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Abstract

In this paper we study the smoothness properties of solutions to a one-dimensional coupled nonlinear Schrédinger system
equations that describes some physical phenomena such as propagation of polarized laser beams in birefringent Kerr medium
in nonlinear optics. We show that the equations dispersive nature leads to a gain in regularity for the solution. In particular, if
the initial data (u 0, v 0 ) possesses certain regularity and sufficient decay as | z|-[?] , then the solution ( u( ¢t) , v( ¢t)) will

be smoother than (u 0, v 0) for 0 [?] T where T is the existence time of the solution.
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Abstract

In this paper we study the smoothness properties of solutions to a one-dimensional
coupled nonlinear Schrédinger system equations that describes some physical phe-
nomena such as propagation of polarized laser beams in birefringent Kerr medium
in nonlinear optics. We show that the equations dispersive nature leads to a gain
in regularity for the solution. In particular, if the initial data (ug, vg) possesses
certain regularity and sufficient decay as |z| — oo, then the solution (u(t), v(t))
will be smoother than (ug, vg) for 0 < ¢ < T where T is the existence time of the
solution.
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1 Introduction

We consider the following initial value problem (IVP) for two coupled nonlinear Schrédinger
equations (NLS)

iy + g = (alul* + Blul?|v]7*)u,
iV + Vg = (a|v|? + Blv|Yu|??)v, (1.1)
u(z, 0) = up(x), v(z, 0) = vo(z),

where «, 8,p,¢,t,x € R, p>0and ¢ > 0. u = u(x,t), v =v(x,t) are complex unknown
functions. The parameter [ is a real positive constant has to be interpreted as the
birefringence intensity and describes the coupling between the two component of the
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electric-field envelope. Taking o = 1 and ¢ = p — 1. The system (1.1) leads to the
following system

WUy + Ugy = (‘UPP + mu‘p—l’v‘p—s—l)u’
iV + Ve = ([0]%P + BloP~Hu[PT)w, (1.2)
ul, 0) = uo(x). vz, 0) = vo(z).

In general a single mode fiber can support two distinct modes of polarization which are
orthogonal to each other. This phenomenon is known as birefringence. Among these
two modes one corresponds to the ordinary ray (O-ray) in which the refractive index
of the medium is constant along every direction of the incident ray. The other is the
extraordinary ray (E-ray) whose refractive index for the medium varies with the direction
of the incident ray. In an ideal fiber these two modes are degenerate, while in a real fiber
due to the fiber nonlinearity this degeneracy is broken and the phenomenon is known as
modal birefringence [1]. The focusing nonlinear terms in (1.2) describes the dependence
of the refraction index of material on the electric field intensity and the birefringence
effects. The study of the propagation of pulses in nonlinear optical fiber has been of great
interest in the last years. I. P. Kaminov [11] showed that single-mode optical fibers are not
really single-mode but actually bimodal due to the presence of birefringence which can
deeply influence the way in which an optical evolves during the propagation along the fiber.
Indeed, it can occur that the linear birefringence makes a pulse split in two, while nonlinear
birefringence traps them together against splitting. In 1979, T. Kato [12] established a
remarkable result for the regularizing property of solutions to the initial value problem for
the KdV equation. He proved that if the initial function uy(x) € L} = H*(R) N L?(e"dx)
(b > 0), then the solution u(t) is C*°(R) for ¢ > 0. A main ingredient in the proof was the
fact that formally the semigroup e ™% in L2 is equivalent to U, = e *@*=9" in L2 when
t > 0. A number of results concerning the gain in regularity for various nonlinear evolution
equations have appeared from different points view. It is shown that C'* solutions u(x, t)
are obtained for all ¢ > 0 if the initial data ¢(z) decays faster than polynomially on R*
and has certain initial Sobolev regularity. Here we quantify the gain of each derivative by
the degree of vanishing of the initial data at infinity. The gain of regularity for a higher
order Schrodinger equation has been also proved in [19]. In 1986, N. Hayashi et al. [9, 10]
showed that if the initial data ug(z) decreases rapidly enough, then the solution of the
Schrédinger equation

{iut + Uy = MulPu, ze€R, teR (13)

u(z, 0) = up(z), zelR

with A € R, p > 1 and u = u(x, t) is a complex unknown function that becomes smooth
for t # 0, provided that the initial functions in H*(R) decay rapidly enough as |z| — +oc.
In 1986, N. Hayashi et al. [10] studied the more general case. Indeed, they considered the
initial value problem

; _ 2 n
{wt—l—Au—f(|u|u), reR" teR (1.4)

u(z, 0) = up(x), ze€R"



and they showed that if the initial ug(x) decreases sufficiently rapidly, then the solution
of (1.4) becomes smooth for ¢ # 0, provided the nonlinear term f (Ju?u) is smooth. In
J. C. Ceballos et. al. [3] the authors studied the gain in regularity for the system (case

p=1)

iUy 4 Uge + |ul?u + Blv)?u =0
iV + Vg + [0|?0 + Blul?v =0 (1.5)
u(z, 0) =wup(z),  v(z, 0) =wo(x)

where (z, t) € R x R. u = u(z, t) and v = v(z, t) are complex unknown functions and
is a real positive constant which depends on the anisotropy of the fiber. C. R. Menyuk
[15, 16] showed that the evolution of two orthogonal pulse envelopes in birefringent optical
fiber is governed by the coupled nonlinear Schrédinger system (1.5). If § = 0 the equations
in (1.5) are two copies of a single nonlinear Schrédinger equation which is integrable; when
g =1, (1.5) is known as a Manakov system [14]. In all the other cases the situation is
much more complicated from different points of view. The Cauchy problem for the system
(1.5) has been studied by many authors and over different point views see [2, 3, 4, 13, 18]
and references therein. Thus, it is natural to ask whether the equation (1.2) has a gain
in regularity. It might be expected that the Schrodinger systems have an analogous
regularizing effect as that of the (1.3) equation. This is our motivation for the study of
gain in regularity. Our aim in this paper is to show that the Schrédinger systems have a
regularizing effect. Indeed, that all solutions of finite energy to (1.2) are smooth for ¢ # 0
provided that the initial functions in H'(R) decay rapidly enough as |z| — +oo. For to
prove this result, the main tool is to use a operator J defined by

Ju = ¢ (2it)0, (e /M) = (z + 20ty )u.
which commute with the operator of Schrodinger.
This paper is organized as follows: Before describing the main results, in Section 2 we
briefly outline the notation and terminology to be used later on and we present some
Theorems. In Section 3 we find estimates of finite energy. In Section 4 we find estimates
for the operator J. In Section 5 we prove our main result. Our main result is
Main Theorem.

1. Let p > 1 odd integer number, (ug,vo) € H'(R) x H'(R) and (z"ug, z"vg) € L*(R) X
L*(R) for some n € N. Then, there exists a unique solution (u(x,t),v(z,t)) of (1.2)
satisfying

(u,v) € Cy(R : H'(R)) x Cy(R : H'(R)) (1.6)
(J™u, J™v) € C(R: L*(R)) x C(R: L*(R)), m=1,2,...,n. (1.7)

Moreover (u,v) satisfies the integral identities:
Densities Conservation

ull 22wy = [JuollL2r) and  ||[v]|L2w) = |lvollz2(r)-



Energy Conservation

1 (p+1) (p+1
Iy + a2y + g IIE20) oy + S I8
6 /|U’p+1|1}’p+1dx
1 Jr
2(p+1 (p+1
- ||u0x||i2R el + oo ol 2208 ) + o7 Il

/ |u0|P+1|U ‘p+1d£(}

p+1

2. Let (ug, vo) € H'(R) x H'(R) with (z"ug, 2"vp) € L*(R) x L*(R) and p > 1 odd
integer number. Then there exists a positive constant C,, depending on ||ug|| g (r)
lvoll a1 ry and ||z ug || 2wy, ||7"v0||L2(r) but independent of ¢ such that

[T ull 2wy < Cpet and  ||J"0|| 2wy < Crel, (1.8)

form=1,2,...n

3. Let B < 1, p > 1 odd integer number, (ug, vo) € L2P+D(R) x L2PHI(R) | (ug, vy) €
H'(R) x H'(R) and (xuo(z), zve(z)) € L*(R) x L*(R). Then, for all ¢ # 0 we have

C

HUHLOO(]R) < Ry and ||"UHL<>°(R) < v

and

C C

[l 2 00 () < 201D and ||| 260 &) < 20T

Throughout this paper C'is a generic constant, not necessarily the same. at each occasion
(it will change from line to line), which depends in an increasing way on the indicated
quantities.

