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Abstract

In literature until today, many authors have studied special sequences in different number systems. In this paper, we have
introduced the Oresme hybrid quaternion numbers. We give some properties and identities such as Binet’s formula, generat-
ing function, norm and characteristic equation for these quaternions. Furthermore, matrix and determinant forms for these

quaternion numbers are given.
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1. Introduction

Oresme numbers are introduced and given some properties for example Cassini’s
identity, Catalan’s identity and d’Ocagne’s identity for Oresme numbers by
Horadam in [6]. Oresme sequence denoted with O,, is defined by the following
recurrence relation for n > 0

1

On+2 = On—i—l - Z On (1'1)
with the initial conditions Oy = 0,0, = Oy = % This sequence are also
expressed as:

3 1
On+2 - i On + 1 On—l = 07 (12)
3 1
Ont2 — 1 Ony1 + 16 On-1=0, (1.3)

*Corresponding Author.
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That is, Oresme sequence O, is

1 2 3 4 5 n

SR AR T TR T
and Binet’s formula and generating function for Oresme numbers respectively,
as follows:

(1.4)

On - 211 3 (1.5)
it
O, —_— . 1.6
gon(t Z — + 1 (16)
Some properties of Oresme numbers are:
1
Opt10n-1 = O = — ()" (1.7)
1
Ontr Onmr = OF == (" Py, (1.9
1 1 1
On+1 ( )05, =3 O2pny1 + 3 O2n-1, (1.9)
1
5 Om+n71 - Om On - Z Omfl Onfl P (110)
1
70271 1 _O O On+1 On—l — ZOn On—27 (111)
1
On—r On+7‘+s - On On+s = - (Z)nirJrl Fr—l Fr+s—1 9 (112)
> 0, =4(01 - Ony2). (1.13)

Jj=0

Oresme numbers were generalized by Cook in [1]. On Oresme Numbers and
their connection with Fibonacci and Pell Numbers by [4]. In [3], authors have
given generalization of the matrix form of the Oresme sequence and Oresme’s
hybrid numbers. In 2021, generalized Oresme numbers defined by [10]. In [11],
the authors investigated Oresme hybrid numbers and hybrationals. In [9], au-
thors have given dual-generalized complex component extension of Oresme
numbers.

The hybrid number system can be accepted as a generalization of the com-
plex, dual and hyperbolic number systems. In 2018, firstly, set of hybrid
numbers was introduced by [8] as follows:

K={a+bi+ce+dhlabecdeR,i*=~1,2=0,h"=1}, (1.14)
where units satisfy the rules
ith=—-hi=¢e¢+i.

The set K of hybrid numbers forms non-commutative ring with respect to
the addition and multiplication operations.
Taking two hybrid numbers

21:a1+b1i+018+d1h
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z2 :a2+b2i+626+d2h
and s € R get:
Equality z; = 2o, if and only if, a1 = a2,b; = ba, c1 = ¢2, and dy = do;
Sum 21+ 29 = (a1 +a2) +(b1 +b2)2+(61 +Cg)€+(d1 <|>dg)h7
Subtraction z1 — 23 = (a1 — a2) + (b1 — ba) i+ (c1 — c2) e+ (d1 — da) h;
Multiplication by scalar s.z = s.a + s.bi + s.ce + s.d h.
The real number C(z2) = 2.7 = Z.2 = a® + (b — ¢)? — ¢? — d? is called the char-
acter of the hybrid number z. A new expression for the character of a hybrid
number z is given by

C(2) = (a — b)*> = 2b(c — a) — d* (1.15)

The real quaternions were first described by Irish mathematician William

TABLE 1. Multiplication scheme of hybrid numbers

z 1 i € h
1 1 i € h
) -1 1—h e+i
€ € 1+h 0 —€
h h —e—i € 1

Rowan Hamilton in 1843. Hamilton [5] introduced the set of quaternions
which can be represented as

H={gq=q+iqg+je+ke | q,q, g R} (1.16)

where
P=32=k=-1, ij=—ji=k, jk=-kj=1i, ki=—ik=3j.
(1.17)

There are several studies on hybrid quaternions for example Horadam hyrid
[2], Leonardo hybrid [7].

In this paper, we have defined the Oresme’s hybrid quaternions and obtained
some results.

2. Oresme’s hybrid quaternion numbers

In this section, Oresme’s hybrid quaternions will be obtained using the fol-
lowing definitions.

