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Abstract

In this work, we obtain new sufficient conditions for the non-oscillatory solutions of forced nabla fractional difference equations
with positive and negative terms. The results are developed in sense of Caputo nabla fractional difference operator and by the
help of Young’s inequality as well as an equivalent representation in form of a Volterra-type summation equation. The results
improve some existing results in the literature. Further, two examples are presented to support and illustrate the applicability

of the deduced results.
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1 | INTRODUCTION

Nowadays discrete fractional calculus has gained much attention amongst researchers in the last two decades. Consequently,
there has been a burgeoning interest in the theory and applications of fractional difference equations®. The fractional difference
and summation feature has significantly proved its efficiency and validity due to its nonlocal character and the interpretation
of memory. As a result, many papers have appeared that study the qualitative properties of solutions of fractional differ-
ence equations. While researchers focused on the oscillation of solutions, the non-oscillation behavior for nonlinear fractional
difference equations still needs improvement! 2435,

The study of the oscillation of solutions to nabla fractional difference equations was started by Alzabut et al.. For the following
nonlinear nabla fractional difference equations involving the Riemann—Liouville and the Caputo operators of arbitrary order,
the authors in" defined a number of oscillation criteria.

VE o (0) + £1(0,(0) = f(0) + 8,(0,¥(0)), 0 €N,y

~(1=p) _
V imen ¥(0) ctmy =@ @€ R,

(1.1)
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and
Vi o1 9(0) + 81(0, ¥(0) = f(0) + 8,(0,¥(0)), 0 €Ny ys (12)
Viyc+m—-1)=a, a,€R, n=0,12,-,m—-1. ’
Here 4 > Oand m € N; suchthatm — 1 < y < m; Vi‘ emea V> Vi‘ +m_1,Y denote the u'" Riemann-Liouville and Caputo nabla

fractional differences of y, respectively; g/, &, : N, XR = R; f : N_,,._; = R; f, y are positive real numbers.

Using the fractional Volterra sum equations and Young’s inequalities, Abdalla et al.!' developed new oscillation criteria for
(T1) and (T.2)), building on the work in". The authors of* noted that the scenarios # > y > 1 and y > f > 1 were not taken into
account for (T-T)). The goal of the study was to fill in this gap and develop additional oscillation criteria that enhance the findings
of3. Abdalla et al.= studied the oscillation of solutions for nabla fractional difference equations with mixed nonlinearities of the
following forms:

VY, o Y(0) = b(o)y(o) + Zle b,(0) 11" = f(0), 0€N,. (13)
V_im_g)Y(0)| =a, a€R, ‘
c+m= o=c+m—1
and . 1
VY o190 = b0)y(0) + X b;(0) [0 = f(0), 0 €Ny, (14)
Viy(c+m—-1)=a, a,€R, n=0,12,-,m-1.
Here y > Oand m € Ny suchthatm — 1 < py < m; Vf emea V> Vi‘ +m_1.Y denote the u" Riemann—Liouville and Caputo nabla

fractional differences of y, respectively; b, bj, S iNg 2 R =12, k; a; (1 < j < k) are the ratios of odd positive
integers with a; > - > a; > 1 > o | > =+ > .
Following the above trend, in*, Alzabut et al. considered the following forced and damped nabla fractional difference equation:

{(1 = p(@)VVy¥(0) + p(0)V¥(0) + pr(0)g(¥(0)) = pi(0), 0 €N,

(- 1.5
Vo(l ﬂ)y(o)“):l =a, ac R, ( )

and established sufficient conditions for the oscillation of the solutions of (I.5). Here 0 < u < 1; Vy denotes the first nabla
difference of y; Vg y denotes the u™ Riemann—Liouville nabla fractional difference of y; g : R — R; p, p; : N, = R;
py i Ny = R
Motivated by the above studies, in this work, we consider the forced nabla fractional difference equation with positive and
negative terms of the form
VX 2() + (L y(0) = n(0) + C0Y ) + D y®), 1€N,,, (1.6)
where
z(0) = V" [d@) (Vy@)’], 1€N, neN,, (1.7)
0 < x < 1, g is the ratio of two odd positive integers, ¢ € N;, and vrz denotes x™ Caputo nabla fractional difference of z.
Throughout this work, we nned the following conditions for our work in the sequel.