2 Preliminares

In this section, some notations will be introduced. The Lebesgue space LP(R), 1 < p <
+00, with norm denoted by || - ||z» will be used. Let m be a positive integer, i.e., m € N,
the usual Sobolev spaces W™P?(R) = {u € LP(R) : ||D%l/» < +00, V]a| < m}, with
norm denoted by || - ||wm »is considered. When p = 2, it is stablished H™(R) := W™?(R)
denoting the respective norm by || - || gm.

For any interval I of R and any Banach space X with the norm || - ||x, we denote C'(I
X) (respectively Cy(I : X)) the space of continuous (respectively bounded continuous)
functions from I to X. We denote C*(I : X) (k > 1) the space of k-times continuously
differentiable functions from I to X.

If X is a Banach space, LP(I : X) indicates the space of valued functions in X defined



on the interval [ that are integrable in the Bochner sense, and its norm will be denoted

by || - [l e x)
Remark. We only consider the case ¢ > 0. The case ¢t < 0 can be treated analogously.

The following results are going to be used several times from now on.

Theorem 2.1 (The Gagliardo-Nirenberg inequality) Let q, r be any real numbers satisfy-
ng 1 < q, r <400 and let 7 and m be non-negative integers such that 7 < m. Then

1D ul oy < ClID™ul|Tr gyl oy (2.1)
where
1 1 1
—=j+a(——m>+ 1—a)-, 2.2
; . (1-a) (2.2

for all a in the interval % <a <1, and C s a positive constant depending only m, j, q,
r, and a.

Proof. See [8].

How consequence the theorem (2.1) we have the following corollary.
Corollary 2.2 For all u, v € H'(R) we have

ullZoe @) < Cllull 2y ol 2y (2.3)

Lemma 2.3 Let u and v be the solutions of (1.2), then we have

(a) jt(|u| ) = 2Im(uti,,)  and (D) 5

(o) = 20m(v7,.)

Proof. Caso (a) Multiplying (1.2); by u we have

U+ Wy = (Jul? + BlulP~Ho[PT)|ul?. (2.4)
Applying conjugate in the above equation
—iU Ty A Ul = ([ul? + BlufP~ o[ |u)?. (2.5)
Subtracting (2.4) with (2.5) we obtain
jt(\u] ) F Wlhyy — Uy = 0 <= z%(|u!2) = Ullyy — Wlhpy = 201 M UTyy
= CZ(M ) = 2Im ully,. (2.6)

In a similar way we obtain (b).

The operator J commutes with the operator L defined by L = (i0; + 92), that is,
LJ—JL =L, J]=0. In general,

J]
J™(w) = e (25 T (e M) = (1 + 2itdy)™u, m € N,
where J™(u) = J(J™ 'u), m € N. Hence, applying J™ to be equations (1.2)

(
i(J™u); + (J™0) e = J™(Jul?Pu) + BI™(JulP~tv|PT ), t>0, z€R
i(J™) + (J™U) e = J™(|0]*P0) + BT (JoP HuPtv), t>0, zeR (2.7)
J"u(z, 0) = x™up(x), J"u(z, 0) =a2mvy(z), = €R.

which allows us to get the estimates of the Main Theorem.
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3 Finite energy solutions

We begin obtaining estimates for the norm-H'(R). To estimate in H'(R) is important
because in R we have the following Sobolev immersion (continuous injection) H'(R) <

L=(R).

Lemma 3.1 (Densities conservation). Let (u, v) be the solution to (1.2). Let (ug, vg) €
L*(R) x L*(R), then

lullz2@®) = [Juollz2 ) and vl 2@y = ||voll L2 m)- (3.1)

Proof. Integrating (2.6) over z € R and using integrating by parts

d 2 2 d 2
e = —2tm [ fufde =0 = Llullag =0

and integrating over ¢t € [0, T we get the first term. Similarly for v. The lemma follows.

Lemma 3.2 (Energy conservation). Let (u, v) be the solution to (1.2). Let (ug, vo) €
LXPH)(R) x L2PHI(R), (ug, vo) € Hl(R) x HY(R) and p > 1 odd integer number, then

2(p+1) (p+1)
[t 72) + 02|72y + || HL(QP(D-H) ijl|| ||Lfea+1> ®)
2 /IU\p+1|v\p+1dx
L Jr
1
1 2(p+1)
= Jluoe |72y + lvox |72 + T 1||Uo||LfZ+1)> ® T 7 b1 ||U0||L(2p;+1)( R)
2
+ 25 |uo [P Juo|PH (3.2)
p+1Jr

Proof. Applying 0, over (1.2); we have
Wt + Ugzz = ([ul?)or+ Bl o + (Juf* + BlulP~ o * ).
Multiplying the above equation by u, we have
Uyt + UpUpze = ([u]?) iy + B(JulP~Ho|Pt) puty, 4 |ul®|ug|® + BlufP~ oP T u,|?.

Integrating over R yields

i/ﬂxuxtdx—l—/ﬂxumxdx:/(|u|2p)zuﬂxdaz+/ \u|2p|uz|2dx+ﬁ/(|u\p1)I|v|p+1uﬂxdl’
R R R R R
+5/WW%WW5w%Mﬁﬂ/WW*M“Wm%m
R R

Integrating by parts the second term in the left hand side we obtain

i/ﬂrumtdx—/\um|2dx_/(|u|2p)xumdx+/ ]u|2p|um|2dx+B/(|u|p_1)x\v|p+1umdx
R R R R R
+8 / P~ ([P ut,de + B / P~ o g da.
R R



Applying conjugate
—i/umﬂmtdx—/|um|2dx_/(|u|2p)xu_ﬂxdx+/ |u\2p|ux|2dx+B/(|u|p_1)x|v|p+1u_mdx
R R R R R
+8 / [P~ (o )sutieda + 3 / [l ol g *da
R R
Subtracting the above equations
d 2 2 — -1 +1 —
— [ |ug[*dx =2Im [ (Ju|?) v de +26Im | (|uP™)|v|P" v de
dt Jg R R
+28Tm / P (o)t d.
R
Integrating by parts
d 2 %, — -1 1,
— | |ug|"dx = = 2Im | |u|Putzdr +28Im [ (|JulP™)|v/P " ui,de
dt Jr R R
+28Im / P~ ([0t d.
R
Then
d 2 2 — —1 +1 —
— | |uel"de = — [ |ul?? (2Imuti,,)dx + 26Im | (|ulP~ |v|P™) vt de.
dt Jr R R
Using Lemma 2.3 we obtain

d d
g/mﬁmz—/w%—wmm—wm/mw%WMMM

where
[ uape % [P ans s [ e o )i =
Hence
d 2 1 2(p+1) / p—1y, 1p+1 d 2 _
i | [uPar e [uporas] 46 [ up-tope Sy -
Thus
d , 1 ) 2 d
- d - (r+1) g Pl e — 0.
| [Pis e [ras] o [ 2 Sy lopias =0
Thereby

d , | 25
— L|12d _— 2(p+1) g _oF P [Pt gy — '
° [/RM x+p+1/R|uy 0|+ dt(|u! JolHde =0, (3.3)



Similarly we have

25 d
2( p+1 p+1 p+1 _
ﬁ[/wamw- [ 1o ] [ el Dlertiar =0 (3.4)

Adding (3.3) with (3.4) we obtain

d
= {/ |ux]2dx—|—/\vxﬁdxjt—/]u\““)d:c—i——/w]““
R R
2
—51/ ]u|”+1|v|p+1dx} ~0.
R

Therefore, we obtain

d (p+1 1 (p+1)
7 [l + el + B oy + g I

2 / |u|p+1|v|p+1dx} —0. (3.5)
L Jg
Integrating over t € [0, T the result follows.

