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Abstract

A necessary-sufficient condition for the existence or nonexistence of global solutions to the following reaction-diffusion equations
{ut=Au+4+¢(t)up,m RN X(0,t*),u([?],0)=u0(?] 0,inR N, has not been known and remained as an open

problem for a few decades. The purpose of this paper is to resolve this problem completely, even for more general source ( t)

f( u) as follows: There is a global solution to the equation if and only if [?7] 0 [?] ¢ (t ) f(——S (t)u0—1[?] ) — S(
t)u0——1[?] dt < [?] for some nonnegative and nontrivial u 0 [?] C0 (R N ) . Here, (S (t) ) t [?] O is the heat semigroup
on RN .
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has not been known and remained as an open problem for a few decades. The purpose

of this paper is to resolve this problem completely, even for more general source
w (1) f(u) as follows:

There is a global solution to the equation if and only if
r L (1SOull)
Hup |l
/ u/(t)—odt <
1S Mu |
for some nonnegative and nontrivial u, € Co(R™N).

Here, (S(?)),5 is the heat semigroup on RN.
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1 | INTRODUCTION

In this paper, we study the existence and nonexistence of global solutions to the following nonlinear reaction-diffusion equations

u,(x,t) = Au(x,t) + w(t) f(u(x, 1)), (x,1)€ RN % (0, ),

1
u(x,0) = uy(x) > 0, x € RV, M

where the initial data u, is a nontrivial and nonnegative Cy(R" )-function, the function f is a locally Lipschitz continuous and
nonnegative function on (0, co0) with f(0) = 0 and f(u) > O for u > 0, and the function y is a nonnegative and continuous
function on [0, c0). Then it is known that the local existence of the solutions of the equation (T)) is guaranteed (see®).

The reaction-diffusion equations (1)) reflect rich practical backgrounds such as heat propagations, chemical processes, and so
on (seel2 and references therein). Therefore, researchers in various fields have interested in the existence and nonexistence of
the global solutions to the reaction-diffusion equations. In other words, studying a necessary and sufficient condition for the
existence of the global solution is meaningful and applicable. Therefore, the studies on the existence and nonexistence of the
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2 | Soon-Yeong Chung ET AL

global solutions to the reaction-diffusion equation have been attracted lots of researchers (see the survey articles®13).

In 1966, Fujital? firstly studied the existence and nonexistence of the global solutions for the following reaction-diffusion
equation
u(x,1) = Au(x, 1) + uP(x,1), (x,1) € RN x(0,1%),
u(x,0) = uy(x) 2 0, x eRN,
where p > 1 and obtained that

(i) if 1 < p < p*, then there is no global solution for any initial data,

(i) whereas, if p > p*, then there exists a global solution whenever the initial data is sufficiently small (less than a small
Gaussian),

where p* =1 + % is called the critical exponent. In fact, researchers obtained that there is no global solution for p = p*, after
Fujita’s result (see't for the case N = 1 or 2 and" for the case N > 3).
In his pioneering paper'’, Meier studied the existence and nonexistence of global solutions to the equations

u,(x,1) = Au(x,t) + w(Oul(x,1), (x,1) € QX (0,0),

2
u(x,0) =uy >0, x € Q,

where Q is general domain in RY, p > 1, and y is a nonnegative continuous function, under the Dirichlet boundary condition,
and proved the following theorem:

Theorem 1 (See Meier”). Assume that p > 1 and y € CJ0, o).

() If limsup,_, o [[S@w |5 : fot y(r)dt = oo for all w, € Cy(£2), then there is no global solution for any initial data.

i) If f0°° w(@)|IS(@)wg % 'dr < oo for some ug € Cy(L), then there exists global positive solution for sufficiently small
initial data.

Here, (S(#))»( is the heat semigroup with the Dirichlet boundary condition on 9€2.

Meier give two sufficient conditions for the existence and nonexistence of the global solutions. However, a necessary and
sufficient condition for the existence of the global solutions to the equation (I)) is unknown, even for the case f(u) = u” and has
remained as an open problem for a few decades. To our best knowledge, researches of necessary and sufficient conditions for the
global existence of solutions for the reaction-diffusion equations in the current literature consider several specific source terms
such as 1°u”, e#'uP?, and so on (see>H1OUT),

In fact, recent studies of the existence and nonexistence of the global solutions discuss only sufficient conditions for the
blow-up solutions and global solutions (for example, see*>"14). In conclusion, the open problem has faced methodological

limitations and there has been no progress in research on necessary and sufficient conditions.

