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Abstract

In this article, we consider a one-dimensional porous-elastic system with porous-viscosity and a distributed delay of neutral
type. First, we prove the global existence and uniqueness of the solution by using the Faedo—Galerkin approximations along
with some energy estimates. Then, based on the energy method and by constructing a suitable Lyapunov functional as well as
under an appropriate assumptions on the kernel of neutral delay term, we show that despite of the destructive nature of delays
in general, the damping mechanism considered provockes an exponential decay of the solution for the case of equal speed of

wave propagation. In the case of lack of exponential stability, we show that the solution decays polynomially.
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ABSTRACT. In this article, we consider a one-dimensional porous-elastic sys-
tem with porous-viscosity and a distributed delay of neutral type. First, we
prove the global existence and uniqueness of the solution by using the Faedo—
Galerkin approximations along with some energy estimates. Then, based on
the energy method and by constructing a suitable Lyapunov functional as well
as under an appropriate assumptions on the kernel of neutral delay term, we
show that despite of the destructive nature of delays in general, the damping
mechanism considered provockes an exponential decay of the solution for the
case of equal speed of wave propagation. In the case of lack of exponential
stability, we show that the solution decays polynomially.

1. INTRODUCTION

In 1972, Goodman and Cowin [I4] have given an extension of the classical elas-
ticity theory to porous media by introducing the concept of a continuum theory
of granular materials with interstitial voids into the theory of elastic solids with
voids. In addition, Nunziato and Cowin [22] have presented a nonlinear theory for
the behavior of porous solids in which the skeletal or matrix material is elastic and
the interstices are void of material. In this theory the bulk density is written as
the product of two fields, the matrix material density field and the volume fraction
field. Furthermore, this representation introduces an additional degree of kinematic
freedom. The intended applications of the theory of elastic materials with voids are
to geological materials like rocks and soils and to manufactured porous materials.

In [23], Quintanilla gave the first investigation concerning the study of asymptotic
behavior of the solutions for a one-dimensional porous-elastic system where he
proved that the damping through porous-viscosity is not strong enough to provoke
an exponential decay. In [I} [2], Apalara showed that the same system considered
in [23] is exponentially stable for the case of equal speeds of wave propagation.
In [4], Casas and Quintanilla studied the one-dimensional porous-elastic system in
the presence of the usual thermal effect with microtemperature damping and they
used the semi-group approach to prove the exponential stability of the solutions
irrespective of the speeds of wave propagations. In [B], Casas and Quintanilla
proved that the combination of porous-viscosity and thermal effects provokes an
exponential stability of the solutions. In [I§], Magana and Quintanilla showed that
viscoelasticity damping and temperature produced slow decay in time and when
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the viscoelasticity is coupled with porous damping or with microtemperatures, the
system decays in an exponential way.

Delay effect arises in many applications depending not only on the present state
but also on some past occurrences and it has attracted lots of attentions from re-
searchers in diverse fields of human endeavor such as mathematics, engineering,
science, and economics. The presence of delay may be a source of instability of
systems which are uniformly asymptotically stable in the absence of delay unless
additional control terms have been used (see [0, [7, 13, 20} 211 28]. Also, the intro-
ducing of this complementary control may lead to ill-posedness as shown in many
works such as ([7, [24]) and the references therein. In addition to the well-known
discrete delays, there are several others and we are interested here in the neutral de-
lay where the delay is occurring in the second (highest) derivative, for more details,
see previous studies ([8]-[11] [I6l 27]) and the references therein.

Among the investigations that have been realized concerning the asymptotic
behavior with neutral delay, we cite the work of Tatar [26] where he considered the
following damped wave equation with neutral delay

t
utt:um—ut—/ h(t—s)uw(s)ds, z € (0,1), t >0,

w(0,6) = u(l,) =0, t >0,
u(x,0) =ug (z), w(x,0) =u1 (x), z € (0,1),

and he showed that the solution decays in exponential manner under some condi-
tions on the kernel of distributed neutral delay.

