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bounded periodic elastic medium. The uniqueness results of the interaction problem are established for small frequencies or
all frequencies except a discrete set in both the absorbing and non-absorbing medium, and then the existence of solutions is
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Abstract

This paper concentrates on an interaction scattering problem between the time-harmonic
electromagnetic waves and an unbounded periodic elastic medium. The uniqueness results
of the interaction problem are established for small frequencies or all frequencies except
a discrete set in both the absorbing and non-absorbing medium, and then the existence
of solutions is derived by the classical Fredholm alternative. The perfectly matched layer
(PML) method is proposed to truncate the unbounded scattering domain to a bounded
computational domain. We prove the well-posedness of the solution for the truncated PML
problem, where a homogeneous boundary condition is imposed on the outer boundary of
the PML. The exponential convergence of the PML method is established in terms of the
thickness and parameters of the PML. The proof is based on the PML extension and the
exponential decay properties of the modified fundamental solution.
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exponential convergence.

1 Introduction

Scattering theory in periodic structures, also called diffraction grating problem has been studied
extensively in the last decades and has many important applications in micro-optics [4, 5, 24, 29].
There are usually two fundamental methods to study the well-posedness of diffraction grating
problems, including the integral equation technique and the variational methods. For example,
the existence of the unique solution for the diffraction gratings of electromagnetic and elastic
waves could be found in [1, 16, 35, 41], by using the integral equation technique. Similar results
were established in [2, 3, 5, 24, 26, 27, 44] by using the variational methods involved with
the Dirichlet to Neumann (DtN) mappings. Most of the existing works about the diffraction
grating problems were confined to the pure electromagnetic, elastic diffraction, and fluid-solid
interaction in periodic structures.

The interaction scattering problems between multi-physical fields, e.g. fluid-solid interaction,
electromagnetic and elastic waves interaction, have existed widely in practical applications [15,
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25, 32, 38, 40, 43, 45] so that the related mathematical models and analysis need to be developed
crucially. However, the mathematical analysis is quite rare for the interface interaction problem
of electromagnetic field and elastic waves, due to the quite challenge of the interaction between
two kinds of complicated vector fields. The first mathematical model was established in [15]
for the case of bounded elastic body, where Cakoni and Hsiao proved the uniqueness of the
direct problem under special transmission coefficients in the interface conditions. Based on the
framework in [15], Gatica et al. [28] and Bernardo et al. [11] considered the reduced model
and analyzed the corresponding finite element schemes, respectively. Recently, Zhu et al. [48],
under more general transmission conditions, gave a rigorous proof for the well-posedness by the
variational method and for the first time proved the uniqueness of the inverse problem. Here, we
refer to a related work [46] on the analysis for the electromagnetic and elastic waves interaction
problem in the time domain.

The perfectly matched layer (PML) method is a fast and effective method for solving un-
bounded scattering problems which was originally proposed by Bérenger in 1994 for Maxwell’s
equations [12]. Since then, various constructions of the PML absorbing layers have been pro-
posed and investigated and the PML method attracts great interests for mathematicians to
study the convergence analysis for the wave scattering problems; see, e.g. [13, 14, 19-21, 47] for
the acoustic, elastic and electromagnetic scattering problems. For the diffraction grating prob-
lems in the periodic structures, Chen and Wu [18] firstly proved the exponential convergence of
the PML method for the acoustic diffraction in two-dimensional gratings. The PML technique
was further developed by Bao and Wu [6] for the electromagnetic diffraction by a bi-periodic
structure. Recently, Jiang et al. [33] studied the PML analysis for the elastic scattering by a
bi-periodic rigid surface. We remark that their proofs depend on the explicit formulas of the
exact DtN mapping and the DtN mapping related to the PML problem.

In this paper, we focus on the theoretical analysis for the interaction problem between the
time-harmonic electromagnetic waves and an unbounded periodic elastic medium. We emphasize
several difficulties to study this type of interaction problems. Firstly, the electromagnetic and
elastic domains are unbounded, which naturally brings some problems in mathematical analysis
and numerical computation. Secondly, the compact embedding of H(curl,-) into L?(-) in a
bounded domain does not hold such that the Fredholm alternative theorem can not be applied
directly. Thirdly, the uniqueness in diffraction grating problems is not available in general for all
frequencies, which is obviously different from the case of scattering by a bounded elastic body.
We obtain the following results:

o FExistence and uniqueness of solution. If special transmission coeflicients are considered in
the model, one of which is corresponding to the frequency-domain case adopted in [46] for
the time-domain analysis, we prove the uniqueness of the interaction problem with lossless
medium and non-absorbing medium (Ime, = 0 and Imp = 0) for small frequencies or
all frequencies except a discrete set. If general transmission coefficients are studied, an
aforementioned uniqueness result can be obtained in the case of the lossy electromagnetic
medium (Ime, > 0) and the uniqueness result for all frequencies can also be derived in
the case of lossy elastic medium (Imp > 0). In combination with the above uniqueness
results and the Fredholm alternative theorem, we obtain the existence of solutions for the
interaction problem.

e Convergence of PML. The PML method is proposed to solve the interaction problem
numerically. The complex coordinate stretching to derive the PML problem is [22] (for



details see (4.2) below)

%1 =2,
To := T,
T3
[+ @@ e,
0
T3 := 1 23 —b < z3 <b,

/0 P4 (Gt Do) dt 35 < —b,

where (; > 0 are constants to be specified and o(t) are the PML medium properties.
Different from deducing the explicit formulas of the exact DtN mapping and the DtN
mapping related to the PML problem, we adopted the PML extension, which is essentially
an integral representation in the complex stretching coordinates, to prove the exponential
convergence of the PML method. In our proof, the exponential decay of the modified
fundamental solution plays an important role. The main obstacle in using the explicit
formulas of the two DtN mappings lies in the complexity of the Rayleigh expansion in
elastic scattering which contains p-part and s-part waves, such that a quite complex symbol
matrix of eight order needs to be solved. Besides, the DtN mapping adopted by Jiang et
al. [33] is a special form with respect to the traction Tu = p*0u/dv + (A+ p*)vdiva which
is obviously different with the traction Tw = 2u*0u/dv + A\vdivu + p*v x curlu appearing
in our interaction model problem. Thus we cannot apply their conclusions directly for the
PML analysis in elastic domain. Under the assumptions for fictitious absorbing coefficients
0;, the parameters (j, and the uniqueness of the PML equations in PML layers, we prove
the exponential convergence of the solution for the truncated PML problem, where the
homogeneous Dirichlet boundary conditions are imposed on the outer boundary of the
PML layers.

The paper is organized as follows. In section 2, we introduce the mathematical model and
some function spaces. In section 3, the uniqueness and existence of solution for the interaction
problem is proved. In section 4, we propose the PML for the interaction problem and prove the
exponential convergence of the PML. Some conclusions are given in section 5.