From the above point of view, the purpose of this paper is to give a necessary and sufficient condition for the existence of the
global solutions, for more general source term y (¢) f (u).

In order to solve the open problem for more general reaction term y (¢) f (1) instead of w(¢)u”, we need to use the minorant
function f,, and the majorant function f,, as follows:

. e o flaw
Tnlt) 2= 0L Ty M )= e Ty

In fact, the minorant function f,, and the majorant function f,, were firstly discussed in'’.

On the other hand, it is necessary to assume the growth conditions for the function f near the 0 and oo, respectively, to discuss
the existence and nonexistence of the global solutions. Regarding this fact, let us introduce related comments mentioned by
Bandle and Brunner?:

“Heuristically, it is clear that for the Fujita property to hold, not only the growth of f at infinity plays a crucial role, but also
its behavior near zero. It has to be sufficiently large, to prevail the dissipative effect of the Laplace operator on solutions with
small initial data.”
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From this point of view, the following conditions are naturally necessary:

dw < oo and lim J3u() =
fm(w) w-0+ W
1

0. 3

Finally, we state the main theorem.

Theorem 2. Suppose that the function f is convex satisfying the condition (3) and the function y is a nonnegative and
continuous function. Then the following statements are equivalent.

() /Ooo w(t )%ﬁ:ﬁf’)d t = oo, for every nonnegative and nontrivial initial data u, € Cy(RN).

oy oo N _x
(>i1) fl w(t)t2f<€t 2 >a’t= oo, for every € > 0.
(iii) There is no global solution to the equation (T)) for any nonnegative and nontrivial initial data u, € Cy(R™).

Here, (S(?)),5( is the heat semigroup on RN,

Theorem [2]is the form of a necessary and sufficient condition for the existence of the global solutions of the equation (T)).
Therefore, we can see ‘completely’ whether or not we have global solutions. Also, the open problem mentioned above is solved
with more general source term y (¢) f (u).

If f(u) = uP, then the case p = p* and p # p* have been dealt in a different way and cannot be solved at the same time, in
general (see'' /%) However, we prove the cases all at once.

In the proof of the main theorem, the decay of ||.S()u, ||, plays an important role. From this fact, to discuss the existence and
nonexistence of the global solutions on various domains such as the half space, cone, string, and so on, it may be necessary to
estimate the decay of ||.S(#)y ||, for each domains. From this point of view, our result is meaningful in mathematics and blow-up
theory, because the result suggests research directions.

We organized this paper as follows: In Section 2] we discuss Meier’s criterion. We introduce the multiplicative minorants and
majorants and discuss main results in Section 3]

2 | DISCUSSION ON MEIER’S CONDITIONS

The purpose of this section is to discuss a necessary and sufficient condition for the existence of the global solutions, which has
not been known and remained as an open problem. Let us deal with sufficient conditions for the blow-up solutions and global
solutions to check that these conditions can be a necessary and sufficient condition.

From this point of view, let us discuss Meier’s conditions on R™ . First of all, the heat semigroup (S(1)),s, on R" is given by

SO f (%) 1=/F(x—y,t)f(Y)dy, xeRN, 1>0,

RN
where f is a function in Cy(R"). Here, the function I is the heat kernel defined by
x|2
M1 1= —e ',
@rt)=>

which satisfies (% - A) I'(x,t) = 0 for ¢+ > 0. Then it is known that |[S(®)f|l, ~ 7 fora sufficiently large ¢, whenever
f € G, (RY) n L' (RY) is a nonnegative and nontrivial function (we will discuss this in Remark EI (iii)). Therefore, if the
nonnegative and nontrivial initial data u; is in C; (RY) n L' (R"), then Theoremcan be understood as follows:

- If

t

1 : 1imsupf@/w(f)dr=oo,

1—00

1
then there is no global solution to the equation (2)) for any nonnegative and nontrivial initial data.
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- If

o

c2) . /y/(t)t_wdt< 0,

1
then there exists a global solution to the equation (2)) for sufficiently small initial data.