Remark. Integrating (3.5) over t € [0, T'] we have

1
2 +1 +1
ey + oy + g IR oy + =010,
2
—61/|U’p+1|1}’p+1d27
R
_ 2 9 2(p+1) 1 (p+1)
= HUOIHL?(R) + HUOwHL?(R) + “ 0||L2p(v+1) p+ 1” 0||L2p@+1)( R)
B
1 |u0|p+1|vo\p+1daj.
R
Then
2 +1 +1
et |22y + 0l 2e +5—w|$au)+p+ﬂngw>)
2 1 1
=meam+memﬁ— Hﬂﬁ& Hm;;>

2
—ﬁ/|uo|p+1|v0|p+1d:p——/|u|p+1|v|p+1dx
L Jr p+1Jr



Then using the Young inequality, we have

1
2(p+1) (p+1)
luallZo@) + lvellZa) + H [Epimy p+1\| [y
1
2(p+1) (p+1)
< uumnizR ol + o= o||;5@+1) g ol
/]u P |vg ]p“d:c—l— /|u|2(p+1 d:v+—/ o2+
p+1 1
1
2(p+1) (p+1)
< loe ey + Nvoa o) + =7 || o||;f@+1) g Il
B (p+1) 6 (p+1
+ +1H OHsz(vﬂ)( )+ _}_1”UOHL2P¢+1))( R)
B (p+1) 2(p+1)
+m” HL2P&7+1>( )+p—H ”L(zp(vﬂ (R)"
Thus, we obtain
1-— (p+1) 1— (p+1)
el Zo@) + lvellZo +p—|| [ erl|| [Epemp
1+ (p+1 1+5 2(p+1)
< uoslfage) + e ey + o ol ) + = l000 oy (36)

We follows that, if 0 < 8 < 1 then, for all 1 < p < 400 we have u,v € L2P*)(R).

4 A priori estimates

In the proof stated below it is shown that L>(R) estimates of solutions lead to obtain a
priori estimates of Ju. We estimate a Gronwall’s inequality type and we establish decay
of perturbed solutions.

Theorem 4.1 Let B < 1, p > 1 odd integer number (ug, vo) € L*PTD(R) x L2P+HI(R),
(ug, vo) € HY(R) x H'(R) and (zug(x), zve(z)) € L*(R) x L*(R). Then

C C
||| ooy < e ] oo (m) < 71 (4.1)
and
C C
ull L2 04) &) < 20T ]l 12 e0) (R) < B (4.2)

Proof. We rewrite the equation (1.2); as
Lu = |[ul*u + Blu[P~ v u.
Then we consider the operator J such that LJ = JL, thus

L(Ju) = J(|ul*u) + BT (Jul"~ [ u).



Thus
i(Ju)e + (Ju)ow = J(JulPw) + BT (Jul" o[ ).
Multiplying the above equation by (Ju) we have
i(Ju)(Ju)e + (Ju)(Ju)ew = J(JuPu)(Tu) + BT (Ju " o u) (Ju). (4.3)

Applying conjugate

—i(Ju)(Ju)e + (Ju)(Jw)oo = J([ulPu)(Ju) + BT (julr~ o[Hru)(Ju).  (4.4)

Integrating over x € R, subtracting and dividing by ¢, we have
d — .
EHJUH%Z(R) = 2[m/RJ(|u]2pu)(Ju)da:+ QBIm/RJ(]u\p_1|v\p+1u)(Ju)dx. (4.5)

We estimate the two terms on the right hand side of (4.5)

J(|u)*Pu) = x|ulPu + 2it(Ju*)u + 2it|u)|*Pu,, and  Ju = 27U — 2itu,.
Then
J(|ul?u)(Ju) = 2?|u|**? — 2ite|ulPut, + 2itz(|ul*).Jul? + 487 (|u]*) ;uid,
+ 2itz|ul*au, + 4% ul*|u,*.
Hence

J([ulu) (Ju) = @ [ul 42 + 48 ul P ug|* + 487 (|u]*") pud,

+ itz ([ul?) o Jul? + 2itz|u)® (utl, — utly).

Taking Imaginary part
Im[J(|u*u)(Ju)] = 2tz (|ul®),|ul* + 42 Im[(|u)*?) ui,).

Integrating over x € R

- d d
2Im/J(|u|2pu)(Ju)dx: 4t/:€ 2 Jupr) \u|2daz+8t21m/—(|u\2p) Wiy
R R T

4pt d
ol s
4 t
- — p /| 2e+q 4t2/|u|2p 2Im (Ut )dz.
R

] dx — StQIm/ |u|*P Ut d

Using Lemma 2.3

4pt d
QIm/ (Ju*u)(Ju)dr = — P /| 2D g 4t2/ lul? — (|u|?)dz
(p+1) R dt
= — 4pt /| |2 P+1) o at* —/|u|2(p+1)dx
(p+1)dt Jq

10



On the other hand, using the identity

2 2
4t /| 2+ gy 8t /|u|2(p+1)dx—i{ 4t /|U|2(p+1)d[[):|
p+1 dt (p+1) Jr dt | (p+1) Jr

we have

2Im / () (Tu)dz

A 17 N 1l
(p+ ) L2 pH) (R) <p+ ) L2 64H) (R) dt <p+ ) L2 6+) (R) |
Thereby
. 42 —p)t (p+1) d (p+1)
21 J(ul?Pw) (Ju)de = 222~ p P
m/R (|U| U)( U) €z (p+1> || ||L2Qo+1)( R) dt ( 1)” ||L2@+1) (R)

Now we estimate the second term in the right hand side of (4.5), that is,

28Im / TP~ o] ) (Tu)da
R

J(|u|p_1|v|p+1u) = x|u|p_1|v|p+1u + 2it(|u|p_1)m|v|p+1u + 2it|u]p_1(|v|p+1)mu

+ 2it|u|P o P,
Then

J(ful"~ ol ) Ju = @ ul? ol Hul* 4+ 487 [l ol
+ 2ita(Jul” ™o |v P ul? + it (o) ful?
— 2itz|ulP o[ (ut, — uty) + 42 (Juf P i,
= 2 ul " o fuf? + 4l o g
4 2itx(|ulPHo [P |ul? 4 dtz|uP oPT Im (v, )

+ 487 (JufP Pt pu,.

Taking the imaginary part
Im[J (lulP ol ) Jul = 2tz ([ufP~ ol ul* + 48 (julP o) I (v, ).
Integrating over z € R
25]m/(](|u|p_1|v|p+1u)ﬁdx
R
d d
= 4575/ x —(|u|PHo[PT) |ul? do + 86252/ —(JulP~ o) Im(va,) do
r dz r dz

d
— a4t [ el de = 48t [ alul ol (s
R R dx

—4ﬁt2/ |u|P~H Pt 2Im(utiy,) d.
R

11



Hence using Lemma 2.3 we have
26[m/J(|u\p1]v\p“u)ﬁdx
R
d
= a8t [ Jup o e~ 48 [ alul () fop*ida
R R df]j
d
— a5t [ fup o (uf)ds
o dt