Definition.2.1. For n > 1, the n-th Oresme’s hybrid numbers HO,, are defined
by using the Oresme numbers as follows

HO, = On +i0ps1 +Opso + hOnys (2.1)

Whereinitialvaluesare?—l@oz%i+%6+%h, H01:%+%i+%€+%h.
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Now we give the recurrence relation corresponding to expression Eq.(1.1).
That is

1
Hon == Hon—l - Z 7‘[07,_2. (22)
Using relations Eq.(1.1) and Eq.(2.1) we obtain that,

Hon = On +1 On+1 +e On+2 + h0n+3
= (Onfl - i On72) +1 (On - iOnfl) +e (OnJrl - %On)
+h (On+2 - i OnJrl)
= Honfl - %H0n72

Definition.2.2. For n > 2, the n-th Oresme’s quaternion number QO,, are
defined as follows

Qon = On +1 On-l—l + .] On+2 + k0n+3 (23)

Definition.2.3. The recurrence relation for Oresme’s quaternion numbers Q0O,,,
n > 2, is defined by as follows

1
Qon+1 = Qon - 1 Qon—l (24)

where initial values are Q0 = %i+%j+%k, Q0, = %+%i+%j+%k.
Definition.2.4. Oresme’s hybrid quaternion numbers HQQO,, are defined as

follows
HOO, =HO, +iHOp+1 +FHOn+2 + kHO 43 (2.5)
where i, j,k are the units of the quaternions and HQO,, is the n-th Oresme
hybrid number. Thus, Oresme’s hybrid quaternions can be rewritten by as
follows
HQO, = (On 4+i0p41 +€0p40+ h0n+3)
+1 (On+1 +1 On+2 +e On+3 +h On+4)
+3 (On+2 +1 On+3 +e€ On+4 +h On+5) (26)
+k(Opy3 +70n44a +€0n15+ hOpip)
=00, +i Q0n+1 +e Qon+2 +h Q0n+3

where ¢,e,h are the imaginary units of the hybrid numbers and QO,, =
On +10p41 4+ jOngo + kOpys is Oresme quaternion number.
Definition.2.5. The recurrence relation for Oresme’s hybrid quaternion num-
bers HQO,,, n > 1, is defined by as follows

1
HQOn11 = HQO,, — 7 HQO,,_, (2.7)

Definition.2.6. Oresme’s hybrid quaternion numbers HQQ,, are defined in
two different ways as follows

HQOn = Hon + iHOn+1 + ] HOnJ’_Q + kHOTH_g
=00, +i90,11+cQ0p12+h Q0,13

where initial values are

HOOy = HOg +iHO, +jH02 + kHO3
=000 +1:1Q0; +eQ02+ h Q0s3,

(2.8)
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TABLE 2. Oresme’s hybrids and O’resme quaternion numbers

HO,, Q0,,
o+ti+tie+3h  0+1i+Liji+3k

Q3

1 I+3i+2e+in T+litdi+ik
2 1+3i+ie+Sh F+3i+ii+Sk

3 1. 5 3 3 1. 5 - 3
3 g“rz’é"‘@f‘:"‘@h g‘f’zl"‘@]‘i‘@k

HOO1 =HO1 +1HO> + FHO3 + kHO,
=00, +iQ0s+¢ Q03+ h Q0q4,

HOOy = HOy +iHO3 + jHO, + kHOs
=005 4+i10903+eQ04+ h Q05.

Definition.2.7. Let HQQO,, and HQO,, be any two Oresme’s hybrid quater-
nion numbers. The addition and subtraction of the Oresme’s hybrid quater-
nion numbers are defined by

HQO,, + HQO,, = (HO, + HO) + i (HOpi1 + +HOm 1) 09
+J (HOnt2 = HOmi2) + k (HOnt3 £ HOp13) .

or

2.1
£ (Q0nss+ QOmis) + h(QOnss £ QOys) 210

Definition.2.8. Let HQO,, and HQOO,, be any two Oresme’s hybrid quater-
nion numbers. Multiplication of the Oresme’s hybrid quaternion numbers are
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defined by

HQOO,, x HQO,,, = (HO, + i HOpy1+ jHOn12 + kHO,13)
(HOw + i HOpms1 + F HOms2 + kHO 4 3)
= (HO, HOy — HOpi1 HO g1 — HOpyo HO o
- HO?L+3 Hom+3)
+i(HO, HO g1 + HOpi1 HOp + HO o HO v 3
~HOn 12 HOpm12)
+J (HOw HOm 12 — HOpy1 HOmy3 + HOpi2 HOm
+HOn13HO 1)
+k(HO, HO i3 + HOpt1 HO g2 — HOpio HO i1
+ HOn+3HOW).
(2.11)
or
HQO, x HQO,, = (Q0, +i Q0,41+ Q0,42 +hQ0,43)
(QO0, +190m+1+€ Q012+ h Q0 43)
= (90, Q0 — Q011 QOy1 — Q013 Q043
+ Q011 Q042 + Q0041 Q03 + Q0142 Q0 11)
+1i(Q0,, Q0,11 + Q0,11 QO — QO 13 QO 41)
+£(Q0,, Q012 + QO0p42 QO — Q042 Q0 43
— Q0,43 Q041+ Q013 Q042+ Q01 Q0 43)
+ h (Q0,, Q0413 — Q041 Q0 my2 + Q042 Q041

+ Qon+3 Qom)~
(2.12)
Definition.2.9. Oresme’s hybrid quaternion conjugate can be defined in three
different for

