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1 Introduction

In the past decades, pulse vaccination has been remarkably successful in controlling polio and measles throughout Central
and South America. Prior theoretical results have noted that pulse vaccination strategies can be separated from classical
strategies in causing disease eradication at low values of vaccination. Another considerably significant application is the
vaccines that stimulate the cytotoxic T-lymphocyte (CTL) response, which stands for the best hope for controlling Human
Immunodeficiency Virus (HIV) [2], since the rising HIV specific CTL response observed during prime infection is strongly
associated with acute viral load decline. CTLs are host cells with the ability to recognize and kill viral infected cells in the
body, and can be activated by specific recognition of viral fragments (called epitopes).

The nature of the CTL response is the proliferation of CTL under the stimulation of viral antigen, and the extending
CTL population confronts with the viral population by killing the infected cells. Numerous literatures have considered the
viral model with CTL immune response [8l|15], in which infected cells are lysed by CTLs at a constant rate that is bilinear
to both the infected cells and the CTLs. In [12|, Smith and Schwartz investigated such a model with the CTLs vaccinated at
fixed time moments, by assuming that the production of infected CD4" T cells occurs at a constant rate. Nevertheless, this
assumption loses some of its validity in the earliest or latest stages of infection. Bartholdy et al. [1] and Wodarz et al. [13]
discovered that free virus populations turn over at greatly faster rates than the population of infected and uninfected cells,
which enabled them to make a quasi-steady-state assumption. Therefore, the amount of the free virus is proportional to that

of infected cells.

In particular, Yang and Xiao [16] recently still studied the threshold dynamics for compartmental epidemic models with
periodic pulses as the import incentives of the CTLs. Motivated directly by such investigations, we try to consider the
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stronger growth mechanism that is not caused by impulse, but reaction term. Hence, we present the following model:

% = dcuzz + 0 — au — Buv,

g: = deVyr + Puv — ov — KW, t#nT,x € (0,l),n=0,1,---,

881: = dwWze + pow + w(y — w), (1.1)
w((nD)t, z) = u(nT, z),

v((nT),z) = v(nT, z), t=nT,z € (0,]), n=0,1,---

w((nT)",z) = g(w(nT, z)),

with Neumann boundary conditions
Uz (t, ) = ve(t,2) = wa(t,z) =0, ¢t>0,2=0,1, (1.2)

and initial conditions

u(0,z) = uo(z),v(0,z) = vo(z), w(0,z) = wo(z),>,#0, =z € (0,1), (1.3)
where u, v and w denote the concentration of uninfected cells, infected cells, and CTLs, respectively. 6 is called the generation
rate of uninfected cells, a and o are the death rate of uninfected and infected cells, respectively. S represents the infection
rate. Under antigen stimulation, the proliferation rate of CTL is p, and we assume that its growth obeys the well-known
logistic equation. The parameter p is also known as the CTL responsiveness. CTLs kill infected cells at a rate x. In
particular, we suppose that the CTLs are pulsed by the vaccine at fixed times nT, and the effect of the vaccine is transient,
whereby solutions are continuous for ¢t # nT and go through a transient change in the case where ¢t = nT. All parameters
are positive.

Throughout this paper, we make the following assumptions about the impulsive function g:

(A1) g(w) is the first order continuously differentiable for w > 0, g(0) = 0, ¢’(0) > 0, and for w > 0, g(w) > 0, g(w)/w is
nonincreasing with respect to w and 0 < g(w)/w < 1.

(A2) g(w) is nondecreasing with respect to w > 0.
(A3) There are positive constants D, > 1 and small ¢o such that g(w) > ¢'(0)w — Dw"* for 0 < w < 1.

In what follows, we first give some basic properties for problem (1.1))-(1.3).

Let X := C(R?,[0,1]) be the Banach space equipped with the supremum norm || - ||x. Define Xy := C(R%,[0,1]), then
(X,X4) is a strongly ordered space. For any given x := (x1, x2, x3) € X, assume that (T1(t), T2(¢), T3(t)) : X = X, t > 0, are
the strongly continuous semigroups associated with d.02, — o, d.02, — o and d,02, — p subject to the Neumann boundary

condition with some p > 0, respectively. According to |10, Section 7.1 and Corollary 7.2.3], we deduce that T;(t) (i = 1,2, 3)
is compact and strongly positive for all ¢ > 0. Evidently, for any x € X, ¢t > 0, we still have

l 1
Ty (t)x(z) = e / P (det, 2, y)x(y)dy, Ta(t)x(x) = =" / I(det, 2, 9)x(y)dy

and l
Ts(t)x(z) = e / I (dut, 2, 5)x(v)dy,

where functions I'(dct, z,y) and I'(dwt, z,y) are the fundamental solutions corresponding to d.82, and d.,02, subject to the
Neumann boundary condition, respectively.
Define F = (F17F27F3) : X+ - X by

Fi(x)(x) = 0 — Bxixz, Fa(x)(x) = Bxaxz — kx2xs, Fs(x)(x) = pxexs + xs(v — x3) + pxs-

As a result, problem (1.1)-(1.3)) can be written as the following integral form

t

u(t) = T1(t)x1 + Ti(t — s)F1(u(s),v(s), w(s))ds,

t

o(t) = Ta(t)x2 + | Ta(t = s)F2(u(s), v(s), w(s))ds,

S— S—

t

w(t) = Ts(t — nT)g(w(nT)) + / Ts(t — s)Fs(u(s),v(s),w(s))ds, t € (nT,(n+1)T], n=0,1,---.

nT



Hence, for any given initial functions x := (x1, x2, x3) € X4, we can straightforward obtain from |7, Corollary 4] that problem
— admits a unique mild solution U (¢, z;x) := (u,v,w)(¢,z; x) on [0,70) with U(0,-;x) = x, and U(¢t,-;x) € Xy for
t € [0,70), where 79 < co. Moreover, utilizing the completely similar comparison views such as employed in |6 and [14], the
following boundedness result is valid, which means that the mild solution is global, i.e., 70 = .