2 Problem formulation

2.1 Mathematical model

In this subsection, we introduce the mathematical formulation of the model problem. Through-
out this paper, let = (z1,22,23)7 € R? and 2’ := (z1,22)”7 € R? be the first two variables of
x. As seen in Figure 1, let D~ := {x € R3 : 23 < f(x1,22)} be the elastic medium with the
boundary I', which is characterized by Lamé constants A and p* and density p(x) € L>(D™)
with Rep > 0 and Im p > 0, where f(z1,2z2) € CQ(RQ) is a 27-periodic function in the x7 and
x9 directions and the density p(z) is 2m-periodic in the 1 and x directions, i.e.,

p(x1 + 2nym, xo 4 2nom, x3) = p(x1, T2, T3)

for x € D™ and nyi,ne € Z. The region above D~ is denoted by D%, which is characterized by
electric permittivity e(z) € L>°(D") with Ree(z) > 0 and Ime(z) > 0, magnetic permeability
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Figure 1: Interaction between electromagnetic wave and a bounded elastic body with periodic
structure

w(z) € L=®(DT) with p(x) > 0 and electric conductivity o(x) € L>(D™"), which satisfy

e(x1 + 2nim, xo + 2nom, x3) = e(x1, T2, x3),

w(xy + 2nym, o + 2nom, x3) = p(w1, 2, x3),

o(x1 4 2mm, x2 + 2nom, 13) = 0 (T1, T2, 73)
for x € DT and ny, ny € Z. Further, suppose that there exists b > 0 such that e(x) = e,
w(x) = po and o(x) = 0 hold for x3 > b with g9 > 0 the electric permittivity and pg > 0
the magnetic permeability in the background electromagnetic medium and p(z) = po holds for

x3 < —b with pg > 0 the density in the background elastic medium.
Given a = (a1,a2)T € R?, define

The incident time-harmonic electromagnetic plane wave with frequency w is given by
E™(z,d,p) = (p x )",  H"™(z,d,p) = pe"*, (2.1)

where k = w,/Eofig is the wave-number, d = 1/k(a”, —n)T and the polarization vector p € R?
satisfies p-d = 0. The total electromagnetic fields (E, H) are the superpositions of the incident
field (E™, H™) and scattered field (E*¢, H*¢), i.e., E = E™ + E*¢ and H = H"™ + H*¢, which
satisfy the Maxwell’s equations in DT

curl E — ikp, H =0, curl H +ike,E =0 in D%, (2.2)

where



The scattered field (E*¢, H*°) needs to be a-quasi-periodic with respect to z1 and zo directions
in the sense that e %@ H¢(z) and e~ %% F5¢(z) are periodic in #1 and x5 directions and H*
satisfies the Rayleigh expansion

H ()= 3 Hy o' e for gy, (2.3)

nezZ?

where ay, = (o), )T := (ay + n1, as + n2)T € R2,

and H,, := (HT(LU, H,(LZ)7 H7s3))T € C3 are Rayleigh coefficients with (al,n,)T - H, = 0.

Since the incident electromagnetic wave is upon the elastic medium and the elastic deforma-
tion occurs in view of physical properties of the elastic body on the surface I', the elastic field
u satisfies Navier’s equations in D~

A*u+ pwu=0 in D™, (2.4)

where A* = p* A+ (A+p*)grad div. Throughout this paper, we assume p* > 0 and 3A+2p* > 0.
Similarly, the elastic field u needs to be a-quasi-periodic with respect to x; and z9 directions
and satisfies the Rayleigh expansion

u(z) = Z Apn (_agn> I +A87nei(an-x/,'ynx3) for x3 < —b, (2.5)

nez?

where 3, and ~, are defined analogous to 7, with k replaced by the compressional and shear

wave-numbers £, 1= w4/ po/(A + 2p*) and ks 1= wy/po/p*, respectively

1 1
(’fz - ‘Oén’2)§ ‘Oén’ < KRp, (’ig - ’an’2)§ ’an’ < Ks,

ﬁn = o\ L =9. 2 o2\ 1
i(lan|” = Kp)2 o] > £y, i(low|” = K5)2 ow| > ks,

and 4,, €C, A, € C3 are the corresponding Rayleigh coefficients with (ag, —vn)T “Ag, =0.
Based on the Voigt’s model [11, 15, 28, 38|, the transmission conditions between the electro-
magnetic field and elastic filed on the interface are

Tu—bvx H=bvx H" onT,

) 2.6
vXu—bwwx B =0bwwx E™ onT, (2:6)

where by, bo € C, biby # 0, v denotes the outward unit normal vector of D~ and Tu =
2u*0u/0v + Avdivu + p*v x curlu denotes the traction operator.

2.2 Preliminaries

In this subsection, we introduce some a-quasi-periodic function spaces and Dirichlet-to-Neumann
(DtN) mappings about the electromagnetic fields and elastic field. For more details on classical
function spaces and their traces, we refer to [7-10]



Because of the periodicity of the problem, we only need to consider a single periodic cell and
identify the D and I" with their single periodic cells. Then we define

Dif :=={zx € D¥ :0 < 1,22 < 2m,|x3] < b}, TF:={r€R®:0< 21,29 < 2m, 23 = +b}.

Let 2 = Dgt, Y=T (or ¥ = Fbi) and v is the normal vector of ¥. For s € R, let H*(Q2) (resp.
H#(X)) denotes the standard scalar Sobolev spaces defined on Q (resp. ¥) and H*(2) (resp.
H?*(X)) denotes the associated vector function spaces in the three-dimensional case. Moreover,
we introduce the following function spaces

H;(Y)={pec H(X):¢-v=0}, seR,
H(curl, Q) := {B € L*(Q) : curl B € L*(Q)},

and a-quasi-periodic function spaces

HL(Q) :={p € H(Q) : ¢ is a-quasi-periodic w.r.t. 2; and x5 directions}

Ht Nel (E
H,(curl, Q

)=

H!(Q):= {ve H(Q) : v is a-quasi-periodic w.r.t. z; and x5 directions}
) :={v € H}(Y) : v is a-quasi-periodic w.r.t. z; and zy directions}, s € R,
)=

={B € H(curl,Q) : B is a-quasi-periodic w.r.t. z; and x2 directions}.

The trace spaces of H,(curl, D; ) are given by

_1 _1 _1
Hq *(Div, %) :={p € H, J (%) : Divg u € Hqo * (X))},
1

1 1 1
Hy * (Cwrl,X) :={p € H, ; (X) : Curlg p € Ho * (X))},

where Divy, and Curly, denote the surface divergence and the surface curl with respect to the
surface X, respectively (cf .[10] for the case of Lipschitz domain). For convenience, we also write
Vy- for Divy, where Vy is the surface gradient defined by Vy, := (v x V) x v.

Let 4 and 7 be trace operators from H,(curl, D;") into H;1/2(Div, I') and H(;l/Q(Curl, I),
respectively and make analogous definitions for 7" and 7{; from H,(curl, Dl'f) into

Hg1/2(Div,FJ) and H;l/Q(Curl,F;r), respectively. The duality pair between Hglﬁ(Div,F)
and H;1/2(Curl, I') is defined by

(o )p = /D (curl B-w — curlw - B) dx

b

where B, w € H,/(curl, D+) satisfy 1B = ¢, 7, B = 0, ypw = 1) and fy;f'w = 0. Notice that
H, 1/2(D1v I') is a subspace of H, , /2( I'). In fact, let ¢ € H;1/2(Div,F) and ¢ € Htl’(/f(F),

<%$>H,%XH% = /D+ (curlw - T — curl v - w) dz
b

where w € H,(curl, D;) and v € H}Y(D:) satisfy yw = ¢, 37w = 0, yrv = 1) and fy;’v =0.
In order to truncate D, we introduce DtN mapping R : HOTI/Q (Div, I‘Z‘) — HOTI/Q(Curl, F;r)
corresponding to the electromagnetic fields by

(Rﬁ)(x’) :=e3 X (curl H X e3) on F;,



where H € H;l/Z(DiV, '), e3 = (0,0,1)7 denotes the unit outward normal vector of I'}” and
H (z) is a quasi-periodic solution of the following exterior problem

curl>’ H — k?°H =0 x3 > b,
eng:ﬁ(x’) OHF;JL (2.7)
H(r)= Y Helerstme  gysyp
neZ?

where H,, := (H(l) H? ), H£3))T € C3 are the Rayleigh coefficients with (o, n,)T - H, = 0.
Lemma 2.1. (cf. [29, equations (13)-(16)]). The definition of R shows that the DtN mapping

R has the following properties:

1. R : H;l/Q(DiV,F;') — H,;l/Q(Curl, I)) is a linear and bounded operator and can be
expressed as

1 ~ o i ’
(RE)(2') =— ) W{VPE” — (o - Ep)ap fe™n®
nez2 "

where E(z') = Y onez? E,cion?’
2. The following formulas hold.

