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Abstract

In this paper, we obtain the new generalized integral transform on Prabhakar integral, Hilfer-Prabhakar derivatives and regular-
ized Hilfer-Prabhakar fractional derivatives. Next, we evaluate the solution of some Cauchy type fractional differential equation
with Hilfer-Prabhakar fractional derivatives by applying the new integral transform and Fourier transforms which involves three

parameter Mittage-Leffler function.
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1 Introduction

The intention behind the fractional calculus is the study of fractional integrals and frac-
tional derivatives of arbitrary order (real or complex). In the literature there are different
kind of fractional integrals and derivatives are involved. Fractional calculus well estab-
lished and proven to be very efficient to describe many phenomena with memory and
inherent processes. These phenomena are very useful to solve different kind of problems
like physics, chemistry, biology, control theory, economics, electronics and other areas of
science and technology [13], [14], [15], [3], [16], [11], [23], .

The Hilfer-Prabhakar derivative defines the Prabhakar and its its Caputo type regular-
ized Prabhakar derivatives which contains the Hilfer fractional derivative. First replacing
the Reimann-Liouville integral with Prabhakar integral in the definition of Hilfer deriva-
tive, then modify of Reimann-Liouville integral by extended its kernal with the three
parameter Mittage-Leffler function. The Hilfer-Prabhakar derivative and its regularized
virsion was first intriduced in [6].



Hilfer-Prabhakar fractional derivatives have gained popularity among researchers due
to their unique properties and ability to incorporate various integral transforms, such as
Laplace, Fourier, Sumudu, Shehu, Elzaki, and Sawi, into their calculations [18], [19],
[20], [21], [22], [24], [25], [26], [27], [28], [29] . Some authors applied Laplace, Sumudu,
Elzaki and Shehu transforms to the Prabhakar and Hilfer-Prabhakar fractional deriva-
tives and employed to find the solutions of some fractional differential equations in terms
of Mittage-Leffler function [6], [8], [9], [10]. Mahgoub et al. [17] found new integral
transform called as Sawi transform, this transform has a deeper connection with Laplace,
Elzaki, Sumudu,Shehu, Kamal and Monand transform. In our earlier paper available on
arXiv.org [30], we applied the Sawi transform on Hilfer-Prabhakar derivative and their
regularization versions to applied these results on some Cauchy type fractional differen-
tial equations.

In 2021, a new integral transform was introduced by Jafari.H in [4], recently which
has been used by Meddahi and Jafari in their paper [5] through Atangana-Baleanu frac-
tional derivative and they obtained the existing sub cases such as Laplace, Elzaki, Sumudu
and Shehu transforms on Atangana-Baleanu derivatives. This new transform, known as
the new generalized integral transform, encompasses a wide range of integral transforms
including those in the Laplace transform family, and it is particularly useful in solving
differential equations and integral equations. In this paper, the authors aim to use the
new generalized integral transform on Prabhakar integral, Prabhakar derivatives, Hilfer-
Prabhakar derivative and their regularized versions.The authors also plan to use the results
obtained from the new generalized integral transform to solve some Cauchy type frac-
tional differential equations that involve Hilfer-Prabhakar fractional derivatives of frac-
tional order, which are presented in the form of Mittag-Leffler type functions.

2 Definition and Preliminaries

Definition 2.1. [2] The Reimann Liouville integral operator of order ;v > 0 of a function
2(t) is
1 t
JTEA(l) = —— / (t— )1 2(r)dr, p € Cand t > 0. @.1)
I'(k) Jo
Definition 2.2. [2] The Reimann Liouville Fraction derivative of order v > 0 of a func-
tion z(t) is
1 dr
C(n— p)dtr

Definition 2.3. [2] Caputo frectional derivative of order p > 0 of a function z(t) is

t
oDlz(t) = / (t—7)" " 2(r)dr,n—1<pu<n, neN, (2.2)
0

1 t
SDI(t) = m/{) (t—7)" L ()dr, n—1<pu<n, neN (2.3)
Definition 2.4. [1] The Hilfer fractional derivative of order 1 and [ of a function z(t) is
_nd (-
on”Bz(t) _ (OItﬁ(l M)%(()It(l (1 'B)z(t))) (2.4)

where 0 < 4y < 1,and 0 < g <1



Definition 2.5. [3] A I-parameter Mittag-Leffler function is obtained

()"
EM(’Z) = Z m, Z, 1€ C, R@([l,) > 0. (2.5

k=0

A 2-parameter Mittag-Leffler function is obtained

— (2
E,p(z) = — 2z, u,B€C, Re(u)>0. (2.6)
w ; T (uk + )

