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1 Introduction

Impulsive fractional order system (IFOS) has become a focus of research and several hundreds
articles are found by searching the topic of impulsive fractional order system from Web of science. For
the IFOS, its integral solution (or equivalent integral equation) is key in studying numerical solution
[1, 2], existence of solution [3-11], oscillation behavior [12, 13], periodic motion [14], solvability [15],
asymptotic behavior of solution [16], stability [17-19], integral solution [20-27] and general solution
[28] etc.

Furthermore, the impulsive fractional partial differential order system (IFrPDOS) was firstly in-
troduced in [29] by

@ ) (est T(Sat) (3 t,T(S,t)), (Svt> €0,s# Sj (] =12, -'-7J)>

(0+,0+
Y(s),t) = Y(s;.t) = Uj(L(s;,1),  te0,d,j=12...17 (1.1)
T(s,0) = n(s), 1(0,¢) = (1), s €[0,0], € [0, ¢,

where (CO +.04)Dfs 1) represents the Caputo fractional derivative with order e = (e1, e2) (1,2 € (0,1]),

O =100 x[0,c],b=ss41 >57>..>5>5=0,F:OxR* - R", U; : R" -+ R" (j =1,2,...,.J),

*
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n:[0,b] = R™ and & : [0, c] = R™ with n(0) = £(0).

Remark 1.1. Let ©¢ = [0,s1] x [0,c], ©; = (s5,5;4+1] X [0,¢], ©g = O and O, = [s}, sj41] x [0, ¢]

(J=12,....,J), A(s,t) = n(s) + &(t) —n(0) and Fdrde = F(e, T, w(e, T))drde throughout this paper.
For (1.1), it is found that there are three different integral solution in existing research. To study

some properties of solution, the integral solution of (1.1) was given in [29-32] by

61 1 _ 7_)62—1
(s,t) / / Fdrde, (s,t)€ Oy,
(62)

T(s,t) = . _ (1.2)
s—e)r 1t —r)eel )
Fdrde, (s,t) €0©;,57=1,...,J,
0+, / el (ea) (&%) € 8
or equivalently,
_ 61 1 _ 7)62_1 @
F
(s,t) / / (62) drde, (s,t) € Oy,
o el 1 t _ ea—1
A(s,t) —I—Z/ / 5~ ¢) (e )T) Fdrde
Y(s,t) = 2 (1.3)
J _ 61 1 ea—1
+ Z [Ui<T(Si_7t)) - U;(Y / / (62;) Fdrde,
i=1

L (s,t) €095, =1,2,...,J.
In contrast, in [33], it was thought that the integral solution of (1.1) is another integral equality

61 ]. _ 7_)62—].
(s,t) / / Fdrde, (s,t) € Oy,
(62)

T(s,t) = A(s,t) +Z — Ui(Y(s;,0))] (1.4)

— e1 1 _7.)62—1
/ / (62) Fdeﬁ, (Sat) € eja] = 1,2, ,J

Moreover, by combining the above two thoughts of integral solution, the third integral solution of

(1.1) was given in [34].
Remark 1.2. By Lemma 2.3, in fact, (1.2) and (1.3) are the integral solution of the system

( + 04) (s, )T(s,t) = F(s,t,Y(s,t)), (s,t) € Oz, herei=0,1,...,J,

T(s),t) = Y(s;,t) = Ui(T(s5,1), te€0,¢,j=1,2..1 (1.5)
T(s,0) =n(s), Y(0,t) = £(¢), s € [0,b],t € [0, ],

However, recently it is found that there are two piecewise functions satisfying the conditions in
(1.1), which derive that the given integral solutions in the cited papers are inappropriate. Therefore,
in what follows, we will re-search the integral solution of (1.1).

We arrange the remainder of the paper as follows. Firstly, we review some definitions and properties
of the fractional derivative and the fractional integration in Section 2. Secondly, we elaborate that
there are two piecewise functions satisfying the conditions in (1.1), and then we re-explore the integral
solution of (1.1) by some properties of piecewise function in Section 3. Finally, an example is provided

to show the computation of integral solution of the IFrPDOS’s solution in Section 4.