Proposition 1.1 The solutions of problem (1.1)-(1.3) are ultimately bounded and uniformly bounded in X4. Specifically,
there exist M > 0 and t* > 0 such that (u,v,w)(t,z) € Eg := {(u,v,w) |0 < u,v,w < M} for allt >t and z € [0,1].

Next, we claim that the mild solution U(t,x) of — obtained as above is still the classical one, that is, U(¢,x) is
the first order continuously differentiable in time, and twice continuously differentiable in space. Actually, the initial value
x(-) € C'([0,1]) and the fact that g is the first order continuously differentiable show that U (07, -) € C*([0,1]). By employing
the standard theory for parabolic equations, we have U(-,-) € C*2((0,T] x (0,1)). Thus, w(T",z)=g(w(T,z)) € C'([0,1])
and (u,v)(TT, x) = (u,v)(T,2) € C'([0,1]) still hold. Once again, let U(T™,-) be the new initial value for ¢t € (T, 2T, then
U(t,z) € CV*((T,2T] x (0,1)). Lastly, we can always deduce inductively the case for solution U(-,-) of (LI)-(L.3) for all
(t,z) € [0,400) x (0,1) by the similar processes. Defining

PC([0,+00) x [0,1]) ={U(t,") | U(t,-) € C((nT, (n+ 1)T] x [0,1]), n=0,1,---},
and
PC"*((0,+00) x (0,1)) = {U(t,) | U(t,) € CV*((nT, (n+ DT] x (0,1)), n=0,1,---},
we thus have the following statement.
Theorem 1.2 For any given initial function Uy := (uo,vo,wo) € X4, problem (1.1)-(1.3) admits a unique global positive
solution U(t,z; x) € PCH?((0,400) x (0,1)) on (0, 00) with U(0,-;Us) = Up(-).

The remains of this paper are organized as follows. In Section 2, we discuss the infection-free steady state, and define the
CTL-activated viral infection reproduction number Ry. In Section 3, we illustrate that Ry is a critical threshold parameter
to investigate the extinction and uniform persistence of virus. Finally, by utilizing the Lyapunov function, we still explore
the special global attractivity of the positive periodic steady state to problem -.

2 Preliminaries: infection-free steady state and CTL-activated viral infection reproduction number

As a baseline, we begin with some analyses about the existence of the infection-free steady state to problem (1.1)-(1.3)),
in which all infected cells are permanently absent from the population, i.e., v = 0.
In fact, we first consider the following scalar reaction-diffusion equation

(z—?:dcum+€fau, t#nT,xz € (0,1),n=0,1,---,
Uz (£,0) = ug(t,1) =0, >0, (2.1)
u(0,x) = uo(x), z € (0,1).

For problem ([2.1]), inspired by the global attractivity result of |17, Theorem 2.2.1], we have the following assertion.
Lemma 2.1 There exists a unique positive steady state uw* = 0/a to problem (2.1), which is globally attractive in C(R, [0,1]).

Next, the equation only for w in problem (1.1)-(1.3) can be written as

aa—l::dwwm—&—w(w—w), t#nT,z € (0,1),n=0,1,---,
w(0,z) = wo(z), z € (0,1),

w((nT), z) = g(w(nT,z)), t=nT,zc0,0),n=0,1,---,

and its relevant steady periodic problem is thus

%—t}:dwwm—&—w(v—w), t#nT,z € (0,1),n=0,1,---,
wot,0) = wa(t1) =0, >0, (2.3)
w(0,z) = w(T, z), z € (0,1),

w((nT)T, z) = g(w(nT,z)), t=nT,zec(0,),n=01,---.

The definition of upper and lower solutions to problem (2.2]) with pulses are presented as follows



Definition 2.2 We give that w(t,z), (¢, z) € PC*?((0,400) x (0,1)) PC([0, +o0) x [0,1]) satisfying 0 < @ (t,z) < w(t, )
are upper and lower solutions of problem (2.2)), respectively, if w(t,z) and w(t,z) make the following problem hold:

%Zdwﬁm—&—ﬁ(w—@), b Tz e (0,0),n =01,
aa—fgdw@m—ﬁ-@(fy—@), t#nT,x € (0,1),n=0,1,---,

We(t,0) = 0 < Wy (t,0), Wa(t,1) =0 < Wy (8,1), ¢>0,

w(0,z) < w(T,z),w(0,z) > w(T,z), z € [0,1], (2.4)
@((nT)T, z) > g(@(nT,z)), t=nT,z € (0,l),n=0,1,---,

@((nT)T, z) < g(@(nT,z)), t=nT,z € (0,l),n=0,1,---,

0 < w(0,z) < wo(z) < w(0,x), x € [0,1].

Furthermore, we still have the following fundamental lemma.

Lemma 2.3 (Comparison principle) Assume that w(t,z) and W(t,z) are the upper and lower solutions to problem (2.2)
with initial value W(0,z) < w(0,2) < w(0,z), ¥V z € [0,1], then any solution w(t,x) of problem (2.2)) satisfies

w(t,z) <w(t,z) <w(t,z), te][0,00),x€]l0,I].

