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Abstract

This study proposes a fault estimation and tolerant anti-disturbance switching control (ADSC) approach for the switched sys-

tems subject to the system fault and multiple disturbances. The fault dose not required to have a model.The disturbances

contain the modeled unmeasurable part and the unmodeled measurable part. First, a composite switching estimator is con-

structed to simultaneously estimate the unavailable system state, fault and modeled disturbance. Then, by means of the

estimator, a switching controller is developed to tolerant the fault and complement the modeled disturbance. Further, under

the dwell time relevant switching signals, criteria are established to ensure the fault estimation performance and robustness

property for the switched systems. Finally, via implementing the presented fault estimation and tolerant ADSC scheme on a

switched circuit system to regulate the charge and flux, the reasonability of the established result is verified.
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Summary

This study proposes a fault estimation and tolerant anti-disturbance switching control
(ADSC) approach for the switched systems subject to the system fault and multiple
disturbances. The fault dose not required to have a model.The disturbances contain
the modeled unmeasurable part and the unmodeled measurable part. First, a com-
posite switching estimator is constructed to simultaneously estimate the unavailable
system state, fault and modeled disturbance. Then, by means of the estimator, a
switching controller is developed to tolerant the fault and complement the modeled
disturbance. Further, under the dwell time relevant switching signals, criteria are es-
tablished to ensure the fault estimation performance and robustness property for the
switched systems. Finally, via implementing the presented fault estimation and tol-
erant ADSC scheme on a switched circuit system to regulate the charge and flux, the
reasonability of the established result is verified.
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1 INTRODUCTION

Switched systems are peculiar hybrid systems featured by multi-modes and switching. The switching behavior is described by
switched system and a function specified as the switching index. Numerous practical dynamics have features of multi-modes
and switching, such as power electronics1 2, aero-engine systems (see3-5), circuit systems6 7 and so on. Lots of efforts have been
cast into the investigation of switched systems with a growing number of results attained. To list a few, the dissipativeness8,
event-triggered (see9-15), adaptiveness16 and so on.

In practice, while a control system work, it may suffer from various unexpected factors. Disturbances and failures are two
typical unwelcome characteristics which usually cause a reduction on reliability and security of the practical processes.

On the one hand, to deal with the faults in the systems, many fault tolerant control (FTC) schemes have been established.
During the process of fault tolerant, fault estimation occupies a vital position. Lots of contributions have been devoted to fault
estimation. For the different occurrence parts of the system failure, different fault estimators have been developed for estimating
the faults. The robust estimator17 18, sliding mode estimator19, descriptor estimator20, adaptive estimator21 22 are the well devel-
oped fault estimators. It is necessary to point out that a matching constraint assumption is adapted in the construction of many
fault estimators see23 for example. Luckily,24 presented a relaxtion on the matching constraint and then attained the fault tol-
erant of a liner system. However, the considered system is non-switched. For the existing investigations on the fault estimation
and FTC issues of switched systems in25, this matching constraint still exists. This constitutes one motivation of this paper.
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On the other hand, multiple types of disturbances often simultaneously exist as soon as a control system operates in prac-
tice. Recently, several kinds of effective disturbance estimators have been developed, like the composite estimator26, extended
estimator27 and equivalent input estimator28 29, to achieve the elimination or suppression of the disturbances. Notice that the
composite estimator is favorable due to its perfect compensation of the unmeasurable modeled disturbance. The composite esti-
mator technique has been successfully employed to combine with other control techniques to pursue the corresponding system
performance with a good disturbance suppression property. For switched systems, to mention a few, the composite estimator
approach has been combined with the 𝐻∞ control scheme30, the bumpless transfer control strategy (see31-34) and the adaptive
control way (see35-37) to obtain the better robustness, bumpless transfer performance and the adaptive property, respectively.
For the FTC issue of switched systems, the study of composite anti-disturbance control is quite few.38 39 addressed the FTC is-
sue for the switched stochastic system with the mismatched unmodeled disturbance instead of the modeled disturbance and the
fault occur at the actuator. Notice that the process fault is more general than the actuator fault. Therefore, it is more general and
interesting to make an investigation on the FTC issue for the switched systems with the process fault and multiple disturbances.

Via this paper, the fault estimation based as fault tolerant ADSC problem of switched systems encountered by both process
fault and multiple disturbances are studied. By designing the disturbance estimator, fault estimator without the matching con-
straint, the unknown disturbance and fault are estimated. Then, according to the observers, the fault tolerant anti-disturbance
switching controller is established to pursue the practical stability of the switched systems under the dwell-time relevant switch-
ing index. Finally, the reasonability of the developed fault tolerant ADSC control scheme is verified by a switched circuit model.
Different from the existing investigations, three features of this paper is worth noticed.

i) The matching limitation used in the fault estimation process of switched systems is taken away. This renders that a wider
range of faults can be mastered.

ii) The multiple disturbances are suppressed or compensated while addressing the fault. The disturbances include the modeled
disturbances and unmodeled disturbances. This coincides with practice better.

iii) The criterion is formed to ensure that the established fault tolerant ADSC scheme can force the switched systems to be
stable.
Structure. Section 2 introduces the formulation of the fault estimation and tolerant ADSC issue. The fault tolerant ADSC
technique is developed in Section 3. Section 4 verifies the effectiveness of the established fault estimator and tolerant ADSC
strategy. The conclusions are obtained by Section 5.
Notation. 𝐿2[𝑡0,∞) suggests the set of square integrable vector functions on [𝑡0,∞). 𝑑𝑖𝑎𝑔{𝐴,𝐵} represents a diagonal matrix
with 𝐴 and 𝐵 specifying elements on the diagonal. 𝑠𝑦𝑚(𝐴) denotes 𝐴 + 𝐴𝑇 .

