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Abstract

We consider the inverse coefficient problem of simultaneously determining the space dependent electric potential, the zero-th
order coupling term and the first order coupling vector of a two-state Schrodinger equation in an infinite cylindrical domain
of R n, n[?]2, from finitely many partial boundary measurements of the solution. We prove that these n+3 unknown scalar

coefficients can be Holder stably retrieved by ( n+1)-times suitably changing the initial condition attached at the system.
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1. INTRODUCTION

This is the second of two papers dealing with the stability issue in the inverse problem of determining the electric
potential and the coupling coefficients of a two-state quantum system, from local Neumann data. Two-state systems
are the simplest of non-trivial quantum systems that occur in nature. Examples include the quantum bit, or qubit,
which is the basic unit of quantum information in quantum computing, i.e. the quantum version of the classical binary
bit. In a classical system a bit is one state or the other but in quantum mechanics the qubit can be in a superposition
of both states simultaneously. This feature is fundamental to quantum computing. Another well known example is the
spin of the electron, in which the two levels can be taken by spin-up and spin-down. The two state formalism is used
to describe simple mixing of states, which leads to quantum phenomena with tremendous industrial applications such
as maser or laser. It is made of Schrédinger equations bound together through a linear gradient coupling. When the
two quantum states are constrained to a bounded spatial domain, it was proved in [19] that the electric potential and
the coupling are stably determined by finitely many partial boundary observations of the system. In the present work
we aim for the same type of identification result when the quantum motion is no longer bounded but may escape to
infinity in one direction over the course of time.

1.1. Settings. Throughout this article, w is a bounded domain of R?~1 n > 2, with smooth boundary «y := Ow, and
Q:=w x R. ForT € R, we consider the following initial-boundary value problem (IBVP) with initial states u(jf

and non-homogenous Dirichlet boundary conditions g*, for the coupled Schrodinger equations in the unknowns u ™,

—i0ut — AuT +qtuT+ A - Vu +pu” =0 inQ:=Qx(0,7T)

(L) —i0u” —Au” +qum —A-VuT+put =0 inQ

ut(-,0) =ud, u=(-,0) = ugy in Q

ut =gt u" =g~ onY :=Tx (0,7),
where I' := v x R. Since I is unbounded, let us make the above boundary condition more precise. For all z € {2, we
write x = (2, x,,) where 2’ = (21,...,2,-1) € wand z,, € R, and using a standard density argument we extend the
mapping

Ce°(Rx (0,T), H*w)) — LARx(0,1),H?(w))

w — [(mn,t) eRx (0,T) — w(-,xn,t)H] ,
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to a bounded operator 7 acting from L2(R x (0,T), H2(w)) into L(R x (0,T), H?(v)). Then, for all u* €
L%(0,T, H?(£2)), the boundary condition in (1.1) reads you* = g*.

In the present paper we aim to stably retrieve the electric potentials ¢ : Q — R, the zero-th order coupling term
p : © — R and the first order coupling vector A : 2 — R™, by finitely many partial boundary measurements over
the entire time-span (0, T") of the solution u® to (1.1). In contrast with [19] where the spatial domain {2 is bounded,
here we consider an infinitely extended cylindrical domain and we address the problem of simultaneous identification
of non-compactly supported unknown coefficients p, g* and A. This requires a slightly different and technically more
demanding approach than the one implemented in [19].

1.2. Motivations. The dynamics of the two states u™ governed by (1.1) are bound together through linear gradient
coupling puT £+ A - VuT. We refer the reader to [24] and the references therein for the relevance of these processes in
physics. Gradient coupling appears also naturally in quantum fields theory (see [2, 25]) or quantum cosmology (see
[9, 14]), and it is sometimes a first-order approximation of nonlinear coupling (see [28]).

Quantum wires are extremely narrow cylindrical structures which have a length-to-diameter ratio up to 10%. Exam-
ples include carbon nanotubes, which are made of carbon a with diameter typically measured in nanometers. These
structures are commonly modeled by infinite three-dimensional cylindrical domains such as €2, in which electrons are
essentially free to move in one direction. Quantum wires exhibit valuable physical properties for electronics, optics
and other fields of materials science and technology, see e.g., [1], and for this reason they have attracted a lot of
attention from the scientific community.

