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Abstract

In this paper, we consider the asymptotic behavior of the Boussinesq equation with nonlocal weak damping when the nonlinear
function is arbitrary polynomial growth. We firstly prove the well-posedness of solution by means of the monotone operator
theory. At the same time, we obtain the dissipative property of the dynamical system (E ,S( ¢)) associated with the problem
inthespace HO2 () x L2 ( )and D (A34)xHO01( ), respectively. After that, the asymptotic smoothness of the
dynamical system (E ,S( ¢)) and the further quasi-stability are demonstrated by the energy reconstruction method. Finally,
different from [21] we show not only existence of the finite global attractor but also existence of the generalized exponential

attractor.
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1 Introduction

We are concerned with the following nonlocal weak damping Boussinesq equation

cug + Au + [utlp2(oyue — Ag(u) = f(x), 2 €Q, t =0,
ulog = 4|, =0, t>0, (1.1)
u(x,0) = uo(x), ue(x,0) = uq(x), x €,

where ¢ € (0,1),  C R? is a bounded domain with smooth boundary 9Q , v is an unit outward vector

of 99, ||ut||£2(ﬂ)ut (r > 0) is nonlocal weak damping, the forcing term f € H~1(2). We give rise to the

following conditions with respect to the nonlinear function g(u),

g € C*(R,R), g(0) =0, (1.2)

9" (s)| < C(1+1sP), ¥V p >0, (1.3)
)

g(s)>—-1,VseR, 0<i< 7\/271’ (1.4)

where C' > 0is a constant, A\; > 0 is the first eigenvalue of A? with boundary conditions uloqn = % |3Q =

Let we recall simply the background and development of Boussinesq equation. In 1872, Boussinesq
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([1]) established the following equation
Ut — Ugg + MWUlyppzr = a(u2)1xa (15)

which it was the first science explanation about the solitary wave phenomena discovered and recorded by
Scolt Russell in [2]; p and a are constants depending on the depth of fluid and characteristic velocities of
water waves, u is the motion of free surface of fluid. As we know that (1.5) is called a good Boussinesq
equation when p > 0 and a bad Boussinesq equation when p < 0. After that, the generalized Boussinesq
equations have been applied into various models, such as the model of surface waves in shallow water([3,4])
as well as the small lateral oscillation of nonlinear beam ([5,6,7]). Besides, such equations can model not
only the oscillation of the nonlinear strings but also the two-dimensional irrigational flows of an inviscid
liquid in a uniform rectangular channel as p > 0 ([8,9]); meanwhile, they can also be exploited to describe
the propagation of ion-sound waves in a uniform isotropic plasma and nonlinear lattice waves as p < 0
([3,4]). To the best of our knowledge, there are quite a lot of profound researches to the Boussinesq
equations from various view of dynamical system, see [10-18] and references therein. For instance, in
[10] the finite time blow-up of solution, existence and uniqueness of local mild solution were achieved for
the cauchy problem of dissipative Boussinesq equations. Liu and Wang proved existence and scattering
of a small global amplitude solution for the nonlinear Boussinesq equation in line with the estimates of
dispersion along with the principle of Banach contracting mapping, see [11] for details.

As far as we know, global attractor is a key concept to study the long-time behavior of solutions
for dissipative nonlinear evolution equations coming from physics and mechanics as well as atmospheric
sciences and so on, please refer to [22-26] and references therein. In the matter of Boussinesq equations,
study of global attractor has attracted lots of mathematicians, see [12-18]. In these literatures, Li and

Yang ([12]) investigated the following Boussinesq equation with perturbation damping
eugy + A%u — Auy — Af(u) = g(x), (1.6)

in which they first of all obtained the local well-posedness of weak solution for (1.6), and then proved the
global well-posedness and dissipativity when the initial data could be controlled by a constant R, relying
on ¢, while R. was blow-up as € — 0. In [13] the long-time behavior of solution for (1.6) was studied
for ¢ = 1 when nonlinear function f(u) satisfied non-supercritical growth conditions. Simultaneously,
existence of uniform attractor was shown for the nonautonomous Boussinesq equation with critical growth
nonlinearity in [14].

To the limit of our knowledge, for study to the nonlinear evolution equations with nonlocal damping,
Silve, Narciso and Vicente in [19] investigated the global well-posedness of solutions and polynomial
stability as well as non-exponential decay estimates to the following nonlinear beam equations with

nonlocal energy damping
gy — kAU + A%u — M(||Aul|32 + ||Aug]|32)?Aus 4 f(u) = 0. (1.7)
Zhao and Zhong considered the following extensible beam model with nonlocal weak damping in [21],

ure + A% —m (]| Vul[*) A+ [ug|[Pug + f(u) = h(z). (1.8)



They above all obtained a global well-posedness of solution by virtue of the monotone operator theory;
subsequently, the asymptotic smoothness of the semigroup associated with (1.8) was verified via the energy
reconstruction method; ultimately, existence of a global attractor was achieved under the condition that
the subcritical growth of nonlinear term. At the same time, above three authors ([20]) also focused on

the following wave equation with nonlocal weak damping and nonlocal weak anti-damping
gy — A+ Eug]|V2ue + f(u) = J k(z,y)u(y)dy + h(x). (1.9)
Q

With the aid of monotone operator theory similar to [21] and the condition (C) which was first proposed
by Ma, Wang and Zhong ([28]), they proved again existence and uniqueness of a global solution as well as
global attractors for (1.9) in a bounded domain. Throughout these writings all mentioned above, there
has no any results on study of attractors for Boussinesq equation with nonlocal weak damping, it is just
our concerned and interested.