Definition 2.6. [3][ Mittag-Leffler function]: A 3-parameter Mittag-Leffler function,
which is also known as the Prabhakar function is represented as follows

E? (z):i (e (2)f 2,0, 8,7v€C,u>0 2.7)
] P F(Mk"i‘ﬁ) l{" s [y y ) .

for applications purpose we will use further generalization of (2.7) which is obtained
€ g =t"E) f(wt") (2.8)
the parameter w is a complex number and the variable t is a positive real number.

Definition 2.7. [3] Let f be a function that belongs to the space L'|0, 1], the Prabhakar
fractional integral can be represented in the form where 0 < t < b < o0

L, sm0r2(t) = /0 (t — T)ﬁ_lEZﬂ(w(t — 7)) z(T)dr
= (f*e5:))

where the parameters i, 3,~, w with Re(u), Re(3) > 0, are complex numbers.

(2.9)

Definition 2.8. /3] If f is a function that belongs to the space L'(0,1], the Prabhakar
fractional derivative can be written in the form where 0 < t < b < oo, and f * ezﬁyw
belongs to W™1[0,b], and n = [ 3]

ar ___
’D/Z,ﬁ,w,(ﬁz(t) = %Imz_ﬁ’w’(ﬁz(t), (2.10)

where the parameters i, 3,, @ are complex numbers, Re(ju), Re(8) > 0 and W™ |a, b] =
{z € L'a,b] s.t L=z € L'[a,b]}.

The Reimann Liouville Fractional Derivative in (2.2) can be represented in the fol-
lowing form

D) oo 2(t) =D ’T 5 y2(t), (2.11)

ol
w8, 0,7,

Definition 2.9. [6] When fis a function that belongs to the space of absolutely continuous
functions defined on [0,b|, such that 0 < b < oo, and n = [[], then the regularized
Prabhakar fractional derivative is represented in the following form

Cryy — T
D,“':B7w70+z(t) - Iﬂ’m_ﬁ’w’0+ %Z

(t), t>0 (2.12)
where the parameters i, 3,7, w with Re(u), Re(f3) > 0, are complex numbers.
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Definition 2.10. [6, 7] Let f € L'[a,b], B belongs to (0,1), a belongs to [0,1],0 < b <

0o, f *e;ﬁl:a?gk ) (.) belongs to AC"[a, b]. The Hilfer-Prabhakar fractional derivative

is obtained

a —ya d —v(1—«
DI a(t) = (Iu,lug),w,ma(%]fa)()l5),w,0+2)) (), t>0 (2.13)

Definition 2.11. [7] Let f belongs to L'[a, ], 3 belongs to (0,1), a belongs to [0,1],0 <
b < oo. The regularized Hilfer-Prabhakar fractional derivative of z(t) is obtained

By o —~ya —y(1—a) d o d
DZ,W,OJFZ(t) - (Iu,g(l—ﬁ),w,()*Iu,’(yl—a)(1—6),w,O+ %Z) (t> - Iu,’ly—ﬁ,w,()7L %Z@)’t >0
(2.14)
Definition 2.12. [4] The new generalized integral transform denoted by Z(s) for the
function z(t) which is given as:
TLa(t), 5] = 2(s) = 6(s) / S()eap(—(s)t)dt, 2.15)
0
over the set of functions
K ={z(t) s.t. there exist A > 0,k > 0,|2(t)| < Aexp(kt),if t >0},

New general integral transform (2.15) is well defined for all values of 1)(s) > k. It can be
easily established that this general integral transform is a linear operator like Laplace,
Sumudu, Elzaki and other integral transforms.