1 ¢,d N, = (0,0),n:N, - Rand ®, ¢ : N, X R — R are continuous functions;

(i1) there exist continuous functions ®;, ®, : N, — (0, c0) and positive real numbers A and y where A4 > y such that

Y@, y) > 0,0 [y, 0<y®@y) <0,0) [y
fory#0and: €N,

A solution of (I.6) that is continuable and nontrivial in any neighborhood of oo is considered. Such a solution is said to be
oscillatory if there exists a sequence {1,,} € N
otherwise.

In this paper, we investigate the asymptotic behavior of the non-oscillatory solutions of equation (I.6). Our approach is
primarily based on the properties of discrete fractional calculus and some mathematical inequalities. To help in proving the
main results, an equivalent representation for equation (I.6) in form of a Volterra-type summation equation is constructed. We
will provide numerical examples that will support the validity of theoretical results.

In the sequel, we make use of the following notations, definitions, and known results of nabla fractional calculus®. Denote by
N,={a,a+1,a+2,...} foranya € R.

e_n With 1, — oo as m — oo such that y(1,,) = 0, and it is non-oscillatory
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Definition 1 (See”). For: € R\ {...,—2,—1,0} and r € R such that ¢ +r) € R\ {...,—-2,—1,0}, the generalized rising
function is defined by

 Ta+r)
O
Further, if1 € {...,—2,—1,0} and r € Rsuch that ¢ +r) € R\ {...,—2,—1,0}, then we use the convention that I =0.

Definition 2 (See). Let k : N, — R. The first backward (nabla) difference of « is defined by
V() =x()—k(@—1), 1€N,,.
Definition 3 (See®). Letk : N,,; — R and x > 0. The x™ nabla fractional sum of x based at a is given by

x 1 l 1
v K(,)=% _ZH(I—II+1) k@), 1EN,,
ll—a

where by convention V_*«k(a) = 0.
Definition 4 (See®). Let 0 < x < 1 and x : N, — R. The x" Caputo nabla fractional difference of x based at a is given by

VX k(@) =V;'™IVi@), 1€ Ng,,.

2 | PRELIMINARIES

Theorem 2.1 (See?). The unique solution to the nabla fractional initial value problem

Vi k@) =w@), 1E€N,, .1
K(a) = Ky,
is given by
1 l 1
k(1) = Ky + . —zil(l -+ Do), 1€N, (2.2)
1=a
where0 <x<landw : N, = R.
Lemma 1. Consider the following generalized rising functions are well defined.
1. If r; <1 <1y, then 11__r3 <73
2. M+ r)? = 'ZREY
3. If0<ry; <1land 9 > 1, then
9 TQ 9 —
[ —I‘3:| S (;rb)&l_ryg’ 1> r319.
[T(1 + r3)]
Lemma 2. Under assumption b, x and p are positive constants with b > 1 and p(x — 1) + 1 > 0 we obtain
D=1+ <ob, e,
=1
where
bp p(x—l)+l F 1 l
0=(7—) (px = D)+ 1).
Lemma 3. (Young’s Inequality) [See'!] If P and Q are nonnegative, é + i =1,and § > 1 then
1.5 1
PO < EP +-0", (2.3)
n

where equality holds if and only if Q = P!,
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We denote

@31(,) (alTy) ’4
m(1) = X0 , (2.4)
and .
Aoy = Y d7i(y). 2.5)
1=c+1

3 | MAIN RESULTS
In this section, we provide sufficient conditions for which any non-oscillatory solution of (I.6)) satisfies

ly(®)] =0 ([zm] ’ bjA(z, c)) as1 — oo.

Theorem 3.1. Under assumptions (i) — (ii),0 < x < 1, p(x = 1)+ 1 > O for p > 1 and

Z g o 1] AP o) <0, q=—2—, 3.1)
- p—1
n=c+1

lim (=1 + D |na)] | < oo, (3.2)

100 lr()ll_zc+1 ! )

. 1 \ 1

lim | — =1y +1""'m@)| < oo, (3.3)

= lrw P ! ]
every non-oscillatory solution of (T.6) satisfies

lim sup |ly(—l)| < 00. 34

e [,ﬁ] ’ bliiA(l, c)
Proof. Let y be a non-oscillatory solution of (I.6), say y(1) > 0 for 1 € N, for some 1; € N_,. Take z(c) = ¢. Letting
F(@1) = ©(1, (1)) — ¢, (1)), it follows from (T.6) and (i) — (i), for: € N,
v'HdG) <Vy<z)>”]