The IBVP (1.1) can be interpreted as the time-evolution of the spin of a spin-% particle such as an electron (whose
spin can have values +2 where f is the reduced Planck constant) confined in a carbon nanotube, see e.g., [13, 16].
Notice that for the sake of notational simplicity, the various physical constants such as 7, the charge and the mass of
the electron, are all taken equal to one in (1.1).

1.3. Bibliography. The mathematical literature devoted to inverse coefficient problems for the dynamic Schrodinger
equation is so extensive that this presentation is not intended to be exhaustive, but we can mention [4, 5, 7, 8, 22]
where zero-th or/and first order unknown coefficients of the Schrodinger equation are determined by the Dirichlet-
to-Neumann map. These articles assume knowledge of infinitely many boundary data, but in [3, 27] the real-valued
electric potential is stably retrieved by one partial lateral observation of the solution. This result was extended to
complex-valued electric potentials in [17]. The boundary measurement in [3, 17, 27] is taken on a subpart of the
boundary fulfilling a geometric condition related to geometric optics condition insuring observability. This condi-
tion was relaxed to arbitrarily small sub-boundaries in [5], provided the potential is known in the vicinity of the
boundary. The inverse problem of determining the magnetic vector potential of the autonomous Schrédinger equation
is addressed in [17]. The same problem for the space-varying part of the magnetic potential appearing in a non-
autonomous Schrodinger equation is treated in [12]. In both cases, the n-th dimensional unknown magnetic vector
potential, n > 1, is retrieved from n partial Neumann data obtained by n-times suitably selecting the initial condition
attached at the magnetic Schrédinger equation.

The strategy of [3, 12, 17, 27] relies on a Carleman inequality specifically designed for the Schrodinger equation,
see [17, 26, 27] for actual examples of such weighted energy estimates. The idea of using a Carleman estimate for
solving inverse problems goes back to 1981 and was introduced by A. L. Bukhgeim and M. V. Klibanov in their seminal
article [11]. Since then, the Bukhgeim-Klibanov approach has been successfully applied to parabolic, hyperbolic and
Schrodinger systems and even to coupled systems of partial differential equations. We refer the reader to [18] and
references therein, for a complete survey of multidimensional inverse problems solved by the Bukhgeim-Klibanov
method.

In all the aforementioned papers, the Schrodinger equation under study is posed in a bounded spatial domain. The
inverse problem of determining the electric potential of the Schrédinger equation stated in an infinite waveguide is
examined in [6, 21]. This is achieved by mean of a specifically designed Carleman estimate for the Schrodinger
equation in an unbounded cylindrical domain, which is established in [20]. All the articles listed above are concerned
with the "one state" Schrodinger equation. In [23], assuming that the gradient coupling vector is known, the authors
show that the zero-th order coupling term of a two state magnetic Schrodinger equation is uniquely determined by one
partial Neumann data. Recently in [29], the electric potential of a strongly coupled Schrodinger equations in a bounded
spatial domain was Lipschitz stably retrieved by one partial (internal or boundary) measurement of the solution to the
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system. In [19], the zero-th and first order coefficients of the coupling are Lispchitz stably recovered by finitely many
partial boundary observations of the solution. The coupled Schrédinger equations under study in [19, 23, 29] are posed
on a bounded spatial domain. In the present paper, we aim to extend the result of [19] to the case of an unbounded
waveguide.

1.4. Notations. Throughout this text = (1, ..., z,,) is a generic point of { that is sometimes written x = (2, z,,)
where ' = (z1,- -+ ,2,—1) € W is the variable of the transverse section of ) and z,, € R is the longitudinal variable.
For all z = (2/,z,,) € T, the outward unit normal v to T reads v(z) = v(z2') = (v/(2'),0)T, where v/ (2') € R* ! is
the outgoing normal vector to «y at 2’ and a” denotes the transpose of the row vector a.

Forall: = 1,...,n we set §; := a%i in such a way that V := (9y,...,0,)T (resp., V' := (01,...,0,_1)T) is
the gradient operator with respect to = (21, ...,z ) (resp., 2’ = (21, ..., 2Z,—1)). Similarly, we write 9; = %. For
the sake of shortness we write 3%, i,7 =1,...,n, instead of 9;0; and as usual we denote by A the Laplace operator
0? + ...+ 02. Next, for any multi-index k = (k1,...,k,) € Nj, where Ng := {0} UN, we put |k| := k1 +... + ky,
and % = 9F .. 9.