2 Preliminaries

Let L'(©,R") denote the space of the Lebesgue-integrable function Y : © — R" with

b c
|Yru,u>n1=:jﬁ ]Q 1 o) | ddp

where ||-|| is an appropriate complete norm on R™.
Definition 2.1 ([35, 36]). Let z € [0,b], ©, = [2,b] X [0,c] and u = (u1,u2) (ui,us > 0). For
T € L'(©,,R"), its mixed Riemann-Liouville fractional integral is defined by

s — 6 u1 1 o T)u2_1
P (s,t) Y (e, 7)drde.
( +0+) st / / P(Ug) ( )

Definition 2.2 [29]. Let e = (e1,e2) (e1,e2 € (0,1]) and T : ©, — R" satisfy ag—gt’f(s,t) € LY(e,,R").
the Caputo fractional derivative of T with order e is defined by

e _ o
g+,0+)D(s,t)T(Sv t) (z+, 0+)I( t) <a atT(sa t)) .

Lemma 2.3 [32]. Let the function g : ©, — R" satisfy %g(s,t) € C(0,,R"). If Y(s,t) € C(0,,R"),
then Y(s,t) satisfies
(C,;—l,-,O—i-)D?s,t)T(S?t) = g(s,t), (Svt) € 627

iff Y(s,t) satisfies
T(Sat) = T(Sa 0) + T(Z+7t) T(Z+ O) (=+ 0+)I( ) (S t)

el 1 T ea—1 €T
=7(s,0) + Y(z+,t) — / / )F(e)g) G )dee,

for (s,t) € ©,.
Next, we use Definitions 2.1-2.2 to consider the properties of piecewise function. Let

fO(Sat)7 (Svt) S @07
fl(sat)7 (87t> € 617

f(s,t) =
fJ(Svt)a (Syt)e(—)J,
0, (s,t) € O,
2.1
:{?@ﬂ,@?ESmQ o, s con (2.1)
3 (5, )€ =19k, 07 ( t) GU% 2®k7
2
0, (s,t) € U204, | e ullen.
+ o+ froa(s,t), (s,t)€O©y1, + et o
0, (s,t) € Oy, J



Property 2.4. Let e = (e1, e2) (here e1, ez € (0,1]) and f : ©) — R" satisfy %fk(s,t) € C(O,R")
(here k = 0,1, ..., J), then the fractional derivative of (2.1) can be computed by
(C(;+ 0+ Dfs,t fO(S t) (S,t) € O,

C D¢ f(s t) = ¢ ey A2
(0+,04) = (s,t) s (S ) ( 7_) 9 f() (6, 7_) .
/0 o I(1—e)l(1—e2) Oedr drde, (s,t) € Uj—1O,

0’ (S’t) E 607
+ (C; ,0+)D (s,t) fl(s t), (s,t) €Oy,
t s — t_T) €2 82f1(e 7.)
/ / ) drde, (5,1) € Ul_On,
o T(1—e)l(1—e) Oedr )
07 (3 t) e Uk 09],“
N (C;+ 0 De nli-1(s,t), (s,t) € ©,_1,

s—€) (t—1) 2 fra(eT)
/ / F(1—e)T(1—ey)  Oedr drde, (s,t) €Oy,

(s,t) € Uk OGk’?

_|_
Z}Oﬂ (s fi(s:t), (s,1) € Oy.

Property 2.5. Let e = (e1,e2) (here eq,es € (0,1]) and fi, : ©p — R satisfy fi(s,t) € C(Of,R")
(here k = 0,1, ..., J), then the fractional integral of (2.1) can be computed by

(0+,0+) L5 fo(s, t) (s,t) € O,
(0+,0+) L(s.0) f (5:1) / / Yer=1(¢ — rye2=1 fy (e, ) ;
drde, (s,t) € Ui_1Oxk,
)F(eg) ( ) k=1"k
($7t) € @07

(s1,00)( st)fl(s t) (S t) € 0y,

(s —e)r™ lt—T)eQ Lfi(e, ) J
/ / e1)T(e2) drde, (51) € UesOr, 23

P R e t) o

+ o0t
)Mt =)= (e )
/ / 61)F(62) deEv (S?t) € @Ja

n (s,t) € Ul Ok,
(sj,o+)f(s,t)fJ(87t)7 (s,t) € ©.