2 PROBLEM FORMULATION

We take the following switched system
𝑥̇(𝑡) = 𝐽𝜃(𝑡)𝑥(𝑡) + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡),
𝑦(𝑡) = 𝑁𝜃(𝑡)𝑥(𝑡) + 𝑂𝜃(𝑡)Ψ2(𝑡),

(1)

into account, 𝑥(𝑡) ∈ 𝑅𝑛, 𝑢(𝑡) ∈ 𝑅𝑤 and 𝑦(𝑡) ∈ 𝑅𝑞 are the system state, control input and control output, respectively, Ψ1(𝑡) ∈
𝑅𝜔 and Ψ2(𝑡) ∈ 𝑅𝑝 are the disturbance input, 𝕗 (𝑡) ∈ 𝑅𝑟 indicates the fault signal, 𝜃(𝑡) represents switching logic (SL). For
convenience , we exploit the sequence

{𝑥0; (𝑞0, 𝑡0), (𝑞1, 𝑡1),⋯ , (𝑞𝑛, 𝑡𝑛),⋯ |𝑞𝑛 ∈ Ξ, 𝑛 ∈ 𝑁}

to express the switching index 𝜃(𝑡), where 𝑥0, 𝑡0, 𝑡𝑛 refer to the incipient state, incipient point and 𝑛th switching point, respec-
tively, Ξ = {1, 2,…𝑚} refers to the amount of the subsystems, and 𝜃(𝑡) = 𝑞𝑛 specifies that the 𝑞𝑛th submodel activates.

In the system (1), the state 𝑥(𝑡), the disturbance Ψ1(𝑡) and the fault 𝑓 (𝑡) are pre-unknown, Ψ1(𝑡) comes from the following
model

𝜉̇(𝑡) = 𝑃𝜃(𝑡)𝜉(𝑡) +𝑄𝜃(𝑡)Ψ3(𝑡),
Ψ1(𝑡) = 𝑅𝜃(𝑡)𝜉(𝑡),

(2)

in which 𝜉(𝑡) ∈ 𝑅ℎ refers to the state, Ψ3(𝑡) ∈ 𝑅𝑟 refers to the disturbance input satisfying the same property as Ψ2(𝑡), namely,
Ψ2(𝑡) and Ψ3(𝑡) all belong 𝐿2[0,∞).
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For the system (1), the following assumptions and definition are needed.

Assumption 1. 𝑆𝑖 is the full rank matrix, namely, rank(𝑆𝑖) = 𝑟, 𝑖 ∈ Ξ.

Assumption 2. For any complex value 𝜒 having non-negative real part, it yields that

rank
[

𝐽𝑖 − 𝜒𝐼 𝑆𝑖
𝑁𝑖 0

]

= n + rank(𝑆𝑖).𝑖 ∈ Ξ.

Assumption 3. Rank(𝐿𝑖, 𝑆𝑖) = rank(𝐿𝑖),𝑖 ∈ Ξ.

Assumption 4. The unknown time-varying fault 𝑓 (𝑡) satisfies ‖
‖

̇𝑓 (𝑡)‖
‖

≤ ℵ with ℵ ≥ 0 being a specified constant.

Definition 1. 40For any SL 𝜃(𝑡) and time 𝑡𝑏 > 𝑡𝑎 ≥ 0, if the quantity of switchings for the SL 𝜃(𝑡) during the interval [𝑡𝑎, 𝑡𝑏)
ensures

𝜌𝜃(𝑡𝑎, 𝑡𝑏) ≤
𝑡𝑏 − 𝑡𝑎

𝑠
then, the invariable 𝑠 is the average dwell time of the SL 𝜃(𝑡).

The control aim is to estimate the unknown state 𝑥(𝑡), fault 𝕗 (𝑡) and disturbance Ψ1(𝑡),and then design a control scheme to
tolerant the fault 𝕗 (𝑡), suppress the disturbance Ψ1(𝑡),Ψ2(𝑡) and Ψ3(𝑡).

First, in order to capture the disturbance Ψ1(𝑡), we design the following observer

𝜂̇(𝑡) = (𝑃𝜃(𝑡) + Λ𝐿𝜃(𝑡)𝑅𝜃(𝑡))[𝜂(𝑡) − Λ𝑥(𝑡)] + Λ[𝐽𝜃(𝑡)𝑥(𝑡) + 𝐿𝜃(𝑡)𝑢(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡)],
𝜉(𝑡) = 𝜂(𝑡) − Λ𝑥(𝑡),
Ψ̂1(𝑡) = 𝑅𝜃(𝑡)𝜉(𝑡),

(3)

where Ψ̂1(𝑡) represents the estimation of the disturbance Ψ1(𝑡) , Λ is the observer gain to be yielded.