In [25] Seghour et al. studied the following thermoelastic laminated system with
neutral delay

pwtt—l—G(w—wx)z—&—Awt:O,xE(O,l),t>0,
(Sstt_¢tt) (’(/) wl) (38—¢)+M9 =0, 336(0 1) t>0,

31, (st—i—/ h(t—r)s:(r )dr) +3G (Y —wy) +4vs — 38, =0, x € (0,1), t >0,
0 — Kby + 1 (3s — ), =0, m€(0,1)7t>0,
with boundary conditions

$(0,t) = 5(0,1) = 0, (0,) = w, (0,£) =0, ¢ >0,
{ 0(1,t) = w(1,t) = sy (1,t) = 0y (1,1) = 0, t >0,

and initial data

(wtthast) (LC,O) = (whq/]lel)? MRS (071)7

and they showed that the dissipation given by the combination of neutral delay with
the heat effect and the frictional damping stabilize exponentially the system in the
case of equal wave speeds. In the opposite one, and with an additional assumption
on the kernel, they proved a polynomial stability.

In [15], Kerbal and Tatar considered the following neutrally retarded viscoelastic
Timoshenko system

th:(¢zt+1/1)xa .
(m [ re-suas >twm/og(ts)wm(s)ds(%+¢),

{ (wawvsvg) (SL',O) = (w07w0330790)a T € (07 1)3
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for z € (0,1), t > 0 with initial and boundary conditions

(p(.%’,()) = 900($)7 ‘Pt($70) =¥ (;13)7 HAS (071)7
1/)(5570) = 1o (.’L‘), (o (5570) =11 (l‘), RS (071)7
<p(ovt) = @(lat) = ¢(07t) = 1/)(1775) =0,1>0,
and under certain conditions on the kernel, they proved that the neutral delay does
not prevent the system from being stabilized by the viscoelastic term.
Motivated by the previous works, in this paper, we consider the following porous-
elastic system with porous-viscosity subject to a distributed delay of neutral type

putt_ﬂurx_b¢z:0,x€(0a1)7t>07
t

J<¢)t+/k(t—s)¢t( )ds) —0¢gz +buy + €S+ 1y =0, x € (0,1), t >0,
0

u(z, 0)—%0(33), u (, )—ul(w), €(0,1),
¢ (2,0) = ¢o (2), ¢¢(2,0) =1 (), z€(0,1),
ux(O,t)—um(,t) (,)—¢(1,t)=0,t>0,

(1.1)
where the functions u and ¢ represent respectively the displacement of the solid
elastic material and the volume fraction . The parameter p designate the mass den-
sity and J equals to the product of the mass density by the equilibrated inertia The
coefficients pu, 6, £, puq are positive constants represent the constitutive parameters
defining the coupling among the different components of the materials such that

pé > b (1.2)

where b is a real number different from zero. The initial data ug, u1, ¢g, ¢1 belongs
to the suitable functional space and the integral represents the neutral delay term
where k is the relaxation function that specified in the preliminaries. The system
(1.1) was constructed by considering the following basic evolution equations of the
one-dimensional porous materials theory

pug =Ty, J <¢t +/ E(t—s)o:(s) ds> =H,+ D, (1.3)
0 t

where T, H and D represent respectively the stress tensor, the equilibrated stress
vector and the equilibrated body force. Consequently, to get the system (|1.1) we
take the constitutive equations T, H and D at this form

T = puy + b¢7 H= 6¢:va
D = —bu, — £ — p1¢y, (1.4)
and by combination (1.4)) in ([1.3]), we obtain ([1.1).

The main goal of this paper is to prove a global well-posedness of the problem by
using the Faedo-Galerkin method. Moreover, based on the multipliers method and
under some assumptions on the kernel of neutral delay, we show that despite of the
destructive nature of delays in general, the porous-viscosity given an exponential
behavior for the case of equal speeds of wave propagation, that is

x==——=0. (1.5)

In the opposite one, we establish an polynomial stability result.
This paper is organized as follows. In Section 2, we introduce some assumptions
and transformations needed in the next sections to prove the main result. In Section
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3,we prove the existence and uniqueness of the solution. In Section 4, we show the
decay of the energy. In Section 5 and 6, we use the energy method to prove the
exponential and polynomial stability result.

