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Abstract

a) | k (w)][?] 0isa piecewise continuous and bounded function in R = (- [?] , [?] ) . The coefficients b (w ) and q ( w
) are continuous functions in R and can be unbounded at infinity. The operator L admits closure in the space L 2 ( ©Q ) and
the closure is also denoted by L. Taking into consideration certain constraints on the coefficients b (w ) q ( w ) , apart from
the above-mentioned conditions, the existence of a bounded inverse operator is proved in this paper; a condition guaranteeing
compactness of the resolvent kernel is found; and we also obtained two-sided estimates for singular numbers ( s-numbers). Here
we note that the estimate of singular numbers ( s-numbers) shows the rate of approximation of the resolvent of the operator L
by linear finite-dimensional operators. It is given an example of how the obtained estimates for the s-numbers enable to identify
the estimates for the eigenvalues of the operator L. We note that the above results are apparently obtained for the first time for

a mixed-type operator in the case of an unbounded domain with rapidly oscillating and greatly growing coefficients at infinity.
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1 | INTRODUCTION. STATEMENT OF RESULTS

Consider the differential operator
(L+pDu=k(y)uy —u,, +b)u,+qy)u+ pu, (1

which is initially defined with CS° (ﬁ) where @ = ((x,)): —T<x <7, —o0<y<oo), C is a set of infinitely
differentiable functions with compact support with respect to the variable y and satisfying the conditions:

U =z, y=uP (@@, y) i=0, 1

Regarding the coefficients b (y) and g (y), they are presumed as continuous functions.

In the sequel, it is assumed that the coefficients k (y), b (¥), g (¥) satisfy the conditions:

a) |k ()| = 0 is a piecewise continuous, bounded function in R = (-0, 00);

Db =6,>0, g(y) =6 > 0 are continuous functions in R.

It is worth noting that functions b (y) and g (y) can be unbounded at infinity.

It is easily ascertainable that, depending on the signs of taken functions & () in R, this operator L pertains to different types.
In this regard, it is to be recalled that the mixed type elliptic-hyperbolic operators with parabolic degeneration are differential
operators, that either belongs to the elliptic type as one part of the considered domain or pertains to the hyperbolic type in the
other part of the domain. These parts are separated by a line of transition on which the operator degenerates into the parabolic
type [1-2]12.

In the case of a bounded domain, depending on the boundary conditions and the geometry of the domain, the spectral
properties of operators of mixed type were studied in [3-11]34R078900L apq the papers cited there.

However, in applications one often has to deal with such cases when a mixed type operator is given in an unbounded domain
with rapidly oscillating and greatly growing coefficients at infinity.

For example, an operator of the form

Lu = sine'y__ — uy, + eloolyngc +e' %My y e D(L)

XX

where —oco < y < 00, —00 < x < 0.

Here you can see that the function k (y) = sine'°l’! oscillates rapidly at infinity when |y| — oo and the operator often
changes its type. Hence it follows that at the points where the operator changes its type, the condition of uniform ellipticity and
hyperbolicity is violated. Thus, functions from the domain of the operator do not preserve their smoothness. Consequently, in this
case, various difficulties arise associated with the behavior of functions from the domain of the operator, and these difficulties,
in turn, affect the spectral characteristics of the operator of mixed type. It should also be noted here that the estimates of the
eigenvalues are influenced by the growth and oscillation of the coefficients b () and g (y) of the operator (T).

In this paper, we are interested in the following questions for the mixed type operator (I) with rapidly oscillating and greatly
growing coefficients:

- the existence of the resolvent;

- the existence of the estimate

Gyt = |, + 16D uclly + lla D ally < € (Lull, + ful,) @)

for all u € D (L), where D (L) is the domain of the operator L, || - ||, is the norm in L, (€2), ¢ > 0 is a constant;

- singular numbers (s-numbers) estimates;

- eigenvalues estimates.