= gt [ ol e = 2 [ Tl e
R

N (p+1)
85t2 d
- o [ Gl bl (4.7
Replacing (4.6) and (4.7) into (4.5) it follows that
E¥HJUH%qR)=:'75f;—3—” 25~ % |G _+1)n ull el -45tj£|uw+wvvﬂ4dx
8t d oy et 8> / d
— — dr — p+1 p+1
s [l e — s [ Sl i
or
d 4t
(10l + o )
I Cd QLATET ) / 8t d
== — 48t | |ulPt Pt de — /x ulPT )Pt da
oD Nl gy — 48t [ Tl e L7 I
8[t2 d
- i | Gl iertan (4.9
Performing similar calculations for the equation (1.2), we obtain
d 4t
1 + s o2
42 —p)t (p+1) / 80t d
= — — 45t p+ly,|p+l p+l 2 (], |pF1
) I gy =48t [ Jub ™o td @+1%4xm\ (o)
85t2 d p+1 p+1
s [ . (4.9
Adding (4.8) with (4.9) it follows that
d 4t?
o (170l 100y + s 2 gy + s 8 )
42— p)t 1 A2 —p)t
= WH HL;(;:&)( )+ WH ”L2p(:+11> (R) Sﬁt/ ’u‘p+l|v‘p+ldx
85t / d 8/t d
_ T — up+1 p+1d _ / p+1 p+1 d
oty L7 gl el = 2 |l (ol da
8t* / d iy ot 851> d
_ _ dr — p+1 p+1 d
s [ et e = 25 [t (ot

12



Then using integrating by part

d . 1
4(2 Pty 2t 42 - P) +1) SBpt T
T (p+1) [ ||L2p€0+1)(]R) WH ||L2p(o44)(R) 1 R|U|p+ o[t dx
84t?
- il dt/' el de. (4.10)
p

On the other hand, using the identity

—8/3t? d 16/3’75 8312
1 dt / ‘u|p+1’ |p+1d / |u|p+1|v|p+1dx d { / |u|p+1|v|p+1dx] )
p +

Replacing the above equality into (4.10) we obtain

d 2(p+1 4t 1

4 l||JU||%z(R)+ 170l 32qe + ( )|| Wl @+ Gy I
_ 42— p)t (p+1) 42 —p)t (p+1) SBpt pHL | P+

(p+1) ” ||L2€v+1)( R) (p+ ) ” ||L2(D+1) (R | | |U| T

163t / 832
+ ulP P de — — [ / ulP Pt de| .

Thus

d
= [ 17l + 1012wy

4t? +1) (p+1) Sﬁtg / 1), 41
+ P 2p Ju[PH Jo|PH da
(p+ )H HL2(0+1) (R) ( ) L2 ) (p+1> . ’ ‘ |
42 —pt I 42 —p)t 1 86(2 —p)t
o7 e g+ Ty ||L5L)>(R) [ulP* o]+ dz.

But, 2 — p < 1, because p > 1. Then performing straightforward estimates in the above
equation we have

Tl + 1702
o A Sl )+(4+ S 6 W S |p+1|v|p“d:c]
< D + o e+ / o, (1)
Therefore
L 1l + 1 0lgmy + 2(0)] < £5(0), (4.12)

13



where

ft) =

(p+1) (p+1) p+1y,,(p+1
s W g+ I 28 [l

Integrating (4.12) over t € [0, T, with T arbitrary, using the positivity of the two first
terms and performing straightforward calculations we have

t
1 () < | Julliz@ + 1 T0ll72@) + £ F(2) < quOIIiz(R)vLIvao||2Lz(R>+/ s f(s)ds. (4.13)
0

Which we can rewrite as

) <T+ /t sf(s)ds, (4.14)

1

where

1
T = H-CEUOH%%R) + H$U0H%2(R) +/ 8f($)d8:| .
0
Using (3.6) of the Lemma 3.2 it is easy to see that

T <O, p, luollrz e ) [Vollr2 0 ) l7uoll 2@y, lzvollL2eys uoell 2@y, [1voxlL2@))-

Thereby, T < © which is finite by hypothesis. Hence (4.14) can be written in the following
way

F(t) <O+ /tG(s)F(s)ds,
for F(t) = t*f(t) and
G(t) = %, for ¢t>1.

Using the Gronwall’s inequality, we have F'(t) < ©t, V ¢ > 1. Using the hypothesis on
ug, vo and integration of (3.5) together imply that f(¢) is uniformly bounded for all ¢, in
particular for 0 < ¢ < 1. This way, there exists a constant

C = C(B, [Juoll 2 e+ ®)s lvoll2 00 ®y)s |20l L2R)s 200l L2(R), w02l L2(R)s (V02| L2(R))
such that
2 f(t) < Ct, forany t>0 (4.15)
From (4.13) we have

4t? (p+1)
(p_|_ )H ||L2@>+1)(]R)

1wl Zoqy + 7011wy +

At? +1)
+ p
<p+ ) H HL2 e+H) (R)

14



Then using that Ju = /% (2it)d,(e~**/*y) and Jv = e/ (2it)d, (e~ /*v) we obtain
—ix? —ix?
4752||8 (6 M) | oy + 482102 (€74 0) |2y

wl2PD) 4t (p+1) 8t* / p+1, 1p+1
+ U v|PTdx < Ct,
(p )H ||L2§a+1)( ) | | | | =

( n'

for any ¢ > 0. Then
—iz? —ix?
10: ( M) | Go ey + 1102 (e 0) |22y

2p
(p+1) (p+1 -
H ||L2p¢7+1) (p+ )H HL2p(u+1)) (]R) + (p+ 1) /R|u|p+1|'(]|p+1dl‘ S Ct 1.

T )

Using the Young inequality in the last term on the left hand side and performing Straight-
forward estimates we have for § < 1

—ix? —ix2
182 (e ) [ 2y + (1 (e M 0) |72

(< ))H (Ko <( )>H ey <o (4.16)

Hence

—ix? —ijz2 C
10, (e w) T2y + 1102 (e /‘“U)Hiz(mS;

for any ¢t > 0. Moreover, using the Gagliardo-Nirenberg inequality, we have
—iz? —iz? 1/2 1/2
le™ ]| gy < Cl0(e M)l oty luall ot
and

—ix? —ix? 1/2 1/2
0| ey < OB/ 0) |12, [[0]] 3

e L2(R)

From the above estimates, we deduce

—ix? /4t

—ix? C
e | Loy + Ile Mt””%w(n{) < N

for any ¢ > 0. Therefore,

C
lullie) < o and follze < o

t1/4 t1/4
Moreover,
D)) g + St oy < &
( ) L2(1’+1)(R ( ) L2(1’+1)(R — t
Then
C C

1wl 2 00 Ry < 207D and  ||v]| 2 e0) &) < 201D

15



The Theorem 4.1 follows.
Remark Using the Gagliardo-Nirenberg inequality we have

2 2
el oy < Cllull g llull P

Using Lemma 3.1 and (4.1) we deduce the following L? estimate
C

and HUHLP(R) S m

lullze@) < =7

for 2 < p < +o0.

Lemma 4.2 Let k € N, w € L°(R) and its derivatives of order m, 0™w € L*(R), then
107" (Jw[*w)l| 2m) < Conll 07wl 2wy W75 vy (4.17)

where C, is a constant that depends of m.

Proof. By induction over k. If kK = 1, we have

105" (JwPw)l 2y = 105" (www) [l 2@y < Y 1058w - 08w - 05w oy

C1+Ca+(3=m
< Z ||a:§1w||L2m/< 1(R)||8:§2m||L2m/C z(R)||a§3w||L2W< 3(R)

(14+C2+C3=m
<Cu S0l ol S 0wl B Nl 2 O w15 o | )™
C1+Ca+C3=m

< Coll 07wl 2@ w2 @)-
Suppose it is valid for k, show that it is valid for k + 1.