Then, for purpose of getting the state of 𝑥(𝑡) and the fault 𝕗 (𝑡), we introduce the following variable

𝑟(𝑡) = 𝕗 (𝑡) −𝑊 𝑥(𝑡), (4)
and constructing the following observer

̇̂𝑥(𝑡) = 𝐽𝜃(𝑡)𝑥̂ + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ̂1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡) + 𝑇𝜃(𝑡)[𝑦(𝑡) − 𝑦̂(𝑡)],
̇̂𝑟(𝑡) = −𝑊𝑆𝜃(𝑡)𝑟̂(𝑡) −𝑊 {𝐽𝜃(𝑡)𝑥̂(𝑡) + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ̂1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝑊 𝑥̂(𝑡)},
𝑦̂(𝑡) = 𝑁𝜃(𝑡)𝑥̂(𝑡) + 𝑂𝜃(𝑡)Ψ2(𝑡),
𝕗 (𝑡) = 𝑟̂(𝑡) +𝑊 𝑥̂(𝑡),

(5)

among them, 𝑥̂(𝑡), 𝑟̂(𝑡), 𝑦̂(𝑡), 𝕗 (𝑡) are the estimation of 𝑥(𝑡), 𝑟(𝑡), 𝑦(𝑡) and 𝕗 (𝑡), respectively, 𝑊 is a matrix to be specified satisfy-
ing 𝑊 = 𝑣𝑖𝑆𝑇

𝑖 , 𝑖 ∈ Ξ , 𝑣 is a scalar to be solved.

Further, definite the estimation errors

𝑒𝑥(𝑡) = 𝑥(𝑡) − 𝑥̂(𝑡), 𝑒𝑟(𝑡) = 𝑟(𝑡) − 𝑟̂(𝑡),
𝑒𝕗 (𝑡) = 𝕗 (𝑡) − 𝕗 (𝑡), 𝑒𝜉(𝑡) = 𝜉(𝑡) − 𝜉(𝑡),

thus, the error dynamics are attained as
𝑒̇𝑥(𝑡) = 𝑥̇(𝑡) − ̇̂𝑥(𝑡)

= 𝐽𝜃(𝑡)𝑥(𝑡) + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡) − {𝐽𝜃(𝑡)𝑥̂(𝑡) + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ̂1(𝑡)]
+𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡) + 𝑇𝜃(𝑡)[𝑦(𝑡) − 𝑦̂(𝑡)]}

= (𝐽𝜃(𝑡) − 𝑇𝜃(𝑡)𝑁𝜃(𝑡))𝑒𝑥(𝑡) + 𝑆𝜃(𝑡)𝑒𝕗 (𝑡) + 𝐿𝜃(𝑡)𝑅𝜃(𝑡)𝑒𝜉(𝑡)
= (𝐽𝜃(𝑡) − 𝑇𝜃(𝑡)𝑁𝜃(𝑡) + 𝑆𝜃(𝑡)𝑊 )𝑒𝑥(𝑡) + 𝑆𝜃(𝑡)𝑒𝑟(𝑡) + 𝐿𝜃(𝑡)𝑅𝜃(𝑡)𝑒𝜉(𝑡),

(6)
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𝑒̇𝜉(𝑡) = 𝜉̇(𝑡) − ̇̂𝜉(𝑡)
= 𝑃𝜃(𝑡)𝜉(𝑡) +𝑄𝜃(𝑡)Ψ3(𝑡) − [𝜂̇(𝑡) − Λ𝑥̇(𝑡)]
= 𝑃𝜃(𝑡)𝜉(𝑡) +𝑄𝜃(𝑡)Ψ3(𝑡) − {(𝑃𝜃(𝑡) + Λ𝐿𝜃(𝑡)𝑅𝜃(𝑡))[𝜂(𝑡) − Λ𝑥(𝑡)] + Λ[𝐽𝜃(𝑡)𝑥(𝑡) + 𝐿𝜃(𝑡)𝑢(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡)]
= (𝑃𝜃(𝑡) + Λ𝐿𝜃(𝑡)𝑅𝜃(𝑡))𝑒𝜉(𝑡) +𝑄𝜃(𝑡)Ψ3(𝑡) + Λ𝑀𝜃(𝑡)Ψ2(𝑡),

𝑒̇𝑟(𝑡) = 𝑟̇(𝑡) − ̇̂𝑟(𝑡)
= 𝕗̇ (𝑡) −𝑊 {𝐽𝜃(𝑡)𝑥(𝑡) + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡)} +𝑊𝑆𝜃(𝑡)𝑟̂(𝑡)
+𝑊 {𝐽𝜃(𝑡)𝑥̂(𝑡) + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ̂1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝑊 𝑥̂(𝑡)}

= 𝕗̇ (𝑡) − (𝑊 𝐽𝜃(𝑡) +𝑊𝑆𝜃(𝑡)𝑊 )𝑒𝑥(𝑡) −𝑊𝐿𝜃(𝑡)𝑅𝜃(𝑡)𝑒𝜉(𝑡) −𝑊𝑆𝜃(𝑡)𝑒𝑟(𝑡).
Next, according to Assumption 3 and the estimators (3), (5), we can design the following controller

𝑢(𝑡) = −Ψ̂1(𝑡) + 𝑌𝜃(𝑡)𝑥̂(𝑡) − 𝐿∗
𝜃(𝑡)𝑆𝜃(𝑡)𝕗 (𝑡), (7)

where 𝑌𝑖, 𝑖 ∈ Ξ are the controller gain need to be selected.
By substituting the control input (7) into (5), the dynamics of the whole closed-loop system can be obtained within