Re(RE,E>F+ = 4r? Z 2|En|2 — |, - En|2)a
|an\>n
—_ 2 1 2 —_— E 2
Re(RE, E)p+ > ClHleEHH;% I @HEHH;%(F:),
~ = 1 ~
m(RE, B)p = 47" Y TG K| Enl* = | - Enf?) 2 0
lan|<k "

where C1 and Cy are positive constants and E(z') = Y onez2 E,eion?’

In order to truncate D™, we introduce another DtN mapping 7 : H /2( ;) = H;1/2(Fb_)
corresponding to the elastic field

To(z'):=Tv only

where v € H, 1/2 (I';) and v is a quasi-periodic solution of the following problem

A*v+ pwv =0 23 < b,
=70 on I,
(2.8)
Z V7 (_ n > 1(an-CE/*IB”m3) 4 V;’nei(an-x’,')’nxS) xr3 < —b,
nez?

with V},,, € C and V,, € C3 the corresponding Rayleigh coefficients and ( o, —’yn) - Vin =0.
Let v(2') = Y, cp2 Une' ™™ e HY*(T , ) with v, € C? and the direct computation shows T
can be expressed as

To(x') = Z W, v, el

nez?



where the coefficient matrix W,, € C3*3 is given by

an, b, -—cp,

b, d, —en],

Cn €En fn

an = /J’[(ryn - /Bn)(a'g))Q + K’iﬂnL bn = —'LLOLnl)Oé,E?) (’Yn - Bn)a

Cn = (2#05721 - pw2 + 2M7n6n)047(11)> €n = (2/10431 - pUJQ + 2M7n6n)0¢7(12),
dn = ,UJ[(’Yn - 571)(051(11))2 + ﬁzﬁnL fn = 'an2p-

Lemma 2.2. (cf. [27, 31]). The DtN mapping T has the following properties:
1. =T can be decomposed into the sum of a positive definite operator T1 and a finite rank

operator Ty from Holé/z(F,)_) to Hojl/z(l“b_), i.e.,

1

W, = —————
" ’an’2 + BnYn

Re Tiu -uwds > 0.
Iy

2. The following equality holds.

Im [ Tu-wds=47 [ D Buldpnl’ 0w’ + D YulAcnls”
Ly
|an | <rp |on|<ks
3. There exist a sufficiently small frequency wy and a constant C > 0 such that for any
w € (O,WQ],

—Re Tu-uds > C’HuHi{l/z(r
a Uy

b
T, )

if u, = 0 holds for n = (0,0)T, where u,, is the Fourier coefficient of e‘ia'”/ulrg.
Throughout this paper we assume |, |2 + Buyn # 0 and 1, # 0 for all n € Z2. Based on

the above DtN mappings, we can get the following boundary-value problem equivalent with the
original scattering problem (2.1)-(2.6).

( curl (e, eurl H) — k25, H = 0 in Dj,
A*u+ pw’u =0 in D,’,
Tu—-—bivxH=0 on I,
i 2.9
l/x(er_lcurlH)—F;ﬁuxu:O on T, (2:9)
2
vi(curl H) — R(es x H) = v (curl H™) — R(eg x H™) on T},
Tu—Tu=0 onI';.

\

Remark 2.3. Obuviously, the solution to the original problem (2.1)-(2.6) satisfy the problem
(2.9). Conwversely, the solution to the probelm (2.9) can be extended to the domains Uys := {x €
R3 : +23 > b} by the solutions in the definitions of (2.7) and (2.8).



3 The well-posedness

In this section, we aim to prove the well-posedness of the model problem (2.9) by the varia-
tional method under two transmission conditions (2.6), where the uniqueness of solutions can
be derived except a discrete set of frequencies for the absorbing (Ime, > 0 or Imp > 0) and
non-absorbing medium (Ime, = 0 and Im p = 0) under some assumptions about the coefficients
in the transmission conditions and the existence of solutions can be obtained by the application
of Fredholm alternative.

3.1 Variational formula

The problem (2.9) is a special case of the following boundary-value problem. Given f; €
H,'(T), f, € Ha*(Div,T) and f3 € HyY*(Cwl,T)), find w € HA(D;) and H €
H,(curl, D7) satisfying

( curl (e curl H) — k2, H =0 in D,
Au+p’u=0 in D,
Tu—b11/><H:f1 OHF,

v X (gflcurlH)+;)£1/ xu=jfy onT,
2

v (curl H) — R(es x H) = f3 on I},
Tu—-Tu=0 onl,.

From Green’s and Betti’s formulas [10, 23, 36], it follows that
0 :/ (Curl (e tcurl H) — RQMTH) -wdx
Dy
:/ (e, tcurl H - curlw — k2p, H - w) dz + (/ —/ )V x (g, tcurl H) - w ds,
Df ry Jr

)

for w € Hy(curl, D)) and v € HY(D; ) with

(A*u 4 pwiu) -Tde = /
Dy

(E(u, D) — pwiu - o) dz — </+A)Tu-vds,

b

3
E(u,v) :=2u" Z 0jurOkvj + Adivaudive — p*curlw - curlv.
Jik=1

The transmission conditions and DtN mappings combining with the above formulas imply

/ (e teurl H - curlw — &%, H - w) do — R(€3XH)'€3XWd5+Z€/VXU'wdS
. 2 Jr

b ry
:/f2~wd8+/ fg'(egxﬁ)dx,
r Ly

— (S(u,ﬁ)—pru-f)dac—_—H£ Tu 5ds — -2 %H-Uds:_m/fl-vds.
bibs Jp; bibs Jr; by Jr biba Jr



for w € Hy(curl, D)) and v € HY(D; ).

For simplicity, define @ := HX(D; ) and X := H,(curl, D;). Then we get the variational
formula of (3.1): Given f; € H&l/Z(F), fa € H;l/z(Div,I‘) and f3 € H;l/z(Curl,F,‘f), find
u € Q and H € X satistying

A((u, H), (v,w)) = F((v,w)) V(v,w) € Q x X, (3.2)
where
A((u, H), (v,w)) ::b_libz Di(é’(u,@) — pwlu -T)dz — b_lzz - Tu-vds

- (/ (e; curl H - curlw — x%pu, H - @) dx—/ R(ij)-*yjﬁds)
D Ty

1K ik
+ —(vw,yrw) 1 _1 +=—(wH,yrv) _1 _1,
ba <% E > pis XHopy b2 <% 7 >HD13><HCu2rl
—iK
== v - w - - (e3 X w) ds.
P00 = f Ry g gt = o)y g = S (o @)

3.2 Uniqueness

Analogous to the Jones frequencies in the fluid-solid interaction [40], we introduce the following
system
ANu+pw’u=0 inD,
vxu=0 onl,
Tu=0 onl,

u satisfies the Rayleigh expansion

(3.3)

and define pathological frequencies set P(w):={w: frequency w for which (3.3) has a nontrivial
solution}.

Remark 3.1. In view of the uniqueness of elastic diffraction in a periodic structure about
boundary condition of the second kind [27, Theorem 3], we know that P(w) is at most a discrete
set and there exists small enough wy > 0 such that (0,w1] ¢ P(w).

Now, we are in the position to arrive at the following uniqueness result except a discrete set
of frequencies in the cases of lossy and lossless medium under some assumptions.

Theorem 3.2.
1. Assume Re(bibg) = 0 and Im(b1by) < 0.
(1) Suppose e, € C(Dy) and p, € CH(Dy). If w ¢ P(w) and there exists some xg € DT
such that Ime,(zg) > 0, then the problem (3.1) has at most one solution.
(2) Suppose p € C(D,). If there exists xg € D~ such that Im p(xq) > 0, then the problem
(8.1) has at most one solution for all w > 0.
2. Ife, =1, pr =1, p=po, b1 =c1, by =lica/k and |a| < k < Ky, there ezists small enough
wo > 0 such that the problem (3.1) has at most one solution for w € (0,ws], where ¢c; > 0
and co > 0 are constants independent of w.