Further, the symbol - denotes the scalar product in C™, m € N, and we set || := 1/C - ¢ forall { € C™. We simply
write V- for the divergence operator in R” and we set d,u := Vu-v =V’ -1/,

Finally, for all » > 0 and s > 0, we introduce H™*(X) := L?(0,7; H"(T)) N H*(0,T; L*(T")) where H*(T')

denotes the usual Sobolev space on I' of order s.

1.5. Main results. Prior to investigating the inverse problem under study in this article, we examine the well-
posedness issue for the forward problem associated with (1.1). For this purpose we introduce the Hamiltonian operator
acting on (C§°(Q))?,

—-A+q" A-V+p
—A-V+p —-A+q
and state the following existence, uniqueness and regularity result for the solution to the IBVP (1.1).
Proposition 1.1. Let m € N and assume that ~ is C>("+1), Let A € W?MFLo0(Q,R™) N C2m=1(Q, R") be such
that V- A = 0 a.e. in ), let p € W2m+12(Q R)NC2m=D(Q,R) and let ¢* € W+ (Q R)NC?m~1(Q,R)
satisfy

H(A,p,qF) ==

HAHW2m+1v°°(Q) + ||p||W2m+1«°°(Q) + “q+"w27n+l,oo(gz) + Hq_HW2”L+1100(52) <M,

for some a priori fixed positive constant M. Then, for all g = (g*,¢g7)T € H>MFHT/ODm+T/4(5)2 and all ug =
(ugd,ug)T € H*™+3(Q)? fulfilling the following compatibility conditions
(1.2) lg(-,0) = (=) H(A,p, ¢ ) ugonT, £=0,--- ,m,
the IBVP (1.1) admits a unique solution v = (u*,u™)T € NJ“E H™H1=4(0,T; H*(2)?). Moreover; there exists a
positive constant C, depending only on w, T and M such that

m—+1
(1.3) Z [ull grmsr-e (o 1, 20 )2y < € <||u0||H2""+3(Q)2 + ||9||Hz<m+7/4>sm+7/4(2)2) :

£=0

Notice that the divergence-free condition on A requested by Proposition 1.1 is to guarantee that H(A, p, ¢*) en-
dowed with homogeneous Dirichlet boundary condition on T, has a self-adjoint realization H (A, p, ¢%) in L?(Q)?,
see [19, Lemma 2.1]. As a consequence the operator —iH (A, p, ¢*) is m-dissipative in L?(£2)2, and since the IBVP
(1.1) is equivalently rewritten as

—i0pu +H(A,p,¢)u=0 inQ
u(+,0) = ug inQ
u=g on X,

the statement of Proposition 1.1 follows by arguing in the same way as in the proof of [19, Lemma 2.3].
We point out that the regularity assumptions on the coefficients A, p and ¢, the initial states uojE and the boundary
conditions g*, in Proposition 1.1, are only sufficient conditions ensuring a higher order of regularity of the solution
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u* to (1.1), as requested by the analysis of the inverse problem under study in this article. As a matter of fact the
Bukhgeim-Klibanov method requires d;u* and 9; Vu™ to be bounded in @, which can be achieved upon taking m in
Proposition 1.1, sufficiently large relative to n. Namely, we choose

2 2
n —+ +17n?4|—

pick M, , o, a, p and q in Ry, and for 49 € W2N*heo(Q R™) N C2N=D(Q,R"), pg € W2N+12(Q R) N
C2(N=1(Q,R) and ¢ € W2N+1Lo(Q R) N C2(N-1(Q, R), we introduce the set of unknown electric potentials as

(1.5) Pp(po) = {pe;mﬂN+“”gLRywcﬂN*U@1R)sL|@HWHHme)§AL

(1.4) NeNm( +2/,

OFp=0FpoonT, k=0,...,2(N —1)and |(p — po)(-, zn)| < pe™=° 2, € R} ,
the set of unknown zero-th order coupling coefficients as P, (q(jf) and the set of unknown first order coupling vectors

as

u@%M@::{AeWMHWMRﬂﬂﬁW”WﬂmMWMMMHMWSALVA:MML
aﬁ4:iﬁAoonF,%|:O,.W2UVAJ)mm|L4f/Mng0|§a€w@“w,LIGR}.

Here, the notation ¥ for |[k| = m € Ny is a shorthand for 9" ... 9% where k = (ki,...,k,) € NZ satisfies
k| =Fki+...+ Kk, =m.

Then, the main result of this article can be stated as follows.