̇̂𝑥(𝑡) = 𝐽𝜃(𝑡)𝑥̂(𝑡) + 𝐿𝜃(𝑡)[−Ψ̂1(𝑡) + 𝑌𝜃(𝑡)𝑥̂(𝑡) − 𝐿∗
𝜃(𝑡)𝑆𝜃(𝑡)𝕗 (𝑡)

+ Ψ̂1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡) + 𝑇𝜃(𝑡)[𝑦(𝑡) − 𝑦̂(𝑡)]
= (𝐽𝜃(𝑡) + 𝐿𝜃(𝑡)𝑌𝜃(𝑡))𝑥̂(𝑡) +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑇𝜃(𝑡)𝑁𝜃(𝑡)𝑒𝑥(𝑡).

(8)

Combining (2) and (8), we attain the augmented system

𝛼̇(𝑡) = Σ1𝜃(𝑡)𝛼(𝑡) + Σ2𝜃(𝑡)Ψ(𝑡) + Σ3𝜃(𝑡)𝕗̇ (𝑡),
𝑦(𝑡) = Γ1𝜃𝛼(𝑡) + Γ2𝜃Ψ(𝑡),

(9)

where

𝛼(𝑡) =
[

𝑥̂𝑇 (𝑡) 𝑒𝑥𝑇 (𝑡) 𝑒𝑟𝑇 (𝑡) 𝑒𝜉𝑇 (𝑡)
]𝑇Σ2𝑖 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑀𝑖 0
0 0
0 0

Λ𝑀𝑖 𝑄𝑖

⎤

⎥

⎥

⎥

⎥

⎦

,Σ3𝑖 =

⎡

⎢

⎢

⎢

⎢

⎣

0
0
𝐼
0

⎤

⎥

⎥

⎥

⎥

⎦

,

Σ1𝑖 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐽𝑖 + 𝐿𝑖𝑌𝑖 𝑇𝑖𝑁𝑖 0 0
0 𝐽𝑖 − 𝑇𝑖𝑁𝑖 + 𝑆𝑖𝑊 𝑆𝑖 𝐿𝑖𝑅𝑖
0 −𝑊 𝐽𝑖 −𝑊𝑆𝑖𝑊 −𝑊𝑆𝑖 −𝑊𝐿𝑖𝑅𝑖
0 0 0 𝑃𝑖 + Λ𝐿𝑖𝑅𝑖

⎤

⎥

⎥

⎥

⎥

⎦

,Γ1𝑖 =
[

𝑁𝑖 𝑁𝑖 0 0
]

,Γ2𝜃 =
[

𝑂𝑖 0
]

Based on the augmented system (9), the control aim is reformulated as
i) If the disturbance Ψ(𝑡) and 𝕗 (𝑡) are absent, then the system (9) is asymptotical stable.
ii) If the disturbance Ψ(𝑡) is absent, the system (9) is practical stable.
iii) If the disturbance Ψ(𝑡) and the fault 𝕗 (𝑡) all exist, then the following 𝐿2 gain property is ensured:

∞

∫
0

𝑒−𝛿0𝑡𝑦𝑇 (𝑡)𝑦(𝑡)𝑑𝑡 ≤ 𝛽

∞

∫
0

Ψ𝑇 (𝑡)Ψ(𝑡)𝑑𝑡 (10)

where 𝛽 is the 𝐿2-gain level, 𝛿0 and 𝛽 are given positive constant.
If the above control aim is reached, then the fault estimation and tolerant ADSC issue of the system (1) is solvable. The

structure of the fault estimation and tolerant ADSC scheme is depicted by Fig. 1.

3 MAIN RESULT

In this part, the fault estimation and tolerant ADSC scheme is designed for the system (1) to force the fault tolerant and multiple
disturbances alleviation.
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Figure 1 The structure of the fault estimation and tolerant anti-disturbance switching control scheme.

Theorem 1. Consider the system (9) with the given scalars 𝛿0 > 0, 𝛽 > 0, 𝜇 ≥ 1. Assume that the positive definite matrices
𝐻𝑖, matrices 𝑌𝑖, 𝑇𝑖, Λ can be founded to ensure

[

Σ𝑇
1𝑖𝐻𝑖 +𝐻𝑖Σ1𝑖 + Γ𝑇

1𝑖Γ1𝑖 + 𝑐𝐻𝑖 𝐻𝑖Σ2𝑖 + Γ𝑇
1𝑖Γ2𝑖

∗ Γ𝑇
2𝑖Γ2𝑖 − 𝛽𝐼

]

< 0, (11)

𝐻𝑖 < 𝜇𝐻𝑗 , 𝑖, 𝑗 ∈ Ξ, (12)
then under the estimators (3), (5) and the dwell-time relevant SL 𝜃(𝑡) ensuring

𝑠𝑑 > 𝑠∗𝑑 =
ln𝜇
𝛿

, 𝛿 ∈
(

0, 𝛿0
)

, (13)

the fault estimation and tolerant ADSC issue can be solved by the controller (7).

