A calculus for intuitionistic fuzzy values

Enes Yavuz!

Department of Mathematics, Manisa Celal Bayar University

March 24, 2023

Abstract

We introduce @calculus and ®calculus for intuitionistic fuzzy values and prove some basic theorems by using multiplicative
calculus which has useful tools to represent the concepts of introduced calculi. Besides, we construct some isomorphic mappings

to interpret the relationships between ®calculus and ®calculus. This paper reveals also new calculi for fuzzy sets in particular.



This is the final version and published at https://journals.tubitak.gov.tr/math/vol47/iss2/24

A calculus for intuitionistic fuzzy values

Enes Yavuz

Department of Mathematics, Manisa Celal Bayar University, Manisa, Tiirkiye
E-mail: enes.yavuz@cbu.edu.tr

Abstract: We introduce calculus and ®calculus for intuitionistic fuzzy values and prove some basic theorems by
using multiplicative calculus which has useful tools to represent the concepts of introduced calculi. Besides, we
construct some isomorphic mappings to interpret the relationships between ®calculus and ®calculus. This paper
reveals also new calculi for fuzzy sets in particular.

1 Introduction

Fuzzy set theory [21] is an extension of classical set theory and it provides researchers with tools to handle the
elements which are not categorizable by classical sets. Fuzzy sets consider every element in the universe of dis-
course by assigning a membership value to each of them, while classical sets consider only the elements which are
either member or nonmember of the set. In other words, classical sets exclude the partial membership while fuzzy
sets include. Fuzzy sets are also extended to intuitionistic fuzzy sets(IFS) by Atanassov [4] in consideration of the
partial nonmembership values. Following its introduction, IFSs are studied by many mathematicians from different
aspects. In particular, many concepts of intuitionistic fuzzy calculus are introduced and applied to problems having
two facets of uncertainty, namely, fuzziness and hesitancy [2,3,10-12,22].

In [20], we defined the concepts of Pconvergence and ®convergence for sequences of intuitionistic fuzzy val-
ues(IFV) and illustrated their advantage over the literature by an example [20, Example 4.3]. To be more precise,
while the convergence types in the literature are either inapplicable to many sequences of IFVs or they assign mul-
tiple limits to a sequence, “convergence and ®convergence are applicable to almost every sequence of IFVs and
reveal a unique limit provided that the limit exists. In [20], there are also methods to recover the convergence of
sequences of IFVs which do not ®converge(or ®converge) ordinarily. In the light of these results, now there is a
need to define the concepts of ®limit and ®limit for intuitionistic fuzzy valued functions(IFVF) in order to extend
the aforementioned advantages to intuitionistic fuzzy calculus, and a need to construct corresponding calculi. The
aim of this paper is to define ®limit and ©limit for IFVFs and construct corresponding intuitionistic fuzzy calculi by
utilizing the tools of multiplicative calculus [8, 17] which has close relation with the new calculi. The constructed
calculi reveals also a new calculi for fuzzy sets in the absence of hesitancy.

Before to continue with main results, we give some preliminaries concerning IFSs and multiplicative calculus.
Let X be a non-empty set. Then, an Atanassov’s intuitionistic fuzzy set [4] has the following form: A =
{{z,pa(x),va(z))|z € X} where p : X — [0, 1] is called membership function and v : X — [0, 1] is called
non-membership function. For any x € X, 0 < pa(x) + va(z) < 1. In special case pa(x) + va(z) = 1,
A-IFS degenerates to fuzzy set [21]. Following [6,7, 19], we use the notation a« = (a1, ag) for an IFV where
ay € [0,1], ag € [0,1],and 0 < ag + a2 < 1. We denote the set of all IFVs by L. Besides, by an IFVF we mean
F: I CR — L where F(t) = (f1(t), f2(t)). In this case, f1, fo : I — [0,1] and 0 < f1(t) + f2(t) < 1 for each
tel.

Definition 1.1. [7] Let o« = (a1, 2) and = (B1, B2) be two IFVs. Then
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(i) If oy > B and ap < B3, then o >, 3
(ii) If on < By and g > Bo, then o <, 3
(iii) If 1 = P1 and ag = PBo, then o = 3

Remark 1.2. Definition of strict order <, can also be given similar to Definition 1.1 via replacing <, and < by
< and <, respectively.

Definition 1.3. /10,18, 19] Let a = (a1, ) and 8 = (81, 5a) be two IFVs and A > 0. Then,
(i) a® B =1-(1—-a)(l—p1) ab)
(i) a® B = (a1p1,1 — (1 —az)(1 = B2))
(iii) Assuming B <y, (1,0),

<a1—ﬁ1 a2>7 ifar > B, ag < Po, and

1_ )
0o = p1 B2 asms < Tabs

(0,1), otherwise
where mo, =1 — a1 — ag and w3 = 1 — 81 — [

(iv) Assuming B >, (0,1),

(a1 a2—52>7 ifar < By, ag > Po, and

T2
aQf= b P2 a1mg < Ta

(1,0), otherwise

(v) da=(1—(1—a;)}, ), where a <, (1,0)
i) a* = (a}, 1 — (1 — az)?), where a >, (0,1)
Definition 1.4. [12] Let F : (a,b) — L and t1,t3 € (a,b). Then,
(i) Fisincreasing on I if F(t1) <, F(t2) whenevert; < to,
(ii) F is nondecreasing on I if F(t1) <, F(t2) whenevert; < ts,
(iii) F is decreasing on I if F(to) <, F(t1) whenever t1 < to,
(ii) F is nonincreasing on I if F(to) <, F(t1) whenever t1 < to.