Theorem 1.2. Assume that  is C2N+V. For j = 1,2, let A; € Aq(Ap) satisfy
(1.7) Jys € Ry, a1 n(2/,20) = agn (@, x0), ¥’ € w, Ty € (—ys, Yu),
let pj € Py(po) and let qj[ € Pq(qi).

Then, there exist a sub-boundary . C Ow and a set of n + 1 initial states uf = (ua“k, ua’k)T € H*N+3(Q)?
and boundary conditions g* = (g%, g=*)T € H>WN+T/AN+T/4($)2 k= 1,...,n + 1, fulfilling the compatibility
conditions
(1.8) 95" (-,0) = (—i)"H (Ao, po. g5 ) ul on T, £=0,--- , N,
such that for all 0 € (0, %) the following estimate

(1.9 A1 — A2||2L2(Q) + [Ip1 *p2||2L2(Q) + |laf - q;erm(Q) + |lar — QQ_||2L2(Q)
n+1 0
< o> ] )

holds for some positive constant C depending only on w, T, v*, M, y., 6, K, o, a, p, q and (uoi’k,givk), k =

1,...,n+ 1. Here, ¥, := 7. x R x (0,T) and uf = (uf’k,u;’k)T, for j = 1,2, is the solution to (1.1) given by

j
Proposition 1.1, where (A;, p;, qj»[, u(jf’k, g**) is substituted for (A, p, q*, u(jf, g7%).

0
&Iﬁtu?k B 61,8tu2_’kHL2(2 )

|

@@%ﬁ—@@@ﬂ

1.6. Brief comments. Theorem 1.2 claims that n + 1 Neumann data stably determine n + 2 unknown scalar coeffi-
cients (strictly speaking there are n 4 3 unknown scalar coefficients in the inverse problem that Theorem 1.2 is dealing
with, but since the n components of the gradient coupling vector are bound together through the divergence free con-
dition, they only amount for n — 1 free unknown scalar coefficients). This may seem surprising from the viewpoint
of the analysis of inverse problems, but it should be noticed that Assumption (1.7) implies full knowledge of the n-th
component of A on a bounded subpart of €.

The statement and the strategy of the proof of Theorem 1.2 are very similar to the ones of [19, Theorem 1.2], which
holds for a bounded spatial domain 2. Nevertheless, there are two major differences in the derivation of Theorem 1.2
as compared to the one of [19, Theorem 1.2]. Firstly, the Carleman estimate that is used in Section 3 below is designed
for a Schrodinger equation in an unbounded cylindrical domain, and it is slightly different from the one used in [19],
which is specific to the Schrodinger equation in a bounded domain. Secondly, the construction of the initial states g
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used for probing the system in the analysis of the inverse problem under examination in this article, is more delicate
than in [19]. This is due to the fact that it is technically more challenging to design a suitable set of L?({2)-initial
states ug when the domain (2 is infinitely extended, than in the case where (2 is bounded. As can be seen from Section
3, this L?-condition will be satisfied by introducing an additional decay with respect to the infinite direction of the
waveguide.

1.7. Outline. The paper is designed as follows: In the following section we collect several technical results needed
for the proof of Theorem 1.2, which is given in Section 3.

2. PRELIMINARIES

We first establish that the solution to (1.1) is bounded in Q.
2.1. Boundedness of the solution. The result we have in mind is as follows.

Lemma 2.1. Assume that conditions of Proposition 1.1 are satisfied with m = N, where N is the same as in (1.4).
Then, the solution u to (1.1) lies in W1 (0, T; W°°(Q)?) and satisfies

HU'HWLOC(O’T;WLOO(Q)Z’) S C,

for some positive constant C depending only on w, T, M, ug and g.

Proof. We have u € H?(0,T, H*N=1(Q)?) by Proposition 1.1, with 2(N — 1) > 2 + 1 from (1.4). Since H* (1)
is continuously embedded in L°°(€2) for all £ > %, according to [21, Lemma 2.7] (which extends the corresponding
well-known Sobolev embedding theorem in R", see e.g. [10, Corollary IX.13] or [15, Section 5.10, Problem 18], to
the case of the unbounded cylindrical domain €2), the result follows from this and (1.3). (Il

2.2. Global Carleman estimate for the Schrodinger equation in w x R. For further use we introduce a global
Carleman estimate specifically designed for the Schrodinger equation in the unbounded cylindrical domain €2, which
is borrowed from [20, Proposition 3.3 and Lemma 4.2].