Let f(w,t) = w(y—w) and choose k* = v such that F(w,t) = k*w+ f(w, t) is monotonically nondecreasing with respect
to w. If there are upper and lower solutions w and @ of problem (2.3, taking w© = @ and w® = @ as initial iteration, we

can construct the iteration sequences {@w™} and {w(™} by the following process

aﬁa(t " — dpwt™ + '™ = g™ 4w (y — ™Y, t£nT,x e (0,0),n=0,1,---

a%(:) —dpw'™ + K w'™ = k0™ 4w (y ™), t#£nT,z e (0,1),n=0,1,---,

w™ (t,0) = wi™ (¢, 1) = wl™(t,0) = w™(t,1) = 0, t>0, (2.5)
*(m)(O,x) wm 1)(T x), (m)(O x) = w'™ 1)(T z), z € (0,1),

@™ (nT)*,z) = g@™ V((n+ )T, z)), t=nT,z € (0,),n=0,1,---,

w™ (nT)", z) = g(w™ V((n+ 1T, z)), t=nT,z € (0,),n=0,1,---.

Now, we study the existence, uniqueness and attractivity of a positive periodic steady state to the problem (2.2)), i.e.,
the positive solution to the problem (2.3)). Linearizing problem (2.2) at w = 0, we have the following eigenvalue problem

88712{) = dw"pmx + ’W - )‘w7 le ((TZT)+, (n + 1)T],£ € (07 l)’” = 07 17 T
¥ (1,0) = ¥ (t,1) =0, t>0, (2.6)
¥(0,2) = (T, z), z € [0,1],

YD), z) = ¢ (0O)(nT,z), z€(0,1),n=0,1,---

The existence of the principal eigenvalue, denoted by A,, henceforth, and it’s eigenfunctions associated are explored thoroughly
in [6], and we refer to it and discussions there for more details. In fact, by some direct calculations, we still have

_ 1 / _ 1.,
Aw =7+ 709" (0) = dwdo =7+ 7 Ing'(0),
where Ao = 0 is just the principal eigenvalue of the following problem

{ - Pzz = A@? T e (Oal)a

©2(0) = o (1) = 0. (2.7)

The following analogous result has already been obtained in [6], but we present the proofs with some crucial modifications
for completeness.

Theorem 2.4 If the principal eigenvalue A, > 0, then the problem (2.2) admits a unique positive periodic steady state
w* (¢, x), which is globally attractive, i.e., limpm_ oo w(t + mT,x) — w* (¢, ).



Proof. We divide the proof into three steps.
Step 1 The existence of the positive periodic steady states to problem .
We first construct the upper solution of problem (2.3)). Let w=MW (¢)(M > 1) with W (t) satisfying
Wi(t) = AW (t) — W?(t), t#£nT,n=0,1,--,
W) =WwW(it+T), t>0, (2.8)
W((nT)") = g ()W (nT) > g(W(nT)), t=nT,n=0,1,---.

It is nature to verify that w=MW (¢)(M > 1) is an upper solution to problem (2.3). Actually, integrating from (nT)" to t
(t € (nT)*t, (n + 1)T)), we can obtain that

vt +
W(t) = T WnT") L te (D), (n+ )T,
W(nT+) [ ., erdr 4+ emnT
then ()T . (1)
~y(n Yy(n /
W((n+1)T) = e W (nT™) _ e g (0)W (nT)

W(nT) fi;il)T e dr + e g (0)W (nT) fOT erdr + ernT
g ()W (nT)
g OW(nT) [ errdr +1

Owing to Ay, > 0, we have vT' > —Ing’(0), i.e., e?7¢’(0) > 1. From the periodicity, we deduce that W (nT') = 75,/6(:)?;;(0);(11 >
0 e T
0 and

(Mg’ (0) — 1)
(779 (0) = 1) [py €7dr + T [fermdr’
Hence, we get the upper solution w to problem .
Next, we aim to consider the lower solution and define

W(t) =

te ((nT)", (n+ 1)T).

o (nT, x), t=nT,n=0,1,---,
P1 + . + o
59%)6[xw—e](t—m>w(t, z), te (D), (n+1)T),n=0,1,---,
where the positive eigenfunction (¢, z) is defined in ([2.6]) associated with the principal eigenvalue A, > 0, and ¢ is a small

Aw .
enough positive constant to be chosen later. We select the positive constants € = % and p; = e~ 2 T¢’(0) such that @ is

well-defined and @W(nT,z) = W((n + 1)T, z) uniformly holds.
For t € (nT)", (n+ 1)T] and = € (0,1), if § < &1 := ¢, we can obtain that

aa—? — [dwBae + B — @7
= — € 59%) ePw=dt=nT)y, 4 5%6[*1“—61(“”T) [dwtee + 7P — Awt)]

_ {dw(;g;ilo)e[xwfe](tfnT)wm + ,y(;ﬁlo)e[Awfs](tfnT)w _ (6%e[>\w75](t—nT)w)2
= {,E + 69%)4*“4(““% 59%)6[Aw75](t—nﬂw
<0.

1
Besides, if § < 62 := (%) "' from the assumption As, we have
g(@(nT,z)) —@((nT)", x) = g(@(nT, x)) — 5g,p(t)) Y((nT)",x) = g(@(nT, z)) — pr@(nT, z)
> (4'(0) = p1)@(nT, x) — D(6¢(nT, x))"
=[(¢'(0) = p1) = D(OW(nT, z))*""|ov(nT, z) > 0.
Henceforth, we obtain that w (¢, x) is a lower solution to problem (2.3).