10 (lw P Dw) | 2y = [0 (([w*w)mw)l| 2@ < > 105 (wlw) - 09w - 0% wl| 12z

C1+C2+(3=m
< Z ||8gl(|w|2kw)||L2W< 1(R)||a§2w||L2m/< 2(R)||aa€3w||L2W< 3(R)

C1+C2+(3=m
SCno > 0wl w) IS HwPwl| o s ™ o wl| S lwll )™
C1+C2+(3=m
x [|o | & w15 ™,

by induction hypothesis, we get

2k 2k
o7 (wP* Dw) 2@y < Co D 05wl Il Ty wll ™ o s
(1 +Ca+C3=m
x [|owl| S5 llwll o 8™ oIS llwll o )™
< Ol 07wl 2y w7 ) -

The Lemma follows.
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Lemma 4.3 Letp > 1 an odd integer number, w, z € L*(R) and its derivatives of order
m, OMw, "z € L*(R), then

07" ([P~ 2" w) | oy < Con([107 w2y + 11072l 12(r) (4.18)
where C,, is a constant that depends of m.
Proof. Denote by @, ¢; the sum ¢ + ... + (,, then we obtain
107" (Jw [P~ w) | pary = (105 ((w) - - - () w (27) -+ - (22)) | r2qw

N —~

(p—1)—times (p+1)—times

:Ham(ww w - W 2z ZeezZ HLQ(R)
= Y Fwdw Orw o r=Ngg L GlrHr-1 A, gl K

CpH p—1) HpH) A = Cp4( p—1) +HpH) +H pH) =
Xaxm(p ) HpH) Z..,&BP%P ) HpH) K p )ZHLQ(R)

< Z ||3§1w O - QR - T Oz - DS 2O F - O H E| Loy
S =
< Z ||8C w|| e 1(R) - log wl| p2me ?(R)

e =
Hﬁi”“ wHszc pH(R) Haa%p_lw”ﬁ"/( 2p-1(R) HGEQP'ZHL?WC p(R) H8§3PZHL2W< 3 (R)
X ||8§3”+1 2”L?T"/C 3pH (R) ‘|a£4p+1 EHLG/c 4pH (R)"

Note that in the inequality last we used the Holder inequality, by the Gagliardo-Nirenberg
inequality, we have

lor (PP o)l < € D0 0wl el g™ - 10w ol g™
@ =
uawu%z%mu ™™ ol gy ™ el ey ™™
x 1072 F e ool £ sy po... ||amw||43p/m|| ey i
x 10 2l 25y ™ ol £ ﬂ%"“ R A e ||m ™

-c ¥ |!8mw!!f§£)+@” ”’“H iy %
&L =
x |07z H Czp+ ACap-1 /mH H(m Gop)/mAt...+(m—Cap—1)/m
L°(R) :

By the Young inequality, we have

m _ G+ .o+ Copa1am
107 (Jw|P~H 2P w) | 2wy < C Z T |07 wl| L2 ()
Ot = "
n C2p+"'+C4pfl
m

107" 2| 2 (w)

< Crn(|07w|| L2ry + 1103 2| L2(m) ) -
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The Lemma follows.

Theorem 4.4 Let (ug, vo) € H'(R) x HY(R) with (x™ug, x™vy) € L*(R) x L*(R) and p >
1 odd integer number. Then there exists a positive constant Cy, depending on ||uol| w1 (r),
lvoll a1y and ||x™uo||L2(my, [|2"v0l|L2(r) but independent of t such that

|7l 2y < O’ and [0 122y < Cone', (4.19)
form=1,2 .. n.
Proof. From (2.7); we have
(T )y + (T ) ae = T (u*Pu) + BT (|ul~ o).
Multiplying the above equation by (J™u) we have
) (™), + () (™) = ™ () (T70) + Bl ol ) (T7). (4.20)

Applying conjugate in (4.20) we obtain

—i(J"u) (T™u)e + (T"u) (T ) = T (ul?Pu)(T™u) + BT (Julp=t o) (J™u).
(4.21)

Subtracting (4.20) with (4.21), integrating over x € R and performing straightforward
calculations we have

d - -
Tl ey = 2m / T ([u2Pw) (T7u)da + 28Im / T (o ) (T de.
R R
(4.22)

In a similar way, using (2.7)s we have

d S S
EHJ”‘UH%Q(R) = 2]m/RJm(|v|2pv)(va)dx+QB]m/RJm(|v|p_1|u|p+1v)(va)dx.
(4.23)
Adding (4.22) and (4.23) it follows that

d m m
= [l + 17702

= 2]m/Jm(|u|2pu)(Jmu)dx+2_fm/Jm(|v|2pv)(va)da:
R R
—I—QBIm/ Jm(\u|p1]v|p+1u)(Jmu)dx+251m/ J™([o]P~ HulP o) (Jmo)de.  (4.24)
R R
We estimate the first two terms in the right hand side. Indeed
Jm(|u|2pu) _ eix2/4t(2it)ma;n(e—iw2/4t|u|2pu)
_ eix2/4t(2l~t)ma;n(|6—iac2/4tu|2pe—ix2/4tu>

= /% (2it)m 0 (|w[*w)
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where w = e~**/4y, By Lemma 4.2, we have
m m m m 2
177 (™ )| 2y < Con(20)™ 187 0]l g2y 101172 @y = Con 1T ull 2y [l oo gy (4:25)
In a similar way we obtain
1T (01 o)l 2@y < Con 1TVl 2y 11011720 - (4.26)

Using Holder’s inequality in the first term of the right hand side in (4.24) we have

21m [ I ) (TP < 207 0 17l
R

< Con 1T ull gy el Py 1™ ull 2y < Con 7™l 2y Nl o (4.27)

(R)"

In a similar way
21m [ (P o) (T < C |70l ooy (1.25)

On the other hand, now we estimate the third term in (4.24). Using the Hélder inequality
we have

26]m/ J™(JulP~ o) (Tru)de < 28T (JulP~ o) | ey [T ull 2w (4.29)
R

We estimate the || J™(|u[’~!|v[PT u)|| L2(r) term. From the definition of J™ we obtain

Jm(|u|p—1|v|p+1u) _ eim2/4t(2it)ma;n(e—ix2/4t|u|p—1|U|p+1u)

ei$2/4t<2it)ma;n(|€—iw2/4tu|p—1 |e—ix2/4tv|p+1€—ia:2/4tu)

e (20t O (Jw [P 2P w) (4.30)

) 9
where w = e /4y and 2z = e~ /4y,

Remark. We observe that the power nonlinearity |u|P~'u is not smooth if p is not
an odd integer.

By the Lemma 4.3, we get

[T ([P~ [0l w) || ey < Cn(26)™ 107 ([P~ 277 w) [ r2qey
Cn (20)™ (107wl 2wy + 107" 2] L2 )
=Cn

U™ ull 2@y + 1T ™0l 2 w)),

<
<

then by the Young inequality, we have

177 (=" TP )l ey |l w22y < Con(lT ™ ullZoy + 170l 2y 1T 0] L2y

<
< Gl T ullZoy + 17022 ) ). (4.31)
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Now of (4.31) and (4.22) we have
2/3]77%[/R T (ulP~ o u) Jmude] < Cru((|T™ull 2@y + 170l 2wy)- (4.32)
In a similar way
Zﬁ]m[/R J™ ([P~ HulP o) Jmude) < C’m(||JmU||%2(R) + ||JmU||%2(R)). (4.33)
Replacing (4.27), (4.28) together with (4.32), (4.33) over (4.24)
d m m m m
(1l + 1770 eey| < Con (1T 0l + 170l - (4:34)
Integrating over t € [0, T'| with T arbitrary and using Gronwall’s inequality it follows that
||Jmu||%2(ua<) + ”JmUH%Q(R) < [||95mU0||2L2(R) + ||9UmUO||2L2(R)] e,

The result follows.

5 The Main Result

In this section we state and prove our theorem, which states that all solutions of finite
energy to (1.2) are smooth for ¢ # 0 provided that the initial functions in H*(R) decay
rapidly enough as |z| — 400.

Lemma 5.1 Let p > 1 odd integer number, we have (u*, v*) is a Cauchy sequence in

C([o, T): H(R)) x C([0,T] : HY(R)) for any T > 0. Moreover
||Uk - Uj||%11(ug) + Hvk - Uj”?{l(R) < C(T) ||U’5 - U%H?{l(u@) + HUIS - Ué”?{l(R)
where C(T) is a positive constant independent of k and j.