3 The integral solution of (1.1)

We first present some limit properties of (1.1) and next illustrate that there are two piecewise
functions satisfying the conditions in (1.1) to expound that the above integral solutions of (1.1) given
in existing papers are inappropriate, and finally use the basic limit properties and Properties 2.4-2.5

to re-explore the correct integral solution of (1.1) in this section.



For simplifying some formulas, let

o 61 1 _ ea—1
i(s,1) // s=€) D pdrde.  i=0.1,...J:
62)

o el 1 62 1 o 61 1t— ea—1
i(s,1) // Fdee—i-// i) D pdrde (3.1)
(62) 62)
_ 61 1 ex—1
// — D% pdrde, j=1.2...J
62)

3.1 The basic limit properties of (1.1)

Consider two limit cases of (1.1):

lim {system (1.1)}
U;(X(s; ,t))—0 for Vje{l,2,..,J}

_ {(0+ 0+)D(s t)T(s t) = F(s t,Y(s,t)), (s,t) €0,

3.2
6.0 =16 10,0 =40, s € 0,81 € 0,¢], (3:2)
61 1 7.)6271
< Y(s,t) = A(s,t) / / () Fdrde, (s,t) € 0;
2
li t 1.1
sj—s; for Vje{l,Q,.l..I,rtl]} and 1€{1,2,...,J} {SYS e ( )}
(COJDOJF)Df nT(s,t) = F(s,t,Y(s,1)), (s,t) € ©,5 # s,
J (3.3)
= T(sl 1) = Y(s; ,t ZUJ (s; 1)), te€l0,c]
7=1
T(s,0) =n(s), T(0,1) = £(¢), s €10,b],t € [0,].

3.2 Two piecewise functions satisfy the conditions in (1.1)

We will expound that there are two piecewise functions satisfying the conditions in (1.1).

Because A(s,t) + [ fo = E;(lell)g(e;)eQ Fdrde satisfies ¢ 0+.04)Dispy T(s,t) = F(s,t,Y(s, 1)) on w-

hole interval ©, it is sure that the piecewise function (1.4) satisfies the conditions of (1.1).

Next we will discuss whether (1.2) meets the fractional derivative of (1.1). Use Definition 2.1 to

calculate the fractional derivative of (1.2):

G100 Dfen (s, 1) = F(s,t,Y(s,t)), (s,t) € Oy,

(s,t)€O9

Lt —7)7% 02Pg (e, T)
(s,t)€0; / / M(1—e)T(1—ey) 0OeOT drde

52 _ _ e 2
/ / s—et—7)=0 (I)l(e’T)dee—i-...
1 — 61 1 - 62) 8687' (34)

s —€) t—T) €2 82<I>j(e,7)
/ / F(1—e)T'(1—e3) 0OeOT drde, (s,1) € ©;

)_62 82(1)0(6>7_) .
75/ / T e l(i—cy) dedr drde, (s,t) € O,

= F(s,t,Y(s,t)), (s,t) € O; (hereje{1,2,...,J}),

C e
0+,00) Pl T (st




which means that (1.2) doesn’t satisfy the fractional derivative of (1.1).

However, we can use (1.2) to construct another piecewise function satisfying the conditions in (1.1)

as follows
- el 1 ea—1
(s, 1) / / s—¢) )T) Fdrde, (s,t) € Oy,
I'(e2
Y(s,t) = Jer- 1 _)ee-l
/ / Fdrde, (s,t)€©;,j=1,2,...,J,

62)

so,szﬂ] [O cl, (3.5)

> /sm/ el B A s e
- 0 X [g)(a)]d du] drde, (s,t) € (sis1,b] % [0, .