=

Now, consider the function y defined by y(¢) := it = (In(t+ 1))~ for 0 < < 1. Then the condition (C1) can be written as
t 1

. _(@=DN . _@=DLN 14 @=hN _s
limsupt™ 2 w(r)dt =limsupt™ 2 T > (Int)™%dr

f—o00 t—00

1 1
Int

. _(@=DN @-LNs _o
<2limsupt” 2 e 2 s %s

t—o0

0
Int

. _ (DN (p=1)Ns
<2limsupt™ 2 e 2 ds

t—o0

0

<(p-DN <>
and the condition (C2) can be written as
/w(t)t_wdt > /(t + 1)\ (In@t + 1)) %ds = /s_‘sds = co.
1 1 In2

Therefore, we cannot determine whether the solution exists globally or not, by using Theorem [T} In fact, we show in this paper
that the condition (C1) is no longer necessary condition for the nonexistence of global solution. Therefore, the main part of this
paper is focused on the condition (C2) to see whether (C2) is necessary and sufficient condition of the existence of the global
solution.

3 | MAIN RESULTS

In this section, we firstly introduce the minorant function and the majorant function. Next, we prove the main theorem by using
the minorant function and majorant function.
First of all, we introduce the definition of the minorant function and majorant function of the function f.

Definition 1. For a function f, the minorant function f,, : [0, 00) — [0, 00) and the majorant function f,, : [0, 00) — [0, o0)
are defined by

L f(au)
Sn) 2= inf @ 7 0,
Sfy) := sup J(aw)

9 u —
0<a<1 Jf(a@)
Then the functions f,, and f,, satisfy that f(a)f,,(u) < f(au) < f(@)f; (), 0 < a < 1,u > 0. Then it is easy to see that the
functions f, f,,, and f,, satisfy that

fa@f(@) < fwa) < f,f(@), u>0, 0<a< 1.

In fact, the properties of the minorant function and the majorant function were discussed in'Z.
Now, we introduce the definition of the blow-up solutions and global solutions.

Definition 2. We say that a solution u exists globally, if ||u(, ?)||, exists for each time ¢ > 0. On the other hand, a solution u
blows up at finite time #*, if ||u(-,?)||, = o0 ast — t*.
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Next, it is well-known that the solution u to the equation (I)) has an integral representation:
t

u(x,t) =Suy(x) + / St —1tyw(r)f(u(x,1))dr

’ @)
/ F(x =y, Duy(y)dy + / / v(@OI'(x =y, 1 — 1) f(u(y, 7))dydz,
RN
where I is the heat kernel defined by ,
Fan) = — e
(4rt)=

1 Finally, we prove Theorem 2}

Proof of Theorem[2} (i)=(ii) : Let ¢ > 0 be arbitrary given. Consider a nonnegative and nontrivial u, € Co(RY) n LY(RY)
N

satisfying that ¢, < e, where ¢y 1= (47)" 2 ||ug]| 1ww). Then we have
I

S(Ouy(x) = / @aty 7 e up()dy

< (47rt)_7 / ug(y)dy

RN

o)z

<cot”

N
for every t > 0. This implies that ||.S(*)uy ||, < cot” 2 forallz > 0. Since f is convex, @ ( ) is nondecreasing in u. Then it follows

that N N
£ (IS@umll) f(er®) . 7(er®)

”S(t)u()”oo - COI_% COI_%

for every ¢ > 0. Then this implies that
rr(I1SOull) / £ (1S0ullo) /
t t
0/"’” SOl YO SOl e %

which completes the proof.
(ii)=(iii) : Suppose that there exists a nonnegative and nontrivial initial data u, such that the solution u exists globally, on the

contrary. Without loss of generality, we may assume that u,(y) > ¢; > 0 for |y| < 1. Then we obtain from (@) and the semigroup

N|z

property that

S@Oux, 1) = u;(x,1) + uy(x, 1), (&)
where
u (x, 1) = SQHuy(x)
and .
up (1) = / St - (@) f uCx, .
0
Firstly, we will show that .
u(x,t) > Cyit7z, t>1, 6)

where C| is a positive constant which depends on i, and N. We obtain

1 b2
5@l > SCOI00] = —— [ F o0y

(8rt)> PN

> ¢ _ / e_%dy @)
8rt)z

lyl<1

N
>Cit 7,
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_bi . . . .
where C;, = —+ f|y|<] e~ # dy, forall t > 1, which means that inequality (6) is true.
LT I
Next, it is clear that if 0 < 7 < ¢, then 7 < 2¢ — 7 and so

Q2 —1)1T(x, 21 —7) > 72 T(x, 7)

for all x € RN, by the definition of the heat kernel I". It follows that

t

iy 1) 2 / v (57— ) S(@)f (w(x, 7)d. ®)
0
Then we apply Jensen’s inequality to inequality (8) that

t

uy(x. 1) > / v (5

0

- )7 £ (S@utx. o) d

1

>(Q21)7F / w(D)r> £ (S(D)u(x, 7)) dr.