2. PRELIMINARIES

In this section we present our assumptions on both kernels and introduce the
energy functional and some other functional.
We use the standard Lebesgue space L? (0,1) and the Sobolev space H} (0,1)
with their usual scalar products and norms. Let define the space H as
H=H, (0,1) x L7 (0,1) x Hy (0,1) x L* (0, 1),
where H! (0,1) = H' (0,1) N L2 (0, 1) such that

Lf(o,l):{feLQ(OJ):/Olf(x)d:c:O}.

H3(071) = {¢€H2(071)%(0) :'ww(l) :O}
To simplify the calculations, we are obliged to announce this Lemma which are
usable in the following sections.
(H1) The kernel k is a nonnegative continuously differentiable and summable func-

tion satisfying
oo

K'(t) <0, Vt>0, k= k(s)ds.
0

(H2) exp (st) k(t) € L' (R;) for some ¢ > 0.
Note that if f0+°° e**k(s)ds < oo and tlim exp (st) k(t) < oo, then

+o00 +oo +oo
/ e? |k (s)| ds = —/ e’k (s)ds = —e**k(s) |° —|—§/ e*°k(s)ds < 0.
0 0 0

Lemma 1 ([25]). For any function € C* ([0,00); L? (0,1)) and any k € C* ([0, 00)),
we have the following identity

/Olw(w(/ot (1= ) tu(s)ds ) da
= 5 (F'0w) () + %di/ (/t (t—s)w2(s)ds>dx
+Tt/0 Wid - /w

60w - [ k(- s) ( / (010) ~ w9 d ) s 12 0.

Theorem 1 ([3]). Let By C By C By be three Banach spaces. We assume that
the embedding of By in Bs is continuous and that the embedding of By in By is
compact. Let p,r such that 1 < p,r < 40c0. ForT > 0, we define

where

d
E,, = {v € LP (0, T; By) di’ e L™ (0, T; Bg)}

i) If p < 400, the embedding of E, , in LP(0,T; B1) is compact.
ii) If p= +o0 and r > 1, the embedding of E, . in C°(0,T; By) is compact.
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In view of the boundary conditions, our system can have solutions (uniform in the
variable x), which do not decay. To avoid such case and also to be able to use
Poincaré’s inequality for u , we perform the following transformation

From (1.1});, we observe that
1
/ ugdr = 0.
0

If we take v (t) = fol udz, we observe that v (0) = fol updz and v’ (0) = fol uyda.

Moreover, v is a solution of the following initial value problem
V" (t) =0, Vt >0,
{ v (0) = fol uodz, v (0) = fol urde.
The solution of the problem is given by

U(t)/Olu(m,t)dast/olul(w)da:Jr/oluo(x)dm

Consequently, if we let

1 1
ﬂ(x,t):u(x,t)—t/ ul(m)dx—/ ug (x) dz,
0 0
we have )
/ﬂ(m,t)dxzo, vt > 0.
0

In what follows, we will work with @ but, for convenience, we write u instead of @
with initial data given as

o (z) = ug (a:)—/ol wo (z) dz, @ () = w1 (z) —/Olul () da.

3. GLOBAL WELL-POSEDNESS

In this section, we will prove the global existence and the uniqueness of the so-
lution of problem (1.1)) by using the classical Faedo-Galerkin approximations along
with some priori estimates. The well-posedness of (|1.1) is given by the following
theorem.

Theorem 2. Assume that (H1)-(H2), hold, and the initial data
(g, u1) € H2 (0,1) x L2(0,1),
(do, 1) € Hy (0,1) x L*(0,1), (3.1)
problem has a unique global strong solution
ueC(Ry, H(0,1)NH} (0,1))NnC" (Ry, H} (0,1)) N C? (Ry, L*(0,1)),
¢ €C(Ry, H*(0,1)NHy (0,1)) NC* (R, Hy (0,1)) NC* (Ry, L (0,1)) . (3.2)
In addition, the solution (u,®) depends continuously on the initial data.

Proof. We divide the proof into three steps: we first construct Faedo—Galerkin
approximations, then thanks to a priori estimates we look to prove that ¢,, = T for
n € N. Finally, we pass to the limit.
Step 1: Faedo—Galerkin approximations.