Remark 1.5. For the local monotonicity, a function F' is nondecreasing at a point ty € (a,b) if there isa 6 > 0
such that F'(u) <, F(tog) <, F(v) forallu € (to —0,to) and v € (tg,to+0). F is nondecreasing on (a,b) if and
only if F' is nondecreasing at every t € (a,b). The other types of local monotonicities are similar(see [9], [16, pp.
125]).

Note that operations &, ®, &, © of IFVs implement multiplication and division on membership and nonmem-
bership degrees of IFVs. Besides, many other operations on IFVs such as integrals [1, 13], intuitionistic fuzzy
aggregation operators [18, 19], convergence methods [20], infinite series and products [22] include again multi-
plication and division of membership-nonmemberships. On the other hand, multiplication and division operations
are also crucial in multiplicative calculus and the tools of multiplicative calculus are useful to represent and to
handle some intuitionistic fuzzy concepts. For this reason, we here give some basic concepts of multiplicative
calculus [5, 8, 17] which will be used in Sections 2—4.
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Definition 1.6. Let f : R — R™. The *derivative of the function f is given by:
1
" ([ R\
f5(t) = lim ( .
f(t)

Theorem 1.7. If f : R — R is differentiable at tq, then it is also *differentiable at to, and

- (12)

Theorem 1.8. If f : R — R¥ is *differentiable at to, and if f*(to) # O, then it is also differentiable at to, and
f'(to) = f(t)In (f*(t0))-
Theorem 1.9. Let f,g : R — R™ be *differentiable, h : R — R is differentiable and \ > 0. Then,
(i) \F)*() = f*(t)
(ii) (f9)"(t) = f*()g*(t)
(i) (f/9)"(t) = f*(t)/g"(¢)
(iv) (f")*(t) = f*(0)"0 - f(e)'®

Theorem 1.10 (Multiplicative test for monotonicity). Let f : (a,b) — R™ be *differentiable.

(i) f*(t) > 1foreveryt € (a,b), then f is increasing

)
(ii) f*(t) < 1foreveryt € (a,b), then f is decreasing
(iii) f*(t) > 1 foreveryt € (a,b), then f is nondecreasing
)

( (a,0)
( (a,0)
( (a,0)
(iv) f*(t) <1 foreveryt € (a,b), then f is nonincreasing

Definition 1.11. Ler f is a positive function. Then, *antiderivative of f is given by

o) = rexp ([ m(royar)
where X\ is a positive constant.

Definition 1.12 (Definite *integral). Let f : [a,b] — R™T. f is said to be *integrable on [a, b] if there exists L such

that for any partition P = {xg, z1, -+ , zn} of [a, b] and for any points ¢y, € [z, T)11], we have
n—1
lim fep)?™ = L.
IPI=0 .

b
In that case, we write L = / f()e,
a

Theorem 1.13. If f : [a,b] — R™ is *integrable, then

[ st =ew (/ " () ).
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Theorem 1.14 (Fundamental theorem of *calculus). Let f : [a,b] — R be continuous. Then,
() The function ¢ defined by

ot = [ty

is *differentiable on [a, b] and ¢*(t) = f(t).
(ii) If ¢ is any *antiderivative of f, then

P _ 90
lf@ = ola)

Theorem 1.15. Let f, g : [a,b] — R™ be *integrable functions. Then,

i [sa= ([ ")

b b b
(W/U@WWE f@“/ﬂwt
PPN LY f)

(i / (g(t>> gy

b c b

(M/ﬂNE/fW”/ﬂM

b b
Mfﬁwwm=:/ﬂW§/mwt

where A € Rand a < ¢ <b.

A

Theorem 1.16 (*Integration by parts). Let f, g : [a,b] — R be *differentiable so the f9 is *integrable. Then,
b, . dt f(b)9® 1
/ <f (t)g(t)> Sl @ = b S
a F@)ste) 2 (f(t)o®)

Theorem 1.17. [14,15]If f : [a,b] — [c,d] is Riemann integrable and g is a continuous function on [c, d), then
g o f is Riemann integrable on [a, b).

2 “Calculus for intuitionistic fuzzy sets

We define ®limit for IFVFs as the following.

Definition 2.1. Let F' : I C R — L and c is a cluster point of I. We say that the ®limit of F, as t approaches c, is
IFV ¢ ifforany IFVE = (e,1 —¢) > (0, 1) there exists § > 0 such that

F(t) <L ERE and <, F(t)@é (2.1)

holds whenever t € I and 0 < |t — ¢| < 0. In this case, we write ea%im F(t)=¢
—C

The concept of ®limit works with any IFV «, but in case o = (1,0) many of the other concepts in ®calculus
do not work. Hence, from now on we will omit the element (1,0) in ®calculus. We will use the set L =
{a e L:a<,(1,0)}. We note that if we had used the strict order <, instead of <, to define ®limit, then the
element (1, 0) would automatically be omitted throughout ©calculus. See Definition 4.4. in [20].
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Theorem 2.2. Let F : [ CR — L® F = (f1, fo) and & € L. Ga%imF(t) = & ifand only if limy_,. f1(t) = &
—c
and Ilfim fa(t) = &o.
—C

Proof. Necessity. Suppose ﬂim F(t) = &. Then, for any given € = (¢,1 — &) >, (0, 1) there is 0 > 0 such that
—C

O <1-(1-&)1-¢e)=& +e—e&i <& +e
=6 —e< filt) <& +e
S <1-(1-A@)A—¢)=filt)+e—cfi(t) < filt) +¢
and
fot) 2&(1-e) =& &> 6 —¢
&2 2 fa(t)(1 —¢) = falt) —efa(t) = folt) —¢
whenever ¢t € [ and 0 < |t — ¢| < §. This implies lim;_,. f1(t) = & and limy_,. fo(t) = &o.