= r( ) Z (=1 + D7 [1Gy) + €0y’ () + Fay)

l]—C+1
< |c0|+r( )lzc‘i](l 5+ D) 1|F(11)|+F( ) ;l(l—ll+1)xj|n(zl)|
e >Z+ ont + 17 [0y1)y (1) = €,y (1))
e >,§l(’_” 0 )
TG )n%l(l b+ DY) (3.5)
Applying Lemma[3]to [©,()y" (1) — ©,()y*(1)] with
5=i>1, X =y Y=Z®2(l) n= A

Y ’ ACHON A=y’
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5
we obtain
0,y (1) — ©,(Wy* () = &(9 (l) 9.0 _r ’(1))3
2 1 v 1 AG) o 2
_4 _1ys
=200 »XY SX ]
< i@l(,) lyﬂ]
Y U
_(t=r 0,007
- ( y )61(’) [ﬂ @@]
yV </1+r)

=(A-7 [ﬁ] m(1). (3.6)

Substituting (3.6) into (3.5) and applying Lemma([T|(1), for : € N, we obtain
v () (V)]

3 1

1 x—1
<leol + 55 )lgﬂol S DT+ s X G+ 0 )

1=c+1
1

()
+m( —y)[ ] 2 (=1, + D 'm@,)

=+l
1 < —
+ @ ) %1(11 - + l)x 14’(’1) ’yﬂ(ll)|
e )IZH(: b+ DAY ). 3.7)

In view of (3:2) and (3.3)), we see from (3.7) that, for 1 € N,

v d@) (Vya)’] < ¢ F( ) 2 (=1 + DY (), (3.8)

=1+l

where C,_; > 0 1is defined by

| 0|+F( ) Z U =1 + 1) llF(l')|+F( ) Z (l—ll+1)xT]|7’](ll)|

1=c+1 1=c+1

. ()
= @u—w [M] Z =1+ D Tmy)

n=u+l1

1=c+1
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By the integer order variation of constants formula, it follows from (3.8)) that

(1) (Vy)’
n-2 — 1 3
< Z (V< a0 (Vy0)]) ., _, %
(t—r+1)2 _ X1, b
+; S lC e )11—1Zl-+—l(r n+ 180y (n)l
—1, + DF
SZ“WMMW®m%J%ﬁ%§_

(1—r+1)”‘2 =
* Z T(n—1) lr(x) Z r=y+1) IC(ll)yﬂ(11)]

=1+l
1=1—1

|(1—11+1);

n—2
— k B
—%|(v [a@ (VywY)) T

=1+ 1"
+Cp —
n—1 F(n)

1 1 _ 1E _ + 1 le
+ 2 lZ ‘ F(rn+_ 1)) . l%(x)) ]C(h)yﬂ(ll)

ll_l]+1 r=i

B (1—11+1) S (1= 1y + )2
Z TR +112121+1W¢m>y (1). (3.9)

Here
C, _| (V¥ [d0) (Vy)Y]), |>0 k=0,1,2,,n—2.
Note that (3.9) holds for n = 1. Hence, (3.9) holds for all n € Nl and for all 1 € N, . Next, we proceed to estimate (3.9) as

n—1 -

d@) (Vywy <) ¢,
k=0

2 (- ll)m(l -+ n);

B
Erpt OO

1
I'k+1)

n=1+1

o n—lC
< LZ k +m Z (=u+ 17 IC(ll)y”(ll)],

n=u+l

implying that
d() (V) <1 l@l +0, Z =1+ 1D IC(zl)yﬂ(ll)] : (3.10)

=1+l
where

1
0,=Y *>0 0,=————>0.
! Z 2T I(x+n-1)
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Applying Lemmas [T}{Z] and Holder’s inequality to the sum on the far right in (3:10), we get
Y =1+ DY)
n=n+1
= 2 [(1 -+ l)x_lb"] [b_"C(ll)yﬂ(ll)]
n=n+l
: — 1/p : 1/q
< ( Y |e-u+n] bl"l) ( > b—"'lcq(u)y”"(zl))
n=n+1 n=n+l
1 1/p 1 1/q
< (A Z G-+ l)p(x_l)b’”'> ( Z b_q"Cq(11)yﬂq(l1)>
n=n+1 1=1+1
! 1/q
< (AQbP’)‘“’( D b-‘"l@q(zl)yﬁq(z])>
n=n+1
: 1/q
= (40)'"p < Z b_qlléq(ll)yﬂq(11)> ; (3.11)
n=n+1
where
T+ (1= x)p)
S re-xr
Using (3.11) in (3:10), we obtain from (3.10) that
4 (Vy@) < He), (3.12)
where l g
() =0, + M, ( D b“’"é"’(zl)yﬁ"(ll)> :
=n+1
with
M; = 0,(A0)'/? > 0.
We rewrite (3:12) as
1
ﬂb: s
V() < <’ “’(’)> . 1EN,. (3.13)

d(1)