Further, we select the w'®) = @ and w(® = @ as initial iteration, the sequences {E<m)} and {w(m)} are defined by ([2.5).
It follows from problems (2.4) and (2.5 that we have

@ < w™ <™ <MD < mm < g,



Due to the monotone convergence theorem, we obtain that the limits of the sequences {E(m)} and {Q““)} exist and
limy, 0o W™ = W, limm 0o w™) = w, where W and w are T-periodic solutions of problem (2.3). Moreover,

0 < Q(m) < w(m+1) <w<w< ﬁ(m+1) < @(m) < @.

Now, we claim that w and w are the maximal and minimal positive T-periodic solutions of problem . In fact, for any
positive periodic solution w(¢,z) of problem satisfies w < w < w. Employing the same iteration as problem , we
choose @ and w as the initial iteration with w® = @ and w® = w, it follows that w(t,z) < w(t, z), t > 0,z € (0,1), thus,
w is the maximal positive T-periodic solution of problem . Similarly, w is the minimal positive T-periodic solution of

problem (2.3).

Step 2 The uniqueness of a positive periodic steady state to problem (2.2)).
Without loss of generality, suppose that wi and w» are the two solutions, and set

S ={cel0,1],sw: <ws,t=0,t=0"te (07,7],z ¢ 0,1},

which can be seen that S contains a neighbourhood of 0. We claim that 1 € . Suppose not, then we have ¢ =sup S < 1.

We note that F(w,t) = f(w,t) + k*w is nondecreasing and % is decreasing in w on [0, 0 %a)[% ; wa (¢, z)], which yields
.T1x]o,

that
(w2 — sow1)t — duw (w2 — Gown )za + k™ (w2 — Gown)

= fw2,t) + K" w2 — Go(f (w1, t) + k"w1)
> flsowi, t) + k™ cowr — so(f(wi,t) + k™ wi) >0
for t € (0%, T] and z € (0,1). By assumptions A; and Az, we deduce that

w2 (0%, 2) — qow1 (07, 2) = g(w2(0, x)) — cog(wi (0, z))
> g(sow1(0,)) — cog(w1(0,2)) >0

for « € (0,1). However, for t > 0,
’wzz(t7 0) — SoW1ig (t7 0) = wzz(t, l) — CoW1gx (t, l) =0.

Due to the strong maximum principle [9], we have the significant statements as follows:

(@) w2 — w1 > 0 holds for ¢t = 07,¢ € (01,7] and =z € (0,1). Since wy and ws are T-periodic solutions, that is,
w1(0,2) = wi(T,z) and w2(0,z) = w2 (T, z) for x € (0,1), then wy — ow; > 0 for (¢,z) € (0,T] x (0,1). Based on the
Hopf’s boundary lemma, we deduce that a% la=0 (w2 —gow1) > 0 and a% lz=t (w2 —gow1) < 0, where n is the outward
unit normal vector. Then there is a constant eg > 0 such that w2 — gow1 > €owi, we have o + e¢p € S. This contradicts
the maximality of ¢p.

(b) w2 —sow1 = 0 holds for ¢t = 0", te (0+, T] and z € (0,1), we thus have f(w2,t) = ¢of(w1,t). However, recalling ¢o < 1,
fwaz,t) = f(sowi,t) > cof(wi,t), thus it is also impossible.

In conclusion, problem (2.3)) admits a unique positive T-periodic solution w™ (¢, ).
Step 3  The attractivity of a positive periodic steady state to problem (2.2).

The Hopf’s boundary lemma implies 1,(0,0) > 0 and ¥,(0,1) < 0, and we select a small enough ¢ to make sure
0Y(0,z) < w(0,z). Meanwhile, there exists a large enough M such that w(0,z) < MW (0). For any given 6 and M, the
function w=MW (t) with W (t) defined in (2.8)) and @ defined in (2.9)), satisfies

w(0,z) < w(0,z) <w(0,z), =z €0,1].
It follows from (A:) that g is nondecreasing for w, we obtain that
@07, x) < g(0(0, ) < g(w(0,z)) = w0, z) < g(@(0,z)) = w(0F, z).

The classical comparison principal yields @(t,z) < w(t,z) < w(t,z), t € (07,T], = € [0,1]. Induction reveals that @(t,z) <
wt,z) < w(t,z), t = nT,(nT)",t € (nT)",(n + 1)T], = € [0,]]. Besides, we have that w(t,z) < w(t,z) < w(t,z),
t >0,z €[0,lo]. Therefore,

Q(O)(t7:c) <w(t,x) < E(O)(t,x), t =nT, (nT)+,t € ((nT)+,(n+ )T,z €[0,l],n=0,1,---.

Moreover,
w (T, z) < w(T,z) <w(T,z), =0, (2.10)

=}



together with w™ (0, z) = w® (T, z) and WM (0, z) = @O (T, z) yields
w(0,z) <w(T,z) <wP(0,z), =e€l0,].
From the assumption (Asz) and (2.10)), we obtain that
9w (T, z)) < g(w(T,x)) < g(@(T,2)), =€[0,1].
Recalling the last two equations in and the last equation in 7 one deduce that
W (0%, 2) = gw® (T, 2)) < g(w(T, )
=w(T,z) < g@(T,2)) =@ (0", 2), z€l0,1],

that is,

w0, 2) <w(T",z) <wM(0T,2), =el0,.
The comparison principle implies that w™ (¢, z) < w(t+T,z) < WY (¢, z) holds for (¢, x) € (0%, T]x [0,1]. Utilizing induction
again we have

w(l)(t7 .’IJ) S w(t + T7 :C) S w(l)(tv .IJ), t= nT7 (nT)+7t € ((TLT)+, (n + 1)T]7$ € [07”7 n= 07 17 Ty
together with the last two equations in problem (2.5) shows that
w'™ (t,z) < w(t+mT,z) <w™ (t,x), t>0,z €01,

since the above inequality holds for m = 0 and m = 1. Recalling the uniqueness of the periodic solution of problem (2.3))
provided with lim w(™ (t,z) = lim @™ (t,z) = w*(t, ), we have
m— oo m—>00

lim w(t+ mT,z) > w*(t,z), t>0,z€l0,l].