Sufficiency. Let limy_,. f1(t) = & and limy_,. fa(t) = &. For given & > 0 followings hold:

() There exists 01 > O such that f1(t) — & < e(1—¢&;1) and & — fo(t) < €€ whenevert € 1,0 < [t —¢| < &3
and these imply f1(¢t) <1 — (1 —&1)(1 —¢) and & (1 — €) < fo(t), respectively. Hence, we have F'(t) <, { @&
whenevert € [ and 0 < |t — ¢| < d7.

(74) By the assumption £ <, (1,0) we have {; # 1 and & # 0 and so there exists o > 0 such that fi(¢t) <
&+ % = &TH and fo(t) > & — %2 = 5—2 whenevert € 1,0 < |t — ¢| < dy. Besides, there is 3 > 0
such that & — f1(t) < e(1 — &TH) and fo(t ) & < 5 2 whenever t € 1,0 < |t — ¢| < J3. These imply

f1(t) <e(1 — fi(t)) and fa(t) — &2 < efa(t) whenevert € 1,0 < |t — ¢| < min{d9, J3}. Hence, we have
fl <1-— (1 — fl( ))(1 — E) and fQ(t)(l — E) < 52 which 1mp11es£ <z F(t) ®e

From () and (éi), we conclude that

}=>f2—€§f2(t)§§2+8

Ft)<,(@®¢ and (<, F(t)®e
whenever t € [ and 0 < |t — ¢| < 6 = min{dy, d2, 03} which completes the proof. O
Remark 2.3. If@%l_r:a F(t) = (1,0), then there exists § > 0 such that F'(t) = (1,0) foranyt € (¢ — 6,c+9)/{c}.
Cc
On the other hand, if F(d) = (1,0) for a number d € (¢ — §,c+ 0)/{c}, then £ = (1,0).

1 11 1
Example 2.4. Let F : (0,2) — L% be defined by F(t) = ( - so— > Then, @}in% F(t) =
—

2 4+t 3 4+t
3 2
1015 )

Definition 2.5. Let F : I CR — L% and ¢ € L®. EBhm F(t) = & if forany IFV & > (0,1) there exists § > 0
such that (2.1) holds whenever t € (¢ — 4, c). Slmzlarly, 69hm F(t) = ¢ if there is § > 0 such that (2.1) holds
whenevert € (c,c+ 9).

If I is a closed interval, then ®limit, e9(:0n’[inuity, Pderivative at endpoints of I are meant in the one-sided sense
throughout the paper.

Theorem 2.6. Let F,G : I C R — L% be two IFVFs, £,m € L? be two IFVs; and X > 0. IfEBlltimF(t) = £ and
—c
EB%im G(t) = n, then followings hold:
—C

(i) i (F(1) ® G(t)) = D
(ii) Aim (F(t) © G(t)) = £ ©n where F(t) © G(t) € L?

(iii) “Hm AF(t) = A¢
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Proof. Let F,G : I C R — L% be two IFVFs such that F' = (f1, f2), G = (g1, 92) and @%gnF(t) = ¢ and
@;151_1511 G(t) = n where &, € L?. Then, we have:
(4)
U (F() @ G(1) = (lm1— (1= ()1 - g(®)lim fo(t)ga(1))
= (lim A1), lim (1)) © (lim g1 (1), lim g (1))

= #im F(t) ® 9im G(¢)

t—c t—c
= £&7
by virtue of Theorem 2.2.

(i4) Suppose F(t) © G(t) = < 1-f (t) f2(t)

1-g1(t) g2(t)
f(t) _ 1= (D)
gt) ~ 1—gi(t)

) € £%. Then, we have

@) > aqi(t),  f2(t) < g2(2),

and, as ¢ approaching c,

]_i
S12m, & <n @S &1
e~ 1—m

& &

implying (¢ © 1 = <1 ) € L%, Hence, we get

L—m m
— fi(t

Am(F(t) o G(t) = <1im1—

( (

t—c t—c 1(t (
(1 1 —Tlim fi(t hmfz(t )

1- %I—I}(l:gl(t t—c (

~—| — ~—~ |~
T
<
Q
)
~

= (tm f1(0).lim fo(0) © (limg (1) lim go (1))
= %im F(t) © 9im G(t)

t—c t—c
= §On
by virtue of Theorem 2.2.
(i) The proof can be done similarly by using Theorem 2.2, hence omitted. O

Definition 2.7. Let ' : I CR — L% and ty € I. F is said to be ® continuous at tq if forany IFVE = (e,1—¢) >,
(0, 1) there exists § > 0 such that

F(t) <, F(to) @€ and F(tg) <, F(t)®e
holds whenevert € I and |t — to| < 0.
Theorem 2.8. Let F : (a,b) — L% and ty € (a,b). F is Pcontinuous at ty if and only if@tlij% F(t) = F(to).
Proof. Since ty € (a,b) is a cluster point, the proof is straightforward from Definition 2.1 by taking ¢ = t( and
£ = F(to). O
Definition 2.9. Let I : (a,b) — L® and ty € (a,b). F is said to be right-® continuous at t if © hm F(t) = F(to),

t—td

and said to be left-® continuous at to if ®lim F(t) = F(tp).
t—ty
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Definition 2.10. F : [a,b] — L is said to be ® continuous on [a, ] if F is right-® continuous at a, left-® continuous
at b and ® continuous at all interior points of [a, ].