We use (2.2) to obtain the fractional derivative of (3.5)

(%Jr o+)Dfs t)T(S t)
(s,8,T(s,1)), (8 t) € Oy,
S—u t—q)) e2 82[(1)0(1‘77))]
/ / 1 — 61 1 — @2) auav dvduv (Sat) S (l’l,b] X [O,C],
(s,2) € [0, 55] x [0, ],

= F(s,t,Y(s,1)) (st)GGJ,
P )2 07(8, (u,0)]
=1 / / (1 ST 1 —a)  awn Wde D E G xDd, (36)
0, (s,t) €10,s5] x [0, ],
F(s,t, T(s t)), (s,t) € ©y,
-1 |0, ) €0, Sz+1] [0, ],
Sit+1 s — v) ez 2 i(u, v
=0 / / ( I(1—e)I'(1 —)62) . [gu(av )]dvdu, (5,2) € (si41,b] x [0, 4],

= F(s,t,T(s,1)), (s,t) € UL ,0;.

Therefore, it can be verified that both (1.4) and (3.5) satisfy these conditions of the initial value, the
impulses and the fractional derivative in (1.1).

Additionally, by the above discussion, (1.4) is only a special solution of (1.1) because it doesn’t
contain the key part ®;(s,t) (j =1,2,...,J), but (3.5) is not the solution of (1.1) because it doesn’t
satisfy (3.2).

3.3 The integral solution of (1.1)

We will use Properties 2.4-2.5, two limit properties ((3.2) and (3.3)) and the thoughts of (1.4) and
(3.5) to re-explore the integral solution of (1.1). Define the space of functions



ICp(O,R™) := { Y(s,t) : UL,0; — R"

{

T(s;,t)= lim Y(s,t) =

s—>s]._
2
lim (s, t)]
s—)sj_

[6

0s0t

Lemma 3.1. Let F : © x R® — R" satisfy
C(6;,R") (here i = 0,1,...,
on [0, ¢], then

0, (s,t)€ d,

st

< 00, lim

2

0sot
T(sj,t) < oo, T(sj,

[6

0s0t

T(S, t) S C(U%]:OG)’LH Rn)a

and

t) = lim Y(s,t) < o0

+
S—}S]-

2

S—}S

(s,t)} < 00, here j = 1,2,...,J} .

2 P(s,t,T(s,1)) € C(O; x R, R") for 2 T(s,t) €

J), and let p(t) be an arbitrary continuously differentiable function of ¢

61 1 ,7.)6271

07/

C e
04,00 Pis.t)

e
2) — 0.

The proof will be given in the Appendiz.

I'(1—e)I'(1—e2) oudv ’
(s,t) (sj,b] [0,¢], here j =1,2,..., J;

Theorem 3.2. Let F' : © x R" — R” satisfy 358tF(S t,Y(s,t)) € C(6; x R",R"™) for atT(S t) €

C(©;,R") (here i = 0,1, ...

on [0,c].

If Y(s,t) € ICp(O,R™), then Y(s,t) satisfies (1.1

,J), and let A(t) be an arbitrary continuously differentiable function of ¢

) iff Y(s,t) satisfies

7_)6271

Fdrde, (s,t) € Oy,

s—eel 1
st //
62

)

7_)62—1

Fdrde

oo | [

Y(s,t)

[(e2

\

)

J
+ Z Uk(T(sgvt)) - Uk(T(Slzv(]))]? (Svt) € @j7j =1,2,..,J,
k=1

0? (s,t) €0, sj] [0, ], (3.8)
s — 6 61 1 7)e2—1
P RO CaCAn) R2IEN) / / €2>>
+) -
= €e—u)"° (1 —v)~%2 O[A(v ) j(T( j =, 0))Po(u,v)]
1 / / e~ o) 550 dvdu | drde,
(s,t) € (s5,b] x [0, ],

Proof. 'Necessity’. It will be proved that the integral solution of (1.1) is (3.8). Let us consider (1.1)

with an impulse:

= F(s,t,Y(s,t)),
— U;(X(s5,1).
= ¢(1),

(s,t) € ©,5 # s,
t e 0,¢,
s €10,b],t €10,(,

7



By Lemma 2.3 and the limit property (3.2), the integral solution of (3.9) satisfies

s — 6 61 1 7—)62—1 ' .
Y(s,t (s,t) / / (61) 62) Fdrde, (s,t)€0,s;] x[0,c]; (3.10)

and
(s —e)r=1(t — 7)e2t
I'(e1)T(e2)

s rt
lim Y(s,t) = A(s, 1) —|—/
U;(Y(s; ,£))—=0 o Jo

Fdrde, (s,t) €©. (3.11)