The aim of the present paper is to solve the following questions. (i) Taking advantage with the
monotone operator theory, which is similar to those in [20, 21], we obtain the global well-posedness
of solution for (1.1). However, it is interesting that the condition of positive constant ! in dissipative
assumption (1.4) is different from that of [12], in which ¢/(s) > —I and [ > \/A; since their damping is
—Awuy, while 0 < I < ‘/T’\il in our problem. Besides, the growth order of nonlinear term g(u) only satisfies
p > 0 and has no else restrict condition. (ii) Existence of global attractors is proved by using the energy
reconstruction technique. (iii) We utilize the quasi-stable method to show the finite fractal dimension of
global attractor, and from this we further achieve existence of generalized exponential attractor. Some

results are extend and improvement of [21].

2 Well Posedness

Without loss of generality, denote H = L?(Q2) equipped with the norm || - || and inner product
(-,), and || - ||, is the norm of L4(Q). Let Vi = HE(Q), Vo = D(A2) = HZ(2), V3 = D(A1), where
A=A%: Vo — VQ/, and the operator A*(s € R) is strictly positive. We define a family of Hilbert spaces

V. = D(A%) with the following inner products and norms respectively,

(U7U)S = (AEU»A%U% ”u‘ Ve = ||Aiu||7

especially,
1 1
lullvy = [ATull = [[Vull, [lullv, = [[A2u] = [[Aul].
Besides, provided that X is a separable Banach space, and
WP(a,b; X) = {f € Cla,b; X) : f' € Ly(a,b; X)},
especially,
Wht(a,b; Vo) = {f € C(a,b;Va) : f' € Li(a,b;Va)},

where Ly(a,b;X) (1 < p < o00) is the identity class spaces consisting of Bochner measure functions
[+ la,b] = X, endowed with the norm || f||, (a.px) = (IZ ||f(t)||’)’(dt)%, that is [|f(-)[|x € Ly(a,b).

C(a,b; X) denotes all of continuous functions valued on X acting on [a, b].



By virtue of the Poincaré inequality, there holds

s—1

. 1
[ATu|> > N2 A T ul)?, s=1,2, Vuc Vs (2.1)

Tt is easy to see that (1.1) is equivalent to the following Cauchy problem:

A uy + Abu+ A= (w7 u) + g(u) = A% f(a), (2:2)
u(0) = ug, u(0) = uy.

For convenience, write E = V5 x H, W = V3 x V7, and endowed with norms respectively as follows,
1 3 1
1w, 0) |12 = [|AZ ]l +ellol®, || (u,0)[F = [[ATul® + e[| ATv]|.

Throughout the paper, ¢;, ¢!, C;, C*, C, i € N be the different constants for brevity.
Next we prove the well-posedness of solution for (1.1) by using the monotone operator theory. For

this purpose, we define the operator 4; : ®(A;) CE = E; By : E — E as follows:

0 —I 0
A= . Bi(p) = : (2.3)
e 1A ¢7'D e 1F(p)
with domain

D(A1) ={¢=(u,v) € Vax Vo: Au+ Dv € H},

v =) = (u(t),v(t)) € E, v=u, F(p) = f+ Ag(u), D(u) = |Jug]|"us. Then problem (1.1) can be

written as the following form

delt) 4 Arp(t) = Bi(p(t)),
©(0) = wo = (ug, u1).

(2.4)

Based on above preliminary works, we need only to verify the following conditions in order to obtain
existence and uniqueness of strong solution as well as generalized solution, this is,
(1) Operator A; is maximum monotone(or m-accretive);
(2) Operator By : E — E is local Lipschitz.
Below we begin our proof from the following known results.
(21]

Lemma 2.1 Let u,v € X, X is a Hilbert space. Then there exists a positive constant C)., such

that
Crllu =%, r>2,

(2 = ol 20, =) > bk 1o (22
Pz LS TS 2
In line with Lemma 2.1 we achieve the assumption 1.1 in [22] at once.
[22]
Lemma 2.2 Let D(uy) = ||ug||"ug, then D: L2(2) — L?() is monotone and hemicontinuous,
D(0) =0, i.e., for any uy, v; € L?(Q), r > 0, there holds
(D(u) = D(ve),up = ve) = (el "we = [vel|"ve, e — ve) > Crllug — vl > 0, (2.6)

and A +— (D(u¢ + Avg),v) : R — R is a continuous function. As a result, the damping operator D is
strictly monotone.

Moreover, there exists a subset W C H, such that for D(w) € H, Yw € W, and W is dense in H,
where W = D(Az) = H2(Q).



22]

Definition 2.3[ The function u(t) € C([0,T]; Vo) N C*([0,T); H) with u(0) = ug, u¢(0) = uy is
called:
(S) a strong solution to (1.1) on [0, 77, if the following conditions holds
(1) ue Whi(a,b; Vo), up € Whi(a,b; H), for any 0 < a < b < T}
(2) Au(t) + D(us(t)) € H, for almost all ¢t € [0,T7;
(3) (1.1)is satisfied in H, for almost all ¢t € [0,T] .
(G) generalized solution to (1.1) on the interval [0, T}, if and only if, there exists a sequence of strong

solutions {uy, (t), un:(t)} of (1.1) with initial data (ugp,u1,) instead of (ug,u1), such that

lim max {|ut(t) — U (£)] + | A% (ult) - un<t))y} —0. (2.7)

n—o00 te[0,T)
Lemma 2.4 Assume that the conditions (1.2)-(1.4) hold, then the operator A; : ©(A4;) CE— E is
maximum monotone.
Proof: We prove this Lemma by two steps.
Step I, we claim that A; is a monotone operator. For this aim, we take arbitrary elments u =

(uh,u?), w=(whw?) € D(Ay), and let £ = (§1,82) = Ai(u), 1 = (1,7m2) = A1(w). Thus, we have
& =—u? & =c (Au' + D(?), m =—w? n=c (Aw' + D(w?)).