Theorem 2.11. Let F : [a,b] — LP and F = (f1, f2). F is ©continuous on [a,b] if and only if f1 and fy are
continuous on [a, b).

Proof. In view of Theorem 2.2, the proof is straightforward. O

Definition 2.12. Let F' : (a,b) — L% and ty € (a,b). F is said to be Pdifferentiable at to if F(to + h) © F(to)
and F(ty) © F(tg — h) exist in L? for sufficiently small h and there is an IFV £ € L? such that

o1y Ll tN S F() _ o)  Flto) © F(to—h)
h—07+ h h—0+ h

=¢-

In this case, we write £ = F(t).

0 Ho 1o

Figure 1: Regions where F(tg + h) © F(ty) and F(ty) & F(to — h) existin L%
Figure 1 illustrates addition and subtraction regions of F'(¢y). For more information we refer to [10, 11].

Theorem 2.13. Let F' : (a,b) — L% and F = (f1, f2). F is ®differentiable at t if and only if f{(to), f4(to) exist,

F'is nondecreasing at to and 5 f 2f1 is nonincreasing at ty. Furthermore,

1— f1)'(to) f5(to)
FO(tg) = <1 — exp <( , €Xp .
(fo) (1= f1)(to) fa(to)
Proof. Necessity. Let F' : (a,b) — L® be Pdifferentiable at to. Then, in view of the facts that

sty _opy FlotWeFt) _ (| (1=hltor W\ (ol + )\
Fo(ty) = h1—>0+ h N (1 [1 ( 1 — fi(to) ) ’h1—>0+< fa(to) )

- (o () o (5)

@ — (1_ (1f1)'(7fo)> (fé(%)))
et = (1o (=) o (i
we conclude f{(to), f4(to) exist. Besides, since F'(to + h) © F(to) and F(ty) © F(top — h) exist, we have

fi(to —h) < fi(to) < fi(to+h) and  fa(to — h) > fa(to) > fa(to + h)

by the property of subtraction operation and this implies F' is nondecreasing at ¢g.
On the other hand, since F'(to + h) © F(to) exists we have fa(to + h)Tp,) < fa(to)Tre,-+n) by the property
of subtraction operation implying

Ja(to + h)[1 — fi(to) — fa(to)] < fa(to)[1 — fi(to + h) — fa(to + h)].
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So, we have
0 > (1- fi(to))[f2(to +h) — fa(to)] = f2(to)[l — fi(to + ) — (1 = fi(to))]

(L — f1(to))[fo(to + h) — fo(to)] — fa(to)[L — fi(to + ) — (1 — fi(t0))]

= 1= Ailto)][l — falto + I)

- o ()

where Ay, is the forward difference operator with step h. Similary, since F'(tp) © F(to — h) exists we have
f2 (tO)ﬂ-F(to—h) < fg(to — h)ﬂ'F(to) which reveals

fa(to)
Vi (1 - fl(to)> =0
f2

where V, is the backward difference operator with step /. These imply = o is nonincreasing at %.

Sufficiency. Let f1(to), f5(to) exist, F' be nondecreasing at o and 1 / %~ be nonincreasing at to. Since, F' is

nondecreasing at tg and L s nonincreasing at tg we guarantee, by following above calculation steps reversely,

1-f1
the existence of F'(to+h)SF(tg) and F (to)© F (to—h) for sufficiently small k. Besides, existence of f7 (o), f4(to)
guarantee the existence of F'@(ty). O

Definition 2.14. F : (a,b) — LY is said to be Pdifferentiable on (a, b) if F is ©differentiable for each ty € (a,b).

Theorem 2.15. Let F' : (a,b) — L% and F = (f1, f2). F is @differentiable on (a,b) if and only if F is

!
nondecreasing on (a,b), f1, f2 are differentiable on (a,b) and <1f2f1) < 0. Furthermore,

F% = <1 — exp (M) ,exp (}E)) . (2.2)

Proof. In view of Theorem 2.13 and Remark 1.5, the proof is straightforward. O

Example 2.16. Let F' : (3,4) — L% be defined by

F(t) = (1 — % exp (—t2)> :
Then,

F@@%:<1—em3<—1>wmp@ﬂﬂ>

which is also an IFVF.

Here, the tools of multiplicative calculus [8, 17] may be useful to represent (2.2). Besides, we have

f2 / Lé (1_f1)/ / _ /
@_ﬁ>§0¢éhs T s f)

/
which means that the condition (1 f 2fl) < 0 in Theorem 2.15 is related directly to relative rate of changes of
(1 — f1) and f, rather than the rate of changes of (1 — f1) and fo. At this point multiplicative *derivative, which

has a close relation with relative rate of changes, may also be useful. In fact, we have

f2 >/ f5 _ (A=f)

<O 2 <0 e < (1- f1)