Next, by using (3.10), it is similar with (3.5) to construct a piecewise function (s, t)

T (s, t)

81 1 _7_)62—1 1w .
Als, ) // Ry Firde, (s.0) € [0.5] < 0]
_ 61 1 ,7_627].
= { A(s,t) + U (X (s, 1)) — / / 62)) Fdrde
/ / . >) leTde, (5,8) € (55,6 x [0,c], (312)
N

[0 Sy] [0 C]

Jer-1(p  p)ee-t € — )~ (r - v) % 9o (u,v)
/ / ey [/ / T e )T — o) Sudv dvdu | drde,
(S,t) (3J7b] [070]7

Remark 3.3. (3.12) satisfies these conditions of the initial value, the impulses and fractional derivative

n (3.9), but (3.12) doesn’t satisfy (3.11) to be only as an approximate solution with e(s,t) = Y(s,t)—
Y(s,t) for (s,t) € O.
Thus, by (3.11) and (3.12), we have

lim e(s,t) = lim {T(s,t) — T(s,t)} for (s,t) € ©,
Uj(T(37 t))—0 Uj(T(sf,t))—)O

0, (s,1) €[0,5;] x[0,4],
— e11 621 e —u) (1 — )€ §2 W v
/ / 62) [/ / 1 — el)(I‘(l _)62) 0 22591; )dvdu drde

U,(s,t), (st € (s5,b] x [0,c

(3.13)

From (3.13), we think that e(s, ) connects with U;(Y(s; ,t)) and Hmy, v (5= )50 e(s,t) and assume
J K

e(s,t) =g <Uj(T(5;,t))> lim e(s,t) (here g(-) is an undetermined function)
U (X(s; )—=0

0, (s,t)€]0, sj] [0, ¢],
‘ o 61 1 o T)eg—l
g (UJ(T( (%) / / 62) (3.14)
_ o1 (r — p)ea O [g(Uj(T(sj ) o (u, v)]
/ / - el)F(l — &) Budv dvdu | drde,
L (s,t) € (s5,b] x [0, ],



By (3.12) and (3.14), we get
= + e(s, t) for( t) €
s t(s 51 1 7_ 62 1
/ / Fdrde, (s,t)€]0,s;] x[0,c],
o Jo 2)
2)

821

t el 1
+/O /0 e Fdrde
+ Uj(Y(s5,1)) ( ( ,0)), (s,t) € (s5,0] x [0, ],
(s,8) € [0,5,] x [ ] (3.15)

61 1 62 1
g(U] i(s,t) //

+ [/ /T E_U 31 )762 8 |:( g(UJ(T(SJ ,U))))Qo(u7ru)i|
X dvdu | drde
0 0

(1 —e)I'(1—e9) Oudv

Furthermore, by (3.2) and (3.3), it shows that the impulsive effects have the linear additivity. There-

fore, by combining with the special solution (1.4), we obtain the solution of (1.1) as

_ el 1 62 1
A(s,t) // s—¢) —7) Fdrde, (s,t) € Oy,

61 1 62 1
T(s,t) = A(s,t) // Fdrde

+Z[U(T(s ) = U(T(s7,0)], (s,1) €65,5=1,2,...,J,
=1

(0, (s,t) €][0,s5] x [O,C] (3.16)

B R O B e

: e —u)e (7 —v)—e2 07 (1 g(U(T( v ))))‘1’ (u,v)
j=1 {/ / ORIy 1 — 62) [ ’ 8u8jv ° ] dvdu | drde

(s,) € (s5,b] x [0,d],
Moreover, (3.16) satisfies (3.3) such that

1= g[Ui(Y (s, 1) + Ui(T(s5, 1)) = 1 = g(Ui(T (s
for VU;(Y (s

i_’ £) +1—g(U;(Y(s5,1))) )
i 7t))7U](T( j y )) c R".

Then
1= g(U;(Y(s; 1)) = AOU;(L (s 1)) (3.18)

here A(t) is an arbitrary continuously differentiable function, and then (3.16) is (3.8).