Proposition 2.1. [5] If F(s) and G(s) be the new generalized integral transforms of the
functions z(t) and g(t) respectively then the new generalized integral of their convolution

Tla(t) * g(1)), ) = @f@)g(s» (2.16)
or equivalently,

-1 L s)y(s = (z(?) *

1 | P00 = (0 < g(0) )

where

S(t) % g(t) = /OOO (r)g(t — 7)dr

Theorem 2.1. [4] Suppose Z(s) is the new generalized integral transform of z(t), then
the new generalized integral of m'™ derivative 2™ (t) is denoted by Z,,(s) and

—_

Z(s) = T (1), 5] = (s)"T[=(0), 5] — 6(s) 3 ()™ *0(0),m > 0 (2.18)

0

3

B
Il

Lemma 2.1. [5]If0 < pu < 1 and w € R such that Y(s) < |w v, the new generalized

integral transform of tﬁ_lEl g(wth) is given as

g (i), s] = P8 (1@ )
T [t"E) j(wt"), s] OE (1 w(s)“> , (2.19)
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Theorem 2.2. [New generalized integral transform of Prabhakar integral]: If a new
generalized transform to a function z(t) is represented as Z(s), using (2.16) and (2.19),
the new generalized transform to the Prabhakar fractional integral (2.9) can be written
in the form

T e85 = (15) . (1 _ wZ)#)_ 2(s), (2.20)
Proof.
T[IZ’B’w’mz(t), s|=T i (t — T)’B_IEZ’ﬁ[w(t — 7)) z(1)dr, s]
=T [(f*e€)52)),s]

3 Main results

Theorem 3.1. [New generalized integral transform of Prabhakar derivative]: Let Z(s)
be the new generalized integral transform of z(t), then the new generalized integral trans-
form to the fractional derivative of Prabhakar is represented as follows.

TID) - 01 2(8), ] = m (1 ﬂu) 2(s)
m—1 3.1
_¢<3) WS)m - k,D’yk m+5w0+z( )‘t:O
k=0

Proof. By using equations (2.18), (2.20), and the convolution (2.16), the new general-
ized integral transform can be applied to the Prabhakar fractional derivative (2.10) w.r.t.
variable ¢, resulting in the following expression

T[D) 50+ 2(), 8]
dm
=T {dtmz‘”” ot 2(t); s]

dm
=T |:_g(t)7 $:| ) where g(t) = I;;:n—ﬁ,w,0+z(t)

dtm
= ()" Tlo(t). o] - ¢<>k V(s g0 (0), gD =TI 2(0)
1 w = 1—- k k —
= " s (1 gae) 7 665) 2 V" G Tmpma 2Ol
1 w = 1-k |1yY
= gt (1 i) T R ¥

k:O



]

Theorem 3.2. [New generalized integral transform of regularised Prabhakar derivative
J: Let Z(s) be the new generalized integral transform of z(t), then the new generalized
integral transform to the regularised Prabhakar fractional derivative is represented as

Cry o — 1 w \”
T o0 = e (1- ww) 2

—ot Y vl (1= 57 ) o)

(3.2)

Proof. By using equations (2.20), (2.18), and the convolution (2.16), the new generalized
integral transform can be applied to the fractional derivative of regularized Prabhakar
derivative (2.12) w.r.t. variable ¢, resulting in the following expression

—T[z,;m st ,s], where h(t) = Ci—zz(t)
- (- ) O
o (1 a) [T m v (O)]
= 5o (1 ) TS m‘” (1 ) o)

Theorem 3.3. [ New generalized integral transform to the Hilfer-Prabhakar deriva-
tive]: Let Z(s) be the new generalized integral transform of z(t), then the new gener-
alized integral transform to the fractional derivative of Hilfer Prabhakar derivative is
represented as

T[DI2% 2(t), 5] = w(sl)—ﬁ (1 - 2/}Z)#)WZ(S)

¢ (s) @ ' a
P(s)e0A) (1 B ¢(s)u> Iu(l(la)()l 80+ 2(D)li=o
(3.3)

Proof. By using equations (2.20), (2.18) and convolution (2.16), the new generalized
integral transform of the Hilfer-Prabhakar fractional derivative (2.13) w.r.t. variable ¢ can



be obtained as follows

TD) 2 P 0+ 2(t), 8]

—ya d —y(1—a)
=7 | (Tt o GBS 0 009
=T|Z.70, here k(t) = Lz—0-0)
ity k(0).5]  where 3t L 1= (1-p), 0+ 2()