(%5 RS iog RE0m

We give following two theorems as the representation of Theorem 2.13 and Theorem 2.15 by means of the

concept of *derivative. The results are straightforward in view of Theorem 1.7 and Theorem 1.10, and hence the
proofs are omitted.
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Theorem 2.17. Let F : (a,b) — L% and F = (f1, f2). F is ®differentiable at t, if and only if (1— f1)*(to), f5 (to)

exists, F' is nondecreasing at to and 1—2fl nonincreasing at tg. Furthermore,

FO(tg) = (1— (1= f1)" (to), f5(to)) -

Theorem 2.18. Let ' : (a,b) — L% and F = (f1, f2). F is Pdifferentiable on (a,b) if and only if F is

nondecreasing on (a,b), (1 — f1), fo are *differentiable on (a,b) and <1£2J‘1) < 1. Furthermore,

FO=Q1-(01-f),f). (2.3)

Theorem 2.19. Let F,G : (a,b) — L be Pdifferentiable IFVFs, h : (a,b) — RT U {0} be differentiable and
nondecreasing real valued function and \ > 0. Then,

(i) (FoG)¥(t)=Fo(t) © G°(t)
(i) (AF)® (1) = AF®(1)
(iii) (hF)® (t) = (hEP(t)) @ (W' F(t))
Moreover, if (F © G)? (t) exists then
(iv) (Fe @) (t)=F¥t) e G¥{).

Proof. Let F,G : (a,b) — L% be @differentiable IFVFs such that F' = (f1, f2), G = (g1, 92) and A > 0. Then,
by Theorem 2.18 we have f1, g; are nondecreasing, fa, g2 are nonincreasing, (1 — f1)*, f5, (1 — g1)*, g5 exist and
f2\" g \*
(1_31) <1, (1_2gl> < 1 hold.
() FeG=(1—-(1—- f1)(1 —g1), f2g2). We apply Theorem 2.18. 1 — (1 — f1)(1 — g1) is nondecreasing and
f292 is nonincreasing. Hence, F' & G is nondecreasing. Besides, we know the existence of ((1 — f1)(1 —g1))",
(f2g92)* and (%) < 1. This implies (F & G)® exist and

1=f1)(1-g1)
(Fe@)® = (1— (1) —-g1))",(f202)")
= (1-0-f)"A—-g1)" f29)
= (1-0-f)Rel-[1-9)9%)
= F®oG®.
(1i) \F = (1 —(1-f), f2)‘) We apply Theorem 2.18. 1 — (1 — f1)* is nondecreasing and f3' is nonincreasing.

)\ *
Hence, A\F' is nondecreasing. Besides, we know that (1 — fl))‘, fz’\ are *differentiable and <<1 f 2)‘1) > < 1. This

implies (\F')® exists and
(F)® = (1= (= 7)) = (1= (= ) )Y) = (1= (1= )", f5) = AF.

(#47) Let b : (a,b) — RT U {0} be differentiable and nondecreasing on (a, b). Hence, hF = (1 — (1 — f1)", f})
is nondecreasing. Besides, we have

() = ((20)) = ((20) ) () =

in view of the facts (1 f 2fl> <13 f 2fl < land /' > 0. Hence, hF is ®differentiable by Theorem 2.18 and

nF)® = (1= (-t (1))
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= (1= (== )
(1= @=p ) e (1-a- " a4)
= (hF®) & (W'F).
(v) Let (F © G)? exist. Then,

F@G:<f1—91’f2>:<1_1—f1"f2>
1—g1 go 1—g1 92

1-f1\" £\ f2(191)>*
<1—91> =1 <g2> =t (92(1_fl) =1

hold by Theorem 2.18 and Theorem 1.10. Hence, we have

* * * * 1*f1 : f2 "
1-f1)y<Q-g91)" f5 <93, 1_<1—91> +(g2> =1

exists and

which implies the existence of F'® & G by the property of subtraction operation. Then, we conclude
(== (3))
1—g1) "\

(1- U=t 5)

(FoG)®

(1—g1)*" g5
= 1-0-f)KHel-0-aqa),9)
= F9o5@GY.

Definition 2.20. Let F : (a,b) — L? and F = (f1, f2). The Tantiderivative ® of F is defined by

B(t) = <1 ~ Arexp (/mu - fl)dt> o exp (/ln(fg)dt>>

where A1, Ao > 0 are arbitrary constants such that ® is an IFV.
In view of the definition above and the concept of *integral, we give following theorem.

Theorem 2.21. Let F : (a,b) — LP and F = (f1, f2). If ® is Pantiderivative of F, then

(t) = (1 -\ /(1 — )% A /(f2)dt> (2.4)

where \1, Ao > 0 are arbitrary constants such that ® is an IFV.

We note that Pantiderivative ®(t) of F' = (/f1, f2) is an IFV if and only if

v 1 2 \" AL
CSMETa T PSR E T /<1f1> =%

Theorem 2.22. If F' : (a,b) — L% is ©continuous, then antiderivative ®(t) exists and ®® (t) = F(t).

10
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Proof. Let F : (a,b) — LP, F(t) = (f1(t), f2(t)) be ®continuous. Then, f; and fo are continuous which implies
the existence of *antiderivatives

M/ﬁ—ﬁww mi&/h@ﬁ

where

1 1 2 \"_ N
O<)\1gw’ 0<)\2§f(f2)dte /<1—f1> §>\72

Hence, Pantiderivative ®() in (2.4) exists.
Now, we check the conditions of Theorem 2.18 for ®differentiability of ®(¢). ®(¢) is nondecreasing in view of
the facts that