Since
(A1(u) = Ay (), u — w)e = (A% (& — m), A% (u! = wh)) + (e(& — 1), u? — w?),
we get by using Lemma 2.2
(Ar(u) = A (W), u —wle = —(A(W? —w?),ul —w')+
(A(u*—w') + (D(u?) = D(w?)),u? — w?) = (D(u?) — D(w?),u* —w?) > 0.
Therefore, the operator A; is monotone.

Step II, we claim that the operator A; is maximum once we show that R(I + A;) = E. In fact, given

fo € D(A2) = Vs, fi € H, such that
x—y=fo, Av+ Dy+ecy=cfi, as (z,y) € D(A;). (2.8)
Substituting x = y + fo into above second formula, it leads to
Ay+Dy+ey=cfr — Afo € V. (2.9)
Let v = A%y, then we obtain
v+ Sv=A"3(cf) — Afo) € H, (2.10)

where Sv = A"2D(A~2v) + eA"2IA 2v. According to Lemma 2.2 we see that A~2 D(A~2v) is max-
imum monotone in H. Thanks to D(Az) C H, it is clear to see that eA~2IA2v is a bounded linear
positive operator on H. Therefore, in line with ([26], Lemma 2.1) we deduce that the operator S is
maximum monotone on H, that is, R(I + S) = H. As a result, there exists v € H satisfying (2.10),
furthermore, y = A~2v € D(A?) is a solution of (2.9). Thus (z,y) € D(A;).



Below we start to verify that the operator By is local Lipschitz continuous in E, for this purpose, first

of all, we need the following a priori estimates.
(i) A priori estimates on E

Taking the inner product of (2.2) with A2v = A2u; + aAzu in L2(Q), we find

d
200 +@Qi(t) =0,
where

Q(t) = P(t) + ea(uy, w),
1

P(t) =Eo(t) + 5 (¢ (w), |ATu*) — (,u),

€ 1, 1
Eo(t) = 5 lluel® + 51| A2ulf?;
2 2
1
Qu1(t) = allAzul® — eaflugl® + (|| we, ue + au)+

o(g’ (w)JAYul?) — (f.au) — 2(g" (w)| A¥ul?, up).

2

By virtue of (1.3),(1.4),(2.1), and Young as well as interpolation inequalities, we arrive at

1 1 l 1
/ 112 12 12
g (u),|ATul®) > =I||Azu|]* > Az |7,

(2.11)

(2.12)

taking advantage with (1.3), (2.23) and Sobolev imbedding W22(Q) < C(Q) (n = 3), we conclude

lg' () < CO+ [[ul7E) < C+ [[AZuPt),
lg” (W)L < CA+ ulff) < C(1L+ || A2ul]?).
So
(9" (W) ATul?, up)| < g (u)] Lo ATl ||
< afluel? + Ca(1 + |Jull 72) AT ullFa
< alluel? + Ca(1 + A2 u]|?) || A u]*
< aHutHQ + Can(t)p+2.
Together with Holder, Young inequalities and (2.1), yields
l

()l < 1

1 1
1Az ull® + 1l
Therefore, from (2.12)-(2.15) we deduce

P(t) Z ClEo(t) — Cl,

as 0 << \/271’ and ¢; = min{1,1 — ﬁ} >0, Cr = 3| fI1%4-.

By means of Holder and Young inequalities again, we conclude
2
ci1€ ex 1
eaf(ug, u)| < eaflur|lull < —=fluell® + ——[|AZul]?,
4 Cl>\1
thus, choosing @ > 0 small enough, such that

Q(t) > caEy(t) — Ca,

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)



where co = min{%, c;

C1>\1 } >0, Cy = 1||f|I%4-1. Asaresult, (2.11) can be rewritten as follows

%Q(t) +aQ) +T =0,

(2.19)
where
- 3ea 9 Q1
L e T e
a 1 1 1
% (0 ), | AR uf?) — (" )| AP ) — 20?(u, ).
With the aid of Young inequality, there exists positive constants cs, ¢4, such that
(ug, ug) = |lug||® < ez 4 caljue]|" 2. (2.20)
Combining with Cauchy and Young inequalities as well as (2.1), it follows that
- o ” @ ,
|(luell" e, o) §§||Ut|| 2 §||Ut|| ul®
@ 42 @ 42 L2
< el + K(Ca\lwll + ) Az ul (2.21)
o aCs ad
<—Jlug||"T2 + =2 Eo(t) - 2y —F
<l ST Eo(e) - el + 5 Eo(®)
Moreover, in line with (2.11), (2.14) and (2.16), there holds
d r42 1 " 12
LP()+ aP(t) < P+ aP@) + [ul ™ = (o ()| A a2, w) + aP()
Ca
= EHutHQ + 7)%@)er2 + aP(t) < C3a? P p(1)P2 1 ).
We infer from Lemma 4.1 in [27] that P(t) < Cp, t > tg, so
Eo(t) < Cp, t > to. (2.22)
Integer with (2.14) and (2.17)-(2.22), we obtain
« 040503 . Ol(SCB 3ea 1
T2 (15 = S0 el 2 = T = Sl + Gl ATl
20
Cy cacy ead 1
A2 2_ = 2 _ 7E p+2 2 Az 2
oAb — Gl = B = = S5
1 « ozC(;C’B 3ea  a  ecacy 9 a al Ie%: 19
(10500 g (5o
_<C4< 2 2)\1 2 2 4 >||Ut|| + 2 4 cl)\l H UH
c3 o anCB) adCp 9 Oy p+2.
-=(1-2- - — C5Q(t)PT? — 2P0, 2.23
S5 - - - G (2 22)