5],

1 w

= U)eP ( S ) Tk
1 w

~ Y(s)a ( (s >

XTI Sy s 20, 8] = OV, S0 01 2(0)

N w<s>1a< ( )

Y(1-a)
X [ (1 @) 1 ~B) < ) T[2(t), s] —¢(S)Im?1(ia()l()l_ﬂ)’w70+Z(O)]
1 w v ¢3> o e .
= o= (- 70) 0.0 - 5 (1- 55 B e
[

Theorem 3.4. [New generalized integral transform to the regularized Hilfer-Prabhakar
derivative]: Let Z(s) be the new generalized integral transform of z(t), then the new
generalized integral transform of regularized Hilfer-Prabhakar fractional derivative is
represented as

oo sl = —— (1o =) 29— 20 (12 = Y g
TED 2081 = 555 (1 w<s>#) 20) = 5syis (1 ¢<s>u) (0<3)4>

Proof. By using equations (2.20), (2.18), the new generalized integral transform can be
applied to the regularized Hilfer-Prabhakar fractional derivative(2.14) w.r.t. variable ¢,
which results in the following expression

TIED)AS 2(1), o
. d
=T Iul w0t gt z(t), s

= T[T gm0sblt).s] &) = 20

= s (17 5 ) BT, 8 — 6(0)200%)
= g (- ) 701 g (1 ) 07

()li=o



3.1 Special cases:

Corollary 1

The new generalized integral transform of the Hilfer-Prabhakar fractional derivative is
represented as.

w

=) TE0.

¢(s) @ " _ g
- W (1 B w(s)“> quzl(ia)()lfﬁ),w,mz(t)|t:0

*1 When ¢(s) = s and ¢(s) = 1, the new generalized integral transform will result in the
Laplace transform to the Hilfer-Prabhakar fractional derivative, which was studied in [6].
If the Laplace transform of z(¢) is denoted by L|[z(t), s| then

T[D) 2% 2(1), 5] = w(sl)—ﬁ (1 -7

LID)2% 2(t), 5] = s°(1 — s ) L[2(t), 5]

—a(l— o l—«
— s U=B) (] — gsTHOL ?1( a)()l 5, w’0+2(t)|t:0

*y When )(s) = % and ¢(s) = % the new generalized integral transform will result in the
Sumudu transform to the Hilfer-Prabhakar fractional derivative, which was studied in [8].
If the Sumudu transform of z(¢) is denoted by G(u) then

S[D76 or2(t)ul = u P (1 — wu)G(u)

a(l—8)— a l1—a
— AL — e E/l( a)()l ,B)wo+z(t)‘t=02(0+)

*3 When ¢(s) = 2 and ¢(s) = 1, the new generalized integral transform will result in the
Shehu transform to the Hilfer-Prabhakar fractional derivative, which was studied in [10].
If the Shehu transform of z(¢) is denoted by V (s, u) then

SHIDIPS ()] (s,u) = (3)_5 (1-= (%)) Vs,

S
u\ *(1-58) UNINTY g,
()7 (= (5)) TS e ez

*; When ¢(s) = % and ¢(s) = s, the new generalized integral transform will result
in the Elzaki transform to the Hilfer-Prabhakar fractional derivative, which was studied
n [9]. If the Elzaki transform of z(¢) is denoted by 7 (s) then

E[DVﬂ 0+2(t), 8] = s(1 — ws") 1T (s)

« — o 1 (e}
_ go1 A1 — wsh) Ip (1( a)()l B)w0+z( Vizo

*#; When ¢(s) = X and ¢(s) = %, the new generalized integral transform will result
in the Sawi transform to the Hilfer-Prabhakar fractional derivative, which is studied in a
recent paper available on arXiv.org [30]. If the Sawi transform of z(t) is denoted by R(s)
then

Sa[DY4 2(t), 5] = 577 (1 — ws") " R(s)

a(l— o 11—«
_ go(1-8)— (1 _wsu)v T~ (71( O()()1 5, w70+2’(t)|t:0
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Corollary 2

The new generalized integral transform to the regularized Hilfer-Prabhakar fractional
derivative is represented as.

szszl _w728_¢(3) _w72+
D0 = g (1 ) TEO=5 (1 ) 0

*1 When ¢(s) = s and ¢(s) = 1, the new generalized integral transform will result in
the Laplace transform to the regularized Hilfer-Prabhakar fractional derivative, which was
studied in [6]. If the Laplace transform of z(¢) is denoted by L[z(t), s]