Proof. Let (u*, v*) be the solution of (1.2), then

zuf + uix _ |uk|2puk + ﬁ|uk’p—1lvk|p+1uk7 (5 1)

ek o — [oM ok Bt P o, '
and

iuf + ul, = [u? [Pl + Blud [P~ ol [P (5.2)

wy + vl = [0l |*2Pv! + Blod [P [PHied,
Subtracting (5.1); with (5.2); we have

i(uf —ud)y + (uF - uj)x.x | | |
[WF PPt — Ju? Prud + B(JuM P P — P PR, (5-3)
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Multiplying (5.3) by (u* — w/) we obtain the following equation and the conjugate respec-
tively:
i(ub —ud)(uF — )y + (b — wi) (" — u?)
= (Pt — o ) o )

A PR PR — [ [P P ) (uF — ). (5.4)

—i(u" — ) (Wb — ), + (uF — ) (uF — )y

= (lu*Pru? — W PPu?) (ub — )

B (b o — = od 1) (o — ), (55)

Subtracting and integrating over x € R we have

allu‘“ - Uj”%'z(R)
= 2]m/(|uk|2puk — ! PPu?) (uk — ud)dx
R
+2ﬁ1m/(|uk|p_1|vk|p+luk — Jud [P~ ol [P ) (uk — wi)d. (5.6)
R
In a similar way and performing straightforward calculations we obtain that

d )
—Hvk —U]||%2(R)

= 2Im/(|vk|2pvk — |7 |*P0?) (vF — vi)dx
R
+251m/(|21"”|p_1|uk|p+11}]C — I P [P ) (vF — i) d. (5.7)
R

We estimate the first term on the right hand side in (5.6)

(Ju* PPu — [ ]Pu? ) (uk — )

(P = PP+ P @ = )+ ot = [

Then
20m / (k2P — |o? PP ) (o =)
R
= 2tm [ (W = [P+ |t ()
R
< 208y (10 ey + 10 ) [ 08P o o = ol
< Ml/ | |uk|p — |uj|p| |uk — uj|dx (5.8)
R
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where M; = 2||u*|| Lo (r) <||u"“||Lm(]R + || ||LOO(R)> . Moreover,

[P — |7

el et A s i i o 7 i L R U ol
Using ||a| — |b]| < |a — b| we obtain

[P = Ju? [P ] [u® = 2|

| e U e B e D R

Then
/||uk|p— 7| — ofde < Mg/ ik — w2
R R

-2 ; p—1
where My = ([[u]2 g, + 10812 7 ooy + a1 3y + -+ ey )
Then replacing into (5.8) we obtain

QITrL/R(|uk|2pulC — |0 PPu? ) (uF — ) dx < Mi]|uF — uj||%2(R), (5.9)
where Mz = M - Ms. In a similar way we estimate the first term in (5.7). That is,
2Im/(|vk|2pvk — |77 (vF — wi)da < Mg”yk — vj||%2(R), (5.10)
R
where Mz = M, - My with My = 2|[v*|| oo <||Uk||poo ® T 1V g > and

My = (oM + N2y 09 1y 0 ey + -+ N )

Now we estimate the second term in (5.6). In fact,
251m. [ (WP o — ol ) G )
R
= 280 [ [P AP = )+ (P = ) (= )
R
= 2/8_fm/ [(Ju® P P — P o [P ] (uF — ud)dz. (5.11)
R
Similarly we estimate the second term in (5.7). That is,
28Im / (o P~ Pk — o P P ] (oF = 07 da
R

= ZBIm/ [(Jo* [P PHY — o? [P [P0 (0F — vd)d. (5.12)
R
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In (5.11) we have
260m [ [P oh = o ) ()
R
= 280m [ [P AP = ) P ] ol () da
R
<28 [ [ WA = P P = ] o] =l (5.13)

Using the identity

O = TP = (F] = ) (WP A+ [ P R ),

L e L e (L Il (1 e U e U O o T o o 4 P

Using ||a| — [b]| < |a — b| and the identity, of (5.13), we have

261m. [ [t o P — P ol P ] = )
R

< 25M4/ |vF — 7] |uk—uj|dx+2ﬂM5/ ju* — ! |*du, (5.14)
R R
where
My =t 7o gy 147 | oo Ry (10 e gy + 10° oy 107 ey - woe - [0 ooy 107 [
+ |[v/ HLOO(R))
— A s
My =0 50 oy 12y + [ 2 N ey + o el

+ ||u]||L°° R))

By Young inequality, of (5.14), we obtain
25[771/ [(]uk|p_1\vk|p+1 _ |uj\p_1|vj|p+1)uj} (uk _ uj)dx
R
< BM4/ ok — v 2dz + (5M4+25M5)/ i — w2
R R
< Mg (/ [0 — 7| 2dw +/ Jub — uj\zd:r;) (5.15)
R R
where Mg = max {SMy, fMy+ 28Ms}. Similarly we obtain

281m [ [P [k = P )] (oF = o)

< M (/ [u® — | da:+/|v —vf|2da;) (5.16)
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Gathering (5.6), (5.9), (5.10), (5.15) and (5.16)

d )
%Huk - Uj”%mm

< Myl — By + My (0% = 07 3aqa) + [0 = 0 3o

< Mr (o = o gy + o = e (5.17)
where M; = maxz{Ms, Mg}. Similarly,
d ‘ — . )
ot = ey < M (I0F = ey + Il = v Faqe)) (5.18)
Adding (5.17) and (5.18) we obtain
d . . . .
[l = gy + 0 = 07 ey | < C [l = oy + 0 = gy |+ (5:19)

where C' = maz{ My, M7}
On the other hand, differentiating (5.3) with respect to the z-variable, we have

(0 = 0 )+ (0 — 1)y
= (Ju"PPu® — [ PPu?), + B PR P — [ P P ), (5.20)
Multiplying (5.20) by (uF — i), it follows that
i(uF — ud) (U — ) g 4 (UF — 1) 5 (uF — 1) g
= (Ju"PPut = ! PPl (ub =),
+ B P — ! P P ) (uk = ),
and its conjugate

= (JubPruf = Jud [PPud), (uf —ud),

+ B(ut Ptk ub — fu [P ol P ) (uf —ud)),,.
Subtracting and integrating over x € R we have
d

N
= 2Im/(|uk|2puk — | PPu?) o (uF — ud) pda
R
+ 26[m/(|uk|p_1|vk|p+1uk — [ [Pl [P ) (uk — i) pda (5.21)
R
In a similar way we obtain that
N el

- 2Im/(]vk|2pvk — |7 |*Pv?)  (VF — 09 dx
R
+ QB]m/(|vk|p_1|uk|p+lvlc — [ [P [P, (vF — vd) d. (5.22)
R
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We estimate the first term in (5.21)
(P — o P2 ) (=),
= [P =) + (Ju" 7 = [ PP)e’] (uF = ui),
= [ P)a o — ) + 2 — )] (= ),
[P = PP)aw + ([P = o PP)ud] (uF = ),
= (Juf s (u = w?)(uF — )y + [P | (u* — )
(P = PP (= )+ (P o) (P — ! P (= ),
= (U)o (u® — ) (uF =)y + [P | (" = ),
o [([u"2)e = (! *)o] (b = ul)o + (W7 + [P (Ju P = [ ) (uF = ).