For this purpose we pick a function o € C*4(w, R ) and an open subset 7, C Ow satisfying the following condi-
tions:

Assumption 2.2.

(i) Jc e Ry s.t. |[V'a(z)| > cforall ¥’ € w.

(ii) V&' € v\ vs, Opa(z’) = V'a(z') -V (2') < 0.
(iii) 3Xo € R4, e € Ry 5.1

MV'a(a’) - ¢|* + D2a(a',¢) > c|¢f*, (e R"™! &/ €w, A > X,

where D?*a(z') = (8%0((30’)) \<ig<n_1 and D?a(x’, ) denotes the R"~-scalar product of D*a/(z")¢ with (.

We point out that there exist o and +, fulfilling the above conditions (i), (ii) and (iii). As a matter of fact, for
all zj, € R"~! \ @ fixed, this is the case of the function (') = |2’ — x)|* and any open subset ~, C 7 such that
{2/ €~; (& —xp) - v(z') >0} C .

Next, putting K := 7 [|a[| . () for some 7 € (1, +00), we set

(2.10) B(z) :i=al@)+ K, = (2',2,) € Q,
and we introduce the following weight functions on Q := Q x (=T, T):

e2B(x) 2K _ oB(x) ~
(211) @(m,t) = m and n(m,t) = m, ($7t) c Q

Let us notice for further use that
(2.12) n(z,t) > no(z) >0, (x,t) € Q,

where 19 (z) := 7(0, z) for all x € . This being said, we may now state the global Carleman estimate established in
[20, Proposition 3.3 and Lemma 4.2].
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Proposition 2.3. Suppose that « and ~y, fulfill Assumption 2.2. Let B be as in (2.10) and let ¢ and 1 be defined by
(2.11). Then, there exist two constants sg > 0 and C > 0, depending only on T, w and ., such that the estimate

5T lem Y wla gy + 572 e Ml gy + llem 0w 0) [

2
—3/2 —sn,.1/2 3 H —sn 2 ~
< Cs <5He ©'%10,8|% O,w a5 + He Lw||L2(Q)
holds whenever s > sq and w € L*(=T,T; H}(Q)) satisfies Lw € L*(Q) and d,w € L*(%,). Here, ¥, :=
(=T, T)xTyandT, := v, xR

Armed with Proposition 2.3, we turn now to proving the main result of this article.

3. PROOF OF THEOREM 1.2

3.1. Linearization, time-differentiation and all that. We start by linearizing the system (1.1). For this purpose

we consider the two solutions u; = (u;,u;)", j = 1,2, to the IBVP (1.1) where (Aj,pj,jS) is substituted for

(A,p, qF). Then, u* := uF¥ — u3 solves

—idwut — Aut 4 qfut = —A; -VuT — A-Vuy, —qtui —piuT —pu; inQ
—i0u~ — AuT +qiuT = Ay -Vut + A-Vul —quy —prut —puy  inQ
ut(-,0) =0, u=(-,0) =0 in Q

ut =0, u” =0 onX,

(3.13)

where A := A; — As, p := p1 — po and ¢ = qf — qu. Further, u™ lies in H2(0,7T; L%(Q)) N H'(0,T; H*(Q) N
H{(€2)), we differentiate (3.13) with respect to the time-variable and find that

—i0wt — Avt +gfvt = —A; Vo~ — A-Vou, — qtOug —piv- —pduy,  inQ
—i0w™ — AvT +qivT = Ay - Vot + A-Voud — ¢ Oy — pivt —pdug  inQ

vt (-,0) = —i(A-Vug +qtud + puy) in
v (+,0) = —i(—=A- Vud +q uy + pug) in
v =0,v"=0 onYx,

where v= := 9,u®. The next step is to extend ui to Q = Q x (=T, T) by setting ui (z,t) := uj (z, —t) for a.e.

(z,t) € Q x (—=T,0). Since ua:, A, p and ¢F are-real valued, it is not hard to see that the function v®, extended to
Q x (=T,0) as vF(z,t) := —vE(z, —t), satisfies

(3.14)

—iopwt — Avt + g vt = —A; - Vo — A-Vouy — qtOug — prvT — pduy  in Q

—i0w™ — Av +q v = Ay - Vot + A-Voug — ¢ Oy — prvt — poug inQ

vt (-,0) = —i(A- Vug +qtud +puy) in
v (+,0) = —i(—A- Vud +q uy + pug) in
vt =0,v" =0 onY:=T x (=T,T).