(nwfa-mt)=1-nst ([ n0*)=p<

and in view of Theorem 1.10. Besides,

( A [ fa(t)” >* __R®

A SA=f)*) 1= fi(t) T

by virtue of the properties of *derivative and *integral. Hence, ®(t) satisfies Theorem 2.18 which means that ®(¢)
is ®differentiable. Furthermore, we have

w0 = (1= (o fosr ] (o f )
= (A1), (1))
= F(t).
which completes the proof. O

Definition 2.23 (Definite ®integral). F : [a,b] — L is said to be Pintegrable on [a,b] if there exists an IFV
& € L% such that for any partition P = {xo, z1,- - , Ty} of |a, b] and for any points ¢, € [z, xp11], we have

n—

1
Plim @ F(eg)Axy = €.

1Pl

@rb
In that case, we write & :/ F(t)dt.
a

Theorem 2.24. Let F : [a,b] — L® and F = (f1, f2). F is ®integrable on [a,b] if and only if f1 and f5 are
integrable on [a, b]. Furthermore,

ZbF(t)dt _ <1 — exp (/b In(1 - fl)dt> exp </b ln(fg)dt>> . 25)

Proof. Let F : [a,b] — L% and F = (f1, f2). F is @integrable on [a, b] if and only if f; and fo are integrable on
[a, b] in view of the fact

orb n—1
/F(t)dt = %lim @F(ck)Axk

0
IPl=0 =

n—1 n—1
= (1 — lim (1— f1(Ck))Ax’“7 H(f2(0k))m%>

IP1=0,5, 0

11
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n—1 n—1
= <1 — exp (” lim Okzmk In (1— f1<ck>>> , exp (H lim OkZAmk In (f2(0k))>>

=0 =0

= (1o [ - ) o [ i)

by Theorem 2.2 and Theorem 1.17. O

Theorem 2.25. Let F' : [a,b] — L® and F = (f1, f2). If F is ©integrable on [a,b], then

me)dt - (1 -/ R / b<f2>dt) . 2.6)

Proof. In view of (2.5) and the concept of *integral, the proof is straightforward. O

Theorem 2.26 (Fundamental theorem of @calculus). Let F : [a,b] — L% be a continuous. Then, following
statements hold:

() The function 1) defined by

is differentiable on |a, b] and ¥ (t) = F(t).
(1) If @ is any Pantiderivative of F, then

7bF(t)dt = ®(b) © D(a).

Proof. Let F : [a,b] — L% be continuous.

(7)

st = (1= [a=pm ).

Inviewof 0 < 1— f; <1,0 < fo <1 and Theorem 1.10 we have v is nondecreasing. Besides, since f1 + fo < 1
we have

J3(fa)d *: fo <1
[ = fr)du 1-f~

by Theorem 1.14 and we conclude 1 is @differentiable on [a, b] in view of Theorem 2.18. Besides,

VE(t) = (L), f2(t) = F(t)
in view of (2.3) and Theorem 1.14.

(i) Let ® be an ©antiderivative of F and (1 — f1)(t) = A\ [(1— f1)% and fa(t) = Ao [(f2)% are *antideriva-
tives of (1 — f1) and fa, respectively. Then, we have

ZbF(t)dt = <1 - /ab(l —fl)dt,/ab( 2)‘“>

f

<1 (- f)) fxb))
( (

S

(1 - f1)(a) fo(a)
= (1-A= ), L0) e (1- 1= f)0), fa(a))
= ®(b)o P(a)
in view of (2.4), (2.6) and Theorem 1.14. L]

12
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Theorem 2.27. Let F,G : [a,b] — L are ®integrable on |a,b] and X > 0. Then,

(i) Zb AF(t)dt = )\Zb F(t)dt
(ii) / ) ® G(t))dt = <7bF > (/ab G(t)dt)
(m)/a F(t)dt = / dt@?bF a<c<b.

Moreover, if F' © G exists then

(iv) / ) dt — <7abF(t)dt) o (ZbG(t)dt).

Proof. The proofs of (i), (ii) and (éii) are straightforward from (2.6) and Theorem 1.15.
(iv) Let F' = (f1, f2) and G = (g1, g2) are Pintegrable IFVFs on [a, b] and F & G exists. So, we have
fo _1-hH

fizag, f2<g92, *S
1
— g1

which implies

[omnrs fumme furs o (5[ (22)°
Hence, zb th) e (Zb Gdt) exists and
[eemn = ([0 [ (2))
_ (1 = ff(h)dt)
S (= g0) [7(g2)

) <1 ) /ab(l B fl)dt,/ab (f2)dt> - <1 - /ab(l _gl)dt’/ab (92)dt>
— <Zdet> o <Zb Gdt) .

in view of (2.6) and Theorem 1.15. ]

Theorem 2.28 (PIntegration by parts). Let F' : [a,b] — L® be Pdifferentiable and let h : [a,b] — Rt be
differentiable and nondecreasing. Then,

b

7b h(t)F®(t)dt = (h(b)F(b) © h(a)F(a)) @7 F(t)h'(t)dt.

Proof. The proof is straightforward from Theorem 1.16. O

13
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3 “Calculus for intuitionistic fuzzy sets

We define ©limit for IFVFs as the following.

Definition 3.1. Let F : I C R — L and c is a cluster point of 1. We say that the ®limit of F, as t approaches c, is
IFV ifforany IFV E = (1 —e,¢) <, (1,0) there exists 6 > 0 such that

E>L Ft)®e and F(t) >, (®¢ (3.1)
holds whenever 0 < |t — ¢| < 6, t € I. In this case, we write ®7151n1 F(t) =¢
—C

®Limit works with any IFV, but we will omit the element (0,1) in ©calculus since the other concepts of
®calculus do not work properly with (0, 1). We will use the set LZ = {a € L: a >, (0,1)}.