For 𝜃(𝑡) = 𝑖, take

𝑉𝑖(𝑡) = 𝛼𝑇 (𝑡)𝐻𝑖𝛼(𝑡), (14)
as the Lyapunov function of the 𝑖th subsystem for the system (9).

Thus, it generates that

𝑉̇𝑖(𝑡) = 𝛼̇𝑇 (𝑡)𝐻𝑖𝛼(𝑡) + 𝛼𝑇 (𝑡)𝐻𝑖𝛼̇(𝑡)
= 2𝛼𝑇 (𝑡)𝐻𝑖Σ1𝑖𝛼(𝑡) + 2𝛼𝑇 (𝑡)𝐻𝑖Σ2𝑖Ψ(𝑡).

(15)
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Futher, it yields that

𝑉̇𝑖(𝑡) + 𝑦𝑇 (𝑡)𝑦(𝑡) − 𝛽Ψ𝑇 (𝑡)Ψ(𝑡) + 𝑐𝑉𝑖(𝑡)

=
[

𝛼(𝑡)
Ψ(𝑡)

]𝑇 [

𝜄11 𝐻𝑖Σ2𝑖 + Γ𝑇
1𝑖Γ2𝑖

∗ Γ𝑇
2𝑖Γ2𝑖 − 𝛽𝐼

] [

𝛼(𝑡)
Ψ(𝑡)

]

+ 𝑐𝑉𝑖(𝑡)

=
[

𝛼(𝑡)
Ψ(𝑡)

]𝑇 [

𝜄11 + 𝑐𝐻𝑖 𝐻𝑖Σ2𝑖 + Γ𝑇
1𝑖Γ2𝑖

∗ Γ𝑇
2𝑖Γ2𝑖 − 𝛽𝐼

] [

𝛼(𝑡)
Ψ(𝑡)

]

, (16)

where
𝜄11 = Σ𝑇

1𝑖𝐻𝑖 +𝐻𝑖Σ1𝑖 + Γ𝑇
1𝑖Γ1𝑖.

From (11), we have
𝑉̇𝑖(𝑡) + 𝑦𝑇 (𝑡)𝑦(𝑡) − 𝛽2Ψ𝑇 (𝑡)Ψ(𝑡) + 𝑐𝑉𝑖(𝑡) ≤ 0. (17)

When Ψ(𝑡) = 0 from (11), it is not hard to render that

𝑉̇𝑖(𝛼(𝑡)) ≤ −𝛿0𝑉𝑖(𝛼(𝑡)). (18)

According to (12), we deduce
𝑉𝑖(𝛼(𝑡)) ≤ 𝜇𝑉𝑗(𝛼(𝑡)), ∀𝑖, 𝑗 ∈ Ξ. (19)

Combing (18) and (19), we are clear that

𝑉̇𝑖(𝛼(𝑡)) ≤ 𝜇𝜌𝜃(0,𝑡)𝑒−𝛿0𝑡𝑉 (0) = 𝑒𝜌𝜃(0,𝑡) ln𝜇−𝛿0𝑡𝑉 (0), (20)

where 𝑉 (𝑡𝑘) represents the value of the Lyapunov function at the switching point 𝑡𝑘, 𝑘 = 0, 1,… , 𝜌𝜃(0, 𝑡). Further, due to
𝜌𝜃(0, 𝑡) ≤ 𝑠

/

𝑠∗𝑑 holds for any 𝑠 > 0. It follows from (13) that

𝜌𝜃(0, 𝑠) ln𝜇 ≤ 𝛿𝑠. (21)

Thus, we have
𝑉𝑖(𝜀(𝑡)) ≤ 𝑒−(𝛿0−𝛿)𝑡𝑉 (0). (22)

This renders that the augmented system (9) is globally asymptotically stable when Ψ(𝑡) = 0.
When Ψ(𝑡) ≠ 0, from (17) and (18), we deduce that

𝑉𝑖(𝛼(𝑡))

≤ 𝑉𝑖(𝛼(𝑡𝜌𝜃(0,𝑡)))𝑒
−𝛿0(𝑡−𝑡𝜌𝜃 (0,𝑡)) +

𝑡

∫
𝑡𝜌𝜃 (0,𝑡)

𝑒−𝛿0(𝑡−𝑠)Υ(𝑠)𝑑𝑠

≤ 𝜇𝑉𝑖(𝛼(𝑡−𝜌𝜃(0,𝑡)))𝑒
−𝛿0(𝑡−𝑡𝜌𝜃 (0,𝑡)) +

𝑡

∫
𝑡𝜌𝜃 (0,𝑡)

𝑒−𝛿0(𝑡−𝑠)Υ(𝑠)𝑑𝑠

≤ 𝜇[𝑉𝑖(𝛼(𝑡𝜌𝜃(0,𝑡)−1))𝑒
−𝛿0(𝑡𝜌𝜃 (0,𝑡)−𝑡𝜌𝜃 (0,𝑡)−1) +

𝑡𝜌𝜃 (0,𝑡)

∫
𝑡𝜌𝜃 (0,𝑡)−1

𝑒−𝛿0(𝑡𝜌𝜃 (0,𝑡)−𝑠)Υ(𝑠)𝑑𝑠]𝑒−𝛿0(𝑡−𝑡𝜌𝜃 (0,𝑡)) +

𝑡

∫
𝑡𝜌𝜃 (0,𝑡)

