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PROPAGATION OF RADIUS OF ANALYTICITY FOR SOLUTIONS TO A
FOURTH ORDER NONLINEAR SCHRODINGER EQUATION

TEGEGNE GETACHEW, BIRILEW BELAYNEH, AND ACHENEF TESFAHUN

ABSTRACT. We prove that the uniform radius of spatial analyticity o(t) of solu-
tion at time t to the one-dimensional fourth order nonlinear Schrodinger equation
10w — aiu = lulfu

cannot decay faster than 1/+/t for large t, given initial data that is analytic with
fixed radius 0. The main ingredients in the proof are a modified Gevrey space, a
method of approximate conservation law and a Strichartz estimate for free wave
associated with the equation.

1. INTRODUCTION

We consider the Cauchy problem for one-dimensional fourth order cubic non-
linear Schrodinger equation,

(ANLS)

10tu— aiu = [ulu (x,t) e R xR,
u(0) =f,

where u is a complex-valued function. This equation was studied in the context
of stability of solitons in magnetic materials (for more physical background, see
[12,13]), and has been extensively studied in recent years; see for instance [2, 16,
18-20,23,24]. The mass and energy,

1

M(t):,J uf dx,
2 Jr

E(t) = %LR [02uf? + %|u|4 dx
are conserved by the flow of (4NLS).

Low regularity well-posedness for (4NLS) was recently studied by Seong [28].
The author proved that (4NLS) is locally and globally well-posed for initial data
f € H(R),s > —1/2. The author also showed that the Cauchy problem is
midly ill-posed in the sense that the solution map fails to be locally uniformly
continuous on H*(R), s < —%. Well-posedness and long-time behavior of solution
for the higher dimensional version of (4NLS) was also studied in [23].

The main concern of this paper is to study the property of spatial analyticity of
the solution u(x, t) to (4NLS), given a real analytic initial data f(x) with uniform
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radius of analyticity o, so that there is a holomorphic extension to a complex
strip

Sop =x+iy € C: y| < op}.

Information about the domain of analyticity of a solution to a PDE can be used to
gain a quantitative understanding of the structure of the equation, and to obtain
insight into underlying physical processes. It is classical since the work of Kato
and Masuda [14] that, for solutions of nonlinear dispersive PDEs with analytic
initial data, the radius of analyticity, o(t), of the solution might decrease with t.
Bourgain [3] used a simple argument in the context of Kadomtsev Petviashvili
equation to show that o(t) decays exponentially in t.

Rapid progress has been made lately in obtaining an algebraic decay rate of
the radius, i.e., o(t) ~ t—° for some 6 > 1, to various nonlinear dispersive PDEs,
see eg., [1,10,25-27,29-31]. The method used in these papers was first introduced
by Selberg and Tesfahun [27] in the context of the Dirac-Klein-Gordon equations,
which is based on an approximate conservation laws and Bourgan’s Fourier re-
striction method. For earlier studies concerning properties of spatial analyticity
of solutions for a large class of nonlinear partial differential equations, see eg.,
[3,6-9,11,14,17,21,22].

The radius of analyticity of a function can be related to decay properties of its
Fourier transform. It is therefore natural to take initial data in Gevrey space G°-°
defined by the norm

Il o ry = [explolel) (&)°F]

>
L%(]R] (G = 0)/

where (§) = \/1+&2. For o = 0, this space coincides with the Sobolev space
H3(IR), with norm

s vy = 148)*Fl 2 gy
while for o > 0, any function in G°*(IR) has a radius of analyticity of at least
o at each point x € IR. This fact is contained in the the Paley-Wiener Theorem,

whose proof can be found in [15] in the case s = 0; the general case follows from
a simple modification.