Choosing small enough «, such that

for 0 <1< 2. Thus T > —aCs — C5Q(t)P*+2, furthermore, 2Q(t) + aQ(t) < aCs + C5Q(1)P+2. By
virtue of Lemma 4.1 in [27],

we know that Q(t) < Cr, V t > ty, and then together with (2.17), we claim
that

2C7 4 2C
() < =12 = B2, (2:24)



(ii) A priori estimates on W

Taking the inner product of (2.2) with Au; + aAu in L?(Q), we have

d 1 1 1
() + all Aful* — cal| ASur]® + (furl|"ur, A2y + aAzu)

t (2.25)
+ a(g(u),Au) - (f7 QAEU) = (g/(u)utaAu)a

where
E(t) = Er(t) + (9(u), Au) — (f, A*u) + ca(ATu, ATu),
3 1 1 3
Eq(t) = §||A4ut||2 + §||A4u||2,

By means of Holder, Young and Gagliardo-Nirenberg inequalities, and together with (2.13), (2.24), there

holds
|AZg(u)|| = |lg' (w)AZu + g (u)(ATu)?|

/ . , . (2.26)
<|lg' (Wl | A2ull + [lg" (W) = [ AT ul3. < C(R),
so from (2.26) yields
1 1
[(g(u), Au)| < [|AZ g(u) | A% u]
2.27)
1 3C(R) 1, s (
<C(R)||A%ul| < +—|Alul?,
SC(R)|A%ul < =7=+ 5[4l
(g (w)ue, Auw)| = |(g" (w) ATw - uy + g (w) ASuy, At u)]
<lg" (w)l| oo [| AT ul| o e | | AT wl] + [lg” (w) | o | AT e[| AT i (2.28)
<Gl w|? + OO+ [ Abul + [ Abu] 2+ | Atul?,
1
[(f A2u) < 3|13 + g5l ATl (2:29)
3e%a? 1
lea(Auy, Atu)| < =5 AP + — A a2, (2.30)
A 12
Collecting all above estimates, it follows that
g(t) Z C@El (t) — Cg, (2.31)

where c¢g = mln{l — 6‘;(:27%}7 and 0<cg <1, cg = \/%C(R) + 3”in[*1 Thus (225) is transformed
into the following equality

d
&) +al(t) + L1 = (¢ (wur, Au), (2.32)
where
1 1 3ea 1 « : . .
T = (luel|"ue, A2up + @AZu) — THAZUJP + §||A%uH2 —ea?(Atuy, ATu).

In line with Hélder inequality and (2.23) yields

[l | "ug, @Az w)| < aflug ™| A2 ul| < aR™Y|[A%u|| < aRH2, (2.33)



Therefore, collecting all (2.20), (2.30) and (2.33), we get

362043 1 « 3
Ay |2 — =||A7ul?
A%l - At

3ea o
Ty > (Jluel"ue, A3ug) = @R = 2 A%u |2 + 2 Al -

Sa, 3 3ear 3B
r Ai 2 o AZ 2_(7
R e e

JiAdur|P - a2

_@Z+§g+%&
e 2 /\1

> —aR™? — eC|| AT uy||?,

v

JellAbul? + JlAtul? - arr+

where Cg = R?T + 32 4 % Combining with (2.28) and (2.32) we arrive at

d 1 3
(1) + al(t) < (508 + g) AT |2 + C(1 + R? + P Afu|? + aR™?

< CyFE; (t) + OéRT+2,

where Cy = min{2Cs + 2,2C(1+ R? + RP™)}. Using (2.31) we achieve

d
ZEW + SEW) < C€(t) + Cn,

where Cqg = %f, Ci1 = Ci—fg + aR™2. According to Gronwall Lemmas we deduce that

E(t) < C(R)e™TE(0) + Cha,

hence, there exists to = t(B) = %ln %ﬁ(ﬂ)’ such that £(t) < 2C1a, V t > tg. Together with (2.31) it

follows that
4C12 + 2C%

= R2 2.34
o R (2.34)

1ty ) [y <

Thus, in line with above two estimates, we infer the following results.
Lemma 2.5 The Operator Bj is local Lipschitz continuous in E.
Proof: By means of (1.2)-(1.3), (2.24) and embedding W%2(Q) — C(Q) (n = 3), similar to the

estimate (2.13) we conclude
lg"" (v +02)llLe < C(R), [lg"(v+02)[[~ < C(R), [lg'(v+02)|[Le < C(R), for 0 <0 < 1.

Then we infer from above inequality

o) =g, = (| 4450+ 00 = )= ) faz)

< (J |g”’(v+92)[Ai(u+92)}v22|2dm>5 + (J |g”(v+92)A%(u+92)z|2dx)
Q Q
+ 2<J lg" (v + GZ)A%(’U + 07;)Aiz|2dx)E + (J lg' (v + Gz)A%z|2da:>§
Q Q
< |lg” (v +02)|| < [ A% (v + 02)[3a | 2l e + 9" (v + 02) [~ ]|A% (v + 02) ||| 2] L (2:35)
+2]lg" (v + 02)|| < | AT (v + 02)|| | A5 2] 12 + g (v + 62) | Lo [| A2 2]
< C(R)(|A%ull}e + | A50]F2)[A% 2] + CR)(| A ull + [[A20]))]| A% ]
+20(R)(|| A% ull s + [Ato] o) A%2] + C(R)|| A%z

< C(R)||A2z],



where z = u — v. Therefore,

le™ (Ag(u) + f(x) — e (Ag(v) + f(2))] = e g(u) — g(v) e < C(R,€)||Az]],

0
that is, the operator By(y) = is local Lipschitz in E.

e F(p)
From above discussions we obtain our first main result in this paper.