We construct approximations of the solution (u, ¢) by the Faedo-Galerkin method
as follows (see Refs [12] and [19]): For every n > 1, let W,, = span{e1, ez, ..., e, } be
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Also, we de-

a Hilbert basis (orthonormal basis) of H2 (0, 1)NH} (0,1) and L2 (0,1).
(0,1) and L% (0,1).

note by I',, = span {01, 09, ..., 0, } a Hilbertian basis of H2 (0, 1)NH}
For given initial data

(uo,u1) € H} (0,1) x L7 (0,1),
(¢, ¢1) € Hy (0,1) x L*(0,1),
we seek functions y7', hj € C? ([0, T)), such that the approximations
{ ") = ST (1) e (@), 53
¢" (,t) = 32527 hyf (1) 0 (),
check the following approximate problem

pugy, —Hug, — by =0,
Tn t n
I3+ (fo k(= 5) 97 (s)ds) (3.4)
—0™ 4 bu + £¢" + pidh = 0,
with the initial data

{ u™ (:E,O) :U‘g (x)a Uy ($,0) =uy (x)a (3 5)
which satisfies
ug =35, {fol ugejdx} e; — wyg strongly in H! (0,1)

ej — uj strongly in L2(0,1), (3.6)
e 3.6
oj — ¢ strongly in Hj (0,1),
n—oo

o
-
(=)
S
U
K
—— N

o; — ¢1 strongly in L?(0,1).
Through we get

P<“Za€k>L2(o,1) - N<ugzvek>L2(0 1) —b(oz, €k>L2(o,1) =0,

Tl + I (Ji (=) 66)ds) o)

—0 <¢waj?al€>L2(0 nt b<uaz70/€>L2(0 1) + & (0" 0k>L2(o 1t (o} aUlc>L2(o =0

3.7

with (uf,uy) and (¢f, ¢T) are chosen, respectively, in W,, and T',,. According tc() thg
standard ordinary differential equations theory, the finite dimensional problem
has a solution (y;l’h?)jzl,..,n € C2([0,t,])®. Then, thanks to a priori estimates
that follow imply that in fact ¢, =T, VI > 0.
Step 2: Energy estimates
A priori estimate 1.

For every n > 1, we use integration by parts in , we get

pfol ulerdr + ,ufol ulepdr — bfol Plerdr =0,
I Jy honde +J [ on (Jy k(= 5) 67 (s)ds) da

—|—5f0 gf) O’kxdiC-i-be ullod +§f0 o odx
+1 fo ¢ropdr =0, Vk=1,.,n

(3.8)
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Multiplying (3.8); and (3.8)2, respectively, by (y;!), and (h),, then, by using inte-
gration by parts, we obtain

%% { () g () + T ()7 + 2o + € (6") + 8 (7)) do

+J/ o (/ (t—s (;St()s)td:c—&-ul/ol((bf)zdx:& (3.9)

Note that
(/Ot k(t—s) ¢?(s)ds>t =k (t) ¢} (0) + /Otk (t — ) 67 (s)ds

J/qﬁt(/ t—sqbt()s) da
= Jk(t /¢t¢t dx+J/ o7 (/ (t—s) ¢y (s)d )d:c.

By using Lemma (1)), we get

J/01¢§‘ (/Otk(t—s)¢?(s)ds>tdx

= Jk) [ oropo)ds - 5 W) (0

g [ ([ a0 es) a

k !
J(2t)/0 ((;5?)2 dx Jk(t)/o ¢y (0)¢y da.
So, (3.9) becomes

5%/ )2 +J (¢?)2 +2bul ™ + & (¢n)2 +6 (¢2)2} dr

Then

+3a (/ (1) (61)° ()ds ) do = 5 (WD) (1)

( )/0 (1) dz < 0. (3.10)

Now integrating (3 , we obtain

%/ Lo () () 40 (677 + 2bu26™ + € (") +3/(62)° } da

05 [ ([ o602 ) aa

< ;/01 (i) + 7 (610 + € (60)” + [ () + 2ute™ + 6 (62)°] (2,0) } da.