It is not difficult to verify that under condition a) and /) the operator L + y I admits closure and the closure is also denoted
by L+ul,u>0.

Following the works [12-13]1213] we introduce the following definition.
Definition 1.1. We say that the operator L of mixed type is separable if estimate (2)) holds for all u € D (L).

Here are the formulations of the main results.

This work was supported by grants AP08856339 and AP08855802 of the Ministry of Education and Science of the Republic of Kazakhstan.
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Theorem 1.1. Let the conditions a) and i) be fulfilled. Then the operator L + y I is continuously invertible in the space L, (€2)
for 4 > 0 and the equality

uGey)=L+uD f= Y (L,+ul)” £, ™, 3)
holds, where f (x,y) € L, (Q), f (x,y) = Yoo [, (- €™, f,(3) =< f(x,y), e™ >, i* = -1, < -, - > is the scalar

product in L, (Q),
(Li+uI)u=—u"(y)+ (-n"k(y) + inb(y) + q(y) + u) u(y), u € D(l,)
D(l,) is the domains of the operators [, , n = 0, +1,+2, ....

Suppose that the coefficients b (), g (), in addition to conditions a)-i), satisfy the conditions

i, b
ii) gy = sup % <0o0; py = Ssup % <
ly—rl<1 ly—t|<1 7

iii) g (y) < Cy - b* (), for y € R, C, > 0is a constant.

>

Theorem 1.2. Let the conditions a) and i) — iii) be fulfilled. Then the operator L + u I is separable for ¢ > 0.
Theorem 1.3. Let the conditions a) and i) — iii) be fulfilled. Then the resolvent of the operator L is compact if and only if

lim q (y) = .
[yl—>o0

Definition 1.2.14 Let A be a linear completely continuous operator and let |A| = \/ A* - A, where A* is the adjoint operator to
A. The eigenvalues of the operator |A| are called s-numbers of the operator A.
The nonzero s-numbers of the operator (L + u I)~' be numbered according to decreasing magnitude and observing their

multiplicities, so that'4
1

sc(L+uD' =2, [((L+/4 DY (L+u 1)—‘]5, k=1,2,..

We introduce the counting function N (1) = Y, 1 of those s, greater than 4 > 0.

sp>A

Theorem 1.4. Let the conditions of Theorem [I.3]be satisfied. Then the estimate

¢! 2 275 mes (yeER: Q<A )< NW<ec Z A 'mes (yER : K,(3) <ci™t)
holds for N (4), where Q, (y) = |(k(») + &)n* +inb(y) + c(V)|, K, (») = [n- b(») | + q(»)u, € > 0is such a number that the
inequality k (¥) + € > g, > 0 holds.

Example 1. Consider the operator

100 |y| 100 |y|

(L+,uI)u=sine10|y|uxx—uyy+e u,+e u+pu,

ue D(L),u >0.

It is easy to verify that all conditions of Theorems|[I.T|and [I.2]are satisfied. Therefore, the operator L + y I is continuously
invertible in L, (€2) and separable, i.e. the estimate

”sinemly| U, — uyy”2 + ”emmy| ux”2 + ”el()0|y| u” < c (I1Lully + llully) »

holds, where ¢ > 0 is a constant, || - ||, is the norm in L, (£2).
Example 2. Now, we show how we can use Theorem|[I.4]to find estimates for the eigenvalues. As an example, for simplicity of
computation, consider the operator

(L+puDu= sinelolyluxx —uy, + (¥ + Du, +(yl+ Du+ pu,
ueD(L),u >0.
Theorem [I.1] implies that if s is a singular point of an operator, then s is a singular number of one of the opera-

tors (ln +ul )_1 (n=0,%£1,%2,...), and vice versa. Further, we denote by s, , the singular numbers of the operator

(ln +ul )_1 (n=0,x1,+2,...) when u > 0. Therefore, taking into account the last statement, according to Theorem and

Lemma[4.3] we find

¢! c

Sspp<—k=1,2,.., n=0,=+l, +2,.. (@]
(K3 +e23 (nl+ D123 = "7 (ln) + D2 k12
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where ¢ > 0 is constant (independent of n, k).