Paley-Wiener Theorem. Let 0 > 0and s € R, then the following are equivalent

(a) fe G9%(R),
(b) fis the restriction to R of a function F which is holomorphic in the strip

Se={x+iyeC: lyl <o}k
Moreover, the function F satisfies the estimates

sup [[F(- +1y)|[s (r) < oo
lyl<o

By using the Grevey space, the energy method and the method of approximate
conservation law it is not difficult to derive a linear decay rate, o(t) ~ 1/t, for the
radius of analyticity solution to (4NLS). In the present paper, we derive the decay
rate o(t) ~ 1/v/t, by using a modified Gevrey space that was introduced recently
in [4,5], a Strichartz estimate and the method of approximate conservation law.
The modified Gevrey space, denoted H°"*(IR), is obtained from the Gevrey space
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G 9% (R) by replacing the exponential weight exp(o|&|) with the hyperbolic weight
cosh(olé)), i.e.,

[0 ) = [coshlale)) (&) (0> 0).

L2(R)

Since %exp(crlf,\) < cosh(olg]) < exp(olé]), this norm is equivalent with the
G%*(R)-norm, i.e.,

[fllres r) ~ [fllgos (r)- @
Therefore, the statement of Paley-Wiener Theorem still holds for functions in
H%$(R).

The simple estimate
1 —exp(—ol&|)
g =°

can be used in the G“*-set up to derive a linear decay rate, o(t) ~ 1/t. In compar-
ison, the decay rate o(t) ~ 1/v/t obtained in the H°"*-set up of this paper stems
from the o2-factor of the following estimate:

1 — [cosh(o]g|)] ! < &2
&2

We state our main result as follows.

Theorem 1 (Asymptotic lower bound for ¢). Let f € H0%(R) for some og > 0 .
Then the 'global solution w of (4NLS) satisfies

u(t) € HO(R) forall t>0,

with the radius of analyticity o satisfying the asymptotic lower bound
o:=o0(t) >c/Vt as t— oo,

where ¢ > 0 is constant depending on the initial data norm ||f|l 002 g)-

So it follows from Theorem 1 that the solution u(x, t) at any time t is analytic
in the strip S5 (y) (due to (1) and the Paley-Wiener Theorem) with radius decaying

at the rate o(t) ~ 1/v/1.

Remark 1. It is possible to show that the statement of Theorem 1 holds true for
the general fourth order semilinear nonlinear Schrodinger equation (pNLS),

10w — aiu = [ulPu,

for any even integer p > 2. However, we do not pursue this issue here.

Notation. For any positive numbers a and b, the notation a < b stands for

a < cb, where c is a positive constant that may change from line to line. Moreover,
we denote a~b whena <band b < a.

The rest of the sections are organized as follows. In Section 2 we introduce
function spaces, recall some linear estimates and prove local well-posedness of

Iasa consequence of the embedding H902(R) < H?(R) and the existing well-posedness theory
in H2(R) (see [28]), the Cauchy problem (4NLS) has a unique, smooth solution for all time, given
initial data f € HO02,
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(4NLLS) for initial data f € H°2. In Section 3, an approximate conservation law
for a modified mass + energy functional associated with us = cosh(o/D[)u is
derived. Theorem 1 is proved in Section 4 by combining the results from Sections
2 and 3. Finally, Section 5 is dedicated for proving a key nonlinear estimate that
is crucial in the proof of the approximate conservation law.

2. LocAL WELL-POSEDNESS THEORY

2.1. Function spaces and linear estimates. The Bourgain space, X*'?, associated
with (4NLS) is defined to be the closure of the Schwartz space (R x R) under
the norm

lwllxer = (&) T+ EHPTT D)2 | mer)

where U1 denotes the space-time Fourier transform given by
U(E, 1) = Fpelul(g, 1) = J e T Ey (x, 1) dxdt.
RI+1
The spatial Fourier transform fis defined by
fle) = alflie) = | e Eri o

The restriction to time slab (0, T) x R of the Bourgain space, denoted X%’b, isa
Banach space when equipped with the norm

||UHX%b =inf{||v||xsv : v=uon (0,T) x R}.