2
Put u* = He_s"0<p1/2 |8,,6|1/2 8yviH - Then, applying Proposition 2.3 to (3.14), we get for all s > s that
L *

(3.15) s~ 1/2 He—snv/@iHiQ(Q) + g 1/2 He—snviHQLQ(Q) + Heism”i('»o)uiag)

< O (S“i + [le™ (241 - VoF £ A Vo] + =0y + proT + poyug) ||2La(Q)) ’
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for some positive constant C' depending only on w, T" and ... Taking into account that || A1 || ; o @ <

Lo () <
M, and that the two functions 0; u2jE and Vﬁtuf are bounded on Q by some positive constant depending only on w,
T, M, ug and g according to Lemma 2.1, (2.12) and (3.15) then yield that

_1/2H =Ny iHL?(Q)+5_1/2H€_s%i”m )_|_ He—snovzl: HL2(Q)

—3/2 — —sn, T — —sno |2 — 2

< Cs (S/‘ +[le™ " VaroT HLZ(Q) +[lemm HL2(Q) + [l UAHLz(Q)“ +|le™™q HL?(Q) +|le mopHLZ(Q)) ;
provided s > sg. Here and in the remaining part of this proof, C' denotes a generic positive constant which may change
from line to line. Although the constant C' depends only on w, T', 7., M, ug and g in the above estimate, in the sequel
it might also depend on one or several of the parameters n, y., , 0, a, p, q and 6 of the problem, as well. Nevertheless,

we shall not systematically specify the dependence of C' with respect to the above mentioned parameters.
As a consequence we have

s (=05 (Il Gagy + e e ) + Z le= ™0 0)|| 2
==
< Cs: (||€7SWOAH2L2(Q)n + ||eisn0pHiQ(Q) T ||€75noq+||L2(Q) + Hefsnoqfnm(ﬂ) +s (ph + /f)> ’
provided s > sg. Thus, taking s; := max(sg, 2C) in the above estimate, we infer from (3.14) that

(.16) [l (g7 ug + A Vug +pug )| + [l (a7ug — A= Vug +pug)|[7aq,

< Cs73 (’|6_5n0‘4H12(9)n + He_snopuiz(g) + He_snqurHLZ(Q) + [ Oq_HL2(Q) +s (' + M_)) ’

whenever s > s7.
The rest of the proof is to adequately choose 7 + 1 initial states uf := (ug” i s Ug ’k)T, k=1,...,n+1,in order
to estimate each of the four unknown functions A, p and ¢ separately, in terms of the corresponding boundary data

2
Nki = Hefsnosolﬂ |3VB|1/2 5‘,,vi’kH 25y where v is the solution to (3.14) with Uo = ua—L -
L2(S,

3.2. Building n + 1 suitable initial data. We proceed in two steps.

Step 1: Estimation of p, ¢* and a,. We pick € € (0,1), put ud (z',x,) = 0, uy " (¢, 2,) = <xn>*% for all

(', 2,) € Q and take uf = uﬂE Yin (3.16). For all s > s, we get that

s _lte _5te
He o (2<xn> Tp—(1+e)w,) 2 xnan) L2

< COs73 (He—ﬁn AHLZ(Q nt He_anpHLZ(Q + [l +HL2 @ T le™*mq™ HL2 @ T s(u™h 4+ u” 1)) ;

which entails that

‘ 2

ey

L2(Q)

2

1+te _‘

(3.17) “e_s”0<mn>_ g

L2(@)
< COs73 (He_snoAHi%Q)n + He_snOpHQH(Q) + He_sanJrHi?(Q) + He_snoq_H2L2(Q) +s(pth+ M_’l))
and

(3.18) He—sno (2<xn>_%p— (1+e)<xn>_%xnan) ’

L2()
< Cs3 (He’”’”AHZ(Qn+||6’S”“p||ia<m+HB’S”“q*HZLQ e g | }2 0 +S(u+’1+uf’1))-

Doing the same with uZ = uoi 2= =ud ", !, we obtain for all s > s, that

14e

(3.19) ”e_sn‘)(xn}_ ol ‘

L2(Q)

< 05 (el + 10y + 0 gy + 0 ey + 5 (2 7))
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and

(3.20) He—sno (2<xn>_%p+ (1+ e)<$n>_%xnan) ’