Theorem 2.6(Well-posedness) Assume that the conditions (1.2)-(1.4) hold, then for any T > 0,
we have

(1) For every (ug,u1) € Vo x Va, such that Aug + D(uy) € H, there exists a unique strong solution
u(t) of (1.1), satisfying

(ut7utt) S LOO(O;T7‘/2 X H>7 Ut S C’I‘([O7TL‘/2)7

(2.36)
where C). denotes the right continuous function space, and
‘ r+42 1 ¢ 1" 12
P(t)+ | |lue(r)||""=dr = P(0) + 3 (¢" ()| A% ul|*, ug)dr. (2.37)
0 0

(2) For every (ug,u1) € Vo x H, there exists a unique generalized solution u(t) of (1.1), satisfying
(u,us) € C([0,T); Va x H). (2.38)

Especially, this generalized solution is also weak solution.
Proof: On the basis of Lemmas 2.4, 2.5 and applying the same argument as in the proof of Theorem
7.2 of [25], it is easy to know that for any ¢ = (ug,u1) € D(A1), there exists tpmq, < 00, such that

(2.4) has a unique strong solution ¢ = (u,u;) on the interval [0, t;4,)- In addition, we infer from Lemma

2.2 that D(A4;) = E because the set D(A;) x HZ(Q) C D(A;) and W is dense in H. Meanwhile, if

o € D(A1), then there exists a unique generalized solution ¢ € C([0, tymqs); E) of (2.4). Besides, under
such two cases we have

lim ||¢(t)||g = oo, provided tpmqey < 00. (2.39)

t—tmaz
In accordance with (2.7) we know that the generalized solution is hold to a priori estimates on E.
Therefore, thanks to above a priori estimates, we obtain the global existence(uniqueness) of strong and
generalized solution.

On the other hand, due to D(u;) = ||u¢]|"us we show that D : H — H satisfies
IDun)ll = lluel”* < Cp, ¥ oup € H, |luell < p, p>0,

then the operator D is bounded on bounded sets, along with Lemma 2.2 we show that a generalized
solution is also a weak solution.
As a result, making use of Theorem 2.6, we define a dynamical system (E,S(¢)) associated with

problem (1.1) in E=V, x H, ie.,

and u(t) is a weak solution of (1.1) with initial data ¢(0) = (ug, u1).
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3 Some Abstract Results

In order to obtain our next two main results, that is, existence of global attractors and generalized
exponential attractors of (1.1), some abstract results are necessary.

Definition 3.1122 A dynamical system (X, S(t)) is said to be asymptotically smooth, if for any
positive invariant bounded subset M C X (i.e., V¢t > 0, S(t)M C M), there exists a compact subset
K C M, such that t_l}gloo dx{S(t)M|K} = 0, where dx{A|B} = :ggdistx(a:,B) is Hausdorff semi-
distance.

Definition 3.2[>2) A bounded closed set A C X is said to be a global attractor of (X, S(t)), if the
following conditions hold,

(1) A is invariant, namely, S(¢)A = A, V ¢ > 0;

(2) A is uniformly attracting, i.e., for all bounded set M C X, t_l)i+moo dx{S(t)M|A} = 0.

Theorem 3.3[22] Let (X, S(t)) be a dynamical system on a complete metric space X endowed with
a metric d. Assume that for any bounded positive invariant set B C X, there exists T > 0, and a
continuous non-decreasing function h : R* — R* as well as speudometric o5 on C(0,T; X), such that

(1) h(0) =0, and h(s) <s, ¥V s > 0;

(2) Speudometric oL is precompact, w.r.t. X in the following sense: for any sequence {z,} C B,
there exists subsequence {z,;} C {z,}, such that yi(7) = S(7)znk, and {yx} C C(0,T;X) is Cauchy
sequence w.r.t. gg;

(3) For any yi, y2 € B, there holds

A(S(T)y1, S(T)y) < h(d(y1,2) + 0B (S 1 AS(Dw:1)), (3.1)

where y;(7) = S(7)y;. Then dynamical system (X, S(t)) is asymptotically smooth.

Remark 3.41>2] Instead of (3) we can also assume that

A(S(T)ys, S(T)ye) < h(dyn,92)) + o (ST} AS(T)ys}).

Theorem 3.5[>2/  Assume that dynamical system (X, S(t)) is dissipative, then (X, S(t)) possesses a
compact global attractor A if and only if (X, S(t)) is asymptotically smooth.

Theorem 3.6[*/ Let the dynamical system (X, S(t)) possesses a compact global attractor A and it
is quasi-stable on A, i.e., there exists a compact seminorm nx on X and non-negative scalar functions

a(t),b(t),c(t) on R such that

(1) a(t), c(t) are locally bounded on [0,00);  (2) b(t) € Ly (RT) possesses the property 26liﬁm b(t) = 0;
(3) for every y1,y2 € B and ¢ > 0 we have
ISy = SH)yellx < al)llyr — 2% (3:2)
IS@)yr = SBy2l% < b(B)lyr — v2llk + () St[}jlo][nxz(é’)]2 (33)
s€|0,t

where S(t)y; = y;(t),i = 1,2, 2(t) = u(t) — v(t). Then the attractor A has a finite fractal dimension.
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Theorem 3.7(2*] Let the dynamical system (X, S(t)) have a positively invariant absorbing set B and

it is quasi-stable. We also assume that there exists a space X D X such that for any T > 0, we have
1S(t)y — S(t2)yllx < Colts —ta|”, t1, t2 €[0,T],y € B, (3.4)

where Cp > 0, v € (0,1]. Then the dynamical system (X, S(t)) possesses a gengralized exponential

attractor Aexp C X whose dimension is finite in the space X.