™m— 00

d
Since due to the comparison principle Lemma the stronger the pulse vaccination is, the larger the steady state
solution w”* is, we still note that has a positive effect on the CTL response, i.e., w* increases as g increases.
To sum up, we obtain that problem (1.1])-(1.3) possesses an infection-free steady state solution (u*,0,w"), where u* = g.
Linearizing problem (1.1))-(1.3)) at (u*,0,w™), we obtain the following linearized system

%chvmz+(ﬁu*io—iﬂw*)‘/’ t#nT7xe(Ovl)7n:0717"'7
Va(t,0) = Va(t,1) =0, t>0, (2.11)
V((nT)*,z) = V(nT,z), t=nT,z€[0,l],n=0,1,---.

Let Cr be the Banach space consisting of all T-periodic and continuous functions from R to C([0,]), which is equipped
with the maximum norm || - || and the positive cone C := {¢ € Cr | {(t,x) > 0,V t € R,z € [0,]]}. Tt is clear that Cr is an
ordered Banach space, and we henceforth take the nation ((¢,z) := [((t)] (z) for any given ¢ € Cr.

Besides, assume that E(t,s)(t > s) is the evolution operator of problem

%—‘t/ =dVow — (0 +kw")V, t#nT,ze (0,l),n=0,1,---,
Vi(t,0) = Va(t,1) = 0, t>0,

V((nD)t,z) = V(nT,z), t=nT,z € (0,1),n=0,1,---.
The standard semigroup theory implies that, there exist positive constants K > 1 and w such that
|E(t,s)]| < Ke**™%), Vt> st seR.

Now, suppose that ¢ € Cr, and let ((s,z) = [((s)](z) be the density distribution of infected individuals at time s and
spatial location z € [0,{]. Then the term Su*(s,z){(s,z) is the distribution of newly infected individuals generated by the
infectious individuals who were introduced at time s. Then, for any given t > s, E(t, s)Bu"(s,x){(s, z) is the distribution at
location x of those infected individuals who were newly infected at time s and remain in the infected compartments at time
t. Considering all of such individuals together, the following expression



[ B(t,5) [Bu" (- 5)((-, 5)] ds = / T Bt — ) [Bu (-t — $)C(,t— 5)]ds

thus represents the accumulative density distribution of the newly infected individuals at time ¢ and spatial location z € [0, ],
which are produced by all those individuals (s, z) introduced at all the time before ¢.
According to the statement in [5], we define the operator £ : Cpr — Crp :

£](t) = / B(t,s) [Bu” (-, $)((-» )] ds = / T B(tt— ) [Bu (-t — )01t — 5,)]ds,

which is called as the next generation operator. It is obvious that £ is continuous, strongly positive and compact on Cr.
Hence, we define the spectral radius of £ as the CTL-activated viral infection reproduction number of problem (2.11]), that
is,

Ro = T(Q)

The following results are well known, and we refer to [5,/6] for more details.

Lemma 2.5 (i) Ro = po, where po 1s the principal eigenvalue of the following periodic parabolic eigenvalue problem

99 :dcqﬁm—i-ﬂ—u*(b—(a—i—mw*)qﬁ, t#nT,z € (0,l),n=0,1,---,
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$2(t,0) = ¢a(t,1) =0, t>0, (2.12)
$(0,2) = ¢(T, z), z € [0,1],

d((n)t,z) = ¢(nT, ), t=nT,z € (0,l),n=0,1,---.

(i) sign(Ro — 1) = sign(Ac), where Ac is the principal eigenvalue of the following periodic parabolic eigenvalue problem

Z—f =depus + (Bu" —0 —kw")p — A\, t#nT,z € (0,),n=0,1,---,

¢x(t,0) = du(t,1) = 0, t>0, (2.13)
¢(0,z) = ¢(T', 2), z € 1[0,1],

¢((nT)", z) = ¢(nT, ), t=nT,z € (0,l),n=0,1,---.

In fact, the CTL-activated viral infection reproduction number of problem (|1.1))-(1.3) can be explicitly expressed by

pu” Bu”
Ry = d — ided ,
dedo +o+ 7 fo kw*dt o+ % fo kw*dt

while, similarly, the explicit expression of the principal eigenvalue Ac := Ac(u*, w™*) is given by

I I
)\c:ﬂu**Cf*dc)\O*f/o nw*dt:ﬂu*faff/o rw*dt,

where u* = 0/« is the unique positive steady state to problem (2.1)), and Ao = 0 is the principal eigenvalue of problem ({2.7)).
Here, we could still note that in a sense, Rp is thus monotone decreasing in w™*, and this fact further reveals that Ro
decreases as g increases, which implies that the pulse vaccination has a negative effect on the CTL-activated viral infection

reproduction number.

3 Dynamical behaviors of the entire system: uniform persistence and global attractivity

In this section, we will explore the dynamical behaviors of entire system, including the extinction-persistence of virus, and
global attractivity of the positive steady state. Particularly, for the general uniform persistence, it will be solved by adopting
the comparison principal and eigenvalue theory, while employing the Lyapunov function and some necessary analyses to
prove the special global attractivity.