𝑒−𝛿0(𝑡−𝑠)Υ(𝑠)𝑑𝑠

≤ ⋯⋯

≤ 𝜇𝜌𝜃(0,𝑡)𝑒−𝛿0(𝑡−𝑡0)𝑉𝑖(𝛼(𝑡0)) + 𝜇𝜌𝜃(0,𝑡)

𝑡1

∫
𝑡0

𝑒−𝛿0(𝑡−𝑠)Υ(𝑠)𝑑𝑠 + 𝜇𝜌𝜃(0,𝑡)−1

𝑡2

∫
𝑡1

𝑒−𝛿0(𝑡−𝑠)Υ(𝑠)𝑑𝑠 +⋯ + 𝜇0

𝑡

∫
𝑡ρθ(0,t)

𝑒−𝛿0(𝑡−𝑠)Υ(𝑠)𝑑𝑠

= 𝜇𝜌𝜃(𝑡0,𝑡)𝑒−𝛿0(𝑡−𝑡0)𝑉𝑖(𝛼(𝑡0)) +

𝑡

∫
𝑡0

𝜇𝜌𝜃(𝑠,𝑡)𝑒−𝛿0(𝑡−𝑠)Υ(𝑠)𝑑𝑠

= 𝑒−𝛿0(𝑡−𝑡0)+𝜌𝜃(𝑡0,𝑡) ln𝜇𝑉𝑖(𝛼(𝑡0)) +

𝑡

∫
𝑡0

𝑒−𝛿0(𝑡−𝑠)+𝑠(𝑠,𝑡) ln𝜇Υ(𝑠)𝑑𝑠,

(23)
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where
Υ(𝑡) = −𝑦𝑇 (𝑡)𝑦(𝑡) + 𝛽2Ψ𝑇 (𝑡)Ψ(𝑡).

According to (23), letting 𝑡0 = 0, under zero initial condition, we derive
𝑡

∫
0

𝑒−𝛿0(𝑡−𝑠)+𝑠(𝑠,𝑡) ln𝜇Υ(𝑠)𝑑𝑠 ≤ 0. (24)

Then, multiplying both sides of (24) by 𝑒−𝜌𝜃(0,𝑡) ln𝜇, we can get
𝑡

∫
0

𝑒−𝛿0(𝑡−𝑠)−𝜌𝜃(0,𝑠) ln𝜇𝑦𝑇 (𝑠)𝑦(𝑠)𝑑𝑠 ≤

𝑡

∫
0

𝑒−𝛿0(𝑡−𝑠)−𝜌𝜃(0,𝑠) ln𝜇𝛾2Ψ𝑇 (𝑠)Ψ(𝑠)𝑑𝑠. (25)

From (21), we derive
𝑡

∫
0

𝑒−𝛿0(𝑡−𝑠)−𝛿0𝑠𝑦𝑇 (𝑠)𝑦(𝑠)𝑑𝑠 ≤

𝑡

∫
0

𝑒−𝛿0(𝑡−𝑠)𝛾2Ψ𝑇 (𝑠)Ψ(𝑠)𝑑𝑠. (26)

Integrating from 𝑡 ∶ 0 → ∞ on two sides of the above inequality, we can deduce
∞

∫
0

𝑒−𝛿0𝑠𝑦𝑇 (𝑠)𝑦(𝑠)𝑑𝑠 ≤ 𝛾2
∞

∫
0

Ψ𝑇 (𝑠)Ψ(𝑠)𝑑𝑠.

Based on Definition 2, we know that the 𝐿2-gain property (10) holds.

Remark 1. Theorem 1 forms a criterion via which the fault estimation and tolerant ADSC issue of the system (1) is addressed
in the case that the maintain condition is not required. Different from the fault estimation issue studied in28, here, the multiple
disturbances are considered which is more coincide with practice.

Next, we offer the design process of the controller (7) to solve the fault estimation and tolerant ADSC issue for the system (1).

Theorem 2. Consider the system (9). Suppose that for the given scalar 𝜇 > 1, if there exist the positive define matrixes 𝑍1𝑖,
𝑍3𝑖 and matrix Λ such that the relations

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜎11𝑖 𝜕12𝑖 0 0 𝜕15𝑖 0 𝑍1𝑖𝑁𝑇
𝑖

∗ 𝜕22𝑖 𝜕23𝑖 𝐿𝑖𝑅𝑖 𝑁𝑇
𝑖 𝑂 0 0

∗ ∗ 𝜕33𝑖 𝜕34𝑖 0 0 0
∗ ∗ ∗ 𝜕44𝑖 Λ𝑀𝑖 𝑄𝑖 0
∗ ∗ ∗ ∗ 𝑂𝑇

𝑖 𝑂𝑖 − 𝛽𝐼 0 0
∗ ∗ ∗ ∗ ∗ −𝛽𝐼 0
∗ ∗ ∗ ∗ ∗ ∗ −𝐼

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

< 0, (27)