"Sufficiency’. By Lemma 3.1, we obtain the fractional derivative of a part of (3.8):

0, (s,t)€][0,s;]x[0,c],
61 1 T eo—1
AU (Y (s; (s,t) / / 62))
C De _
0+00) Pls) e [ (v) U5 (T(s7 ,0)) @o(u, )| (3.19)
/ / T = e)T(1 = 3) udo dvdu | drde,
L (s,t) € (s5,b] x [0,c]|, here j =1,2,..., J,

=0.

Then the fractional derivative of (3.8) satisfies

%+,0+)D?s,t)T(57 t)
_ 61 1 7_)82—1
(s,t) / / Fdrde, (s,t) € Oy,
62)
_ 61 1 _ 7_)62—1
= %+»0+)D€s,t) (s,t) / / 62) Fdrde (3.20)

MQ

+ [Ui(T(si_,t)) —Ui(Y(s;,0))], (s,t) €0,,5=1,2,....J,

7 ?

1
= F(s,t,Y(s,t)) for (s,t) € Ul_,0;.

<.
Il

For each s; (j =1,2,...,J) in (3.8), we have

T(s),t) = Y(s;,t) = A(s),t) — A(sj , 1) + Uj(T(s5, 1)) — Us(T(s5,0))
=n(s)) —n(s;) + Ui (X(s7 1) = Uj (Y (s ,0)) (3.21)
=U;j ( ( 7t))
Finally, letting U;(Y (s} ,t)) — 0 for Vj € {1,2, ..., J} in (3.8), we obtain
B lim {equation (3.8)}
U; (Y (s; ,t))—0 for all je{1,2,....J}
< Y(s,t) = A(s, t) / / J _;)621Fd7'de, (s,t) € O,
62
. {(Co_i_’o_i_)D(s,t)T(s,t) _ F(s,t, T(s,t)), (s.1) € O, (3.22)
Y (s,0) =n(s), Y(0,t) = &(t), s €10,b],t €]0,c],
= lim {system (1.1)}.

U;(Y(s; ,t))—0 for all je{1,2,...,J}

Moreover, it is obvious that (3.8) satisfies the property (3.3). Thus the proof is now accomplished. [

4 Applications

We will offer an example to show the computation of solution of the IFrPDOS and illustrate that

there are many solutions for the IFrPDOS in this section.

10



Example 4.1. We consider a IFrPDOS
C

(0+, 0+)D ( ) t, (S7t) € [073] X [073}75 # 1,
(1+ ) - (1 t) =1, le [073]7 (41)
w(s,0) = w(0,t) =0, s €10,3],t €10,3],
where e = (e1,e2) = (3, 3).
Using Theorem 3.2, the solution of (4.1) is
16 3 3
— 5212, (s,t) € [0,1] x [0, 3],
w(s,t) = ?lg
gsiti +t, (s,t) e (1,3] x0,3],
0, (s,t)€][0,1] x[0,3],
1
1 5 35 — )2 (t —
8M1) [2t2 +(s—1)2(2s + 1)t2 —232152] —/ / (s 6) t (t 5 " (4.2)
I 1 Jo INGIING))
+ 1 3 g2 .
e—u) 2(r—wv) 2 b5}
A 202 | dvdu | drd
|:// T 8uav((v)9uv vu] Tde,
| e =03
where A(t) is an arbitrary continuously differentiable function of ¢ on [0, 3].
Because of
1
S fts—e) 2(t—1)" 33
Do(s,t) = (s—¢) T ( T 7) eTdrde = —32152;
0 Jo INCIING
L= a =) G
Uy(s,t) = il T 7) 67'de6+/ / s=¢) O T~ erdrde
0 Jo L)I(3) rirei) (4.3)
1
s t —_ )T 2(+ — 2
—/ / (s—¢) T (tl ) eTdrde
0 Jo L()I(3)
16 3 8 1 3 16 3 3
=2+ —(s—1)2(25 + 1)t2 — —s2¢t2
97Tt +97T( )2(2s+ 1)t gﬂSt ,
by Lemma 3.1, we have
0, (s, ) [0, 1] x [03]
1 1
8)\()[2t2+(571) (28+1)t2 7252252 (s—e) 2(t—71) 2
o 1 l)
(004 Plsy ! e
o0 LT e—u) 3 (r —v)"2 O 16 3 (4.4)
X T Av)— u2v2 dvdu | drde,
0 0 F(ﬁ)r(ﬁ) oudv 97
(s,t) € (1,3] x [0, 3]
=0
Thus, we come to that (4.2) satisfies ¢, 0+.04) Dispw w(s,t) = st for (s,t) € ([0,3] x [0,3] and s # 1) in