Noting that i"~!, b, and (1) are all increasing, summing (3.13) from 7, + 1 to 1 yields that
1

o<+ 3 [ serapaia

n=n+l

_— [ 1 ! 1
<y + [T bt Y a7
n=u+l1

1

1] " biwd (1) A1)

=y + [1”

1
1 r—ij-=
A | G

[zﬁ] " b5 AG,1y)

==

Y(ll)

IA

bi A1),

+ a)/]_f ) [zm]

[Z'Z’Tl] ’ b%A(lz, 1)
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holds for 1 € N, with 1, > 1;. Thus,

1
# <SM,+0i(1), 1EN,, (3.14)
[zﬁ] " b5 AG, 1)
where o)
Y
M4 = N .
1P
[12 ] b7 Ay, 1y)
Applying one of the elementary inequalities
2071 + 29, g2 1,
Gaargdt WIHE A (3.15)
¥+ z9, O0<g<l,
with y, z > 0, to (3:14) gives
B
f# < M5+ M), 1€N,, (3.16)
[zn—l] " b5 AG,1y)
where My and My > 0 are defined by
My, g2,
M, = p 4 (3.17)
M, O0<g<l,
and
2071, g>1,
M, = (3.18)
1, O0<g<l1.
Recalling the definition of w(r), from (3-16), we have that
B
0 ’ v
¥ -
——————sm+m(2bwmwmo, (3.19)
=1+l

l 1
[zﬁ] " b5 A1)
holds for: € N,z, where
M;=Ms;+0 Mg>0, Mg=M;Mg>0.

Applying the inequality (3.13)) to (3:19) gives
Pa

! S
ly() < M,y + M, Z b YPa(r), (3.20)
[l”_l] " b A1) r=i+l
holds for: € N,z, where
My=2""M!>0, M, =2"""M!>o0.
Denoting the left-hand side of (3:20) by w(:), (3:20) yields

w < Mo+ My Y [ A 00w, (321)

=+l

holds for 1 € N, , and this can be rewritten as

w() < My + My, Y, [:*;Tl]qAﬂq(ll,zl)gqol)w(zl), (3.22)

n=n+l

holds for 1 € N, , where

I — q ;
My =My+ My Y [i7] A% )0 e > 0.
=1+l
Using (3:1) and Gronwall’s inequality we have the conclusion of the theorem. The proof for eventually negative solution is
similar. So, we omit it here. Thus, the theorem is proved. O
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Next, we consider # = 1 and we provide sufficient conditions for which any non-oscillatory solution of (I.6) is bounded.

Theorem 3.2. Assume that (i) — (i), 0 < x < 1, p(x = 1)+ 1 > 0 for p > 1 and (3.2) - (3:3) hold. Furthermore, assume that
there exist real numbers .S > 0 and 7 > 1 such that
") < 323
< —Ti .
am ) =" 629

D) <, g=——, (3.24)
=c+1

hold, then all non-oscillatory solution of (T.6) is bounded.

and

Proof. Let y be a non-oscillatory solution of (L.6), say y(1) > 0 fort € N, for some 1; € N, ;. Proceeding as in the proof of
Theorem 3.1} we get (3.13) when § = 1. Since  is increasing, summing (3.13)) from ¢, + I to 1 yields

1 i lb"a)(l )
() < y(@y) + Z T)l
1

=1+l

<)+ Y, SHTe,)

n=n+l

<)+ So() Y b

11=11+1

<+ sa Y ()

=+l

br 1) 11+1 1 +1
=y(l1)+Sco(t)< [ e 1) - (b(7_1)> ]

) ,
= )+ S0 (——) [( ) (ﬁ)]
1)

< y(y) + Sa(n) (b< (w l>>

Using the definition of w, we obtain

1

1/q
y@) < M+ My, < Z b_q"Cq(H)yq(h)) ) (3.25)

n=n+1

for: e le, where

1 1 i
M, =ya)+06,S (b(f_l) — 1) (b(f—1)> >0,

and

1 I \"
M3 = M;S (b(r—n —1 ) <b<r—1>> > 0.
Using the inequality (3:15) to (3.23)), we have

Y0 S Mg+ Mys Y b7E90)y ), (3.26)

n=n+1
for: e N,l, where
My, =2""M} >0, M;=2""M] >0.
Now, using (3:24) and Gronwall’s inequality we have the conclusion of the theorem. The proof for eventually negative solution
is similar. So, we omit it here. Thus, the theorem is proved. O
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4 | EXAMPLES

We conclude this paper with the following examples to illustrate our main results.