4 Global Attractors

In this section, first of all, we show the following two dissipative results from a priori estimates in
section 2.

Theorem 4.1 Assume that the conditions (1.2)-(1.4) hold, then the dynamical system (E,S(t))
generated by (1.1) is dissipative, namely, there exists a constant R > 0, for any bounded set B C E, there
is a to = t(B) > 0 such that [S(t)yllg = || (u(t),u(t)) |l < R, for any y € B and t > t;. Especially, the
set

Bo = {(u,ue) € E; [[(u, ur)||e < R}

is a bounded absorbing set in E for dynamical system (E, S(t)).

Theorem 4.2 Assume that the conditions (1.2)-(1.4) hold, then there exists R > 0, for any bounded
set B C W, there is a to = t(B) > 0, such that [S(t)yllw = || (u(t),u(t))|lw < R, for any y € B and
t > to. Especially,

Bo = {(u,us) € W; || (u,us)||lw < R}

is a bounded absorbing set for dynamical system (E, S(t)) in W.
Now we start to restructure the energy for dynamical system (E, S(t)).
Lemma 4.3 Assume that the conditions (1.2)-(1.4) hold, (ug,u1), (vo,v1) € Va x Va, then there

exists Ty > 0, and C' > 0 independent of T, such that for any two strong solutions u, v of (1.1),

TE.(T) + J: E.(t)dt < C{ Jj [[2¢]|dt + Jj |(D(t, 21), z) |dt+
JT (D(t, 2t), zt)dt + ’JT(g(u) —g(v), A%Z)dt’+ (4.1)
0 0

T T T
[ ot = gto). 4k + || e[ (ot - g0 45000 |
0 0 t
for T' > Ty, where z(t) = u(t) — v(t), and
1 2 1 2 T T
E.(t) = 5(ellalP +[42%2IP),  D(t,z) = [luell"ur = lloe]"or.
Proof: Let z(t) = u(t) — v(t), it satisfies
AT E 2y + ARzt A3 (ue]"u) = AT (o] "ve) + () — g(v) = 0. (4.2)

Taking the inner product of (4.2) with A2z () in L2(£2), we get

%%(EHMP + [ A22)2) + (D(t, 20), ) = —(g(w) — g(v), A% 2,), (4.3)
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where D(t, z;) = ||ug]|"us — ||ve]|"ve. Denote
1 1
B.(t) = 5l +]1432]),

and integrating (4.3) over [¢,T7, it follows that

(D(t, 20), = )dr = E. (1) - J (g(w) — g(v), A z,)dr. (4.4)

t

E.(T) +J

t

Taking the inner product of (4.2) with A2 z(¢) in L2(Q), we arrive at

e 2 (z0r2) — P+ AR + (DUt 2),2) = —(9(u) — gfu), Ab2).

Integrating above inequality over [0, 7], it yields
T

T T
QJ Ez(t)dt—25J ||zt||2dt+J (D(t, 2), 2)dt + (21, 2)|”
0 0 0

Exploiting (2.1) we deduce

1 1, 1 C
|Gz, 2)] < S(l=ell” + = 1422)°) < 5 B (0).
2 A1 2

Therefore,
T T
QJ E.(t)dt < C(E.(0) — E.(T)) + QEJ [l 2¢]|2dt—
0 0
T T ) (4.5)
J (D(t, 2¢), z)dt — J (9(u) — g(v), A% z)dt.
0 0
For (4.4), let t = 0, we have
T T .
E.(0)=E,(T)+ L (D(t,2), z)dt + L (g(u) — g(v), A% z,)dt. (4.6)

In line with the monotone property of D, integrating (4.4) over [0,T], it leads to
T

E,(t)dt — J' dtJ' (9(uw) — g(v), A%zt)dr. (4.7)

TE.(T) < J |

0
Thus we can infer (4.1) from (4.5)-(4.7).

In order to obtain the asymptotical smoothness of dynamical system(E, S(t)), we need to verify the
three conditions of Theorem 3.3.

Proposition 4.4(Energy reconstruction) Assume that the conditions (1.2)-(1.4) hold, z(t) =
u(t) —v(t), 0 < B < i, then there exists Ty > 0, C > 0, such that for any solution u,v of (1.1),

T _ N
E.(T) < Csr(K + 1)(J (D(t, 2), zt)dt) +Csr sup |A2P2(t)| + Car sup AT P2(t)] (4.8
0 te[0,T] te[0,T)]
as T > Tp.
Proof: Let B = |J S(t)By. It is easy to know that from Theorem 3.1 B is a bounded closed forward

t>to
invariant set. Then for any bounded set B, there is a ¢(B) > 0, such that S(¢)B C By for any t > t(B).

Besides, By is also a bounded absorbing set, so there exists g > 0, such that S(¢)By C Bg for any ¢ > to.