From the result of Theorem | that is, it follows from representation (3)) that the operator (L + u I )~! has an infinite number
of eigenvalues; the last proposition follows from the fact that the operator (10 +ul ) s self-adjoint and compact operator if
n = 0. The compactness of the operator ( ly+ul )_1 follows from Theorem Therefore, using the estimate (@) and Weyl’s
inequality®, as well as inequality e* - k! > k¥, k = 1,2,3, ..., we obtain that

1
C (k') ck . eik
|’1nk| <H|’1/" —H Sjn < < [P
=1 (In] + 1)2 (In] + 1)2" k>
Hence 1
c-e2
|/ln,k| <——F k=123, n=0,%1,42,.., ®))
(In] +1)2 k2

where 4, are eigenvalues of the operator (L + pu [ L

An operator of mixed type has been studied in the paper [15]'% for the case when the coefficient satisfies the condition:
y-k(y)>O0fory+#0and k(0) =

Questions on the existence and compactness of the resolvent of a mixed-type operator has been studied in [16]19, when
the coefficient k () satisfies the condition: k (y) is a piecewise continuous and bounded function in R = (—o0, 00) and is not
identically zero in any interval.

In contrast to these works, in this paper it is shown that operator (I) is separable for a large class of rapidly oscillating
coefficients k (y) (for example, k (y) = sin e!?1!). In addition, in this paper, a two-sided estimate for the distribution function of
singular numbers (s-numbers) is obtained for the resolvent of the operator (L + u I). The found estimate shows that the growth
of the coefficients b (), g (y) of the operator (1) affects the estimates of the singular and eigenvalues. An example is given.

2 | PROOF OF THEOREM 1.1

Lemma 2.1. Let conditions a) and i) be satisfied and u > 0. Then the estimate
L+ p 1) ully, = cllull,,
holds for all u € D (L), where || - ||, is the norm in the space L, (Q), ¢ = ¢ (8,,8) > 0.

Proof. Taking the conditions a) and i) into account and using the functionals < (L + g I)u, u > and < (L + pu I)u, u, > we
obtain the proof of Lemma[2.1} where < -, - > is the scalar product in L, (Q). O

Direct computations show that the study of operator (1)) can be reduced, using the Fourier method, to the study of the following
second-order differential operator with a sign-variable parameter

(ln+l4 I)u= " (y)+ (—k(y)n2+in b(y)+q(y)+/4) u, u€ D(,),n=0,+1,+2,..

If n = 0 then the above operator is the well-known Sturm-Liouville operator.

When |n| — oo in the coefficient (—k WMr2+inbM+q» + y) and when k (y) = 1, the term —k (y) n* - —o0. Con-
sequently, the differential operator is not semi-bounded. In this case, a completely different situation arises compared to the
Sturm-Liouville operator.

LetA; =(—1,j+1),j € Z. Then U{j} A; = R. Take a set of non-negative functions {(pj};i_oo
such that supp @; C A, Z;’i_w (pjz »M»=1.

Let us extend b (y), g (y) from A, to the whole space R so that their extensions b; (), g; () be bounded and periodic functions
of the same period.

We denote by /

(j € Z) from Gy (R)

+ p I the closure of the operator

n,j,a
(ljatuI)u=—u" @+ (k@) n*+in (b;(»)+a)+q; ) +u) u
defined on C® (R), where the sign of the real number a coincides with the sign of b (y), i.e. a - b(y) > 0 for y € R. The number

a was introduced in order to obtain estimates for the norm of the operator diy (l,,, jatul ) At the end of the paper, we will get
rid of this number.
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Lemma 2.2. Let the conditions a) and i) be satisfied and 4 > 0. Then the operator /
(lnjut+n I)_1 for u > 0 defined on the whole L, (R).