10



Proof. Let fi =0, fo =0 and f3 =0.
1. Assume Re(b1bz) = 0 and Im(b1b2) < 0 hold. Choosing v = u and w = —H in (3.2) and
taking the imaginary part yield
) P—_ (Im p)w?|u|* dz — m Tu-uds
biba Jpy biba  Jr,
—I—/ (Im5;1)|curlH2dx—Im/ R(es x H) - (e3 x H)ds.
D} Ty

b

(3.4)

(1) If there exists some zo € Dt such that Ime,(zg) > 0, then curl H = 0 in some neigh-
bourhood of zg. It follows from the Maxwell’s equations that E = 0 in some neighbourhood of
g, which, according to the unique continuation principle (cf. [23, 42]) and p, € C*(Dj), shows
E =0 in D' . Then it means that u satisfies (3.3) and hence the assumption w ¢ P(w) leads
tou=01in D™.

(2) If there exists some xg € D~ such that Im p(z() > 0, then w = 0 in some neighborhood
of 29. Obviously, the unique continuation principle (cf. [34]) and p € C(D, ) show u = 0 in
D~ . Similarly, from the unique continuation principle (|23, 42]), we have E = 0 and H = 0 in
D+.

2. We consider the case that there hold e, =1, i, =1, by = ¢1, by = ico/k and |a| < k < k).
Then (u, H) satisfies the following variational formulation:

2 2 2

o (8(u,§)—p0w2u-ﬁ)dx—ﬂ— Tu-ﬁds—ﬁ—<’ytH,7T6> 1 1

cic2 Jpy c1c2 Jry C2 Hp g xHe\

- (/+(curlH-curlw— K2H -w)dr — /+ R(es x H) - (e3 x w) ds (3.5)
Db 1—‘b

for any (v,w) € Q x X. Note if by = ¢; and by = ica/k hold then the coefficients b; and by
satisfy Re(bib2) = 0 and Im(b1by) < 0, and (3.4) is thus available for (u, H). So from (3.4),
Lemma 2.1 and 2.2, there holds H,, = 0 for |a,| < &, Ap, =0 for |ay,| < kp and A, = 0 for
|ap| < k. This, combined with the fact that |a| < k < k), implies that H,, =0, A, , = 0 and
A, =0 forn=(0,0)7,

In what follows, to analyze (3.5) and obtain the uniqueness result we shall introduce the
Helmbholtz decomposition (see [30, Lemma 4.1] for more details about this decomposition). For
this, we define two spaces

S = {¢eH5(D;):/P+<pds:o} and X, := {HO eX:/D+ Hy Vi de =0, \wes}.(aes)
b b

Then we have the Helmholtz decomposition X = X, @ VS. It is easy to see that (cf. [39, Cor.
4.8]) if Hy € X, then there exists a constant C' > 0 such that
[curl HOH[%(D;) > C||HO||L§(D;)- (3.7)

Using the Helmholtz decomposition, we obtain that for any H,w € X there exist Hy, wg € Xg
and @, ¥ € S such that H = Hyp+ Vyp and w = wg + V. Then we can rewrite the variational
formula (3.5) as

11



2 2

r < (E(u,v) — pr'u‘%) dz — Tu -ﬁds) — ﬂ—(fytHo,fyTﬁ) 1 1
c1e2 \ Jpr- ry C2 Hpyg < Hey

+/€2/+V<p-vwdx+/+7€(eg><V<p)-(egxV@Z))ds+/+R(engo)-(eg><V1p)ds
Db Fb Fb

I€2 2

- gh/tvgp’ ’YTE> ];i%x (:u%rl " %(%v$7 7Tﬂ> ];i% Xng%rl (3.8)
— (/ +(CUI‘1 Hy - curlwy — k*Hy - W) dz — N R(es x Hy) - (e3 x wp) ds

Db B /i2 B 1—‘b
_ - R(es x V) - (e3 x wp) ds — 02<%w0’7Tu>Hgéch_él> =0.

for any v € Q, wy € Xp and ¢ € S. Choosing v =0, » = 0 and wy = Hj in (3.8) gives

/ (ourl Ho|? — 2| Hy[?) da —/ Ries x Hp) - (e3 x Ho)ds
DF Iy

b
B L (3.9)
- /+ R(ez x V) - (e3 x Ho)ds — —(yHo,yru) 1 1 =0.
Fb

2 -2
€2 HDiv x HCurl

Taking the boundedness of R into consideration, we have

—Re R(eg X Ho) : (63 X Ho) ds > —C/{2||€3 X Ho”il_l/Q Iy (3.10)
FZF a ( b)
where C > 0 is a constant independent with Hy and . Suppose
F(a! Q(z'
( (0 )> = e3 X H0|F; and <Q(0 )) = ez X v¢|1“j
and then we have
(2)
T - iap-x’ A o —Qp A dan-a!
F(xl) = Z Fne and Q(l‘,) = Z ( a(l) ) Qne
nez? nez? n
with Fvn € C? and @n € C and
‘/R( Vo) - (e3 x Ho)ds| = 4n? Z@’”_O‘g) F
e3 X V) -(es X 0 5‘: 71"— —K . n)
F? nez? n OW(ZI)
1 1
1= 9\3 _1= 9\2 11
<Cr* (S (U lan)Qul?) (30 1+ [anl) HIF[)? (3.11)

nez? nez?
<Ck?|les x V e3 X H
<ORles x Vel _y . s > FDoll,

[e1

_1 ;
o 2(T)
where C' > 0 is a constant independent with . Similarly, in a way similar with (3.11), it is

simple to show

— 2
’ /Fzr R(es x Hy) - (e3 x Vp)ds| < Crk*|les x VQOHH(;%(F;)Heg X HOHH_%(F+ (3.12)

@ b

12



If k is sufficiently small, taking the real part in (3.9) and combining (3.7), (3.10)-(3.11) and the
trace theorems, we can show

2 2 2 2 2
02 | Hollk ~ OWlles x Vol g = Cxllrul?y (313

b [

Letting v = u, 1) = ¢ and wy = 0 in (3.8), we observe

2
Osz(/
cic2 \Jp;

+/€2/ V- Vgoda:—i-/ R(es x Vo) - (es x V) ds
Dy Iy

(€, m) — poluf?) dz — /

i Tu -ﬁds)

b

9 (3.14)
K
+ R(es x Hy) - (e3 x Vp)ds — — (v+Hy,yrw) _1 _1
- (e3 0) - (e3 x V) - (veHo,yr >Hpéchu%1
K2 K2
—— Vo, yra) _1  _1 +—{wVo,yru) 1 1.
C2 <% 7T >HD1%><HCu%r1 €2 <% 7T > DiéXHCu%rl
Observe that
K2 K2
——nVe,yru) 1 1+ — Ve, yru) 1 3.15
€2 <% o > Di% HCu%rl €2 <% oo > Di%XHCu%rl ( )
is pure imaginary number and (see Lemma 2.1)
Re/+ R(es x Vo) - (e3 x Vp)ds > 0. (3.16)
I‘b

Taking the real part of (3.14) and using (3.15)-(3.16), together with (3.12), Lemma 2.2 and the
trace theorems imply that

0> Cyllul? + Cor?|| Vel |2 — 0352\\%HO|127%(F) — Cyr?les x HOHif%

HL(D;) L3(D;) (3.17)

el

when & is sufficiently small. Then it follows from the trace theorems combined with (3.13)
and (3.17) that w = 0, ¢ = 0 and Hy = 0, which imply the uniqueness for sufficiently small
frequencies and hence the uniqueness in the cases of all frequencies except a possible discrete
set by the analytic Fredholm theorem. This completes the proof. O

3.3 Existence

In this subsection, the variational method will be applied to get the existence of the direct
problem. To this end, we split the sesquilinear form A((-,-), (+,-)) into two parts

A((u, H), (v,w)) = A((u, H), (v,w)) + K((u,H), (v,w)) Y(u,H),(v,w)eQ xX

13



where
S—_ (€(u,§)+u-6)d:n—|—_—l,’<a Tiu-vds
bib2 Jp; bib2 Jr,

- (/ (e;tcurl H - curlw — w%pu, H - w) dx —/ R(v, H) -'yfﬁds)
Dy ry

A((u, H), (v,w)) :

iK ik
+ — (7w, u) _ 1+ = Ha v) _ -5
ba <% o >HDi?1/ XHCu%rl b2 <% o >HDi% XHCU%I‘I
K((u,H),(w,v)) = | (p?+ Du -5dz + —— | Tou-vds.
bib2 Jp bibe Jr;;