Theorem 3.2. Let F: I C— L®, F = (fy, f2) and & € LZ. ®%1_r>n F(t) = € if and only if limy_.. f1(t) = & and
lim fo(t) = &

Proof. Necessity. Suppose ®%im F(t) = &. Then, for any given € = (1 — ¢,¢) <, (1,0) there is § > 0 such that
—C

‘flZfl(t)(l—a?):fl(t)—efl(t)Zfl(t)_g}:>€ o he s
fl(t)Z§1(1—5):€1_€§1251_5 1 =1 <&

and
51— (1= fo()(1 =) = fo(t) + e —cfa(t) < falt) +¢
LA)<1-(1-&)(1-e)=6+e—e <& +e

whenever ¢t € [ and 0 < |t — ¢| < 6. This implies lim;_,. f1(¢) = & and lim;_,. fo(t) = &.
Sufficiency. This part can be done by replacing ¢ with ® and changing the roles of f1, fs in the sufficiency part
of the proof of Theorem 2.2. O

}:gg—egfz(t)ﬂﬁe

Remark 3.3. If®%1_r)n F(t) = (0,1), then there exists 6 > 0 such that F(t) = (0,1) forany t € (¢ — d,c+9)/{c}.
On the other hand, if F(d) = (0,1) for a number d € (¢ — 6,c+ 0)/{c}, then & = (0, 1).

The proofs of the other theorems in this section can be done in a similar way to those of Section 2 by replacing
@ with ® and changing the roles of fi, fo. Hence, the proofs are omitted.

Definition 3.4. Let F : [ CR — LP and £ € LZ. ®lim F(t) = £ if for any IFV & <, (1,0) there exists § > 0
t—c™
such that (3.1) holds whenever t € (¢ — 6,c). Similarly, ®linr£r F(t) = { if there is § > 0 such that (3.1) holds
t—c
whenevert € (c,c+ 9).

If I is a closed interval, then ®limit, ®continuity, ®derivative at endpoints of I are meant in the one-sided sense
throughout the paper.

Theorem 3.5. Let .G : I C R — L® be two IFVFs; £, € L® be two IFVs; and \ > 0. If®%im F(t) = € and
—C
®I{im G(t) = n, then followings hold:
—C

(i) Flim (F(t) @ G(1)) = @1
(ii) “lim (F(t) © G(t)) = £ © n where F(t) © G(t) € L?

(iii) Slim (F ()" = &

14
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Definition 3.6. Let ' : I C R — L® and ty € I. F is said to be ® continuous at to if forany IFVE = (1—¢,¢€) <,
(1,0) there exists & > 0 such that

F(tg) >, F(t)®& and F(t) >, F(ty) ®&
holds whenevert € I and |t — to| < 0.

Theorem 3.7. Let F : (a,b) — L% and ty € (a,b). F' is ®continuous at t, if and only if®tlir£1 F(t) = F(to).
—to

Definition 3.8. Let F' : (a,b) — L% and ty € (a,b). F is right-®continuous at to if ®lim F(t) = F(to), and

t—td
0
left-® continuous at ty if ®lim F(t) = F(t).
t—ty
Definition 3.9. F : [a,b] — L® is said to be ®continuous on [a,b] if F is right-® continuous at a, left-® continuous
at b and ® continuous at all interior points of |a, b].

Theorem 3.10. Let F : [a,b] — L® and F = (f1, f2). F is ©continuous on [a,b] if and only if f1 and f5 are
continuous on |a, b].

Definition 3.11. Let F : (a,b) — L% and ty € (a,b). F is said to be ®differentiable at t if F(to + h) @ F(ty)
and F(tg) @ F(to — h) exist in in L® for sufficiently small h and there is an IFV & € L% such that

“lim, (F(to+h) @ F(to))"/" = ®lim_(F(to) @ F(ty —h)"/" = &

h—0t+

In this case, we write ¢ = F®(tg).

Figure 2: Regions where F'(to + h) @ F(ty) and F(ty) @ F(ty — h) existin L®

Figure 2 illustrates multiplication and division regions of F'(ty). For more information we refer to [10, 11].

Theorem 3.12. Let F : (a,b) — L% and F = (f1, f2). F is @differentiable at ty if and only if f(to), f4(to)

exists, I and T f 1fQ are nonincreasing at to. Furthermore,

= o (1), 1 (51

Definition 3.13. F : (a,b) — L® is said to be ®differentiable on (a, b) if F is differentiable for each ty € (a,b).

Theorem 3.14. Let ' : (a,b) — L% and F = (f1, f2). F is ®differentiable on (a,b) if and only if F is
/
nonincreasing on (a,b), fi1, f2 are differentiable on (a,b) and ( h ) < 0. Furthermore,

1-f2
= () - ()

15
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Theorem 3.15. Let F' : (a,b) — L® and F = (f1, f2). F is ®differentiable at t, if and only if f(to), (1— f2)*(to)

exists, F' and il f 1f2 are nonincreasing at to. Furthermore,

F2(to) = (f1(to). 1 = (1 = f2)" (to)) .-
Theorem 3.16. Let F' : (a,b) — L® and F = (f1, f2). F is ©differentiable on (a,b) if and only if F is
nonincreasing on (a,b), f1, (1 — f2) are *differentiable on (a,b) and (151&) < 1. Furthermore,
FP=(f{,1-(1~f)).