(4.1). Moreover, (4.2) also satisfies w(1T,¢) —
s€0,3],t €10,3] in (4

w(1™

.1). Because of the arbitrariness of A(

11

,t) =t for t € [0, 3] and w(s,0) = w(0,t) = 0 for

t), (4.1) has many solutions.



5 Conclusion

It is found that there are two piecewise functions to satisfy the conditions in (1.1). And then, by
constructing piecewise function and combining with the limit properties of (1.1), the integral solution
of (1.1) is found that is an integral equality with an arbitrary continuously differentiable function A(t)

to reveal the non-uniqueness for solution of (1.1) due to the arbitrariness of A(t).
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7 Appendix A

We will give the proof of Lemma 3.1.
Proof. Using Definitions 2.1-2.2 and Property 2.4, we rewrite (3.7) into
(0, (s,t)€][0,s)]

s — 61 ]. _ 7_)62—1
(s,t) / /
62)

€—u) e1(7— ) 2 0[p(v) o (u, v)]
{/ / I'(1—e)l(1 —eg) 8u80v dvdu | drde,

L (5,8) € (s5,6] x [0, ],

C e
0+,04) P,y

(0. (s.1) [08]1 [0c1
/ / t =)~ Plp(0)®;(uv) — p()Bo(u )], (A1)
_ (1 —e)l(1 —e2) oudv
: § = )1 (1 = )= 2[p(0) Bo(u, )]
/ / I'(1—e)I(1—e2) 8u80v dvdu,
(Svt) (Sjvb] [O,C],

0, (s,t) €]0,s;5] x[0,¢,
0*[p(t)®o(s,1)]

= —ePp(t)®;(s,1)] -
1—e I\ 1—e .
sronTen ™ gsar  @onTen T gegr 0 (1) € (8,8l x (0.
1—e O?[p()®;(s,t)] 1— s—e)e1 1 (t—r)%2"1
To calculate (st 0+)I(s t)l)é)W = (sj',O—l—)I( asat [ fsj fo F @) F(EQ)) Fdee] we trans-

form f fo yer=1(t — r)2=1 Fdrde into

s t
/ / ) )eQ_leTde:—l /Fd(t—r)” d(s — €)!
€1€2 sj 0

! F(sj, ,Y(s;
:{(S‘%)“t@F(sﬁo Vs 00) + (s )t [ =y P2 DTl g
€162 0 or

e /:(s—e)elaF(e’Oé;r(€70))de+/:(s—e)el Uot(t—7)6252F(€g€’;(6’7))d7] de}.

J J

12



Then

61 1 62 1
(s 0+) asat / / Fdrde

— # 1—e _ i el—]_ 62—]_ l ey |/ ) )
T T(e)(e) s 0+>I<st){(5 55) [t P(t)+€2t p(ﬂ] F(s4,0,Y(s;,0))

+(s— Sj)e1—1/0 [(t _ T)ez_lp(t) + 612(t _ 7’)62/),(15)] OF (s;, Té;_r@jﬂ—))dT (A.2)
+ |:t62—1p(t) + 612t62p,(7f):| /Sj(s _ 6)61—1 aF(E,Oéj(G,O))de

i / (s — gt /O t {u Tl + (e a%’(t)} Prer XL T”dme} |

i
We divide the right side of (A.2) into four parts (I)-(IV) as follows

0 s s B {<s =) [0 + 0| P, 0.0065,0) )