Further, the sesquilinear form A((-,-),(+,-)) can be splitted into

A((u, H), (v, w)) :Ag(u,v)_Al(H,wHr<7tH,7Tv> C

2 piv X Hon
+f('ytﬁ,7Tu) 1 1 VHweX,uve@
ba Hpyl X Heyhy
where
A (H,w) ::/ (e, tcurl H - curlw — k2p, H - W) dz — R(es x H) - (e3 x w) ds

Dyf Ty

—ik _ _ —iK _

As(u,v) i=—— (E(u,v) +u-v)de + — Tiu - vds.
bibs Jp, 1b2 Jry;

To overcome the difficulty that the embedding from X into La(D:) is not compact, we
introduce the following Helmholtz decomposition for the sesquilinear form A;(+,-). In the space
S (see (3.6) for the definition), the sesquilinear form A;(-,-) has the following property.

Lemma 3.3. The sesquilinear form — A1 is bounded and coercive on VS.

Proof. An obvious induction gives the boundedness of A;. From DivF;(eg x Vo) = —es -
curl (V) = 0 and the definition of A;(-,-), we have

—Re[A1(Vp, V)] > C|[Vylk, ¢€S.
The lemma is thus proved. O

Moreover, we define Xo by

Ko = {Hy € X : —r2(un Ho, Vi) — /F+ Ries x Ho) - (e3 x V) ds = 0, i € S}

={Hy € X : div(u,Ho) =0in D}, v+ (u,Ho) =0 on I and ez - Hy = D(e3 x Hy) on I'}}

where the operator D: H(;l/z(Div, ) — Htjj/z(FgL) is defined by
1 S
D(H)(x) == > —(ez x (af,0)") - Hpe™ "', welf
n
nez?

14



for H=3", 7> Hyel“ne'.

Analogous to the cases of bounded elastic body[48], we can follow the routine to obtain the
properties of )Afo and S without essential difficulties. Thus we only present the main results and
omit the detailed proof.

Lemma 3.4. (cf. [29, 30, 48]). The spaces VS and Xo are closed subspaces of X. The space X
is the direct sum of the spaces VS and Xy, that is, X = Xo @ VS. Furthermore, the projections
onto the subspaces are bounded, that is, there exists constants c1,co > 0 with

allw+ Volk < [wlk +IVelk < eallw + Vol%,
for all w € )Z'O and ¢ € S.
Lemma 3.5. (cf. [48]). X, is compactly imbedded in L2(Dy).
Based on the Lemmas 3.4-3.5, the sesquilinear form A;(-,-) in Xy can be splitted by
A (Hy,wy) = ag(Hp, wp) + bo(Hp, wp), VHy,wy e )~(0,

where
ao(Hop, wp) = / (e;lcurl H, - curlwy + M Hy - wy) do — R(es x Hy) - (e3 x wp) ds
DF rf
bg(HQ, ’wo) = — / +(/<;2,u7«H0 -wy+ MHj - Eo) dx
Db

with M a positive constant to be determined.
Lemma 3.6. (cf. [29]). If M is sufficiently large, ag is coercive on Xo.

Proof. By Lemma 2.1 and [29, (17)], it follows that

—Re/R(eg X Ho) . (63 X HO) ds 201||D1VF+ (63 X H0)||2 1 — CzHeg X H0||2 1
b Ha 2 (D)) H, 2T}
Ty
201||Divr+(63 X HQ)H2

1
He 2(T)

[e3

— anQ\\curlHoHig(D;)

~Cs(1+ > 1Hol2, )

with every 1 > 0. Then we have

Re[ao(Ho, Ho)] >COHCUYIH0||L2 (D) +M||H0||L2 D+)

— C3n°||curl Hy |3 Cs(1 + ) || Ho ||

L2(Df) L2(D;)

1
=(Co — C3n?)||curl Hollig(D;) + (M - C3(1 + ;)2)HH0HQL§(D+)
>C||Holl%,

if i is sufficiently small and M is sufficiently large. The proof is thus complete. O

15



Combining the above Helmholtz decomposition, we split the the sesquilinear form A(-,-) as
follows. For H, w € X, there exist Hy, wg € Xy and ¢, ¥ € S such that H = Hy + V¢ and
w = wg + V. Then we have

A((u, H), (v, w)) = A((u, H), (v, w)) + K1 ((u, H), (v, w))

where
~ ik
A((ua H)’ (’U, ’lU)) ::AQ(uv ’U) - Al(v¢7 VT/J) + j<’ytv¢7’YT6> 7% 7%
bQ HDiV ><Ij[Curl

ik —
+ - nVeru) gy — ao(Ho,wo) — Ar(V, w),
2 Div Xyl

ik _ ik, __
Ki((u,H), (v,w)) := — bo(Ho,wo) + E*<’YtHo,’YTU> 1 1+ —(yWo, yTw) 1 _1.
2

“3 .3 3
Hpio X Heyn ba Div X cur

Besides, we define the following sesquilinear form

K((uv H)v (v7w)) = K((uv H)’ (’v,'w)) + Kl((uv ¢a HO)a (’1.7,7,[1, ’on))

Let A : QxX = (QxX) and K : Q x X = (Q x X)' be the linear and bounded operators
induced by the corresponding sesquilinear forms.

Theorem 3.7. If Im(biby) < 0, then A + K is a Fredholm operator with zero index.

Proof. By the definition of a Fredholm operator with zero index, we only need to show that A
is an isomorphism and K is compact from @ x X to (Q x X )/.

First, we establish the compactness of K. According to the compactness of 75 and the em-
bedding from H'(D) to L?(D), we know that the sesquilinear form K(-,-) is compact. Lemma
3.5 shows that the sesquilinear form by(-, -) is compact, which together with compactness of the
embedding from H'! to L? results in the compactness of the sesquilinear form Kji(-,-). So K is
compact.

We further verify that A is an isomorphism from @ x X to (Q x X)
Im(b1bs) < 0, Lemma 2.2 and Korn’s inequality ensure that

/

The hypothesis

Re[Az(u,u)] > Clluly, Vu € Q. (3.18)
If we define
Ai((u,9), (v,9)) =As(u,v) — A(V, V) + = (Vo 970) 4 4
b2 Div ><}ICurl
+ VT, )
ba o T H];i% x (;u%rl,
then (3.18) and Lemma 3.3 yield
Re[ A ((u, 9), (u,9))] = O(lullg + [VSI%) V(u,) € Q xS. (3.19)

Consider the following variational equation: given f; € Q" and f; € X', find (u, H )e@ x X
such that

A((@, H), (v,w)) = fi(v) + fo(w) V(v,w) € Q x X.

16



It follows from (3.19) and Lax-Milgram theorem that there exists (u, ) € @ x S such that
Ay((@,9), (v0,9)) = fi(v) + fo(V¥) Y(v.9) €Q xS
and
|allg + Vellx < CUlAllg + f2llx), (3.20)

where C' > 0 is a constant. Moreover, from Lemma 3.6 it holds

Re[ao(Ho, Hy)] > C||Hol|% VH, € Xo, (3.21)
which indicates that there exists ﬁo € )~(0 such that

ao(Ho,wo) = A1(Vo,wo) + fo(we) Vawy € Xo

and

1Hollx < CUIVSlx + If2llx) < Cllfrller + I fellx)s (3.22)

where C' > 0 is a constant. Then from (3.20) and (3.22), we derive that A is an isomorphism
from Q x X to (Q x X)'. Therefore, the statement of the theorem is proved. O

Based on the Theorems 3.2 and 3.7, we get the well-posedness result of the variational
problem (3.2), which can be concluded as the following Theorem.