L[CD7’3 0+ 2(t), 8] = s7(1 — ws ™™ L[2(t), s] — 8" (1 — ws ) 2(0T)

*, When t(s) = 1 and ¢(s) = <, the new generalized integral transform will result
in the Sumudu transform to the regularized Hilfer-Prabhakar fractional derivative, which
was studied in [8]. If the Sumudu transform of z(¢) is denoted by G/(u) then

SIODYS 2(1),u) = u P (1 — wu) G(u) — u™?(1 — wu)2(0")

*3 When ¢(s) = 2 and ¢(s) = 1, the new generalized integral transform will result in
the Shehu transform to the regularized Hilfer-Prabhakar fractional derivative, which was
studied in [10]. If the Shehu transform of z(¢) is denoted by V (s, u)

SHID)25-2(0)(s,w) = (5) 7 (1= =(2)) V(s,w)

(2P = Q_Lu>’y ot
()7 (1= =(2)) =(0)

*; When ¢(s) = 1, and ¢(s) = 1, the new generalized integral transform will result
in the Elzaki transform to the regularized Hilfer-Prabhakar fractional derivative, which
was studied in [9]. If the Elzaki transform of z(t) is denoted by 7T (s)

E[CD)2% 2(1), 8] = s (1 — ws") 1T (s) — 8" (1 — ws")72(0")

*#5 When ¢(s) = X and ¢(s) = %, the new generalized integral transform will result
in the Sawi transform to the regularized Hilfer-Prabhakar fractional derivative, which was
studied in a recent paper available on arXiv.org [30]. If the Sawi transform of z(t) is
denoted by R(s)

Sa[ODI2% 2(1), 5] = s (1 — ws") T R(s) — s (1 — ws")72(0")

4 Application

In this section, the authors will demonstrate the use of Hilfer-Prabhakar and regularized
Hilfer-Prabhakar fractional derivatives, which have been obtained using the new general-
ized integral transform, to solve some Cauchy type fractional differential equations.



Theorem 4.1. The solution of Hilfer-Prabhakar fractional differential equation

,DWB 0+y(t) )xI/i/mey(t) + 2(t) } .

l—a 4.1)
(T ) oo = K

where z(t) € L1[0,00), 8 belongs to (0, 1), a belongs to [0, 1]; w, \ are complex numbers,
t,u>0,K,v,6 >0, is obtained

y(t) —\" Z I’H—n (0+7) _ O+Z(t) + K\ Ztﬁ@n-{—l)—i—a(l—ﬁ)—l

B(2n+1),w,
e —~ 4.2)

dn+yn+ «
X I - p)+piantn) (@)

Proof Applying new generalized integral transform on both side of equation (4.1) and
using (2.13), (3.3),(2.20) then

TN 50 y(t) + 2(8)] = T [MT) 5 o+ y(t), 8] + T[2(1), o]
=\T [/\I o+t ),s] + T[2(t), s]

)

v B B 1 w
T[Pizie.s] = 5 ( BE i
¢ S w b —v(l—«
- W (1 - Y(s)m L (1( a)()l 8),,0+4(0)
1 o wm Y g Ko(s) @\
= g () 0 it ()
therefore

Ko(s W T

Tly(t),s] = 1 (1 e )7 [1 - 1@3(11@)5]

() W(s)~P <1_ﬁ>7

n

T((t), 8] + K20 (1

-5
) + s (1-58) 5 2y (1- 55)
)= m(l—ﬁY
Ko(s) w o\
il {T[Z“)””w(s)a@—m (-55) | s (- 55)
oo A" o —n—yn—7y
0312 st ( w@u)

A”(b(S) o ya—(dn+yn+vy)
w(s)5(2n+1)+a(175) (1 N w(s)u)

ORE <1 ~ e

+
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-5
o7 (1-55m)