0

Put v(x,1) :=C| + 2_% /01 1//(1)1% f (S(@u(x, 7)) dr. Then v exists globally, since u exists globally. Then inequalities (3), (6),
and (8) imply that .,
Su(x, 1) >t 2 v(x, 1),
for t > 1. It follows that
V(1) = 27Ty £ (SOu(x,0) 2 27Ty f (@> ©)
for ¢t > 1, since f is nondecreasing. Now, take 0 < e < 1 sufficiently small satisfying tthzat € < C,. We note that the value of
the minorant function f,, can be O near the origin. However, f,,(u) > O for all u > 1. This implies that f,, ( ) > (. Then we

v(x,1)

obtain from v(x, t) > C, that f,, ( ) > 0 for all # > 1. Thanks to the minorant function f,,, we obtain from

f(l)(t)f%) > 1. <U(x t)>f<€t_%)
).

that ,
v(x,1) _E
2

L)

for t > 1. Integrating from 1 to ¢, it follows that

m|2

s f (er

1

Fo(x, 1) — Fu(x,1) > 2 2 e / WD) f (e T_%) dr,
1

where F(v) := /5°° % v > 0. Then it is clear that F is positive, decreasing, and bijection. Also, lim,,_, ., F(v) = 0. Hence,

we obtain )

v(x,1) > F | F(o(x, 1) — /y/(T)r S (en)dr
1
for t > 1, which implies that v cannot be global. Hence, u blows up at finite time #*.
(iii)=(i) : In this proof, we use the monotone sequence argument (see*#). Suppose that there exist a nonnegative nontrivial
function w, € Cy(Q) and € > 0 satisfying that

r S
a ::/W(I)Mdt<oo

IS@wyll

Now, we will show that there exists a global solution u for some initial data. Take a nonnegative function u, := Aw,, where the
constant A > 0 satisfies that
S (A0 + )

M+ <1 and 0< H-———= <1, (10)
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In fact, A exists because the majorant function f; satisfies lim,,,_, .. £ MM(JW) = 0. Also, A(14+a) < 1impliesthat0 < f,,(A(1+a)) <
co. Now, we define a sequence {v,},5¢) by

Vo(x, 1) = S(Huy(x),
v, (x, 1) = Stuy(x) + fot w(@)St—-1)f(v,_(x,7))dr, n> 1.
Then it is clear that v,(x, 1) = S(®)uy(x) < (1 + a)S(Huy(x), for all x € RY and ¢ > 0. Now, we will show by the induction that
0<v,(x,t) (14 a)SHu,, (1D

for all x € RN and ¢ > 0, for each n > 0. Assume that the inequality (TT) holds for n = k. Then we obtain
t

Uiy (X, 1) =S (Oug(x) + / w(T)S( — 1) f(v,(x,7))dt

0
t

SS@ug(x) + / y(0)S{t—1)f (1 +a)S(T)uy(x))dr.
0

Since % is nondecreasing, we obtain that

t
D1 (6, 1) SS(Dutg(x) + / ORI AL ;(‘?)f(fg;’ 0 ey e

0

S+ D) S(D)upll o)
1S (2upl o

<S(Oug(x) + S(t)uo(x)/u/(f) drt.
0

It follows from the majorant function that

JAA + o)l S(D)wylls)
AlS(@wpllo

Vg1 (6, 1) SS@up(x) + S(@)ug(x) / w (1) dr
0

S A0 + )
A

JSUIS(@wyllo)
1S (®)wpll e

<Sup(x) + S(t)ug(x) / w(T) dr
0
SS@Oug(x) + aS(uy(x),

since % is nondecreasing and u, = Aw,. Since A satisfies the inequality (T0)), we obtain that the inequality (TI) is true for all
n > 0. Also, it is easy to see that v, < v, for n > 0. By monotone convergence theorem, there exists u(x, t) = lim,_, , v,(x, 1)
which exists globally. Then we finally obtain that

t

u(x,t) = Suy(x) + / w(7)S(t — 1) f(u(x, 7))dr,
0
which is desired. O

Remark 1. (i) One way to generalize the critical exponent p* (for example, see1%19) is to introduce the critical set Ay

o0

A, i=4f 1 10,00) = [0,0) /y/(t)t%f<t_%>dt=oo
1

2425

= which was dealt in'®. In fact,

If w(#) = 1” and f(u) = u”, then we see that f € A, ifandonlyif 1 <p <p* =1+
the critical set was firstly introduced in®.