s,%—b—

We have the embedding X" C C([0, T], H®). In particular,

[wllens < ||UHXS,%+, )
T

where we used the notation L?X = L,?X ([0,T] x R) and a+ := a + ¢ for suffi-
ciently small ¢ > 0.
Now consider the Cauchy problem for the linear fourth order Schrodinger
equation
WOu—otu=F
u(0) ="~

whose solution is given by Duhamel’s formula
H a4 t 3 a4
u(t)=e 't Xf—ij e Ht=s)0%F(g) ds. (3)
0

It is standard that the following energy inequality holds:

(T>0). (4)

s,5+
T

1
s+

ull o1e S IFlhas + [IF
XT
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Local well-posedness of (4NLS) can easily be proved using energy inequal-
ity, Sobolev embedding and a standard contraction argument in the “Gevrey-
Bourgain type space, X°*'*, whose norm is defined by

lullxosb = “GU‘D‘u“XS,b.
In the case o = 0, this space coincides with the Bourgain space X*'°. The restric-
tions of X°/5? to a time slab (0, T) x R, denoted X%S’b, is defined in a similar way
as above.

Now applying cosh(o|D|) to (3) and using (4) we obtain

el oy S IElles + P g - ()
T T

2.2. Local well-posedness of (4NLS) in H>°. Consider the integral formulation
of (4NLS):

. t .
u(t) = eﬂtaif—ij e~ HE=8)0% (|21 (s) ds. (6)
0
We claim that the following nonlinear estimate holds:
2 7 (P
Hlul unglzﬁ%Jr < cT2 Hu||x$2,%+ . )
02,5+

Then (5) combined with a standard contraction argument in the space X;

02,1+
1mphes existence of a unique solution u € X2

for (4NLS) with existence time
~|If HHc,z . Moreover,
Il oo, <cliflljgor- ®)
XT,2,2+ H
It remains to prove the estimate (7). Since us = cosh(o|D|)u, (7) reduces to

1
H cosh (o]DJ) [I sech(oD|)ugl sech(UIDI)uG” <cT2 Huo‘|32,%+ )]
Xy

1212
By Plancherel,
LHS (9):H<a )2 cosh(01€))7 [|sech(01D|)uo ? sech(o/D o (’S)‘mz
T-E
3 —
- (£)? cosh(o12)) |  sech(oi; )iTs (&1, )15 (£, Vs (£, 1) dE1dEades
E=E1—E+&3 =1

212
[ENE]

(£)2 5 (&1, V)lIte (&2, 1)U (83, )| A& dEndEs

H E=81—Er+83 LZTLza

where to obtain the third line we used the rough estimate

3
cosh(olé|) | [ sech(ol&;]) <8

j=1

2In fact, a contraction argument in the space L¥H2 combined with a simple Sobolev embed-
ding can be used to prove local well-posedness of (4NLS) for initial data f € H°2. However, the

2,3 . . : L .
space X? 2" which captures the dispersive nature of the equation, is needed in the proof of the
approximate conservation law (see Section 5).
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which in turn follows from the triangle inequality |&] < Z?:l 1&51.
By symmetry we may assume &3] < [&p] < |&3[; this implies [&] < 3|&3]. Then,
denoting vg = & —1 [t )], we have by Plancherel, Holder, Sobolev embedding and

),

LHS <c Vol&1, Vo (&, 1) (E3) Vo (&3, 1) A& dEndEs

JEE152+£3

<c|ox o 7o (D] (&)

2712
(BN 8]

=c||lvg Vo - <D>2Vg

which proves (9).

3. APPROXIMATE CONSERVATION LAW

We derive an approximate mass + energy conservation for
Ug = cosh(o|D|)u,

where D = —i04 and u is a solution to (4NLS) (hence u = sech(o|D|)us). To do
this, we define a modified mass + energy functional associated with us by

1 1
Eolt) = LR ol + P2l + S fuolt dx. (10)

Since uw = 1y, and hence &yp(t) = M(t) + E(t), we have &y(t) = €¢(0) for all t.
However, this fails to hold when o > 0. In what follows we will nevertheless
prove the approximate conservation

sup &(t) = £6(0) + 020 (114 £4(0))%) a
0<t<T

for T as in the local existence theory of the proceeding Section. Thus, in the limit
as 0 — 0, we recover the conservation &y(t) = €9(0) for0 <t < T.