Example 1. Consider the equation

VI3 (VP (e (Vy(0) ) + (. y(1))
y(©)
11+ D1+ 2)et/?

Here we have z(1) = V3(e¥ (Vy()* ), n=4,x=0.75,c =1, =3,d0) = ¥, n(t)) = (1 — 1799, ¢(t) =

1 n 1 . 1 1 -1 1
A o) =A@ )= Y d73() = Z;e T e-D [1‘ <;> ] S de— 1

=2 =

(-1 ¢ +OWLyD), 1€N,. (4.1)
1

1(14+1)(142)et/2”’ and

Clearly, condition (i) holds. Let b = e and p = 2. Clearly, p(x — 1) + 1 > 0. Also, we have g = 2, and

q =L AP ) < 1 < o0,
Il;f @) [11 ] (e) < e(e—1)? I]z:;e *
implying that (3.I) holds.Considering ¢(1, ¥@)) = ©,()) [y(®)]*™" (1) and @@, y(1)) = O,() [y~ y(1) with 4 > y, ©,() =
0,(1) = (1 — 1), we see (ii) holds. To Check (3:2), we assume

1 1

1 0751 1 0751 209
(=1 +1) )l = (=1 +1) (=1
10.75) ; A )| T0.75) ; ! | ! |

1 l 0.75—1 209

_ F075 z:z(l — 1+ DO - )09
1=

_ V]—0.75(l _ l)ﬁ

— F(l - 09) (l _ 1)—0.9+0.75
I'(1 =09 +0.75)

_ '.1) (z—l)m
1'(0.85)

< 1°(0.1) lm
I'(0.85)

=T(0.1),

that is,

. 1 \ 075-1
Hm lr(ovs) 2 G=n+ P 1|e(’1)|] < oo.

n=1+1
Similarly, it is easy to verify that (3.3) holds. Therefore, all conditions of Theorem 3.1]are satisfied. Thus, every non-oscillatory
solution of (L.6) satisfies
lim sup 1|y¢ < 00. 4.2)
A eraw
Example 2. Consider the equation

V?f (V2 (z(z + l)eS’(Vu(l)))) + @@, y(1)
== 1D +2By0) + D y(), 1E€N,. (4.3)

Here we have z(1) = V2 (it + )™ (Vo()), ¢ = 1, x = 0.5,n = 3,d()) = 1+ 1)e*, e(r) = ¢ — 1)™75, and £(1) = /3.
Hence, condition (i) holds. Assuming b = e, 1; = 1,and 7 = 5, we find

i _e—51
o) |~
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Therefore, (3.23)) holds. Now, if we take p = 3/2 then we have ¢ = 3, and

[~ o

5, =S =S e

1=c+1 =2 =2

that is, (3:24) holds. Again if ¢, y(1)) = ©,(1) [y(®)|*™" ¥() and @, y(1)) = ©,) [y®)"™" y() with 4 > ¥, ©,() = ©,0) =
(1 — 1)7%7 then it is easy to verify that condition (ii) holds. To check (3:2) holds, we assume

1 v, 05T _
(0.5 ,1:21‘11(1 n DT ol =

1

D =n+ Do - DO

1
(0.5) =~

1 < 051 =075

=——>Y0—-y+ D" -1

T05) ; ! :
— VI—O.S(I _ 1)—0.75
- M(, — 1)7075+05

(1 —-0.75+0.5)

'(0.25) 025
- -

ro75" "V
L 1025 =55
= 10.75)
=T(0.25),

that is,
1

lim I'0.5) D =1+ D% eq)|| < oo

n=1+1
Similarly, it is easy to verify that (3.3)) holds. Therefore, all conditions of Theorem3.2]are satisfied. Thus, every non-oscillatory
solution of {@.3) is bounded.

S | CONCLUSION

In this work, we established some new sufficient conditions for the non-oscillatory solutions of forced nabla fractional difference
equations with positive and negative terms. The results are developed in sense of Caputo nabla fractional difference operator
and by the help of Young’s inequality as well as an equivalent representation in form of a Volterra-type summation equation.
The results improved some existing results in the literature. Furthermore, examples are provided to support and illustrate the
applicability of the obtained results.
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