+ u I has a continuous inverse operator

n.j,a

Lemma [2.2]is proved using the computations used in the proof of Lemma 2.2 from [17]"Z.
We denote by /, , + u I the closure of the differential operator

(lg+tuI)u=—u" O+ (—k®n*+in G +a)+qG)+u) u

in the space L, (R), originally defined on Gy (R).
We introduce the following bounded operator in L, (R):

Kﬂ,af = z (Pj (ln,j,a + MI)_I (p/f
{j}

The following lemma is proved by repeating the computations and arguments used in [17]1Z,

Lemma 2.3. Let the conditions a) and i) be satisfied. Then there exists a number 4, > 0 such that the operator /, , + p I for
M = py is boundedly invertible, and the resolvent of the operator /, , satisfies the equality

(la+nul) f=K, (I-B,)" /.
Where By,af = Z{j} (p;, (ln,j,a + M I)_l (p/f + 2 Z[/} (p;:_y (ln,j,a + MI)_l ¢jfs f G L2 (R)

Lemma 2.4. Let the conditions a) and i) be satisfied and y, > 0. Then the operator /, + y I is boundedly invertible and the
equality
-1 -1 -1
(LiAul) f=(L +ul) (I-4A,,) f, [feL(®),
. -1
holds, where A, , = ina (ln’a +u I) , and ”AWI o < 1.

This lemma is proved by the same method as Lemma 3.4 in [17]1Z,

Proof of Theorem([I.]} Lemmal[2.4]implies that
k

u )= Y (L+ul)” £, e™ ©)

n=—k
is the solution to the problem

(LAud) w (x,y) = . (x,9),
u) oy =ul (my). i=0.1,

L .
where f, (x,y) = f (x, ). fi (x.y) = Z:z_K fu()-em™, 2 =—1.
Lemma [2.1]implies that

1
[ty G ) =y, ()|, < - |l fi .9 = fr 59|, = 0, as k,m — 0.
Hence, due to the completeness of space L, (R), it follows that

L
w, (x,y) =u(x,y) as k - co. @)
Using equality (6) and (7), we have that
- < -1 inx
uey)=L+uD fy= Y (L+ul)” f,0)-e ®)
is a strong solution to the problem
(L+AD u=ful (-2, y)=ul (2,y), i=0,1 ©)

for any f (x,y) € L, (Q).
Definition 2.1. A function u (x,y) € L, (Q) is called a strong solution to the problem () if there is a sequence {uk (x, y)}:;l C
C(‘)’f’” () such that
llup —ull, = 0, |[(L+puD)u —f|,—0ask— .
Using the last definition, it is easy to verify that formula (8] is an inverse operator to the closed operator L + u I. Hence, by
virtue of Lemma 2.1 and the equality (9), we obtain that Theorem[I.T]holds for all > 0. Theorem[I.T]is completely proved. [J
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3 | PROOF OF THEOREM 1.2.
The existence of the resolvent of the operator /,, ; , is proved in Lemma Let us show several properties of the resolvent of
the operator /,,; , in the following lemma.

Lemma 3.1. Let the conditions a) and i) — iii) be satisfied. Then the following inequalities
1

e R T
(et D) | < q(yzjﬁ ¢>0; (in
| (yju + ;41)_1”%2 < ﬁ c=c()>0; (12)
H% (lyjatnul)” . < m ¢>0, (13)

hold, where || - ||, is the norm of the operator 1,,; , + s I from L, (R) to L, (R), |b (yj)| = min |6, ¢ (7;) = ming (»).
b yel,; yeA,;
Proof. Letu € Cf° (R). Then, we have

< (ln’j!a +ul) uu>= / ( |u’|2 + (—k () n’ + q;(»+ H) |u|2> dy+ / in (bj » +a) lul*dy (14)
R R
Hence, taking the conditions a) and i) into account and using the property of complex numbers, and also by virtue of the
Cauchy-Bunyakovsky inequality, we obtain

s+ )2 102 (|8 (5] + 1)l 1)

Considering that b (;) = min ‘bj (y)| = min |b (y)| on the segment A, from (T5) we find
YEA; YEA;

By virtue of the continuity of the norm, the last inequality holds for all u € D (l

-1 1
|Gt )7, < W)

(gt ) a2 108 [ (3] <l

where b (j/j) = HeliAH [b ().
YEA;

nj.a)- Hence, we finally have

, n#0.