(i) The case 1 < p < p* and the case p = p* have been derived in different ways in general (see®!%). From this point of view,
our method is an elegant method in terms of an unified approach.
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(iii) In view of proof of Theorem [2 I we see that || SHugll,, ~ 1 3 for sufficiently large t > 1 for a hmlted class of u,. More
precisely, for a nonnegative and nontrivial u, € Co(RV) n L'(R™), it is true that ||S(ug ||, ~ ¢ 2 for sufficiently large
t > 1. However, for uy € Co(RN), ||S()ug|l,, ~ ¢ 2 is not true, in general. For example, let us consider a nonnegative
Co(R™)-function u, such that
1, lyl <1,
uy(y) = { 1

WOk Iyl > 1,

where the norm is the Euclidean norm. Then it is clear that u is not in LY(RN). Also, for1 := (1, -+, 1), we have
N

1S Ouglle = SOUD] oy = / S B
210 1+ r\/@

© N
~ / dr ,
L 1+2r

[ e e"zﬁdr] that [|S(ugll, > &5 fort > 1, which implies

olz

for t > 1. Hence, we obtain by putting ¢ := 7~

N
that || S®)ug|l,, ~ 2 fort > 1is not true for u; € Cy(RY). In fact, this means that the equivalence of the condition (i)
and (ii) in Theorem 2]is not trivial.

(iv) Suppose that f satisfies f(au) ~ f(a)f(u) for O < a < 1 and u > 0. Then it is clear that f,,(u) = ¢, f(u) and f,,(u) =
¢, f (u) for some positive constants ¢, and ¢, Then condition (3] can be understood as

(o]
. w
d—w<oo and lim M=O
f(w) w-0+ W
In fact, the condition [, % < o is a necessary condition for the blow-up theory (see'®) and lim,,_, % =0is

natural to discuss the nonexistence of the global solution (see). From this point of view, the condition (3)) is quite natural
to discuss the existence and nonexistenc of the global solution using the minorant function and majorant function.

On the other hand, if the function f in the equation (T)) is not multlphcatlve then we cannot apply Meier’s results. For example,
let us consider the function f(u) = “HE Then it is easy to see that > < f(u) <w?foru>landu® < f(u) <u?forO0<u < 1.

w3 +u?

Therefore, we cannot determine p in the case of f(u) = in Theorem From this point of view, we have to consider a new

method, so called the minorant method to deal with a function f which is not multiplicative. In conclusion, we provide a formula
f(IIS(I)Moll ) -
IS @uplloo

Example 2. Let w(t) :=1t"+ s and f(u) :=u” + uf, where r > s > 0 and p > g > 1. Then we easily see that

instead of ||S(t)u0||” to give a criterion of the existence of the global solution when the source term is y(¢) f ().

uP q D q
SnW) = mm{ T }andfM(u)=maX{uqu +u }
Thi lies that
is implies that [, f()
(9]
N _oN _a
(lr+ts)t2 <€Pt 2 + et 2 >dl
0
&)
— / P (I(r_w—zwv "y e(*‘("_zlw)’> + et <e(r_(q_2])N "y e(s—@)r) dr.
0
Therefore, there is no global solution u to the equation (I)) for any nonnegative and nontrivial initial data u, € C(€2) if and only
if r > 48

Remark 3. Tn 2014, Loayza and Paixdo# studied the conditions for existence and nonexistence of the global solutions to the
equation (T)) under the general domain and obtained the following statements:
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(1) for every w, € Cy(£2), there exist 7 > 0 such that

[s9) T

dw /
< [ w(o)do, (12)
fw)
1S (@)l
then there is no global solution u for every initial data,

(ii) the solution u exists globally for small initial data, whenever

FUSOwoll)
d 1, 13
/ YOS sOwl, S (13)

for some w, € Cy(L2).

In fact, their results were not given in a form of a necessary-sufficient condition. Moreover, the conditions (I12) and (I3)) don’t
seem to be lots of relevant. However, Theorem [2]implies that the conditions (12) and (I3)) have a strong relation, whenever f
satisfies the condition (3) and Q@ = RV
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