1 1 w v
W(s) P ( T (s)F )
form on both sides of the above equation, we will get the desired result

for

< 1, and by taking the inverse of new generalized integral trans-

oo

n n(d n n a(1—B)—
y(0) = NS T () KAy P a9
n=0 n=0
dn+yn+y—ya
X L oo gy pens) (@)
Theorem 4.2. The solution of regularized Hilfer-Prabhakar fractional differential equa-

tion

2
CDZ:Z%+u(x, t) = K%u(x, t) (4.3)
u(z,0) = g(x) | .
lim, ,o u(z,t) =0 [’ “@4)

with [3 belongs to (0,1), a belongs to [0, 1]; w, x are real numbers K, > 0,7 > 0, is
obtained

1 * = n —inx n
u(e,t) = o / S B (e (— KR g (k) @.5)

X n=0

Proof Let u(x,s) be the new generalized integral transform of u(x,t) with respect
to t and u*(k,t) be the Fourier transform of u(x,¢) w.r.t. variable x. Now applying the
Fourier and new generalized integral transform on equation (4.3) by using the equations
(2.14), (3.4) and (2.20), then we get

! (1— w)#)vﬂ*(k:,s)— O(s) (1— f)uyg*(k):f((—k?)a*(k,s)

w9 (7 (1 - @zz:)u)’y y KkZ) - s (1 - @bé’iw)'yg*“@

u(k,s) =
(w(sl)*ﬂ (1 B wg)“) + Kkz)
. ¢(s)g” (k) Kk’
u*(k,s) = 1+ 5
Vi) zp(sl)*ﬁ (1 N ﬁ)#)
u*(k;,s) _ i _KkZ g*(k)¢(8>

v
= \ o (1 59) v(s)

Tk, s) = (kw28 (1-25) s

—~ ih(s)onHt

for ( T g K = )y) < 1, taking the inverse of Fourier and new integral transform, we
w(s)- B\ PP
will get the desired result

11



(1) = / ZEZ"MH (t")e=m (— K207 g () dk

Theorem 4.3. The solution of Hilfer-Prabhakar fractional differential equation

62
DI u(w, t) = Ko —u(x,t) (4.6)
—v(1—a) -
Iﬂ”(ylfa)(lfﬁ)’w,()‘?u(x’ t) |t:0 - g([L‘) . (47)
lim, o0 u(z,t) =0

with [3 belongs to (0, 1), « belongs to [0, 1]; w, x are real numbers, K, > 0,y > 0, is
obtained

1 * o —ikx n —a(B—-1)— n n [e%
u(z,t) = %/ Ze kzyB(nt1)—a(8-1) L—k?K) EZ(B(J;L)J)FQ( 6)(wt“)g(k:)dk
) (4.8)

Proof. Let u(x, s) be the new generalized transform of u(x,t) with respect to ¢ and
u*(k,t) be the Fourier transform of u(z,t) w.r.t. variable z. Now applying the Fourier
and new generalized integral transform on equation (4.6) by using the equation (3.3), then
we get

1 @ \'_. ¢(s) @ \" i .
Y(s)™” (1 - w(S)“> w0 (1 - ¢(5)u) L et (:0)
= —k*Ku*(k, s)

k2] [wsl) ( ke ) } (Z;Sfm (“wZ)ﬂ)mg*(’“)

w(s)a(l B) <1 - ) g° (k)

u*(k,s) =
1 k2K
?/J(S)B 1/1( W ( w(s - 5% )7>
-1
- 2
Tk 8) = SosatAe (1 ) L4+ — o —7 | 9
s (1 5w)
ya—y 1 —ny
v = g (~p) S (o) o0
. ¢(S) @ T,
ik ;(_k2K) s (1 g) oW

for ( - ’(kQK — )7> < 1, taking the inverse of Fourier and new generalized integral
(s)=F

1——=
oL
transforms, we will get the desired result

1 nt+l—a
u(x’t) = %/ Ze—zkxtﬁ (n+1)—a(B8-1)— ( k,QK)nE’Y( +1—a)

w1y ra(1-p) (@) g (k) dk
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5 Conclusion

In this work, the authors first obtain the results of the new generalized integral transform
on Hilfer-Prabhakar fractional derivatives and their regularization. Next, they demonstrate
its applications in solving some Cauchy type fractional differential equations with Hilfer-
Prabhakar fractional derivatives. The authors apply the new generalized and Fourier trans-
forms, which involve the three parameter Mittag-Leffler function, to find solutions.The
outcome of this research indicates that the new generalized integral transform is highly
effective in solving fractional differential equations.
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