13



Therefore, when ¢t > to + t(B), we show that S(t)B C B. From above discussions it follows that B is a

absorbing set. Assume that wu(t),v(t) are two weak solutions, and

(u(t),ut(t)) = S(t)yo, (v(t),ve(t)) =SE)y1, Y yo,y1 € B. (4.9)

Let T > 0, by virtue of a priori estimates in E, along with (2.24), we conclude

T T
J (D(ut),ut)dt—i—J (D(v), v)dt < C. (4.10)
0 0
Rewrite (4.1) as follows
TE.(T) + JT E.(t)dt gc{ JT || 2¢ ]| 2dt + JT |(D(t, 2), z)|dt
0 p 0 (4.11)
+ Jo (D(t, zt), z¢)dt + Tp(u, 11)},

where

(4.12)

T

<or{ | Jiaw - gt ataar+ |

0 0

\M@w@A%m§

Taking advantage with (2.1), (2.35) and Holder inequality, there exists a constant 0 < « < %, it leads to

|(9(w) — g(v), A22)| =[(A% (g(u) = g(v)),2)] < lg(u) = g(v)llvz 2]

: i . (4.13)
<C(R)[|Az2|||2]l < Crrl|Azz]| < Cp,r||AT™,
Analogously,
|(9(w) = g(v), A%2)|  <[lg(w) = g(v)lv; [l22]l < C(R) A2 2|[| 2] < Car] AT~2]). (4.19)
Inserting (4.13) and (4.14) into (4.12) yields
T 3
T (u,0) < 2CB,TJ |AE2||dt. (4.15)
0

2
According to Lemma 2.1, let Ko(s) = Cp *** sﬁ( p > 0), it is strictly increasing concave function, and

Ko € C(RT), K¢(0) = 0, hence
Ko ((llu+vllP(u+v) = ullPu),v) > Ko(Cyllv|P*2 = |[vlf*, ¥ u, v € V2,
utilizing Jensen’s inequality, we achieve

T T
J ||zt||2dt§J' Ko(D(t, 20), z)dt
0 0

T

< TK, (% L (D(t, 2), zt)dt> (4.16)

_ K(JT(D(t,zt),zt)dt)

0

14



where K (s) = TKo(%). In addition, there exists 0 < 8 < 1, such that

%
[(D(t, %), 2)| < IIZII(JQ(HWH% = |lve]|"ve)*da)

s ‘e l .
< Cll2 (el eI + floe2" lve 1) 2 (4.17)

< Cgl2|| < Cil|AZ~P2]],

thus, we infer from (4.11)-(4.17)

T

1
TE,(T) + =

T T
5 (D(t,zt),zt)dt>+J ||A%’ﬁz||dt+CB7TJ |Aiaz||dt}.

0 0

JT E.(t)dt < cm{(K 4 I)(J

0 0

Therefore, let 3 = min{«, 3}, we obtain

T

T ~ T R
E.(T) < Cpr(K + I)(J (D(t, 20), 20)dt) + CB,TJ |A3 =z at + CB,TJ 1A% =P 2t
0 0

0
T

< CB,T(K+I)(J'

(D(t, ), 2)dt) + Cor sup |43 P2(0)]| + Car sup ai=7(1)].
0 T

t€[0,T] te[0,T)

Proposition 4.5 Assume that the conditions (1.2)-(1.4) hold, then the dynamical system (E, S(t))
generated by (1.1)is asymptotically smooth in E.

Proof: In line with of Proposition 4.4, we need only to deal with the damping term of (4.8). For our
aim, let My(s) = (K + I)*l(ﬁ), then My(s) is a strictly concave function, so

(K+1)7'(s) < s, Vs >0,

due to (4.8) we obtain

E, (T)>

Mo(E-(T)) = (K + 1)~ (55—

1 T 1 Lz 1 s A
S(K+I)1{(K+I)(J (D(th),zt)dt)Jrf sup [|[A27Pz(t)|| + = sup [|[ATTP2(1)]|
2 2t€[O,T]

2 0 t€[0,T)
1" 1 . 5 1 25 (4.18)
S*J (D(t,20), z)dt + S (K + 1)~ ( sup [[AZ72(t)] + 5 sup [[AT~"2(1)]])
2o 2 te[0,T] 2 tefo.m)
1" 1 5 1 5_j
<3| Dz z)der 5 swp aFFa) 4 5 s 41,
2 Jo 2 tejo,1) 2 tejo,1)

By virtue of Holder inequality, combining with (1.3), (2.24) as well as Sobolev imbedding inequality
W22(Q) < C(Q) (n = 3), we deduce that

[(g(u) — g(v), AZz)| = | (AT (g(u) — g(v)), ATz,

1
g‘ J g"(Ou+ (1 — 0)v)(AATu+ (1 — ) A3v)zdf + J g (Bu+ (1 — 0)v) AT 2df, A%zt)
0

scj (14 [ul” + o) (| 4% u| + | AT v])|z| A% z|de + cj (Ll + Atz Atzde o
Q Q .

IN

(
<CR)([[Azul| + [[A2v[)| AT 2[[[[ ATz ]| + C(R)[| A% 2[[[| AT 2|
C(R)[|A%z][[[ ATz,
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where g(u) — g(v) = f(l) g (0u + (1 — A)v)zdf. Taking ¢ = 0 in (4.4), together with (2.34), (4.19) and
compact imbedding theorem, we achieve

T

Jo (D(t,2t), z¢)dt = E,(0) — EL(T) — L (g(w) — g(v), A%zt)dt

T
< E.(0) - E.(T) + O<R>J | A% 2| A% 2 |t
0

< E.(0) — E.(T) + Cr1||A% 2|

< E.(0) — E.(T) + Cpr sup ||A2Pz(t)|. (4.20)
t€[0,T)

Therefore,

E.(T) + 2My(E.(T)) < E.(0) + Cgr( supT

1AZP(6)] + sup AT (1))
telo te(o,

] 0,77

Since z(t) € Vs is uniformly bounded, and D(A2) <> D(A%*B) s Hand D(AT) s D(A%’B) e

H, with the aid of interpolation theorem, it follows that
A5 7P2(8) | < A2 =)'~ < Crll=(0)'™*, 61 € (0,1),

and

3_3 3 — —
IAZ722(t) | < [|AZ2]|™ |12~ < Crll=@®)'™, 61 € (0,1).