Theorem 3.8. If the one of conditions in Theorem 3.2 is satisfied, then the problem (3.5) has
a unique solution (u, H) € Q x X such that

H|x <C
lullg-+ 1x < € (Wil -y gy 10l y #1805 ).

Div Curl

where C' > 0 is a constant independent with f; for j =1,2,3.

4 PML
For simplicity, we consider the following problem in an homogeneous medium.
curlcurl H — k?H = 0 in D;r,
A*u + pow’u =0 in Dy,

Tu—bivx H=bvxH"™ onT,

vxcurl H+ —v xu=ikv X E on I,
2

vfewlH = R(eg x H) on T},
Tu="Tu on I,

\

Based on the above well-posedness results i.e., Theorem 3.8, we can assume the problem (4.1)
is well-posed. We will introduce PML for (4.1) and analyze the convergence of PML, which can
be easily extended to the case of the inhomogeneous medium.

17
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Figure 2: Electromagnetic and elastic PML layers
4.1 PML Equations

In this subsection, the complex coordinate stretching will be adopted to get the PML equations
(cf. [20, 22]). Firstly, we introduce the PML regions QYME and QFME by

QIIDML = {:cG]Rg:O<:c1,:v2<27r,b<x3<b+61},
QEML ={zeR3:0 <z, 20 < 2m,—b— 6y < 3 < —b},

which are corresponding to the electromagnetic and elastic domains, respectively. Then define

the complex stretching T = (21, T2, 23)7 of x = (z1, 29, x3)T
51 =T,
352 = X9,
x3 x3
/ di(t)dt := / 14+ (¢ +1)or(t)]dt  z3 >,
0 0
I3 :=q T3 —b <3 <, (4.2)

/m do(t) dt = /x3[1+(g2+i)02(t)] dt 25 < —b,
0 0

where 0;(t) (j = 1,2) denote the fictitious absorbing coefficients and the parameters (; (j = 1, 2)
are non-negative constants, which are introduced to decrease the effect of the evanescent waves in
[37]. In the following text, we always assume the fictitious absorbing coefficients o(t) (j = 1,2)
satisfy the following property (cf. [20, (2.8) and (H2)]).

(H1) For t € R, 0j(t) € CY(R) (j = 1,2) is non-negative and even function such that o; = 0
for [t| < b, 0}(t) > 0 for [t| > b and 0(t) = &; for ¢ > b+ min{d1, d2}/2.

To get the PML equations, we recall some knowledge about the potential theory. The
Stratton-Chu formulation (see [39]) implies the scattering solution H*¢ can be expressed by

H*¢ = SL"(p1) + DL"(X;) for z3>b

18



where p1 = e3 x R(A1) and the Maxwell single and double layer potentials are defined by
_1
sEA(u) = [ Gl () dst), € Hy Div.Iy)
b

DIF(A1) = /F (Y, % G @MW) ds(). A € Ha* (Div,TY)

b

where G, (z,y) is the quasi-periodic fundamental solution to the 3D Maxwell’s equations and
given by

Gr(z,y) == G (93 y)]l+ iV V,Gr(x,y),

eilon (@' =y")+nn vz —ys|]
o= gy ¥ ol
nezz "

Similarly, the elastic scattering field can be expressed by (cf. [36])
uw = DL(A2) — SL(p2) for z3<—b

where po = T(A2) and the elastic single and double layer potentials are defined by

SL(u2) = [ ) dst), p € HA(T,),

Ty

DL(As) = / T, y) Ae(y) ds(y), As € HA(T;)

Ly

where W is the quasi-periodic fundamental solution to the 3D Navier equation and given by
1 1
\Il(xay) = EGV»S (xa y)]l + vavy(Gns (%3/) - an(xay))

Based on the complex stretching coordinates (4.2), we will derive the PML equations in QML

and QYML. For any z € C\ [0,00), 2'/? is the analytic branch of \/z such that Im z'/2 > 0.
Define the complex distance

(T3, y3) = (T3 — y3)?] /%

Accordingly, we can define the modified fundamental solutions

Gu(Z,y) 8772 Z ellon (@ =y)+mnd(T3,y3)]

Gr(Z,y) = Ge(@,y)l + ?VyvyGn(f’ y),

V(@) = =G (F)+ — 5V, V4 (G (7.9) = Gy .0))
the modified Maxwell single and double layer potentials

— _ 1
SE' ()= [ GIEDm()dst), i € Hy Div.TY)
b

DL (A1) = /F (Y, % G E M) ds(). A € Ha* (Div, )
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and the modified elastic single and double layer potentials

ST(pa) = / U(E )pa(y) ds(y),  po € Ha? (),

Iy

DL() = [ UG ) Xalo) ds(y). 2o € HA(T,)

b

For any A; € H(;l/Q(Div, I;), we define the electromagnetic PML extension Eq (A1)

Ei(A1) = SL" (1) + DL" (A1) for a3 >b

where p; = e3 X R(A1) and for any A € Hg/%f‘g}, define the elastic PML extension Eg(A2)

Ea(A2) = DL(Ag) — SL(TAz) for a3 < —b.

Assume (H,u) is the solution to (4.1). Let H = Ei(e3 x H|p+) and u = Eg(ul|p-). It is
b b
easily verified that they satisfy

VxVxH-r*H=0 inzs>b, (4.3)
V-7(@) + powu =0 inas < —b (4.4)
where
H@) = 205 (@) + MrE@)L 5(@) = %(% + (V)T

vV = (0/0x1,0/0x9,0/0x3) denotes the modified gradient operator and Va is denoted by
(0 /0T5)} j—1- It follows from the chain rule that the PML equations (4.3)-(4.4) become
V x A1V x (BiH) — k?A7{Y(BiH) =0 inx3 > b,
V- (7(w)As) + pow?Ju =0 inz3z< —b
where

F@) = 2" E@) + M trG@)I, @) = %(vaBQT + By(Va)T),

Ay = diag(1,1,dj(z3)), By = diag(1,1,d(x3)),

1
dy(x3)
Ag = dy(z3)diag <1, 1, 1> , Bo =diag <1, 1, 1) ,  J =da(z3).
do(x3) do(x3)

Let Q1 = {JE € D" i 23 <b+61} and Q9 :={z € D™ : 23 > —b— 2} and define the
solution spaces X := {H € Hy(curl,Q;) : e3 x H =0 on FZ_MI} and Q :={u € HY(Q2) : u =
Oonl . s }. Then the truncated PML problem is to find (H,4) € X x Q such that

(V x A\V x H - k*ATTH=0 in Q,
V- (F(@)Ag) + pow?Ja = 0 in Oy,
Ta—bivx H=bvx H" onl,
v x4+ by /(i) x curl H = by x E™  onT, (4.5)
esx H=0 on F;r+61°
{ u=0 onTy s .
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where

_ ik, —
+—(H,yrv) 1 1+ pw,rw) 1 1
by <% o >HD1% XHCu%rl ba <% T >HD1% ><H0u%r1
o _ﬁ . in a7
.F«v,uﬁ)—‘52<%ff ) b g~ WME ’VTuﬁH&%xH&i

4.2 Convergence Analysis of PML

Before analyzing the convergence of PML, we consider the PML equations in the layers QlfML

Vx A4V xw-—r?A'w =0 in QMY
esxw=0 only, (4.6)
esxw=q onTy g
d QPML
e V- (7(v)A2) + pow’Jv =0 in QML
v=0 onl,, (4.7)
v=gy only s

where q; € Hofl/Q(Div7 F;‘+51) and g0 € Hcly/Q(Fb_MQ).