𝑍1𝑖 < 𝜇𝑍1𝑗 , 𝑖, 𝑗 ∈ Ξ, (28)
𝑍3𝑖 < 𝜇𝑍3𝑗 , 𝑖, 𝑗 ∈ Ξ (29)

hold,where
𝜎11𝑖 = Ω𝑖𝐿𝑇

𝑖 +𝑍1𝑖𝐽 𝑇
𝑖 + 𝐽𝑖𝑍1𝑖 + 𝐿𝑖Ω𝑇

𝑖 + 𝑐𝑍1𝑖,
𝜕12𝑖 = 𝑇𝑖𝑁𝑖 +𝑍1𝑖𝑁𝑇

𝑖 𝑁𝑖,
𝜕15𝑖 = 𝑍1𝑖𝑁𝑇

𝑖 𝑂𝑖 +𝑀𝑖,
𝜕22𝑖 = 𝐽 𝑇

𝑖 −𝑁𝑇
𝑖 𝑇

𝑇
𝑖 + 𝑣𝑆𝑖𝑆𝑇

𝑖 + 𝐽𝑖 − 𝑇𝑖𝑁𝑖 + 𝑣𝑆𝑖𝑆𝑇
𝑖 +𝑁𝑇

𝑖 𝑁𝑖 + 𝑐𝐼,
𝜕23𝑖 = −𝑣𝐽 𝑇

𝑖 𝑆𝑖 − 𝑣2𝑆𝑖𝑆𝑇
𝑖 𝑆𝑖 + 𝑆𝑖𝑍3𝑖,

𝜕33𝑖 = −𝑣𝑍3𝑖𝑆𝑇
𝑖 𝑆𝑖 − 𝑣𝑆𝑇

𝑖 𝑆𝑖𝑍3𝑖 + 𝑐𝑍3𝑖,
𝜕34𝑖 = −𝑣𝑆𝑇

𝑖 𝐿𝑖𝑅𝑖,
𝜕44𝑖 = 𝑃 𝑇

𝑖 + 𝑃𝑖 + 𝑅𝑇
𝑖 𝐿

𝑇
𝑖 Λ

𝑇 + Λ𝐿𝑖𝑅𝑖 + 𝑐𝐼,
then, the controller (7) is a solution to the fault tolerant ADSC issue for the system (9). Furthermore, the controller gain can be
solved by 𝑌𝑖 = Ω𝑇

𝑖 𝑍
−1
1𝑖 , 𝑖 ∈ Ξ.
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According to Theorem 1, if the constraints (11) and (12) are ensured, then the fault tolerant ADSC scheme for the system (9)
is solved by the controller (7).

We firstly show that the condition (27) holds if and only if (11) holds. Let 𝐻−1
𝑖 = 𝑑𝑖𝑎𝑔{𝑍1𝑖, 𝐼, 𝑍3𝑖, 𝐼} and multiply

𝑑𝑖𝑎𝑔{𝐻−1
𝑖 , 𝐼} on both sides of (11), we can generate

[

℘11 Σ2𝑖 +𝐻−1
𝑖 Γ𝑇

1𝑖Γ2𝑖
Σ𝑇
2𝑖 + Γ𝑇

2𝑖Γ1𝑖𝐻−1
𝑖 Γ𝑇

2𝑖Γ2𝑖 − 𝛽𝐼

]

< 0, (30)

where
℘11 = 𝐻−1

𝑖 Σ𝑇
1𝑖 + Σ1𝑖𝐻

−1
𝑖 +𝐻−1

𝑖 Γ𝑇
1𝑖Γ1𝑖𝐻

−1
𝑖 + 𝜀Σ3𝑖Σ𝑇

3𝑖 + 𝐶𝐻−1
𝑖 .

Replacing Σ1𝑖,Σ2𝑖,Γ1𝑖,Γ2𝑖 in (30) by their specified expressions generates

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕11𝑖 𝜕12𝑖 0 0 𝜕15𝑖 0
∗ 𝜕22𝑖 𝜕23𝑖 𝐿𝑖𝑅𝑖 𝑁𝑇

𝑖 𝑂𝑖 0
∗ ∗ 𝜕33𝑖 𝜕34𝑖 0 0
∗ ∗ ∗ 𝜕44𝑖 Λ𝑀𝑖 𝑄𝑖
∗ ∗ ∗ ∗ 𝑂𝑇

𝑖 𝑂𝑖 − 𝛽𝐼 0
∗ ∗ ∗ ∗ ∗ −𝛽𝐼

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

< 0, (31)

where
𝜕11𝑖 = 𝑍1𝑖𝑌 𝑇

𝑖 𝐿𝑇
𝑖 +𝑍1𝑖𝐽 𝑇

𝑖 + 𝐽𝑖𝑍1𝑖 + 𝐿𝑖𝑌𝑖𝑍1𝑖 +𝑍1𝑖𝑁𝑇
𝑖 𝑁𝑖𝑍1𝑖 + 𝑐𝑍1𝑖,

Letting 𝑍1𝑖𝑌 𝑇
𝑖 = Ω𝑖 and applying Schur complement lemma to (31), we get (27). This implies that the constraint (27) can ensure

(11). On the other hand, multiplying 𝑑𝑖𝑎𝑔{𝐻−1
𝑖 , 𝐼} on two sides of (12) generates (4) and (29). Thus, it can be concluded that

the controller (7) can cope with the fault tolerant ADSC problem of the system (9).

Remark 2. Via Theorem 2, the linear matrix inequality restraints are formed to serving for the computation of the fault estimation
and tolerant anti-disturbance switching controller (7).