S—E 1 —e1— 1 j)el 1(.[:_,7_)1—62—1 |: o1 1
ex— _1_7 ey [/ :|d d
// 1—61 DleaT(— ey | PO+ () drde

x F(s},0, T(s], )) (let € — s = 9)
B $—8; (S 5 — ¢)1—el—1¢el—1 t (t _ 7_)176271 7_62—1 _ i
A s L vt LR
X F(Sjvo T(Sja ))

7o p'(T)] dr

1—ea—1
= (o0, 35,0 [ ST ety 4 Ll (o) ar
S — 8, 811 _062 Si v P
() (o o Ths { ] [t_v ety 4 O 62) p,(t)] OF (s}, 53( " ))dv}

[ [y r<e;°;?f;f/o [0+ -]

8F(5] v T(sJ
X
ov

e Y e
< / ' [(T ) p(r) 4 (- v)ezp’(f)} ciURL ”))dv) dr

2

))dv} drde (let € — s; = ¢)

7') a1 1 e OF(sj,v,Y(s4,v))
/ / Tes F(l ) [ v) p(T) + o (T—v)%p (T):| 9 drdv
(let 7 —v =)
t—v t—v—gp I 1 ., OF(sj,v,Y(sj,v))
/ / T(e) T~ c3) [cp ple +v) + o (o + v)} 9 dipdv;

13



Il—e

(III) (s;r,OJr) (s,t)

{

[tff?lp(t) + 612t62 p'(t)} /s S
OF (u,0,Y(u,0))

w)* 1 OF (u,0,Y(u,0))
ou

(s —
; Te1)l(e2)

(S _ 6)—61 (E _ u)el—l

m}

dedu

:/S. ou

J

/us I'(e1

JT(1 —e1)l(e2)l'(1 — e2)

X /Ot (t— 1)~ {7621,)(7) - 6127%’(7)} dr (let e —u = ¢)

OF(u,0, Y (u,

/,

J

ou

0)) [/S_“ (s —u— @) er¢ger!
0

rmwu—q>d4“

t (t ) €2— i ey /
X/@mu—@ﬂT]“ﬂ+@7P“ﬂm
(S 0, T(S 0)) F(S ,O,T(S',O)) K —e2 | ~e2—1 iTez ! (+ T
F(€2)F(1 —2’2) : /0 (t N T) |:T 'O(T) + €9 p ( ):|d )

(IV) o + o Zion) {/j (ps(;;?:;)l /Ot {(t —v)2 () + ¢ _65)62 p'(t)] aQF(“vaZ’ai(uvv))
-/, <(8>_ff / R e e e

X 621

(T —v)%2p (T)] dev} dude (let 7 —v = )

O?F (u,v, Y (u,v)) —e2

v =)

/s/u

J

X

61 1 t
1—61 {/0

/Ot—v (t —

Oudv [(ex)T'(1 — e9)

%el ' (t—v—gp)

J

s; JO

[9062 'p(p +v) + 4,0 p(gD-i—v)] dtpdv}dedu (let € —u = @)

[t

/tv
0

1 —e1) I(e2)I'(1 — e2)

2ol +v) + go”p(go+v)] dgodv}qudu

—ea 62 19(90+U)+é§062,0/(90+'0):|

//w_v_

F( Q)F(l — 62)

Substituting (I)-(IV) into (A.

(s}' 0+) (st)asat [ / /

8F (s,v,Y(s,v)) — OF (sj,v, Y (s, ))dgodv.
ov
2), we have
61 1 62 1
Fdrde
—e2 1 €2

e 1p(<p+v)+ e /’(‘P“’)} OF(s,v,T(s,v))

e

F(s,0,7(s,0))

e2) 1 — e2)

dpdv

F( 2)T'(1 —e2) By

[ = [ ot o) an

14
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In addition, letting s; = 0 in (A.3), we obtain

e)elfl(t _ 7.)6271
(0+,04+) (st 8 a1 [ e1)T(e2) Fdrde
) 1 L (A.4)
I 8 / / —9 U= pra
= Z
(57,007 (s:D) 95t (62) e
e 2[p(t),(5, 1) 6)o(s. 1)
0°[p(t)P,;(s,t 02 [p(t)Po(s,t
1—e I\ o 1—e ) — A.
eronten T gsor Oro0ten0 " gsar O (45)
This proof is completed. O
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