The rest of the section is dedicated for the proof of (11). Applying the operator
cosh(o|DJ) to (4NLS) we obtain

1041 — 0t ug = [uePue + N(ug), (12)
where

N(io) = —huglPite + cosh(o|D|) [| sech(o]D|)ug? sech(chl)ug} . (13)
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Differentiating €4(t), and then using (12)-(13) and integration by parts, we
obtain
d

a&;(t) =Re LR UgOtlUg + aiuiaiatug + [uo g 0iugdx

= ReJ OtlUg (ug +0%uc + \uclzuc) dx
R

= _ ReiJ <aiug + luglfug + N (uc)) (ug +0%ug + \ug\2u5> dx
R

= ImJ |aiuc|2 + |u0‘4 + |aiucr + |1—Lo"2110'|2 + N(U—G) (u(r + aiuc + |ucr|2ucr) dx
R

= ImJ N(ug) (ug +0%ug + Iug\zug) dx.
R
Consequently, integrating over the time interval [0, s], where s < T, we get

Eo(s) = Ex(0) +Ro(s), (14)

where
S

Rs(s) =Im Jo

The quantity Rs(s) satisfies the estimate (the proof is given in the last section)

J N(uo) (ug T otug + |u(,|2ua) dxdt. 15)
R

3
sup |Rq(s)| < co? <1+ ||uo||22%+> (16)
&

0<s<T T

1
for all ug € X2T’2+, where ¢ depends on T.
By (8), we have

ol o = I g < € hues = o @)l )
Now, since
1 1
£al0) = 5 [ (o0 0P +102ua (0,017 + Sluslx 0t ) ax
R

> lue(-,0)|%0

it follows from (17) that

HuUHX?%Jr 5 €s(0). (18)

Finally, using (18) in (16) we obtain the desired estimate (11).
4. PrROOF OF THEOREM 1
Suppose that u(-,0) = f € H02(RR) for some oy > 0. This implies ug,(-,0) =
cosh(op/D)|)f € H2, and hence
€op(0) S ||U'UO("0)H2H2(IR) + HuUO(VO)Hi@(R) < oo,

where we also used the Sobolev embedding HZ(R) C Li(lR).

Now following the argument in [27] (see also [25]) we can construct a solution
on [0, To] for arbitrarily large time Ty. This is achieved by applying the approx-
imate conservation (11), so as to repeat the local result on successive short time
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intervals of size T to reach Ty, by adjusting the strip width parameter o € (0, o]
of the solution according to the size of Tj.
To achieve this first note that by (11),

sup Eq(t) < E4(0) +co? [14—8(;(0)]3
0<t<s 19)
< €qy(0) +co? [1+E4(0),

for some & € (0, T]. Here to get the second line we used the fact that £5(0) <
€5, (0) which holds for o < o as cosh x is increasing for x > 0. Thus,

sup Eq(t) <2E4,(0) (20)
0<t<s
provided that
ca? [14 €6y (0)]° < €4, (0). 1)

Next, we apply the local theory with initial time t = 6 and time-step size T to
extend the solution from [0, 7] to [t, T+ T]. By (11) and (20) we obtain

sup  Eo(t) < &o(8) +co?[14284(0)3. (22)
St +T

Proceeding this way we can cover all time intervals [0, T], [T, 2T], [2T, 3T], etc., and
then apply induction (see e.g, [4]) to establish

sup Eo(t) <284,(0) for o>c/\/To, (23)
0<t<Ty

where ¢ > 0 depends on €4, (0). This would in turn imply

sup [[u(t)[[jo2r) < oo for o>=c/y/To
0<t<Ty

which proves Theorem 1.
5. PROOF OF ESTIMATE (16)

We can write

Rs(s) = ImJ'0

S

S
J N(ug) (1+ai) uT;dxdt—i—ImJ J N (i) ug Pigdxdt,
R 0 JR

=R (s) =R (5)
where

N(io) = —ug/Pre + cosh(a|D]) {| sech(o]D|)ug 2 sech(chI)uU} .