The variational formula of (4.6) is to find w € H, (curl, Q7™") such that e3 x w = 0 on 'y,
e3 X w = @ on Fl—:r(h and

c1(w,B) =0,

for any B € Hoa(curl, OYMY) = {w € Hy(cwrl, QFMLY) t e x w = 0 on I} and e3 x w =
0 on FZ+61}7 where

c1(w,B) = / (Ajcurlw - curl B — k2A; 'w - B) da.
Qll:’ML

Obviously,

1
(1+ ¢161)

T 5 € < Re(A:€-€) < (14 Gio1) €]

holds. If w = i, the positive definiteness of A; and the Lax-Milgram theorem shows the problem
(4.6) has a unique solution. This, combined with the Helmholtz decomposition and spectral
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theory of the compact operators imply the problem (4.6) has a unique solution for all real w
except a possible discrete set.

The variational formula of (4.7) is to find v € H'(QYML) such that v =0on T}, , v = g3 on
Iyys, and

CQ(U, ¢) = O,
for any ¢ € H&a(QgML) ={ve HY(UWM):v=00nT, and L'y s, ts where

(v, 9) = /QPML(?('U)AQ Vo — pow?Jv - ¢)du.

Note that for any v € H&a(QQPML)
Reca(v,v)

:/PML {M* [(1 + (202) (2|01v1 |7 + |[D1v2]? + [01v3] + |02v1[* + 2|02v|? + |Oavs|?
Q2

1
+ 2R6(821)18152)) + (|331)1|2 + 2|331)2|2 + _’;CF;Q’@?,U?,P + 2Re(81U383@1) + 2Re(821138362))}
2
+ A [(1 + CQUQ) (|81U1‘2 + |82’U2‘2 + 2Re(81v18262)) + (2Re(81v18363) + 2Re(83v382€2)
14 (o0
Mfﬁg2’83")3|2)} — pow?(1 + C202)|v|2} dx.

The denseness of Cgfa(QZPML) ={v e CFOQM) :v=00nT, and Lps, b in H&a(QZPML)
shows Reca(+, ) satisfies Garding inequality (cf. [20, Lemma 3.3]), if (o > /(A + 2u*)/p*. In
particular, Recy(-,-) is coercive if w = i. Similarly, from this with spectral theory of compact
operators it follows that the problem (4.7) has a unique solution for all real w except a possible

discrete set. For simplicity, we make the following assumption, which is similar with that in
[17, 18].

(H2) The problem (4.6) and (4.7) have a unique solution.

Define
b+01 b+d2
71 ::/ o1(t)dt, o, ::/ oo (t) dt,
0 0

where o1 and 79 are two constants. Let
A1 = min , A9 = min , .
L= mindlnl}, Az = min{|ul, )}
Besides, we should make assumptions on (; and (2, which can strengthen the ellipticity of

PML operators [20] and the decay of the modified fundamental solutions such that the expo-
nential convergence can be available for the PML as we will see below.

(H3) (1 > 1and ¢ > /(A +2u%)/p".
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Theorem 4.1. For any x € P 15, andy € Db , it follows under the assumption (H3) that

|G (@, )| < Cer(61)e 17,
aGgZ,y) < Ceg(6y)e A7, for j=1,2,3,
9Gy(T,y)
Y0y
PG (7,y)
0y;0yrOy;
P Gh(T,y)
0z ;0y0y;
'Gy(T,y)
07 j0YkOY1OYm,

< Ces(6y)e 2171, for j,k=1,2,3,
< Cey(6y)e B for j,k1=1,2,3,

< Cey(8y)e A1, for j k,l=1,23,

‘ < Ces(6y)e 2171, for j,k,I,m=1,2,3,

where

1 Jj—1 _
(1) = > =+ Y me—‘77"|(‘51+(<1—1>f’1>, for j=1,2,3,4,5

lan| <5 |71 o[>k |7n

and C may depend on k and 61. For x € Lyys, andy € Dy,

|G, (Z, )| + |Gr, (2,y)| < CC1(02)e —0272

0G (z, . B .
5;6 y)‘ 8Gasyx = | < COar)e™, o j=1,2.3,
J J
62(;'%(5E ) 9%*G (z,9) B
) Ks \*y < 5 —AoT2 f ke —1.9
Gydge | | ayag | S CCG)e or ik =1,2,3,
PG, ([@,y)|  |0°Gr,(T,y) -

S 9 < —Aooo f . _ 1 2
dy;0ukdy | | Dy;0mdy | CC(32)e ) or j,k,l=123,
83an(5 ) ate (z,9) _

) Ks\4s < 5 RAYoD) f ke l=1.9
9 0yrOy; - O ;Oypdy; | — CCu(d2)e , or j,k, ,2,3,
Gy, (T.y) HGy. (7, ) e
s Y < —Ao02 f . _ 1 2
ijaykaylaym‘ ‘%jaykayz@ym’ < CC5(d2)e , for g,k l,m=1,2,3,
where
Cj(52) = max{ Z + Z |O‘n|j 7\6n\(52+(§271)52)’
lon | <rp |ﬁn atn | > ’ﬁn

(4.8)

(4.9)
(4.10)
(4.11)
(4.12)

(4.13)

(4.14)

(4.15)
(4.16)
(4.17)
(4.18)

(4.19)

Z ! L ~[n](82+(C2—1)72) :
T = s } for j=1,2,3,4,5

|’Yn| |'7n’

|an|<ks |an|>ks

and C may depend on ky, ks and &a.
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Proof. For any x € F;+61 and y € D;r, x3 > y3. This yields d(T3,y3) = T3 — y3, which together
with (H3) shows

Gr(Z,y)| = ‘i 2 L lan @'y 4 Fs—ys)

nez? Vin
1
< 7( 7e*|77n|01 + 76*|Tin (014+¢171) )
il 2 T 2 Tl |
lom | <k
< 8712< Z |1‘ + Z ‘1|€|7]n|(51+(<11)01)’>€A1U1
T an|<k T lan|>kK "I
S Ccl (51)6_A151.
Simple calculations show that
0G(T,vy) 1 —ia{ ~
“7& = _—— 7” 1[an~(x/_y/)+nn(x3—y3)} for ] _ 1727
ayj i nez? Hin
861,;(5",@/) — % Z ﬁei[an.(xl_y/)+nn(53—y3)} for ] _ 37
Yi T peze M
and
0728? 71 et Y M \T3—Y3 for ]:1,2,
i nez? in

0G . (Z, 1 in,d o (2! —1! T .
9Gx(,y) _ = Z mel[an @ =y @)l for =3,

ox; i
J nez? T

On the other hand, the facts that |od)| < |am| < & for |an| < & and 1, < || for |an| > &
imply the estimates

’W’ §C< 3 "‘L‘e—mnwur Z me—mm(m@m))

6y] lan|<k
<o Y iy \an\ G ) i
2 T ml
an|<k lan|>kK

S CCQ (51)€_A1§1

and
)M’ §C< Z *|77n|01+ Z |a”| *|77n 51+4101))
oz, = o 2wl
C( Z 74_ Z |a”‘ e~ |(G1+(C1— 1)01)>6*A131
lan|<k
< Cea(d1)e” Al‘”.
Similar arguments lead to (4.10)-(4.19). The proof is thus complete. O

24



(4.20)

Theorem 4.2. If the assumptions (H1)-(H3) hold, then
—AsTo
€ HMIHH;%(F;),

SL(p1)| < CCs(6
1SL( 1)HH£(F;+62) 5(02)

DL(X < CC5(5y)e 2272 A 4.21

|DL( I)HHC%(F;MQ)* 5(02)e | lHHé(r;)’ (4.21)

les x B1SL (H2)HH b it ) < Ces(dr)e Al‘”||M2|| = o’ (4.22)

1

< Ceg(dr)e 217N 4.23
Y ivr ths ) ca(d1)e | 2H b owrs) (4.23)

lles x B@Z“(AQ)HH

Proof. First we recall some Sobolev embedding results
1oy < Ol ey for £ € L)
1 2oy < O Ly + 19l pqery)for £ € WE(TH)
ST, So the HE (T bis,)

SL(p)(x) for py € H,

where C is a positive constant. Let v(x)
norm of v can be bounded by the Lg*(I', 5 )-norm of v and Vv ThlS combined with the