3.1 The uniform persistence of the entire system

Theorem 3.1 Assume that U(t,x;x) is the solution to problem (1.1)-(1.3) with U(0,-;x) = x € Xy. Then we have
(#) If Ro < 1, then the infection-free steady state solution (u*,0,w") of problem (1.1))-(1.3) is globally attractive in X, ;
(i) If Ro > 1, then problem (1.1)-(1.3) is uniformly persistent, that is, for any x € Xy with x2(-) £ 0, there is a positive
constant n > 0 such that any positive solution of (1.1))-(1.3) satisfies liminf: oo v(t, x; x) > 1 uniformly for all x € [0,1].
Proof. (i) From the first equation of (1.1}, we obtain that

ou
— < e _
n dege + 60 — .

By Lemma [2.I] and the comparison principal, it follows that for V eo > 0, there exist positive constants ¢y such that
u(t,z;x) <u' +eo,Vt>to,z €[0,]

Moreover, for the equation of w in (1.1)), we have

%—lz}>d Wae + w(y — w), t#nT,xz € (0,1),n=0,1,---,

w((nT)*,z) = g(w(nT,z)), t=nT,z¢€ 0,1),n=01,---.
Recalling Theorem and the comparison principal, one can find that for V e; > 0, there also exist ¢t; > to such that

w(t,z;x) > w*(t,z) —e1,V t > t1,x € [0,1].

Furthermore, for the second equation of (|1.1]), we can obtain that

% < devgs + Bu” +e0)v —ov — k(w* —e1)v,V t > t1,z € (0,1).
Due to Rp < 1, by Lemma and Lemma 4.5], there is a strongly positive eigenfunction (2) corresponding to Ac(u” +

eo,w* —e1) and Ac(u” + g0, w™ —e1) < 0. Note that the following linear problem

% = deves + B +e0)v — ov — k(w" —e1)v, t>t1,x € (0,1),
vs(t, ) =0, t>0,2=0,1,
U(O,.’IZ) = ’Uo({L’) 27¢ 07 x € (0,[)

admits a solution agee® 200" ===t G for some g > 0. For V ¢ > ¢1, the comparison principal shows that v(,z;x) <
aoeAC("*“O’w*781)“7“)@/1)\, then we obtain lims— o v(¢, x; x) = 0 uniformly for all = € [0,].

Accordingly, for any small g2 € (0, 1), there is t2 > ¢1 such that v(¢,z;x) < &* for all t > t2, x € [0,1]. Plugging into the
equations of u and w in yields

% > delge + 0 — au — Bues, t#nT,t >tz € (0,1),n=0,1,---,
(3.1)
86—1:<dwwm+u52w+w(fy w), t#nT,t>ty,z € (0,l),n=0,1,---

By the comparison principal, there is t3 > t2 such that u(t, z; x) > a+552 YV t > ts, z € [0,1]. Similar to Theorem since
A2 =+ pes + % Ing’(0) — dwho = v + pea + % Ing’(0) > 0 for any sufficiently small €2, we also find that for arbltrary
€3 > 0, there exist t4 > t3 such that w(t, z; x) < w** +e3, V¢ > ta, x € [0,1], where w** is the positive steady state satisfying

the following problem

% = dwWge + peow + w(y —w), t#nT,z € (0,),n=0,1,---,
wg(t,0) = wa(¢,1), t>0,
w(0,z) = w(T', z), z € (0,1),
w((nT)+,x) = g(w(nT, ZC)), t=nT,z € (O,Z),TL =0,1,---.
Due to the arbitrariness of €¢, 1,2 and €3, we immediately deduce that lim (u(t,z)—u") = 0 and hm ( (t,z)—w*(t,x)) =0

tgroo

uniformly for all z € [0,!]. Thus, the infection-free steady state solution (u*,0,w™) of . is globally attractive.



(ii) If Ro > 1, we first prove that the inequality

lim sup v(t, 73 x) > €, (3.2)

t—o0

uniformly for all € [0,1]. Assume that (3.2)) is false, then there is a t4 > 0 such that v(t,x;x) < &, V t > ta, x € [0,1].

Recalling the analysis of (3.1) and the comparison principal, then there exists a t5 > t4 such that u(t,z; x) > %BE for any
t > ts, x € [0,1]. Due to gl_% %ﬂg = %, there is a & small enough and a positive constant 7; such that afﬂg > g — N1,

& < &. Hence, we have u(t, z; x) > g —m, Vit>ts, €< &, xe|0,]].
When v(t,z;x) < & for V t > t4, we now suppose kT > t4 for any integer k. Then, the third equation of (1.1) implies
% < dwWes + péw + w(y —w), t > kT, z € (0,1). Considering the auxiliary problem

0z

— =dyzex + péz+z(y—2), t#nT,n>k,xze0,l),n=0,1,---,

5 73 (v—2), t# (0,1) (3.3)
z((nT)+,x) = g(2(nT,x)), t=nT,n>kuxec(0,0),n=01,---,

together with the aforementioned method and Theorem [2.4) we know that the periodic solution z* of problem (|3.3]) is globally
attractive when X§, > 0, and z* is continuous for small £ associated with %irr(l) 2" (t,x) = w*(t,x). Next, we choose & < & small
—
enough and a positive constant 72 such that z* < w* + 2, £ < 2. Then, combining with the comparison principal and the
global stability of z*, for a sufficiently small constant 3 > 0, we obtain w(t,z) < z(t,x) < 2" +n3 < w* +n2+n3 := w* +n4,
£<&,t2 kT, z €0,1].
From the equation of v to (1.1]), one can find

v . .

5 > deVze + B(u” —m)v —ov — k(W +ma)v, Vt>kT,z € (0,1).
Similar to the discussion in (i), we can still obtain tlim v(t,z;x) = oo uniformly for all € [0,!], which contradicts the

— 00

boundedness of v. Thus, we prove inequality (3.2). Next, we discuss the following two cases.
(a) v(t,x) > & uniformly for all large t and z € (0,1);
(b) wv(t,z) oscillates around & for all large t and z € (0,1).