Hence, the previous inequality takes the following form

E"(t) < E"(0),



8 S. LABIDI, H. E. KHOCHEMANE*, S. LOUCIF, A. DJEBABLA

where
(0 =5 [ {p ) £ u 7@ ¢ 2o+ €07 560} da
1 t
w2 (/ (t - 5) (61)° (s)d )dx. (3.11)
Note that

p (ul)? + 20ul " + € (¢7)° =

2 2
ooy st

1
2
w) o]
+ 5 - d)n )
() (s-5) @
and because pué > b?, we deduce that

w42z +e6 > 3 [ (=2 ) w4 (e D) o]

Consequently, E™ (t) is non-negative.
In view of the hypotheses on the function k, we deduce

0<E"(t) <E"(0).

Now, since the sequences (ug),,cx > (U7 ) nen > (96 )nen > (P17 )nen » converge (see (3.6))),
using (H1) and (H2), we can find a positive constant C' independent of n such

that
E™(t) <C. (3.12)

Then t, =T, for all T > 0.
A priori estimate IT

Through 1) also as (yj ,h") .
(¢j);5, C HZ(0,1)NH, (0,1) C H' (0,L) — C (0, L),
(0);51 € H?(0,1)N Hy (0,1) € H' (0,L) < C (0, L),

e (C2[0,7])” and

b 7n

we have
u" € C?(0,T; HZ(0,1)NH} (0,1)), (3.13)
¢" € C?(0,T; H?(0,1)NH} (0,1)), '
and from (3.13]), we get
1
|+ (9)* do < oo, ve € 0,17, (3.14)
0

Step 3 : The limit process.

From —, we conclude that
(u™),en- is bounded in L™ (0,T; HZ (0,1) N H} (0,1)),
(uy) is bounded in L* (0,7 L2 (0,1)) ,
(¢™),en~ is bounded in L™ (0,75 H*(0,1) N Hy (0,1)),
(¢} )pen- 1s bounded in L? (0,775 L (0,1)) . (3.15)
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By using Aubin-Lions-Simon theorem (I]), Since
The embedding of H} (0,1) in L? (0,1) is continuous.
The embedding of H? (0,1) N H? (0,1) in H! (0,1) is compact.
The embedding of H} (0,1) in L?(0,1) is continuous.
The embedding of H? (0,1) N H} (0,1) in L?(0,1) is compact.
Then, we get the embedding of Es o in C(0,7; H} (0,1)) is compact where
Esoo = {u"/ u* € L* (0,T; H; (0,1) N H} (0,1)),
uf:dditeLOO(o T; L2 (0, 1))}
also, the embedding of Eo o in C([0,T], H} (0,1)) is compact where
Eooo ={0"/ ¢™ € L (0,T; H* (0,1) N H; (0,1)),
dom
o ="

by 1’ we get (u"),cn- s (9™),en- bounded in Eo o, Em,oo respectively, then
there exist (u™),,,~; sub sequence of (u"), -, and (¢™), -, sub sequence of (¢™), -,
such that N - - B

€ L (0,T; L* (0, 1))}

u™ "5° u strongly in C(0,T; H! (0,1)), (3.16)
¢™ "3 ¢ strongly in C(0,T; Ha (0,1)), (3.17)
by using (3.13)), (3.16]) and (3.17)), we arrive at
luf® — ue]l = Hum —ul] =500,
t X dt <
o = oy = | o™ o] =0,

Y
where X = C(0,T; H!(0,1)) and Y = C(0,T; H} (0,1)), then we conclude that

uf™ "5 uy strongly in X = C(0,T; HY (0,1)), (3.18)
m S ¢y strongly in Y = C(0,T; Hy (0,1)). (3.19)
Again, by using (3.13)), (3.18) and (3.19), we obtain
d m— o0
L e e (3.20)
z
m d m m—o0
19t = Geell; = || 0" — ¢ue| =0,
z
where Z = C(0,T; L?(0,1)), then we deduce that
uft 5% uyy strongly in C(0,T; L2 (0, 1)), (3.21)
and
m 28 ¢y strongly in C(0,T; L2 (0,1)). (3.22)