But, (|u*[?), = 2Re[(@)?((u*)),]. Then

(Ju**Pu” — !ujlgpuj) (uf = u),

= [P (u =)o * + ([t P) + o ) (Ju P = [ ]P)ud, (uF — ),
+ 2Re (@) ((u")")a] (u" — w) (ub — wi),
+ 2u/Re [(@)P((u*)")e — (@ )P (())a] (Wb =)o (5.23)

Integrating and taking imaginary part over (5.23), we have
]77’L/(|uk|2pu’7C — |0 |PPu?) (P — ) pd
R
S/ e e B e e W A B [T T M s
2 [P = ] = o) fds
+2Awwmv«uwfwwwww»ww—wmm

< (P = 1 [P [l oy (PP ooy + 6 P oo qy) 1 2yl (u — @)l 2y
+ 20| (W) Loy lu” — @@l (") )zl 2y (0" =)ol 2wy
+ 20 || o ) [ (") oo ) | ()P )| 2y (16 = )| 2y

+ 2| || Loy | ()P | oo @) 1 (0Pl L2y | (6F = @)l L2y -
Using that 2ab < a® + b? it follows that
fmAWM%ﬁ—WWMMM—W»MSN&MM@M+mw—wmmw)

(1) 2y + 1 = 0 )allBy ) + N (I allFay + 10 = 1)l agey)
N (@) By + 10 = @) llagwy) (5.24)

+ Ny
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where

Ni = ([P = [ [P @) (" o + [ Pl )
N = (| @) ey 1u® = o[l ),

N3 = ||t || oo @ | (W)P ]| oo m), Ny = ||v|| oo | (@ )P || Lo m)-

In a similar way, we estimate the first term in (5.22), that is,

I [ (et = 0P (F =) < i (lodley + 10" = )l
N (IR )e gy + 10 = )alla ) + N (H0)allEag + 1 0F = 07)alEage))
+ N (@) lagey + 10 = )l 2ge))

where

(5.25)

Ni = ("7 = 107 P llzeez)) (I P ooy + P 2o e)
Ny = (10" lloeq@ [0 = /[l @),
Ny = [Vl e@ll () 2@y, Na= [0/ [zl (7)o ).
Now we estimate the second term in (5.21)
(’uklp—1|vk|p+1uk _ |uj\p*1|vj]p+1uj)x(uk —ud),
e O R e e T e e P N Y
= [Ju* P o P (= ), + (WP R (6 — )] (b — ),
[ P P ) W] (= ),
+ [(|uk|p—1|vk|p+1 _ |uj|p—1|vj|p+1)$uj} (ub —ud),
=[PP (= ),
(), P = ) F =) P (), () (= ),
[P = ) ] (),
+ [(‘uk‘p—l|vk|p+l)x _ (]uj]p_l\vj]pﬂ)x} uj(uk —uf),
=[P (o — )
+ (JuF Pt P — ) (uF =)+ [P (P (- ) (k= ),
P (=), — ol Pl (),
4 [(|uk|p—1)z |vk]p+1 + ‘uk|p—1 (|Uk|p+1)m} uj(uk —ud),

— (‘uj‘p_l):r: |Uj|p+1uj(uk — ), — |uj’p—1 (]vj\p“)xuj(u’“ — ), (5.26)

26



But

8
| — |
—~
- —
;2 17
Q| | e
~ v =Y
N—
© _k
E S
~_ 8
| I | | —
—~
8 7~ — .
— LZ
= I |z =
i ~— —~ ~
L ~ == | |l
M\ =< u |
— u [ N~—
< /N
s+ o+ s
u — — N g
— —
~— _T ;2 8
[ Y al —
S~— N~— —~
T R OC
3 ;2
mlw M\
i N e B e | —
/N —~ —~ <
1;2 1; 1; S
[a] [}
Q| Q) Q) SN—
= N — —_
— — | —
= Ts Q
W ~— ~— R
N——— | IS R S N
8
—
—
|
&
<
=
N—

Similarly

(|uk’p+1

Replacing into (5.26)
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Then
281 [ (WP o = P o) = )
<25 | 2[R [V o — o] (0 )

i 25/ 2ut [P ([T | [PV b — | |(uF — ) |de
R

w28 [ WP ]t = e 28 [ 1P ] |F )l

+2ﬁ/2l =D/ | | B=D/2 [k | | — ), |da
28 / 2P [(oF) PO | [ 2] o] [ — )|
R
+25/R2H(u Yo/, | R D/2d P | | — ), | da
T2 / 2l [P |[(07) P2, | [o|PH/2 o | |t — ), |da
R
Hence

25Im/(|uk\pl\vk]p+luk — | P o7 P ) (uF — i) pda

1 2 i
< ABIuF | IR I g ek — | oo ey / (@) PD2L] (@ = ), |da
+ 4By NI AP [l — | e ) / [ EPD2L] (0 — )| de

+ 28] uF |5 g I 1 / [l (u* = u),|d + 28w |22 g 07 5 / |
+ 4B uF | o PR I gy e [ e ) / (") =2 | (uF = u?),|de
4B I ) e / [T | = w)aldo
+ 4B || 2 P [ 1| i )PV | (uF — ), |d

Lo (R) Lo (R) L>(R) uf —u),|dx

(p+1)/2
SR o el (AT P / )T/ (= ), |da.
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Thus

28Im / (b= b Pk — ol [P ol [Pl ), (o = 1)
R

< 4Bk PP N 1 g e — | ey || () @02

Lo°(R)

Lol 2y (" = @)l 2qey

1)/2 i
- 4B |y M I e = 7oy | [0 PP Le | ey I = )2y

+ 2Bl ey 10 17 gy 2yl (0 = ) 22y

+ 28107 | gy V7 1y Nl 2 | (0 = W) 2y

)2 . : |
+ 4B ey 17 oy e [ oo o L) B0 el 2y [ (0 = )l 2y

1)/2
+45memm|lW%:g\muummnuwﬂ“”ﬂh

HL?(R)H(Uk - Uj)x”L?(R)

1)/2 — j
+ 4B e M1y e[ ooy N [) = | gy [ (0 = w7l 2y

4B 52 g [0 | P () PO 2] | g | (0 — )2y (5.28)
Therefore
S U e e e T e e N
<m0wwplﬂuﬁm+m )al3am))
+ By ([l 2 | gy + 10 = 0l )
o+ By (32 + 10 =)o 3aqmy)
o Ra (0 22y + 10 = ) 3acay)
+ By (112 ey + I =)oy
o+ By (11092 2y + 10 =)ol aqey)
+ Rr (1) [Faggy + (0 = w)alFae) )
+ Ry (” [CORSRG® ||L2 + [|(u* - UJ)zHL?(R)) ’ (5.29)
where
RrJMMMQMHWMIW—WMMRRerMH @ I I 22 = ]| oo iy
= Bllut I gy [0 15 gy Ra = Bl 11 112 g
R; —2ﬁmﬁHPUQWﬁWHRmuuum>, R6—2mmﬂuwmu P 1 | ey
Rr = 28| @) 107 1 g 17 ey, R = 2810 [ 107 |2 )0 oo iy
Therefore, from (5.29)
28Im / (b= kP — o[ ol [Pl ), (o = )
< K+ K (df =) g, (5.30)
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Similarly
26[m/(|vk|p_1|uk|p+lvk — |vj|p_1|uj|p+1vj)x(vk — i), dx
R
< K1+K2||(vk —vj)x||2Lz(R). (5.31)

Gathering (5.21), (5.22), (5.24), (5.25), (5.30) and (5.31), we obtain

d A ,

= (1 = )l + 10 = 7)o ey

< Cot+ O [ = w)alaqmy + 10" = 07)alEage] (5.32)
From (5.19) and (5.32) the Lemma following.

Lemma 5.2 Letp > 1 odd integer number, form = 1,2,3,...,n, we have {(J™u*, J™u*)}
is Cauchy sequence in C([0,T] : L*(R)) x C([0,T] : L*(R)) for any T > 0. Moreover

A e L
< e(T) |le™ug — 2™ up|| 72y + 270G — 2™ 0172 gy
where ¢(T) is a positive constant independent of k and j.