The inequality (T0) is proved.

The inequalities and are proved using the computations used in the proof of Lemma 6 from [18]18 and Lemma 2.3
from [17]1Z,

From equality (T4), by virtue of the Cauchy inequality with "e > 0", we obtain

q(y;) +

1 o
| T lull} 2

2(q(5;) +n)
> [ WP+ a0+ 1) W] ay=i [ ko 1ot a.

R

2
(ln,j!a +u I) u“2 +

where £ = q (7;) + u.
Hence

2 ql(y;)+u
e (UL S |u’|2dy+% [utay=u [k 1 a. (16)
2(a(3;) + ) J J J

where g (7;) = rreliAnq ).
YEA;
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Multiplying both sides of the inequality (I3]) by the number and taking the condition /i) into account, we find

ACHID)

2 c-n2(b(~)+|oc|)2

c J 2
| (fyutud)uf > ’ Nl (17)
2(q () +n) ¢ ). 21 (q(3;) +n) ’
where ¢ > 0 is a constant.
Combining (I6) and we come to the inequality
2 q (") + u
TG N ) el 2 I =25 e+
2
2/ c-<|b()7j)'+|a|> ,
+n — kW] lul”dy.
2u - (q(3;) + 1)

R

~ 2
From the last inequality, taking the conditions a), iif) into account and choosing a and ¢ > 0, so that % -k >0,
r J

we obtain 5 )
2 || (gt D)) 2 (a (5,) + )" lull. (18)

From @, by virtue of the definition of the norm of the operator L, jaTH I, we find
-1 2.-¢c
(yw+ 1) <2
R
Lemma [31]is proved. U

Lemma 3.2. Let the conditions a) and i) — iii) be satisfied and let ¢ > 0 such that ”B,w

r < 1. Then the estimate

2

I 11" (1)

! <craplpo b o, (o)

22"
holds, where a = 0, 1, p (y)is a continuous function in R.

Lemma [3.2]is proved by the same method as Lemma 3.7 in [17]*2,

Lemma 3.3. Let the conditions a) and i) — iii) be satisfied and let ¢ > O such that HB”’“

< 1. Then the estimates
5 22
a) Hq(y) (Lo + MI)_IH%2 < <oo;
D) |inb ) (ha+u 1)L <2 < oo

-1
c) Hdiy (IM +u I) ”2_>2 <3< 00,0, >0, ¢, >0, ¢ > 0 are constants
hold.

Proof. By virtue of Lemma[3.2] we find

90 ()7,

2

<c(w sup ”q(y) @ (Inja+ I)_l”%y

From this and Lemma 3.1] taking the condition ii) into account, we find that

o (),

2

<capla0) 0, (b

<c(u) sup —= <¢; < oo.
|y—tl<1 4 (t)
The inequality a) is proved.
Repeating the above computations and arguments, and also using Lemmas [3.T]and [3.2} we obtain
. -1 b(y)
inb Ligtul <c sup —— < ¢, < co.
linb ) (o + 0 1) ||, < s TS e
The inequality b) is proved.
In the same way, repeating the computations and arguments that were used in the proof of the inequalities a) and b), we obtain
the proof of the item c). O
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Now, using Lemma 33| for the resolvent of the operator /,, we have the following lemma.
Lemma 3.4. Let the conditions a) and i) — iii) be satisfied. Then the following estimates

O e (un) | <es< oo

b) Hinb(y) (1, + MI)‘le2 < 5 < oo

o[£, <cuse
hold, where || - ||,_,, is the norm of an operator from L, (R) to L, (R), ¢, > 0, ¢5 > 0, ¢4 > 0 are constants.