If (a) holds, let n = &£, then our proof is completed. In the following, we only consider (b). Suppose that ¢ and ¢ are
large enough such that v(t,z) = v(t,z) = &, v(t,z) < &, t € (t,t) uniformly for all z € [0,!]. Together with the continuous,
bounded and without impulses properties of v(t, z) for all t € [t, ], z € [0,1], we can conclude that it is uniformly continuous.
Hence, there exists a constant 7 > 0 (7 is independent of the choice of t) such that v(t,z) > g forallt € [t,t+ 7], z € [0,1].

If T —t <7, then v(t,z) > & for all t € (£,1), = € [0,1]. We can take 5 = %, then our proof is completed.

Ift —t> 7, then v(t,z) > 5 forall t € [t,t + 7], € [0,1].

Next, we aim to prove that v(¢,z) > g for all t € [t + 7,t], € [0,]]. Assume, by contradiction, there exist a positive

constant w and k1 € N such that t + 7+ w = k17T, and

[ b0l

v(t,z) > g, forViteltkiT],z e (0,0),
v(k1T,x) = g, v(t,x) < g, forVitet+7+wit],z e (0,0).

Suppose that there exists k2 € N (k2 > k1), such that k2T < . For t € (k1T k2T, repeating above procedure and method,
we have v(k2T) > §. This contradicts our hypothesis. Henceforth, v(t,z) > § :=n, for V ¢ € [t,%], = € [0,1]. Since the
interval [t, 7] is arbitrary, we obtain lim;— . v(t,x; X) > n uniformly for all z € [0, ]. O

From the above statements, we note that high vaccination rates are a effective condition to eradicate the virus. To be
specific, high vaccination rates can enhance the CTL response resulting in producing a large w*, which fact together with
the negative feedback of Ry on w*, we can obtain that virus will eventually be forced to vanish.

3.2 The global attractivity investigation

Despite the weaker uniform persistence results for the entire system as stated above, we still are inclined to establish
some stronger results about the global dynamics of the entire system. In fact, since the system is non-cooperative, we will
utilize the theory of Lyapunov function and some necessary analyses to lift the threshold type results for problem (1.1)-(1.3).
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As the starting point, we first present the compactness of the solution semiflow. Let U = (u, v, w) € Lp(0,1) X Lp(0,1) x
L,(0,1), p > 1, problem ((1.1)-(1.3)) can be written as

%—Z:BU—i—F(t,U), 0T,z e (0,0),n=01,
Uz(t7 0) ( ’ ) t> 07 (34)
U(0,z) =Uo(z) 2,#0, =€ (0,1),
and impulsive condition
w((nD)t,z) = u(nT,z), v(nT)t,z) = v(nT, z), w((nD)t,z) = g(wnT,z)), z€(0,),n=01,---, (3.5)
where
d.02, — o 0 0 0 — au — Buv + ou
B:= 0 d.02, — o 0 ,0>0, F(t,U):= | puv —ov — kvw + ov
0 0 dw(‘)gz -0 pow + w(y — w) + pw
The operator B has the domain of definition A(B) = {¥ : ¥ € Q*?(0,1), U,(t,0) = U, (t,1) = 0}, where Q**(0,1) is the

Sobolev space of functions from L,(0,1) that possesses two generalized derivatives. Motivated by |11], we know that B is
sectorial and %T( ) < —p, where Y(B) is the spectrum of B. For ¥V 9 > 0, the functional power B~V of B is defined by

= r( ) f e~ *Bt?~1d¢, where T is the gamma function. Naturally, the operator B~ is bounded and bijective. Since
B19 = (B7Y)"! and A(B?) = H(B™?), where H stands for the range of B~? and B° is the identity in Y = L, X Lpyx L,
together with norm || - ||. Then, for ¥ € [0, 1], we introduce a new space Y? = A(B”) such that ||ly|ls = ||B”y||s. Hence, we

have the following lemma ( [4][Lemma 2.2]) about the compactness of the solution semiflow.

Lemma 3.2 Assume that the function g is continuously differentiable and there exists a positive function q(M) such that
SUp| ), < lg(w)[l < g(M),9 € (%—i—%,l). Let U(t,Uo) = (u(t,z,uo,vo,wo),v(t, z,uo, vo,wo), w(t, z,uo, vo,wo)) and
Uo = (uo,v0, wo) € Y be a bounded solution of problem (3.4)-(3:5). Then the set {U(t,Us) : t > 0} is relatively compact in
CHo(RL,[0,]) for 0 < <29 —1— 2.

Now, according to the result of uniform persistence as stated above, we can strength the boundedness of solutions from
Eo to E := {(u,v,w) | M < (u,v,w) < M} for sufficiently large ¢. In particular, we have the following investigation about
the global attractivity of the entire system (1.1))-(1.3).

Theorem 3.3 Suppose that Ro > 1. If In N + AaT < 0, where N = max{ maxﬁ(g'(s))z,l}, and \a is the maximal
M<s<M

etgenvalue of the matriz

2(—a—pM) —BM + M 0
A= | —BM+BM 2(BM — o — M) —kM + uM , (3.6)
0 —kM +pM  2(—2M + puM + )

then problem (L.1)-(1.3) admits a unique positive steady state, which is T-periodic, piecewise continuous and globally attractive.

Proof. To begin with, we present the existence of the positive steady state.

