'. (43)

Viewing (37) and (43) relations, one can find the structure group associated with the equivalence
problems (24) and (25) that is a 15-dimensional matrix group G such that 0 = GQ which leads to



(26) and then the lifted coframe on the space J° x G has the form

ot = alwl,
0? = w?
03 = asw? + asw?, (44)

4 2 3 4
0* = ayw” + asw” + agw™,

0° = arw? + asw® + agw* + ajow?,

6 2 3 4 5 6
0° = a11w” + arpw” + a13w” + apaw® + agsw”,

0" = w7,

In the following, two important results will be presented in the form of two theorems:
Theorem 1 The final structure equations for direct equivalence with (36) and (38) coframes are
1
dgt = 591 A 62,
do? =61 A 63,
1
do® =o' N o* + 592/\93’ (45)
2
do* = 10" NO* + 0" N0+ Z6° N6,
5
3 17
de® :1291A94+91A96+392A95+€93A94,
4
do® = 130" N 0% + L.0* AN O° + 10" N O* + 01 N0 + 502 A6S + I60% A 0F + 40% A 65,
do” =0,

where the coefficients Iy, Is, I3, 14, I5 and Ig are

1
1 ) 2 2
I, = STE [(10fsu® — 12 f4pu — 5 f3u® — 9p* — 10qu],
Iz = —(fou+t fip+ faqg+ for + fas + 1),
_ 1 4 2 3 2 2 3
I, = fW [625u f1 — 800u” fupq + 2375u” fur + 1770p“qu — 1275pru” + 3000su
+270 f4p°u — 2250 f3p* + 17500 f3q + 11254 fop — 594p* — 800¢%u?], (47)
_ 1 3 2 2 2 2 3/
Is = 7— o [25u fo + 6up” fy + 65u“qfy — 55pu” f4 + 50f3pu” — 25u” f3 (48)
+25u® f4 + 33p° — 45pqu + 100ru?],
1
Iy = *ﬁ(fw + 3p).
Theorem 2 The final structure equations for gauge equivalence with (36) and (40) coframes are
ot =0,
do? = 6' A 63,
de® = 61 A 6%,
do* = L0 A 6" + 61 A 6P, (49)

de® = L0 A 0* + 01 A 6% + 56 A 6,
dO® = Ls0' AN 03 + La0" N O* + 01 N O + L5602 A 0* +560% A 6,
de” =0,



where the coefficients Ly, ..., Ls are

Lo = oot 5],

Ly, = % {2f4u2 — fg,u2 —4fpu — lOp2 ,

Ly = —% [2pf2 + 3f3q + 4far + fru+ 5s],

Ly = % [4fapu® — fou® + fsu® — 3fspu® — dfsp*u — 2u® faq — fau® — 10p® + 5pgu — 5ru®] (50)
Ls = —%(f4u+5p)7

4 The proof of Theorem 1

We start with the help of the initial six one-forms (36) and (38) are taken as our final coframe
constituent. So equivalence problem turns into G-equivalence problem. We normalize the problem
then (44) are obtained. We use (44) instead of six one-forms (36) and (38). The goal is the basis
manifold M x G turns into M x G’ which dim G’ < dim G and finally G’ turns into e. F or the
problem, this algorithm is done in five stage. We compute right-invariant Maurer-Cartan on lie group

G. Thus we calculate dg - g~ 1.

To calculate structure equations differential of (44) and write the
result based on right-invariant Maurer-Cartan and (44). Then we use absorption algorithm and find
coefficient of (44) which does not depend on z. The corresponding torsion coefficient will be invariant.
Now we calculate the differentials of lifted coframe elements (44). An explicit computation leads to

the structure equations

o' = o' A6,

do* = TLO' N> + TE0M N 63,

do® = PN+ ad N0+ TEHON A0 + T A O3 +T3,0" N6O*, (51)

do* = a* AP+ PN+ A0+ THO AO* +THO A0 + TN A O* + TLO" N 6°,

de® = Q"AP+aBNP+a N0+ a0 NG TN A O2 + T30M AO3 + TP,0" AO* +TE0" A 6D
+T560" A 65,

do® = oA+ AP+ aP A0+t A + P A+ TN A0+ T NG+ TE0 A6
FTEOY A O° + T50M A0S + TLO NO7,

o’ = 0,



which a® § = 1,---,15 are forming a basis for the right-invariant Maurer-Cartan forms on the Lie

group G:
1 da1
o = —,
ay
2 agdaz — agdag,
ot = ————=
asz
da3
R p—
as
4 agaﬁda4 — agaﬁda5 + (a2a5 — a3a4)da6
« =
asag ’
5 a6da5 — a5da6
« = —
a3ag
dag
b = =
ag
a7 - agagaloda7 — agaﬁalodag + 0',10(&2@5 — a3a4)da9 - (a3a6a7 — a3a409 — Q20608 + a2a5a9)da10
- )
306010
o agaiodas — asaipday + (asag — agag)daig
- b
a3a6a10
o ajodag — agdayg
a6a10
dCLlO
Q0 — ’
aio
w0 d d d
a’ = azagaioaisdary — azasaipaisdaz + apais(azas — azas)daiz — ays(azasag — azasas
a3a6a10a15
—asa409 + azasar)dars — (a3a6010a11 — A2a6010012 + A2A5G10Q13 — A3A4G10A13
—Q20509014 + (20608014 + 30409014 — A30607014)dA15 |,
2o b d d d
a” = agaipaisdars — asaipaisdais + ais(asag — agag)dais — (aga10a12 — asa10a13
a3a6a10015
+asagais — agasais) |,
0[13 _ arpaisdaiz — agaisdars — (aloaw - a9a14)da15
- )
a6a10015
oz14 o aisdais — aradags
- )
a10015
da15
ol — ’
a1s