Proof. Lemma[24)implies
law) G+ u D)™ 1] = a0 (o +u)™ (1= 4,0) 7]
Since the operators q (y) (1, +# 1)~ and (T — A,,)”" are bounded, from the last equality we obtain that
low) (4 ut)™ 7| < a1

or 2
(b )ul| (19)

where (I, +ul)u = f,u = (I,+ul )_1 f. ¢, > 0is a constant. Here we note that the boundedness of the operators
(I -

q(y) (l,w +ul )_1 and A M)_l follows from Lemmas H and From (19), according to the definition of the operator
norm, we have

llg () ull? < - \

-1
”q(y) (i +ul) ”2_>2 =<
The item a) of Lemma [3.4]is proved.
The items b) and ¢) are proved by the same method as the item a) of Lemma 3.4} that is, the following inequalities

2
linb () ull3 < es- |[(L,+u1)uf . (20)
2 2
[ = e
hold, where c5 > 0, ¢4 > 0 are constants. O

Lemma 3.5. Let the conditions a) and i) — iii) be satisfied. Then the inequality
']l + llg ) wlly + Nlinb (p) ully < ¢ - (||2,u]] + llull,) .
holds, where ¢ > 0 is a constant.

The proof of Lemma [3.3]follows from the inequalities (T9)-Z1).

Proof of Theorem[I.2] The representation (8)) implies that

b(y) ux=b(y)%(L+y1)‘1f=b(y)% Z ([n+'u1)_lfn(y)_einx=

n=—00

< . -1 inx < . -1 inx
=b) Y in (L+ul) f,)-e™ = Y by in (L, +ul)" f,()- ™,
Hence, since the system {e"”"}:i_oo is orthonormal, we obtain

Zi2
16 ullls < suplimb) (1+uD)”||,_, - 17 GRIB.
1) =2
From the last inequality and using the item b) of Lemma[3.4] we find that

16 uy e, |3 < s - 1L + uDull, (22)

where ¢5 > 0 is the constant from Lemma[3.4} (L + uI)u = f (x, y) from the equality ().
Repeating the above computations and arguments and taking Lemma [3.4]into account, we have

lg M uCe W5 < ey L+ puDull,, (23)
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2
<cg - 1L+ ulull,, (24)
2

ou(x,y)
dy

where ¢, > 0, ¢g > 0 from Lemma 3.4
Now, using inequalities - (23), we have
kG —u, ||, = I+ 1D = bGYu, =g ru = pu, < e - WL+ p Dul, (25)
where ¢; > 0 is a constant.
Hence, taking the inequalities (22))-(24) into account, we obtain that
Gyt =y |, + 16D welly +lla ) ally + | < - (1Lull, + el
where ¢ > 0 is independent of u (x, y). Theorem[I.2]is proved. O

4 | PROOFS OF THEOREMS 1.3-1.4. COMPACTNESS AND ESTIMATION OF SINGULAR
NUMBERS (S-NUMBERS) OF THE RESOLVENT OF THE OPERATOR L + ul

Proof of Theorem([I.3] In order to prove Theorem|[I.3] we first give the following lemma.