HQOTL = Qon +1 Q0n+1 +e QOnJrQ +h Q0n+3

as follows

Quaternion — conjugate : HQO,, = Q0,, +1 Q0 ,4+1 +€ Q0,12+ h Q0,43

Hybrid — conjugate : (HQ0,)° = Q0,, —i Q0,11 — Q0o —h Q0,3

Total — conjugate : (HQO,)" = Q0,, —i Q0,11 — Q0,12 — h Q0,3

Definition.2.10. The norm of Oresme’s hybrid quaternion numbers is defined
as follows

N(HQO,) = HO; + HO:,, + HOZ 5 + HOZ 4 (2.13)
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or
N(HQO,) = QU}, + QU> | — QO; 5 —2Q0, 41 Q0,42
= Q0% +(Q0, 41 — Q0 12)* — Q0% , — QO
=Q0} + Q0% — 200,190, — Q02 ,

’ | (2.14)
+ 3 Q0,+190,41 — 6 Q(’)iﬂ

15 3
= Q0;, + 15 Q071 — 590141Q0n12 — QO 5.

Definition.2.11. The character of Oresme’s hybrid quaternion numbers is de-
fined as follows

C(HQO,) = Q02 + (Q0,41 — Q0 12)? — Q02 , — QO2% ., (2.15)

Theorem 1. (Generating function)
Let HQO,, be Oresme’s hybrid quaternion number. For the generating func-
tion for these quaternions is as follows:

HOO) + (HQO1 — HQO)t

2.16
1—t+ 412 (2.16)

gro, (t) = Y HQO, 1" =

n=1
Proof. Using the definition of generating function, we obtain
9no0, (1) =HOO,+HQO1t+ ... + HQO,t" + ... (2.17)
Multiplying (1 — ¢+  t*) both sides of Eq.(2.17) and using Eq.(2.4), we have
(1—t+ 112 guoo, (t) =HOO, + (HQO: — HQO)t

+(HQO, — HQO: + 1 HQOy) t2
+(HQO3 — HQOs 4+ : HQO) 13 + ...

+(HQOk+1 —HOO, + ﬁ?—lQOk,l) g+l 4o

where

+i(—3—%i—-Se— LR +k(-z-Si—-Le—135h)
1
(’HQOz—HQOl—kZHQOO) =0,

1 1
(HQO3 — HQO, + 1 HQOO1) =0,...,(HQOk+1 — HOO\ + 1 HOO,_1)=0,....
Thus, the proof is completed.
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Theorem 2. (Binet’s Formula)

Let HQO,, be the Oresme hybrid quaternion. For any integer n > 0, the
Binet’s formula for these numbers is as follows:

HQO, =HO, +iHOp1+jHOn s+ kHO 3
= (& +i 2 + e 282 + h 253

; 1 : 2 3 4
+ (ant1 +1 ant2 +e€ ants +h ant4)

‘ ‘ 2.18
+j (&3 +i 253 + e 285 + h 243 (218)

2n+5

3 ; 4 n+5 6
4—k7(%%§§ +_Z ;Zi4 +_€ éztb _F h ;Zﬁﬁ)

=00, +190,4+1 +€Q0,12+hQ0, 43
where QO0,, = O,, + i1Op11 + jOnio + kOpys and O,, = 2% [6]. Proof. Bi-

2"1
net’s formula of the Oresme hybrid quaternions is easily obtained by utilizing

Binet’s formula of Oresme hybrid numbers [11] and using

n n+1 n+2 n+3
QO" = 27 ¢ on+1 +'7 on+2 +k on+3 :

Also, Oresme’s hybrid quaternion number can be represented in matrix
form.

Theorem 3. (Matrix and Determinant Form)
For n € R, an array of Oresme’s hybrid quaternion number is defined as

_ Q0 + Q0 4» 200,41
PHQO, 200,45~ 300,41 Q0, —Q0,s )

Proof. In [8], the matrix form of a hybrid number is defined as:

( a—+c b—c+d )
Pa+bitce+dh = .

c—b+d a—c

Making the necessary substitutions, we have:

_ Qon + Q0n+2 Q0n+1 - QOn+2 + Q0n+3
PHRON =\ Q012 = Q0n11 + Q04 Q0 — Q0n 1
_ Qon + QOTL+2 %Qon-i-l
2 Qon+2 - gQOn+1 Qon - Qon+2

where Q0,13 = Q042 — i Q0,41 Thus, the proof is obtained.

Now, we calculate determinant of prgo

Qon + Qon+2 % Qon-‘rl

det(s@HQOn) = ‘2 Qon+2 _ 2 Qon-l-l Q(’)n — Q0n+2
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= (Q0, + Q0,12)(Q0, — Q0,i5) ~ $Q0,1 (2Q0, 15 — Q0 11)

3 5
= Q0?2 — Q02 , — 5Q0n41 Q0n12 + Egoiﬂ
= N(HQO,)

3. Conclusion

In this paper, we have introduced the Oresme hybrid quaternion numbers. We
give some properties and identities such as Binet’s formula, generating func-
tion, norm and characteristic equation for these quaternions. Furthermore,
matrix and determinant forms for these numbers are given.
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