Theorem 4.1 gives
V| joor- < C max ||¥(z,- 1 1
ol SO mas 1@ ol
< (C max U(x o py IV (2, )] 7o —) _1
e (19 o ) 9P, ) W g
< CCie >l Ly
)
and
Vol g < C V.U (F, -
Vvl ) < C o 90y il g
< C max ([|[VoU(Z, )| g o) T [IVy Vo (Z, ) oo )||M1|| 1
weTyys LZ. ) TRy L= H,? ()
< CC5(02)e 2272 ||y || )
el
which yields the estimate (4.20)
Given p € Hy, /*(Div,Ty), let H(x) = SL" (p2)(x). By the definition of Ha "/*(Div, T}, 5 ),
we have
x BIH
H€3 ! H %(Dlv F;jr& )
1
)

+ ||€3 -V x BlI‘I”
H g(l—‘l;:-éQ

lles x BiH| _1
( Ha?(rgr-kél)
+ ||V x BlH‘L3°(Fb++51)> '
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Notice By = diag(1,1,1 4 (¢1 +1i)d1) for 3 = b+ 6;. Then

”63 X BlHH 1

« 2 (Div, Fb+6 )

C (HH”L?XO( ++ + ||VH||LOO(Fb+6 )>

<C G N,' 1 V.G ~7 : i
<O max (G @M gy )+ IVaGul@

+ ||VyvyGn(5a )HH%

o)

V.V, V,Ge(Z,)|| 1 ,
oy FIVVa VG @N g Yl

b

Besides, for = € F;r 5, and y € '}, we have

1G@ )y < C (16 M oy + IV Gl e s

2,0
< Ceg(8y)e 2171, (4.24)
||V93G/4(5a )HH%Q(F;) <C (”vaH(:fa ')HLSOQ(F;) + Hvy/van(ga ')HLCLOQ(F;))
< Ces(6y)e 217, (4.25)
IVyVyGu(, ')HH%Q(F;) <c (”vyvyGn(i ')HLioa(F;) +IVy Vy Vy Gi(, ')”Lioa(rj)>
< Cey(8y)e P17, (4.26)
V2V VyGi(Z, -)HH% ) <cC (HVxVyVyGn(f,-)HLgoa(r;) +IVy VeV Vy Gi(z, -)HLgoa(r;))
< Ces(8y)e 2171, (4.27)

It is easy to see that (4.24)-(4.27) imply (4.22).
Similarly, (4.21) and (4.23) can be obtained by repeating the above procedure. The proof is

thus complete. O

Next, by (H2) we can introduce the approximate DtN operator R : H;1/2(Div,F;r) —
H, 1/2((3111“1 I';") with respect to the electromagnetic field. For any f € Hy 1/2(Div,1“gL), let

Rf = e3 X ((:L11"1'LZ)|F;r X e3)

where w satisfies . ML
V x A1V x — kAT =0 in QTME)

A +

esxw=7F onl},

esXxw=0 onl“bJr(;1

Similarly, by (H2) we also can introduce the approximate DtN operator T : H, L/ 2(l“b) —
H, 1/2(F ) with respect to the elastic field. For any g € H, 12 (L)), let Tg = T, where

V- (7(9)A2) 4+ pow? Jo =0 in QEME,
v=g only,
=0 on Lyis

26



Using the approximate DtN mappings R and T, we get equivalent equations with (4.5):

curleurl H — k?°H =0 in DgL,
At pwt =0 in D,
Ti — by x H = by x H™ on T,
v x curl H + ZZV X 4= ikv x E™ onT, (4.28)
vieurl H = R(es x H) on I'y,
Ta=Tu on I

The associate variational formula is to find @ € H}(D; ) and H e H,(curl, D+) satisfying
A((a, H), (6,%)) = F((,w)), (4.29)
for any (0,w) € Q x X, where
—iK

A((a, H), (0, w)) :=—— [ (£(4,) — pwt-0)de — — | Ta-dds
bibs Jp; bibe Jr;

- (/ (curl H - curlw — £2H - w) dz — ﬁ(egxﬂ)-(egxa)ds)
D Ly
ik

— . ik A
gmw,”ﬂw 1oyt =(wHyrv) 1 1.

2 2
Dlv X HCurl b2 HDiv x HCurl

_l’_

Comparing with the variational formulas A(-,-) of (4.28) and A(-,-) (see (3.2)) of (4.1), we
know the difference between them mainly lies in the difference of the DtN mappings R and R
(resp. T and 7') So, it is necessary to estimate the difference between the corresponding DtN
mappings.

Theorem 4.3. If (H1)-(H3) hold, then

T =TS s, < OOy o f € HET),

1
a Fb o? b)

1
R — < Cey(6y)e 210 € H, ?(Div, ;).
¢ )gH o cuirs) S cs(d1)e IIQH o ooy’ g (Div,I'y))

Proof. Given f € H1/2( . )and g € Hy 1/Q(Div, '), the associated PML extension is Eo(f)
and Eq(g). Obviously, we have

es x Er(@)lps =g, e x (cwlEi(g) x e3)lps = R(g).
EQ(f”rb— =f, TEQ(f)|1‘b— :T(f)
It is easy to see that
(R —R)g = es x (curlw x 63)|F2- and (T —T)f = T'v|Fb—,
where w satisfies
Vx4V xw—r*AT'w =0 in QML
esxw=0 onT}, (4.30)

ez X Ww =e3 X BlEl(g) on FbJr(S s
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and v satisfies
V- (F(v)As) + pow?Jv = 0 in QPME

v=0 onl,, (4.31)
v=[Es(f) on Lys,

From the well-posedness results of (4.30) and (4.31) (see (H2)) together with the Theorem
4.2, it follows that

1 < C||vBiE < Ces(0;)e™ A1 ,
reutwl, g o S CRBEGI, g < Cae ™ gl g o
[Tol| 3 < ClE2(F)I 1 < CCs(S)e 22|
H, > (Ty) Ho % (T s,) HZ(T,)
These complete the proof. O

Now we are in the position to get the main result, i.e., the exponential convergence of PML
problem by the Theorem 4.3.

Theorem 4.4. Assume the problem (4.1) is well-posedness and (H1)-(H3) hold. If &1 and
9 are are sufficiently large, the PML problem (4.5) has a unique solution (u,H) € Q x X.
Moreover, the following estimate

— _ A < —A101 ERAVYD
Ju—allg+ | H = Hlx < C(es(@e >l g o Cslo)e > ull Ly )
holds, where (u, H) is the solution to (4.1).
Proof. For any (v, w) € Q x X,
A(, H), (6,)) =A((@. H), (8.)) + == | (T =Tya-ds
192 .
+/+<7%—R)(63 x H) - (e3 x w) ds.
r
Combining with Theorem 4.3, we have
A((a, H), (0, w o _
sp  ABIDLOB)) 5 0y B grx — CCs (0> a]
ayeoxx (D, W)]loxx HZ(T})
(9.1)0
— Ces(0))e ™% |y H
cs(d1)e [ || } oo
>C||(@, H)|lgxx- (4.32)

Similar to (4.32), we can get

wp  AUS@), (@ H))
(0,W)EQX X [(0,w)[oxx
(0,W)#0

> (@, H)||gxx-

Then the generalized Lax-Milgram theorem shows that the PML problem (4.5) has a unique
solution (u, H) € Q x X.
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Simple calculations yields that

Therefore, this combined with the inf-sup condition (4.32) and the Theorem 4.3 leads to the
desired error estimate. The proof is thus complete. ]

5 Conclusions

We have studied the time-harmonic electromagnetic wave scattering by an unbounded elastic
body with a periodic structure. By the variational method, we prove that the uniqueness results
are available in the case of the lossy (or loseless) medium for small frequencies or all frequencies
except a discrete set. Under some assumptions about the coefficients, the existence result is
obtained by Fredholm alternative theorem. Further, we propose a PML for the interaction
problem, where the PML extension is used to derive the PML equations, and certify that the
PML problem exists a unique solution and the difference between the PML solution and that of
the original problem vanishes exponentially with respect to the PML parameters.
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