In first loop the essential torsion coefficients are

as + azp 1 as ag a10 ais
T122 = ) T123 = ) T134 = ) T145 = ) T156 = ) T167 = — (52>
aipasu aijaszu a1ae a10a10 aijals ay
One can normalize the group parameters by setting
1 P 1
a; = 5 ) as = — 5 ) ag = — (53)
U u vu

In the second loop, the normalization (53) is substituted in the lifted coframe (44) and calculate the
differentials of new invariant coframe to obtain revised structure equations. Now, the essential torsion

components (52) are normalized by the parameters

R SR S _ Sfau+3p a4:5f4U+p (54)
S 5Vud 5vVut ' 5vut



In third loop, substituting the normalization (54) in the lifted coframe (44) and determine parameters

a4, a7, ag. we recalculate the differentials. Therefore, the new structure equations are

dot = %91 A 62,

do? = 6' A6,

do® = ' net+ %92 A 63, (55)
do* = THLO'AO* + TLO' AN O3+ TLO N0 40" N O° + %92 A6,

do® = TH0" N> + TN A O3+ TP00 N0+ 60" AN O° + T,0% A O> — %92/\95+§93/\94+a7/\02+a8/\93
do® = T5O0YANG* +THOM NO> +T50M N0 + TS0 AN 0° + 0" A O7 + TS,0% A O3 + §a1392 N

1 1
—392/\06+T§46‘3/\94+ 593/\95—1—0411 ANO2+ a2 A0 4 a3 A6,

o’ = 0.
where a”, a®, o', a'? and a'? are the Maurer-Cartan forms on G and the essential torsion coefficients
are
T142 _ S5a7u?7/5 4+ 5u5f42q7 + 3pqut + E')usr7 (56)
5u27/5
A _ 25agu3/5 4+ 45u2 f4p + 18p>u + T0qu?
13 — = 254,13/5 ’
7o _ =25 f3u? + 25 fau? + 25a15u8/5 — 5 fapu — 6p + Hqu
B 25u8/5 '
We find the following parameters:
v - _ 5faqu + 3pq + Sru
' 5Vt
45 18p% + 70
0 = Japu + sp + qu (57)
25vu8
w_ Bfapu+25 fau? — 25 fau? + 6p? — Bqu
" 255/u8 '
Substituting (57) in (44) and recomputing the differentials leads to
1
dot = 391 A 62,
do? = 6' A 63,
1 .
do® = 302 NG+ 08 A6, (58)
E 2
do* = T, A O* + 01 N 0° + 592 A 64,
3 17
dO® = T50" A O + T3,00 A0 + TP,00 A0* + 01 A 6° + 302 AO° + 393 A G4
do® = T5,0M N 0> + TS0 N6 + 15,0 A 6*
1 1
+0P AN O+ TS0% A O° +TS,6% A O* — 392 AOS + 393 ANO° + ot AO% + a2 AP,
do” = 0.
In final loop, we find the remaining parameters a1, a2 which is as follows
g — _5f4ru+pr—|—5su
11 — 5U6/5 ) (59)
u 9fap?u — T0u? f1q — 9p> + 18pqu — 95u?r
12 =

25112/5 ’

10



and then it leads to final structure equations (45).

5 The proof of Theorem 2

The calculations of this problem are similar to the previous section except that we use the initial six
coframes (36) and the 1-form element is (40). In the first loop through the second equivalence problem
procedure, according to Proposition 1, the structure group G in (26) relation is exactly the structure
group of direct equivalence, and then the equivalence method has the same intrinsic structure (51) by
the essential torsion coefficients

ag =+ asp 2 1 3 as 4 ag 5 aio ajsu

12 ajasu ’ 13 alagu’ 14 ajag ’ 15 ajaio ’ 16 ajais ’ 17 ay ( )
We can normalize the group parameters by setting
p 1
a1:1, 042:—;, (1320,620,10:0,15:;. (61)