So (16) reduces to proving the nonlinear estimates

1
sup [RG (s)] < 02[[uollian, (24)
0<s<T T

2
sup RS (s) < 02 [[uo S (25)
0<s<T T

To prove (24) and (25) we need the following estimate from [4, Lemma 3]:

3 3 3
£=) & = |l—cosh|g|] [sechlg;l| <8 ) Il&l. (26)
=1

j=1 jAk=1
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In addition, the proof of (24) shall make use of the following space-time estimate
from [28, Lemma 3.2]:

1
||<D>2u||L‘tlL;<oo(]R><R) S ||uHXo/%+ (27)
This estimate is deduced from the Strichartz estimate for free wave,
1 5¢04
(D)2 ™ O Fll 4o ryery < Ill2 (R) (28)

and the standard transference principle. To be more precise (28) is proved in [28]
with (D) replaced by |D|. However, the proof can be easily modified to deduce
that (28) still holds.

5.1. Proof of (24). By Plancherel and (26),

2] = |[ [ Mg v (14 ) TiE vaca

r J s (1 + 54) (1 — cosh(olg|) f[ sech(ol&;
R L

. )) Ug (&1, t)Uo (&2, tUo (&3, t)Ua (&, t)dp(E)dt|,

T 3
<s0?| | @ ( > |ajak|) T (61, DI (2, 1T (€3, DT, Vldu(E)at,

jAk=1

where dp (&) is a measure du(é) = 6(§ — &1 — & + &3)dé1dEpdEsdéE. This measure
imposes the condition £ = & + & — &3

By symmetry of our argument, we may assume ;] < [&] < |&3], and hence
|&] < 3J&3l. Then, denoting vo = JFy L([tg!), we have by Plancherel, Holder, (2)
and (27),

(T p
R @) < co? ] | (e Eallealvs e, 175 (2, T (B, DVe (& Ddule)dt

T

< co? . R4\7§(El,t) (E2)Vol(Ea 1) - (E3) Vo (Ea 1) - (£) 3V (E, t)dn(E)dt
(T 5 5

—co? F. |ve - (D>v5~<D)2vc} (E,1) - Fy {(Dmg} (£,t)dEdt
JO JR
(T 5 5

=co? Vo - (D)vg - (D)2vg - (D)2vs dxdt
0 JR

< c0T2 ol sz | (D)volligr2 (D) vally o

1
< e T2 |ve|? 1, [{DYvel?, 4
= X}r’2+ XE)I:Z+
21 4
< co?T2 ”u"“x2'%+'

T

This proves (24).
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5.2. Proof of (25). By Plancherel and (26),

)] - | L LR T N(uo)] (&) - T lluoPu] (& DdEdt)

s 3
:H LRé 1— cosh(ol&|) | [ sech(olg;)) Hug &, tUo(Es, 1) )l_Iug &, t) U (&6, t)dv(E)dt|,

0

i=1 i=1
T 3 6
<8 | | | X gl | (e viavea
0 RS \j j=1

where dv(&) is the measure
(&G — &+ & H
dv(&) =8 (E &a— &5+ Eé) d&;.

This measure impose the conditions & = &; 4+ &, — &3 =&+ &5 — &
Again, assuming |&;] < [&2] < [&3] by symmetry, we have

;
s <t | | ealesl T [ (65, Ulav(Edat

j=1

T L
= CUZ J]R Erx |:V0‘|D|VO‘|D|V0~:| (E,, t) . EFX Hv0_|2vo_] (art)dadt
) T -

=co? J VoDV IDIve - ve*Vedxdt

JOo JR

<o’ TvoltzrellDVolters
< CGZT||VG||LOTOH2

6
< co?T|Jug| 23+
Xy

which proves (25).
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