4 VERIFICATION

This section illustrates the effectiveness of proposed fault estimation and tolerant ADSC method. Take the switched RLC circuit
of39 for example. The switched RLC circuit model is described by Fig. 2 and formulated by

𝑥̇(𝑡) = 𝐽𝜃(𝑡)𝑥(𝑡) + 𝐿𝜃(𝑡)[𝑢(𝑡) + Ψ1(𝑡)] +𝑀𝜃(𝑡)Ψ2(𝑡) + 𝑆𝜃(𝑡)𝕗 (𝑡), (32)

where 𝑥𝑇 (𝑡) = [𝑞𝑇 (𝑡) 𝜙𝑇
𝐿(𝑡)] with 𝑞(𝑡) denoting the charge across the capacitor 𝐶𝑖, 𝑖 = 1, 2 and 𝜙𝐿(𝑡) denoting the flux across

the inductance 𝐿,

𝐽𝑖 =

[

0 1
𝐿

− 1
𝐶𝑖

−𝑅
𝐿

]

,

𝐶𝑖, 𝑅, and 𝐿 are the capacitance, resistance and inductance, respectively, Ψ𝑖(𝑡), 𝑖 = 1, 2 are the disturbance input, Ψ1(𝑡) is
generated by the model (2), Ψ2(𝑡) = sin(𝑡 × exp(−2.3𝑡)), 𝑓 (𝑡) = 4 × sin(𝑡 × exp(−2.3𝑡)) is the fault input.

Set 𝑅 = 5, 𝐿 = 2, 𝐶1 = 3, 𝐶2 = 4, the parameters of the model (32) are listed as follows:

𝐿1 =
[

−0.8
−0.6

]

, 𝐿2 =
[

−0.6
−0.8

]

,𝑀1 =
[

0.5 −0.5
−0.3 0.1

]

,𝑀2 =
[

0.2 −0.6
0.1 −0.2

]

,

𝑆1 =
[

0 0.9
0.3 0.1

]

, 𝑆2 =
[

0 1.8
0.6 0.2

]

, 𝑁1 =
[

−0.1 0
]

, 𝑁2 =
[

−0.8 0
]

,

𝑂1 =
[

0.1 −0.5
]

, 𝑂2 =
[

0 0.6
]

, 𝑃1 =
[

−0.2 −0.1
−0.1 0.2

]

, 𝑃2 =
[

−0.2 0.1
0.1 0.1

]

,

𝑄1 =
[

−0.1
0.2

]

, 𝑄2 =
[

−0.2
−0.6

]

, 𝑅1 =
[

−0.1 1
]

, 𝑅2 =
[

−0.6 6.6
]

.
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Figure 2 Switched circuit.

The task is to regulate the charge and flux of the switched RLC circuit model (32) with the disturbance Ψ1(𝑡) and fault 𝑓 (𝑡)
estimated.

Let 𝜇 = 1.001. By solving the constraints of Theorem 2, we derive
𝑣1 = 4, 𝑣2 = 2,

Ω1 = 107 ×
[

2.9472
−6.6961

]

,Ω2 = 108 ×
[

1.2032
−2.3383

]

,

𝑍11 =
[

7.3178 × 103 739.2282
739.2282 7.7021 × 107

]

, 𝑍12 =
[

7.3133 × 103 738.8242
738.8242 7.6977 × 107

]

,

𝑍31 =
[

6.7583 −11.4838
−11.4838 480.5620

]

, 𝑍32 =
[

6.7583 −11.4838
−11.4838 480.5624

]

,

Λ =
[

0.1557 −3.5088
−4.5851 44.1965

]

,

𝑌1 =
[

4.0275 × 103 −0.9080
]

, 𝑌2 =
[

4.0300 × 103 −0.9086
]

,

𝑇1 =
[

−1.4019 × 108

−26.4413

]

, 𝑇2 =
[

−1.6429 × 107

129.1762

]

.

The simulation results are displayed by Figs. 3-7. Fig. 3 shows the SL 𝜃(𝑡). The state estimation of the switched RLC circuit
model (32) is given in Fig. 4, which indicates that the unmeasurable state has been estimated by observed. The estimation errors
of the state 𝑥(𝑡), disturbance Ψ1(𝑡) and fault 𝑓 (𝑡) are depicted by Figs. 5-7. From Figs. 5-7, we can see that all the estimation
errors (4) are bounded. Therefore, we can claim that the fault estimation and tolerant ADSC scheme is effective in estimating
the charge and flux of the switched RLC circuit model (32).

5 CONCLUSIONS

In this investigation, a fault estimation and tolerant ADSC strategy has been developed for the switched systems subject to
unmeasurable system state, disturbance and fault. First, the unmeasurable state, fault and disturbance have been estimated by
co-design of a switching observer. In the observer,by virtue of an auxiliary variable, the traditional observer matching relation
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Figure 3 Switching signal.
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Figure 4 Estimation of state.
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Figure 5 Estimation error of state.
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Figure 6 Estimation error of disturbance.
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Figure 7 Estimation error of fault.

in the fault estimation issue of switched systems has been relaxed. Third, under the developed estimator and controller, the
condition has been formed to capture the solvability of the fault estimation and tolerant ADSC issue for the switched systems.
In the end, by regulating the charge and flux of a switched circuit system, the effectiveness of the established fault estimation
and tolerant ADSC method has been explained.
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