L2(e)
< Cs7: (He_snoAH;(Q)n + He_s’mpﬂiz(m + He_sno(ﬁ”i%m + He_snoq_Hiz(Q) +s (2 + M_’2)> :

2
Since 8 He—sno (xn>_%p‘

is upper-bounded by the sum of He—sno (2(xn> 4 (14 e)(m,) 2 xnan)

2
L2(Q) L2(Q)

and He—sno <2<xn>_%p -1+ 6)<a:n>_%xnan>

2
‘ , it follows from (3.18) and (3.20) that
L2(Q)

2

321 H =m0 ()4 ’
(20 [lem @n) == P 2 g

2

< Cs™3 (He_snuAHZ(Q)" + H‘Z_S"“I?Hiz(m + He_snoq-'—H;(Q) + He_smq_Hiz(Q) + SZ (/‘—H + ,u_’i)> )
i=1

’2

whenever s > s;. Similarly, upon estimating He*SWO (2(1:")7%]) +(1+ e)(:z:nf%xnan) ‘@)
L

from below by

2 2
the difference (£ He—sno e oy~ He—sno R pHLz(Q), we get from (3.20)-(3.21) that
54 2
(3.22) Hefsno (a:nf%xnan
12(0)

2
< Os3 <||€SU0AH2L?(Q)” + ||eisnop|’i2(9) + Heisno‘ﬁ”i?(ﬂ) + Heisnoqini%m + SZ (" + P"i)> )
i=1

for all s > s;. Bearing in mind that |x,a,| > Y« |ay| in ©, by virtue of the assumption (1.7), it follows from (3.22)
that

5+e 2

(3.23) He*”o ()~ Fay,

12(0)
2
< 05 (He_snuAHiz(sz)n + He‘S%pHiz(m T He_s%quHiz(Q) T He_sm’q_“;(sz) + SZ (n"+ lf’i)> ;

provided we have s > s;.

Step 2: Estimation of the n — 1 first components a;, j = 1,...,n —1, of A. Forallk = 1,--- ,n—1landall x =
(x1,...,2,) € Q, we put u(jf’k“(m) i= ap(z,) " 2, substitute ugt’k'” for uF in (1.1) and then apply Proposition
2.3 to (3.14). We get for all s > s; that
2 2
- — k42 —k+2 +,k+2 - +,k+2 +k+2 | — k42
e A | O e R | oS

< Cs (HefsnoAHi?(Q)n + HG*S"‘)PH;(Q) + Heisnoqwiz(ﬂ) + Heisno‘fHQH(Q) +s (phE? /f’kﬁ)) .

. 2 JAava]krE? 2 .
Since ’puojF’kJr2 +A- VU(T’IHQ + qiug’kﬂ’ > % — ‘jvu(jf’k+2 + qiug’k+2 , this entails that
k2|2 — kt2|?
G24)|em A Tudt | e A Vug |
L2 (Q) L2 ()

< COs732 (HeisnoAH;(Q)n + HeisnopH;(Q) + Heisnoqﬂ}i?(m + Heisnoqinzm(g) sttt /‘7’k+2)>

2
_ 2 — o kt2 _ — k42 2
Hlemom (o2 g =) [ )+ e (e a2

2

+
L2(Q) L2(Q)
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2 2
Moreover, ’6_5770 (pu(j)[”“r2 + q”Fu(T’k”)‘ ) He‘snoxk(xnf# (p+ qx)HLQ(Q) being upper-bounded by
14€ 2 1+4e€ 2
2wl (He—sno<xn>_ ) p‘ . He—sno<xn>_ + qu‘ Lz(m),(&m, (3.19), (3.21) and (3.24) then yield
—s +,k+2 2 —s —,k+2 2
e "MA . Vuy’ ‘ +|le A Vuy” ‘
L3 (Q) L2 ()

_ —s 2 _s 2 —g 2 _s _n2
< OsT2 (He 770A||1:2(§z)n+“e 170p||L2(Q)+He 770‘1+HL2(Q)'~'||6 "q HL2(Q)

2
ts (Z (u* )+ 2 u”“”)) , 5> 51,

=1

2

2 . 2 2 e
From this, (3.22) and the estimates ‘A.Vuét’k”‘ > % ‘(mnfl? ak‘ - % (m@‘%xkxnan and
He—sno (20) 2 Tpnan < |w| He—sno (20) ™2 Tpan , it then follows that
L2(Q) 2(Q)
1+e 2
—smo _
e T 2 q
H {zn) k’ L2(Q)