Proof. Let (u*,u?) solution, then

HTmE), + (T gy = TP Bt P o b,
i)+ (T )0 = T ([ 4 B[P o7 [P,

i), + (TR = T7(0H 2 + Bl P ok, (5.33)
H(T0), + (T ) = T2 + Bl P s o],

we have
Z(Jm kE Jmuj)t + (Jmuk i Jmuj):m :Jm(|uk|2puk) + BJm(|uk‘pfl|Uk|p+1uk)
— (| [PPul) — BT (| [P [P,

Multiplying by J™ukF — J™uJ, we obtain

i(J™uF — ) (Jmuk — Jmud) + (T — T ) g (T b — Jmud)

= L) + B (o ) (T — )
[0 P20) = B0 o ] (T — ),

Applying conjugate

—i(Jmuk — Jmud), (J"uF — T + (Jmuk — Jmud) e (J™uE — T ™)

= [T () + B (P o ) (T — )

[ (i [Pty — BT (fd o L )| (T — T
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Subtracting and integrating over x € R, we have
%Hjmu’f — ™| Fagy = 2 Im UR [T ([ [PPu?) — T (|W PP)] (Jmuk — T dm]
+25 Im [/ [T ([uF P~ ok Py — Jm(u? (P! [P )] (Jmuk — Jmud) dx} :
R
By the Holder inequality

pricd F TGy < C [T (W PPuf) oy + 117 (1 PP0) | 2y ] 170" — T 2y

+ O [l ([P P H o P ) 2y + 17 (P07 P2 ) 2] ([T 0" — T 0 || 2y
(5.34)

Using the Lemma (4.2) and (4.3), of (5.34), we have

d m m, . J m m
L = 770 gy <Con (1770 i 0 ey + 1700 e 072 ]
X ”Jm k—J UJHL2(]R)
Con [T 0¥ 2@y + 11T 0" L2y + 1770 || 2@y + 17707 || 2wy
X ||Jm ko JmUJHLQ(R)

< Cpl|l I — T || 2Ry (5.35)

From (5.35) by the Young inequality, we obtain
d . .
EHJmuk — Jmu”H%z(R) < Cp A+ || J™uF — Jmu”H%z(R). (5.36)

Similar way we obtain for v that

d m m,.j ~ m m,.j
E||J b T ey < O+ 1700 — T 122wy (5.37)

Adding (5.36) and (5.37) we obtain

d m m, J m m, . J m m,,J
% HJ b J UJH%Q(R) + ||J Uk —J Uj”%z(R) Scm + ”J Uk —J UJH%2(R)
+ 1S = T || ey (5.38)
From (5.38) the Lemma following.
Remark. If the assumption (1.8) holds, then
id? i
eiwye CR—-{0}: H"(R)), e ve C(R—-{0}: H"(R))

Proof of the main theorem. From Lemma (5.1) and (5.2) we obtain that there exists

u = u(x,t) and v = v(z,t) satisfying (1.6)-(1.7) and such that for any 7" > 0 we have
ub — u strongly in C(R : H'(R))

v* — v strongly in C(R : H(R))
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and

J"uF — J™u strongly in C(R : L*(R))
J™k — J™y strongly in C(R : L*(R)).

It is easily verified that (u,v) solves (1.2). The proof then follows.

Corollary 5.3 If the hypotheses in Lemma 5.2 are satisfied, then

ﬁ

2

U ™R — {0} : " Y(R)) and v € U (R — {0} : " L(R)).

m=

Corollary 5.4 If (x"ug, ™) € L*(R) x L?*(R) for all n € N in Lemma 5.2 then the
solution (u, v) of (1.2) is infinitely differentiable in x and t for t # 0.

6 Numerical Experiments

In this section, we will present some numerical simulations which replicate the decay rates
proved recently. We will find approximate solutions of (1.2) using a finite differences ap-
proach. Due to computational limitations, we will assume from now on that €2 is bounded.
The derivatives will be approximated using second-order centered finite differences, and
the nonlinear term will be treated as proposed in Delfour [6].

We will briefly describe the numerical scheme used to obtain our results. Due to
computational limitations, we will consider a bounded domain sufficiently large so that
the boundary doest not interfere with our results. Let us denote it by Q := [zo, z¢] C R.
For a given M € N, we will introduce the vector space

Xu={y=1lwoy - yu]" € C"* " iyo = ynr—y = yu = 0}

This condition mimicks the boundary conditions y = y(x,t) = 0 for € {zg,z;} and
=0 for x = 4. For Az := M 1 , we introduce the following classical finite differences
operators for complex-valued arrays:

[D ]] _ D+yj : Yj+1 — Yj

Ax
_ - Y — Yj1
[D7y]; =Dy = Z 5
1
D,y = §(D+y+D‘y)

D’y.= DDy
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Our numerical scheme is defined as follows: for u™, v € X, and t,, = nAt, At < 1:

"l,LnJ'_l —ut N D2 n+% _ ’un+1’2p+2 _ |un‘2p+2 un+1 + "
AL ST T R S 2p+2
|Un+l|p+1 + |Un|p+l |un+l|p+l _ |un|p+1 un+1 4y
+ 0
2 ‘un+1|2 _ |un|2 D +1
,Un—i-l — " ’Un+1‘2p+2 _ ’,Un‘2p+2 Un+1 + "
R D2yts =

At [ — [0 2p+ 2
N ﬁ|un+1|p+1 + |un|p+1 |Un+l|p+1 _ ‘Un|p+1 Un+l + "

2 |,Un+1|2 _ ‘,Un|2 p+ 1

This is a nonlinear problem; thus a Picard fixed point iteration is used in each timestep.
This leads to the solving of the same linear system of equations many times per step.
As the coefficients matrix is tridiagonal, we use the L AP ACKpackage to solve the linear
system via LU factorization. In order to avoid overflow/underflow errors, each code is
programmed to include the exact factorization associated to each value of p. For example,
when p = 1 we get

Z‘un-i—l —un N D2un+% _ |un+1‘2 + |un|2 un+1 4o N Blvn—i-l‘Q + |,Un’2 un-l—l o
At * 2 2 2 2
,Un—l—l — " 1 |,Un+1|2 + ’Un‘Q ,Un+1 + " |un+1|2 + |un|2 Un—l—l + "

i D2t = +8
At * 2 2 2 2 ’

which is a classical discretization for the nonlinear term, as proposed in Delfour, Fortin
and Payre [6]. Regarding the norms to be studied, let us define the discrete LP norm as
follows

M
[ull} = sz lu;|?,  forue CM, peN.
The discrete L*° norm will be defined as

lulloo = max ui|

Thus, the numerical Energy will be given by

25
E(u,v) = |!D+U||2+|ID+UIIQ+—|I Hgiig — Il + A:UZIU [ P
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Figure 1: Modulus of the numerical solution, Example 1.

6.1 Example 1: p = 3.

n+1 n
= %, the scheme will be

N

Starting with p = 3, and considering u""

un—i—l —un

Z. R e et et O
At * 2 2
L R
et PR e el Lt el L
At v 2 2
n+1|4 nl|4 n+1|2 n|2
+B!u |2+Iu! v |2+|v\vn+;

The following result is obtained from the initial condition
u(z,0) = 1.2v/2e'3% sech (1.2x + 10), v(z,0) = v/2e7 %% sech (x — 10),

which is a classical solution of the NLS equation [17] for p = 2, and in practice it corre-

sponds to a soliton collision due to the differences in their velocities. Our computations

200

consider the domain Q = [—100, 100}, At = 0.1, Az = o1~ 0.024414, ans = 1. Figure

2 and 3 illustrates the time evolution of the L>® and L**2 norms respectively. Figure
4 shows the evolution of the preserved quantities. The energy and the L? norm remain
numerically preserved, while the L> and L?**2 norms decay following a power law but
with a steeper slope than the one predicted by theory for the L> norm. This might be
due to numerical dispersion effects that contribute to its decay (for a detailed study, see
[7]). Figure 1 illustrates the numerical solutions obtained.
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Figure 2: L* norm evolution, Example 1.

Figure 3: L?**2 norm evolution, Example 1.

Figure 4. Energy andL?-norm time evolution, Example 1.
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