Hence

E.(T)+2My(E.(T)) < E,(0) +Cpr sup |2()]]%, 62 =1—6; € (0,1].

t€[0,T]

Thus, integer with

1 1 1
B.(T) = 5 (ellal? + [ 422]2) = SISy = STy 3,
we have
IS(T)y — S(T)alle = (2B (7))’
- 1 1
<VE|(r+ 200) Gl = sl + Car sup (01}
L te[0,T]
] . NEIRE (4.21)
<[+ 200 {3 (I = el + Car sup [1s0])? ) }]
L t€[0,7]
- 1 2 %
<va|(r+ 23000 {3 (I = e + Cor sup 01%)
L te[0,T)
that is
1S(T)y1 = S(Tgelle < Il — welle + oF (S} AS(e}) ), (4:22)
where

(s) = va((r+2010) ()
1
E

o ({S(Myi }{S(1)y2}) = Ca,r sup |lu(t) —v()|*, 63 € (0, 5].

t€[0,T)
It is clear that the function h satisfies the conditions of Theorem 3.3. Besides, using the similar technique
of [21], we conclude that pseudomeasure sup |ju(t) — v(t)||% is precompact on the set Lg 7, which all

)
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solutions of (1.1) on [0,T] with initial data in B. Thus in line with Theorem 3.3, we show that the
dynamical system (E, S(¢)) is asymptotically smooth.

Now taking advantage with Theorem 4.1 and Proposition 4.5, from Theorem 3.4 we claim that the
following result is hold.

Theorem 4.6 The dynamical system (E,S(¢)) associated with (1.1) possesses a compact global
attractor A.

5 Fractal Dimension and Generalized Exponential Attractor

From abstract Theorem 3.5 we know that the following Lemma need only to be proved.

Lemma 5.1 The dynamical system (E,S(t)) is quasi-stable in a bounded positive invariant set
BCE.

Proof: In line with the definition of quasi-stability in Theorem 3.5, we only need to verify (3.2) and
(3.3). For that purpose, first of all, taking the inner product of (4.2) with A% Z,, we achieve

1d 12 r r 1
g (0 3] ) el =l w20 = = (00) = g(0), 42 ). (5.1
Lemma 2.2 implies that
(el ol 22) > C ] > (5.2

and due to (4.19), it leads to

( (v),A%zt)

< C(R) |z - |42 (5.3)

)

| ) < o(R,2) (e||zt||2 + |4t

< lg(u) = g(v)llvs - [zl

< C(R,¢) (Ezt” + HAzz

Therefore, from (5.1) — (5.3) we deduce

a4 (enztn +[at

By virtue of Gronwall Lemma, it follows that

]2> . (5.4)

@)l + ]| ARz < et ( Jz4(0)I1* + HA%z<o>\|2> ,

ie. ,
Is(®)yr — s)yalli < a(®) ly1 — vellf . (5.5)

c(R,e)t

where a(t) = e is local bounded on [0, c0].

Next we prove (3.3) is true. For the sake of this aim, we presume that

V = closure{v € Vo : |v|ly = pv, (V) + ||v]|lg < o<}

Then V3 <> V. Hence from Theorem 1.1.8 in [23] we claim W ,(0,T; V3, H) << C(0,T; V), where
W010,2(0,T; Vo, H) = {u € L>®(0,T;Va) : u; € L?(0,T; H)}. So the speudometric of € C(0,T;E), and

o8 ({S()y}, {S(T)y2}) = e(t) sup pvs (u(s) — v(s)),

s€0,t]
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and the semi-norm is defined as follows

1

v, (u(t) = v (1)) = [|u(t) — v(t)|”, 05 € (0, 5].

Thanks to H?(Q) (| H}(Q) << L?(), it is clear that uy, (-) is compact semi-norm of V5. Now, choosing
Kg(t)s = (I +2My(t))"2s in (4.21) and combining with (4.22), we get

[S)yr — St)y2llz < b(t)llyr — vallf + c(t) Zt[lopt][uvz (u(s) —v(s)))?,

where b(t) = (Kp(t))? = (I+2My(t))™1, c¢(t) = Cpr. Apparently b(t) € L'(R'), and tlim b(t) =0, c(t)
— 00
is local bounded in [0, 00). Therefore, Theorem 2.14 implies dynamical system (E, S(¢)) is quasi-stable.
Thus we conclude the following result at once.

Theorem 5.2 The fractal dimension of compact global attractor A of (1.1) is finite.

Theorem 5.3 Assume that the conditions (1.2)-(1.4) hold, then the dynamical system (E,S(t))
possesses a generalized exponential attractor Aeyp, C E, and it has finite fractal dimension in E =
L2(Q)x H2(Q)DE.

Proof: Based on Lemma 5.1, the dynamical system (E, S(t)) is quasi-stable in a bounded positive
invariant subset B C E, the reminder is only to verify the mapping ¢ — S(t)y is Hélder continuous in E.
In fact, if for any y = ¢(0) = (ug, u1) € B, there have S(t)y = (u(t), u:(t)) = ¢(¢t). Utilizing (2.36), there
is B > 0, such that [lug[3, + llue|> < B2, hence, o (8)[2 = llurl® + w3, < JuelZ, + llueel® < Cs.

As a result, for any 0 < t; < to < T, there holds

ta
ISty = S(e)ylls < | llee(s)l s < Calts ~ta.
t1

Thus, in accordance with Theorem 3.6 with » = 1, we show that the dynamical system (E, S(t)) possesses

a generalized exponential attractor Aezp in E, and its fractal dimension is finite in E.
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