In the second loop of the equivalence problem, we substitute the normalization (61) in lifted coframe
(44) and calculate differentials of new invariant coframe to determining following revised structure

equations:
do' =0,
do? = 6' A 63,
do® = TELOY AN 02 + TN A0 4 01 A 6*,
do* = a* NO* +a® NOP + THLO' NO? + TL500 A 03 + TH0' NO* + 60" N 6P (62)
+a”0% A O3 — 6% A 62,
do® =" AO* + B NG 4o AOT+ TR0 A 6% + TR0 A O3+ TD,00 A 6O*
FTP50M N O° + T0% A O3 — 6% A O° + 601 N 6°,
de® =0,
where a*, 0, a”,a® and o are the Maurer-Cartan forms and the essential torsion components of

structure equations (62) are

3 asu + q
T, = T a7
asu + 2p
T133 == u )
(63)
T5 _ _a14u— agl +p
15 w 9
ajqu — fou —p
Ty = ———.
16 "
and so the normalization is
_q _2p _ fau+2p _ fau+p
g =——, ag=——, Q9=—"—, Au4g=—-. (64)
u u u U

11



Putting (64) into (44) and then recomputing the differential of new 1-forms leads to

dot =0,
de? = o' A 63,
do® = 6* A 64,

do* = TLOY A 0> + TLOY A0 + TH0" A 6" 40 A 65,
do® = Q" NO* + P N OP + TH0 N O% + TR0 A 03 + T00 N O* + Tan0? A 6% — 02 N 65
+2603 A 0* + 01 A 65, (65)
do® = o™ NG + A0 o AT TN N2+ TSN NG + T80 A0 + TS0 NG + 01 N O7
+T56% N 0% +T5,0° A 0* + 0% A0 + 30> A 6% — 0% A 65,
do” = 0.
This immediately implies following normalization

Jaqu + 2pq +1u
ar = T DE——

u2
2fapu + 4p® + 3qu
ag = — ) )
U
4TU + pr + su
a1 = ffu—];, (66)
3fiqu + 3pg + 4ru
aijpg = — D) ’
U
fau? — fapu — fau® —2p® + qu
a3 = - .

u2

Thus the final invariant coframe is now given by

oL dx
Vi
du —pdx
2 _
0 = " ,
0% = %{(ﬁ—qu) dr —p du+ u dp|,
1 . . )
4 _ 2 2 2 3
0° = W [(4f4u T+ fautq — faup® — 12 fyupq + 8 f4p”) dx
+(faup + 4fsuq — 8f4p®) du + (8fap — fsu)u dp — 4fsu” dg|, (67)
1 ) .
9° = W {(8f4p2q — 4fqug® — Afsu’s + 4f3u2r(4f3 — 3f4)upq + 3fau’r) dx
+(8f4pq + Afaur + (4fs — 3f1)uq) du+ (4fsuq) dp + (4fsp + (4f3 — fa)u)u dg
—4 fyu? dr},
g _ Jas+ fsr+ foat fiv+ fou f47“+f37“+2f2Q+f1p du+ L dp
m U U

-l—é dq + Eclr + écls.
u u u

Then the final structure equations (49) with fundamental invariant coefficients (50) are obtained.

6 An example

Consider boundary value problem for the fifth-order differential operator, [8],

Diu(z) + (Q(x) — Ma®)u(z) =0, 0<z<m, a>0, (68)
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with separated boundary conditions

Yy (0) =y (0) =y (0) =y (0) =y (w) = 0,
my < mg < mz < myg, mg,ny €{0,1,2,3,4}, k=1,2,3,4,

where potential Q(z) is a integrable function in interval [0,7] and X is spectral parameter.

(69)

We

are accomplishing Cartan equivalence method on the fifth-order differential operator (68). In direct

method, consider one-forms (36) and the following one-form
w' = Qudr = (Q — \a®)du + dt
as a coframe. The final structure equations are
1_ Lo, g2
do” = 59 N 6%,
do* = 6" N 6?,
1
do® = 0" 0"+ 26 N6,
2
dot = L0 AOT 401 N0+ 207 A0,

de® 21291/\04+91/\06+292/\05+g03/\94,
do® = 1301 A 6% + 1,0 N 6O3 + ;0" A 64

+OL A0 + %92 AOS + TIs03 N O +46° N 65,
" =0,

where the coefficients Iy, Io, I3, I, I5 and Ig are

L, = P
1 - _T/uj7
1
I, = —9p? — 10qu],
2 = ol 10ay]
Is = d’\u—Qx)u—t,
1
I, = ———— [1770p%qu — 1275pru® + 3000su® — 594p* — 800¢%u?] ,
! 625{’/u75[ i P P 7]
_ 1 3 2
I, = e [33p® — 45pqu + 100ru?]
3
I = ——=.
u

Now we solve this example by gauge equivalence method. The one-forms (36) and

td dt
w7:Q'dw——g+—,
u u

are chosen as element of coframes and the final structure equations with above coframes are

ot =0,
do? =0 A 63,
do® =0 A 6%,

do* = L0 A 0% + 6" A 65,

df® = Ly0' A 0% 40" A 65 + 50° A 04,

d0% = Ls0' N 03 + La0" N O* + 01 N O + L5603 A 0* + 5603 A 6,
dg” =0,

13

(70)

(71)



where the coefficients L1, ..., L5 are

Ll = _5£7
U
10p?

L2 = - u2 )

Ly=-2, (79)
U

5
Ly=-2
U
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