Lemma 4.1. Let the conditions a) and i) — iii) be satisfied. Then the resolvent of the operator /, (n = 0, +1, +2, ...) is compact
if and only if

lllim q(y) = oo.

y|—=00

Lemmais proved in exactly the same way as Theorems 1.2 and 1.3 from [17]4Z,

Now, let us prove Theorem Since the operator (l,, +ul ) _1, u > 01is completely continuous foreach n (n = 0, =1, +2, ...),
by virtue of Lemma [4.1] then it can be shown from Theorem [I.I] and from representation (3) with the help of well-known
methods with a e-net that the operator (L 4+ u 1)~ is completely continuous if and only if

. -1
dm )7, =0 @)
It is easy to see that equality follows from Lemmas Theorem [I.3]is proved. O

To prove Theorem[I.4] we need the following lemmas.
We introduce the following sets, which are closely related to the domain of the operator /,,:

M = { ue Ly®R) : Ll + llull? < 1},

M, ={ue Ly® : o QI+ linb)ull + g ull3 < <o }

2 2 . _
M. = { ue Ly(R) : ||u" |5 + ”(k ) +e) nZuH2 + ||1nb(y)u||§ + ||q(y)u||§ <c! } ,
where ¢, is a constant number independent of u (y) and n, k (y) + € > g, > 0.

Lemma 4.2. Let the conditions a) and i) — iii) be satisfied. Then the inclusions

M- CMC M,
hold.

Proof. Taking LemmaiNnto account and using the computations used in the proof of Lemma[19] 12, we prove the inclusion
M C M, . The inclusion Mcal C M is proved by the same method as Lemmain [19]1° Lemmais proved. O

Definition 4.1.14 The magnitude

d, = inf sup inf |lu—9|[,,
¥ Jue M€Y

is called Kolmogorov k-widths (diameter) of the set M in the space L, (R), where y, is the set of all subspaces in L, (R), the
dimension of which does not exceed k.
The following lemmas hold.
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Lemma 4.3. Let the conditions a) and i) — iii) be satisfied. Then the estimate
c'ljk < s < ch, k=1,2,..,

holds, where ¢ > 0 is a constant, .S, is the s-number of the operator (ln +ul )_l, u=>0,d, Jk, jk are the Kolmogorov k-widths
of the corresponding sets M, M, M.

Lemma 4.4. Let the conditions a) and i) — iii) be satisfied. Then the estimate
N <N@) <N (c'2),
holds, where the counting function N (1) = Zsk+1> , 1 of those s, of the operatczr (ln +ul )_1 greater tha13 A > 0, the counting
function N () = Y d,>; L of those d, greater than A > 0, the counting function N (1) = Y j.>, 1 of those d, greater than A > 0.
Lemmas are proved in exactly the same way as Lemmas 2.5-2.6 in [19]%.
Lemma 4.5. Let the conditions a) and i) — iii) be satisfied. Then the estimate
¢ 1173 mes (yeR: Q<A )< NW) <ci ' mes (yeR : K,(y) <ci™")
holds, where ¢ > 0 is a constant, the functions Q,, (y) and K,, (y) are from Theorem

Proof. Wedenoteby L? (R, Q, (). L, (R, K, (y)) the spaces obtained by the completion of Cg* (R) with respect to the norms

Cy 2

) 2
||u||L§(R,Q,,(y))=/ + Q2 () luldy| .

0

/)
ul
yy

=

(o8]
2
||”||L;(R,K”(y))= /l”,(y’)| +K3(y)|u|2dy ,
o0

where the functions Q, (y) and K,, (y) from Theorem|[T.4]
It is easy to see that M C L/ (R, K, (»)), M C L2 (R, Q,(y)). Now, repeating the computations and arguments from
Lemma 2.7 [19]™, we obtain the proof of Lemmal4.5] O

Proof of Theorem[[.4] Theorem|[I.1|and the representation (3] imply that

- - -1 in
ue, ) =L+pDy =Y (L,+pl) f,0)- €™
The last equality implies that if the s is a singular point of the operator (L 4+ u I)™", then s is a singular number of one of the
-1 . e -1 .
operators (ln +u I) (n=10,=x1,+2,...) and vice versa, if s is a singular number of one of the operators (ln +u I) , then s is
a singular point of the operator (L + u I)~". From this and from Lemmathe proof of Theorem follows. O
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