_ —s 2 _s 2 —s 2 _s 12
< Os72 (He "0A||L2(Q)n+“e n0p||L2(Q)+He 770‘1+HL2(Q)'~'H6 "q HL2(Q)

2
+s (Z () + 2 u”“”)) , 8> 51,

i=1
Summing up the above inequality over K = 1,...,n — 1 and remembering (3.23), we obtain
5+e 2
(3.25) He—sno ()~ A‘
L2(Q)"

< O ([l Al g + e Bl ay + e oy + e 0 |72y + 56)

for s > s1, where £ := Z?:ll (M+,i 4 /f’i)~

3.3. End of the proof. For all y > 0 we have

(3.26) (<y>7(5+6) - 057%) (||€7WUAH2L2(Q)n + HeisWOPHZL?(Qy) + ||€75n0‘1+||i2(9y) + Hefsnoqfnimzy))

Cs™3 (He_snoAHiz(Q\Q)n + He_SnOpH;(Q\Qy) + |‘€_Snoq+|‘iz(n\ﬂy) + He_snoq_HiQ(Q\Qy) + 55) ’

IN

IN

Cs™3 (||A||iz(sz\sz)n + ||p||i2(sz\szy) + Hq+||iZ(Q\Qy) + Hq_Hiz(Q\Qy) + Sg) 82 51,

2(5+¢)

by (3.17), (3.19), (3.21) and (3.25), where €2, := w x (—y,y). Notice that in the last line of (3.26), we used that
3
7o is non-negative in 2. Moreover, for all y > y; := ((20)*%51) ™9 We have Sy 1= (20)3(y) "2~ > s; and

205;% < (y)~(>+9). Therefore, applying (3.26) with s = s, and using that o (z) < e;—;{ for all z € 2, we obtain
that

2(54¢€)

(327) 00, < C (Oaya, + ) 5 7¢) y2u,
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where we set O x 1= ||A||37X + ||pH(2),X + ||q+||§7X + ||q*||37X for any subset X C €. Next, using that p; € Py (po)
for j = 1,2, we infer from (1.5) upon writing |[p[| ;2o\, < 212 1P — p0||L2(Q\Qy), that

(3.28) Ipl72ne,) < 49 e 2en)® da! di,,
Q\Q,
< 4p? |l e ) g,
|$n|>y
<

4p? |w| (/ e_5<x”>gdxn> e~ R0 5 e (0,20).
R
Similarly, since q;fL € Py(q7) and A; € Aq(Ay) for j = 1,2, we obtain
(3.29) O\, < Ce PF=0W* 5 € (0,20),
from (1.6) and (3.28), where C' = 4 |w| (a® + p? + 2¢?) [ e~%@=)*da,,. Tt follows from this and (3.27) that

2(5+4¢)

(3.30) O, < C (700 4 () 55}y > 1, 6 € (0,20)

Put & := e~ (279 {¥1)° We shall examine the two cases & € (0,&;] and € € (&3, +00) separately. Let us start with

2 2
€ (0,&1]). In this case, we pick y € |y1, +00) so large that e™ =~ =& e,y = — s — . Thus,
¢ € (0,&4]. In thi pick y € [y1, +00) s0 large that e~ =)W = ¢ je. y (( ey 1) Th

with reference to (3.29)-(3.30) we get forall £ € (0,&:1] that ©g\q, < 05%726529 and that O < C ( %726 +Ch (0)) £20,
2(5+¢)
where C1 (0) := SUP¢e(0,6,] £1-20 (%) B < oo from the assumption ¢ > 0. As a consequence we have

(3.31) Oa < C (2672 +C1(0)) €7, € € (0,41,

and the desired result follows. Now, when £ € (&1, +00), we infer from (1.5) upon majorizing Hp||2LQ(Q) by

25 o2 105 = Poll g2y that [pl7aiq) < 4p° ] (Jp e ) da,) €,°€*. Doing the same with ¢* and 4,
with the aid of, respectively, (1.5) and (1.6), we find that O < C;(0)£2%, where the notation C(6) stands for the

constant 4 (a? + p2 + 2q?) |w| ([ e~ 2(#*da,,) &2, This, (3.31) and the estimates pif < C [0y v
allk=1,...,n+ 1,yield (1.9), which completes the proof of Theorem 1.2.

2
i7k||L2(fl*) for
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