Define the operator
©: X+ - X+7@(u(0+)7v(0+)7w(0+)) = (u((nT)+)vU((nT)+),w((nT)+))7n =12,

Due to the system being persistent, the continuous operator ©® maps the closed, bounded, connected, and convex set E into
itself. According to Brouwer’s fixed point theorem, the operator © admits at least a fixed point (v**, v, w**) € E, which is
a periodic solution of problem —. Hence, problem — admits at least a strictly positive piecewise continuous
T-periodic solution. The existence of the positive stable state is proved.

In the following, the global attractivity of the positive steady state will be given.

Let (u,v,w) be a periodic solution of problem — and let (&, ¥,) be an other solution of — in the set E.

Consider an auxiliary function
1
I(t) = /0 [(u(t, z) — a(t,z))* + (v(t, ) — B(t,z))* + (w(t,z) — w(t, z))?]dz.
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Then
ar@t) . [ o [(Ou ou . [Ov  OF o [Ow O
7_2/0 [(u—u)(a—§>+(v—v)(§—a)+(w—w)<a—a>}dm
l
:2/ [de(u — @) (Upe — Uae) + de(V — V) (Vow — Vza) + dw(w — D) (Wez — Wea)] dz
’ l 1
+2/(ufﬁ)[(Qfauf,Buv)f(Qfaﬁfﬂu“v)]derQ/(vfﬁ)[(ﬁuvfavf/ww)f(ﬂzivfa'bfﬁviu)]dx
0 0
1
42 [ = i) [+ wly = w) = (o 4153 = ) e
l 1 1
< —2d. e — i |* do — 2d. e — ¥ |* dz — 2du e — Wy [°d
< /0|u g |* dz /0|v Uy |© do /0|w Wy |© de

l l l
+2/ (u—ﬁ)Q(—a—,Bé)dx—i—Q/ (v—ﬁ)Q(ﬁa—a—m)dxH/ (w — 0)*(—w + ¥ + v — Ww)dx
0 0 0
l

l
+2/0 (ufﬁ)(vfﬁ)(fﬂu+ﬂv)dx+2/o (v —0)(w — W) (—kKv + pw)dz
32/0 (u—ﬁ)Q(—a—ﬁf})dx—i—Z/o (v—ﬁ)Q(ﬁﬁ—a—mb)d:r—l—Z/o (w — ) (—w + pd + v — w)da

l !
+2/0 (u—ﬁ)(v—f;)(—ﬁu—i—ﬂv)dx—i—Q/o (v —9)(w—w)(—kv + pw)dz

l

1 1
§2/0(u—ﬁ)2(—a—ﬁM)dx+2/o(v—ﬁ)Q(BM—U—nM)dx—i—Q/O(w—u”;)Q(,uM—&—’y—QM)dx

l l
+2/O (u—a)(u—ﬁ)(—BM+ﬂM)dx+2/O (v —¥)(w — ) (—kM + pM)dz

g,\A/O [(w—)?+ (v —0)" + (w—w)?] dz,

that is, dg—(:) < Aal(t). Straightforward calculation implies that I((n + 1)T) < I((nT)")e*4T, and we have

I(((n+ 1)T)+) :/0 [(u((n+ 1T, z) —a((n+ 1)T, av))2 + (v((n+1)T,z) — o((n + 1)T, 917))2

+(g(w((n +1)T),z) — g(w((n + 1)T,2)))*|dz
<NI((n+1)T) < NI((nT)")er™.

Now, we take the change of the function over the period T into consideration. Naturally, we have
I(t+T) < N.I(t) = Ne*TI(t).

Due to In N + AaT < 0, we obtain that N, < 1. Consequently, we deduce that I(tf +mT) < N*I(¢) and N"I(f) — 0
as m — oo, which implies that

lim [Ju(t, z) — i(t, ©)||L, = lim [v(t,2) = 6(t,2)||, = lim [Jw(t,z) — (¢t )|z, = 0.
t—o0 t— o0 t— o0
From the solutions of problem (|1.1})-(1.3]) are bounded, we can obtain that

limsup |u(t,z) —u(t,z) |= limsup |v(t,x)—0(t,z)|= limsup |w(t z)—w(t z)|=0.
t—ooxz€(0,1) t—ooz€(0,l) t—ooxz€(0,1)

Identically, the solutions of problem - are globally attractive.

Lastly, consider the sequence (u(nT,z,uo,vo,wo), v(nT, z,uo, vo, wo), w(nT, x, uo,vo, wo)) = U(nT,Uy). Recalling the
orbit compactness conclusion Lemma|[3.2] we still have the compactness in space C([0, {]) x C([0,]) x C([0,1]). Let U* be a limit
point of this sequence satisfying U* = Vli}m U(n;T,Uy), then U(T,U*) = U*. Due to U(T,U(n;T,Uy)) = U(n;T,U (T, Uyp))
and nhgnoo U(n;T,U(T,Uy)) — U(n; T, U(Z)) = 0, then as ¢ — oo, we have

U(T,U") = U"|| < |U(T,U") = U(T, U (nT, Uo))|| + |U(T, U(niT, Uo) — U (T, Uo) |
+ |U(n: T, Uy) — U*H — 0.
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Thus, the sequence {U(nT,Up)} admits a unique limit point. Without loss of generality, we assume that the sequence has
two different limit points U* = lim U(n;T,Up) and U, = lim U(n;T,Up). According to and U, = U(n;T, U,), then we
have o o

|U* = U.|| < |JU" = Un;T,Uo)|| + [U(n:T,Us) — Us|| — 0, as i — o0, .

Thus, U* = U.. The solution (u(t,z,u,v,w),v(t,z,u,v,w),w(t,z,u,v,w)) := U" is the unique positive steady state of
problem (L.1)-(1.3). The proof is completed. a
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