Theorem 3.17. Let F,G : (a,b) — L% be ®differentiable IFVFs, h : (a,b) — R U {0} be differentiable and
nondecreasing real valued function and \ > 0. Then,

(i) (F®G)®(t)=F®t) G
(i) (W)® (1) = (Fo ()
(iii) (Fh)® 0 = (F2(0)"" o (F(1"®)
Moreover, if (F @ G)® (t) exists then

(iv) (Fo @)% (t)=F®(t) o G2(1).
Definition 3.18. Let F : (a,b) — L% and F = (f1, f2). The ©antiderivative ® of F is defined by

(1) = <)\1 exp < / In( fl)dt> 1= Apexp < / In(1 — fg)dt>>

where \1, Ao > 0 are arbitrary constants such that ® is an IFV.

Theorem 3.19. Let F' : (a,b) — L® and F = (f1, f2). If ® is ®antiderivative of F, then

(1) = <>\1 /(f1)dt, 1—Xo /(1 - fz)dt>

where \1, Ay > 0 are arbitrary constants such that ® is an IFV.

We note that ®antiderivative ®(t) of F' = (f1, f2) is an IFV if and only if

! ! i\ e
[(f)* 0<A2§f(1—f2)‘“’ /(1—f2> =N

Theorem 3.20. If F : (a,b) — L% is ©continuous, then ©antiderivative ®(t) exists and ®%(t) = F(t)

0<)\1§

Definition 3.21 (Definite ®integral). F : [a,b] — L% is said to be ®integrable on [a,b] if there exists an IFV
& € L% such that for any partition P = {xo, z1, - , Ty} of |a, b] and for any points ¢, € |1, )1 1], we have

n—

1
“lim ) Fcx)>™ =&

IPll=0 )

®rb
In that case, we write & :/ F(t)™
a

Theorem 3.22. Let F : [a,b] — L® and F = (f1, f2). F is ©integrable on [a,b] if and only if f1 and fo are
integrable on [a, b]. Furthermore,

ZbF(t)dt = (exp (/ab ln(fl)dt) 1 —exp (/ab In(1 — fg)dt>) .
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Theorem 3.23. Let F : [a,b] — L® and F = (f1, f2). If F is ©integrable on [a, b], then

me)dt -(/ () / - R)*).

Theorem 3.24 (Fundamental theorem of ®calculus). Let F : [a,b] — L® be continuous. Then, following state-
ments hold:
(i) The function v defined by

o) = Fu

is ®differentiable on |a, b] and ®(t) = F(t).
(1) If ® is any ©antiderivative of F, then

7bF(t)dt = O(b) @ ®(a).

Theorem 3.25. Let F,G : [a,b] — L® are ®integrable on [a,b] and X > 0. Then,

(i) Zb FA)* = (ZbF(t)‘“)
(ii) Zb (F(t)® Gt)" = (ZbF(t)dt> ® (ZbG(t)dt>
(iii) ZbF(t)dt = <®/:F(t)dt> ® QbF(t)dt) . a<c<hbh

Moreover, if F' © G exists then

(iv) Zb (F(t) o G(t))™ = (sz(t)df> %) (Zbc;(t)dt>.

Theorem 3.26 (®Integration by parts). Let F : [a,b] — L® be ®differentiable and let h : [a,b] — R be
differentiable and nondecreasing. Then,

717 (F®(t)h(t))dt _ (F(b)h(b) o F(a)h(a)> ®7b (F(t)h/(t)>dt‘

a

A

4 Isomorphisms with respect to some basic operations

As seen in Section 2 and Section 3, there are many parallel properties between “calculus and ®calculus which
can be explained by the structural analogy of (L%, ®), (£®,®) and of (L?,%), (L®,®) where A x @« = \a and
A ® a = o’. In the existing literature of theory of intuitionistic fuzzy calculus, Ai and Xu [1] are the first to
account for the above phenomenon from the knowledge of abstract algebra. They showed that (£, ®) = (£, ®)
and (£,*) = (£,®) by using the isomorphism ¢ : L — L, (o) = @ where @ = (a1, 2) = (a2, 1) is the
complement of IFV «a. They also showed that (A1, ®) = (Ag,®) and (A1, %) = (A2, ®) where A; is the set of
intuitionistic fuzzy multiple definite integrals(IFMDI) and A, is the set of multiplicative IFMDIs. Following [1],
one can also show that (£?, &) = (L% ®) and (LP,x) = (L®,®) by using the isomorphism ¢ : LT — L%,
() = @. Furthermore, let

S1 = {F%| F:(a,b) — L% is ®differentiable} , S, = {F¥ | F : (a,b) — L% is “differentiable }

®rb ®rb
S3 = {/ F(t)dt | F : [a,b] — L% is @integrable} , Su= {/ F(t)%

F:la,b] — L% is ®integrable}
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and let 1 : S; — Sy be defined again by ¢ (F) = F. Then, we have
o1 (FEaG®) = FeaG®

= (1 - (1 - fl)* (1 *91)*af59§a)
= (f393.1-(1—=f1)" (1 —g1)")
= (f5,1-(1-f))® (93,1 -1 —g1)")
= (1-(1=-f)"fHel-1-090),9)
= FOQG®
= 01 (F®) @1 (G%)

and

o1 (AR F?) = (1= (= ) (5
= (==
= A0 (f51-01-f))
= A0QQ-(1-f )5 1)
= A@QF9
== )\@(,Dl (F@)

which imply (S1,®) = (S, ®) and (51, *) = (S2,®). In a similar way, (S3, @) = (S4, ®) and (S3, %) = (Sy, ®)
can also be obtained.
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