By passing to the limit in (3.§] —-, then we get that, the problem (1.1]) accepts
a strong solution satisfies (3.2)).
The proof now can be completed arguing as in [I7, Théoréme 3.1]
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Continuous dependence and uniqueness
For uniqueness, let us assume that (Al, Tl) and (A2, T2) are two global solutions
of (L.I). Then, (x,Z) = (A' — A2, T — T?) satisfies
PXtt — PXze — VEg =0, z € (0,1), t >0,
t
J (Et+/ k(t—s)Et(s)ds> — 08 + Xz +EE+ 1E =0, z € (0,1), t >0,
0 t
X (2,0) = x¢ (z,0) = E(2,0) = Z;(x,0) =0, z € (0,1),
Xz (0,8) = x2 (1,t) = E(0,¢) =E(1,t) =0, t >0,
(3.23)

Multiplying (3.23)1 by x: , (3.23)2 by Z;, integrating the results over (0, 1), and
summing them up, we obtain

1d

Jd ([ o
+§% ; (/0 k(t—s)_.t(s)ds>dx

= g (K'DZ) (t) — (Jk(t) + Ml) /01 Efdx <0. (3.24)

(0X2 + 12 + JE2 + 2bx,E + €22 4 022) da

2

Then, a simple integration over (0,t) and combining by the initial data on(x,ZE),
gives

1 1
3 / (pxF + X2 + JE7 + 2bx,E + €52 + 052) dw
0

+‘27/01 </Otk(t_s)zf(s)ds)dx <0,

which implies that (x,Z) = (0,0). So, the problem (1.1]) has a unique global solu-
tion.

Now, by integrating (3.24]), using Young’s inequality and the positivity of energy,
we get

E(t)gE(0)+§/ [/ (px7 + X2 + JEF + 2bx, 2+ €27 + 022) da
0 0

+g /01 </Otk(t— s) Ef(s)ds) dx: dr

gE(0)+§/ [/ (7 + (i + [0]) X5 + JE + (€ + b)) Z° + 6Z3) do
0 0

+% /01 </Otk(t s) Ef(s)ds) d:v: dr

t 1
gE(0)+<1/ [/ (i +xX2+EF+E22+52) da
0 0

+ /Ot k(t—s) Ef(s)ds] dr (3.25)

On the other hand, we have

1 ¢
E(t) >§2/ (x?+xi+Ef+E2+Ei+/ k(ts)Ef(s)ds) dz.
0 0
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Applying Gronwall’s inequality to (3.25), we obtain

1 t
/ (X§+X§+E§+Ez+ag+/ k(t— ) Z2(s )ds) dz < ¢ E(0).
0 0
This shows that solution of problem (|1.1)) depends continuously on the initial data.

This ends the proof of Theorem . O

4. STABILITY RESULT

In this section, we use the energy method to study the asymptotic behavior of
solutions of the system (1.1)). First, we state and prove the following lemma.

Lemma 2. Let (u,¢) be a solution of system (L.1)). Then the energy associated to
the system (L.1)) is defined by

1
B(t) = = / (pui + pul + J§7 + 2bugd + £¢° + 6¢2) dx
0

w5 [ ([ e 9sem) . (1)

satisfies

B0 <3 K00 O~ [ i (42)

Proof. Multiplying (|1.1] 1, .2 by ut, ¢+ and integrating over (0,1) and summing
them up, we obtain

1
0
1 : 1
i J/O [(bt </0 hE=9) (bt(s)ds)t] dr = — Ml/o p2da. (4.3)
Note that

</Otk(t —5) ¢t(8)ds>t =k () ¢ (0) + /Otk(t — 8) du(s)ds

Then

(o rmin) o
=1 [[o (ka0 + [ k-5 oulorts) o
:Jk(t)/o ¢t(0)¢tdm+J/01¢t (/Otk:(t—s) qbtt(s)ds) da.
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By applying the result in Lemmal(T]), we obtain

(e ss) o]

= Jk(t) /O ¢+(0)pyda — g (K'Ogy) (t)

+‘27;’t/1 (/Otw—sw%(s)ds) da

1
+JT / pidx — Jk(t) / ¢¢(0)prda. (4.4)
0 0
Inserting (4.4)) in (4.3), we have

1
[put2 + pul + J§? 4 2bugd + ¢ + 5o
0

2dt
¢
+J </O k(ts)gﬁf(s)ds)}dz
g(kng /qﬁtd:c m/ Pidx
g(k Ogy) () — / P2d.

Remark 1. The energy E(t) defined by (4.1)) is non-negative. In fact,

§

1
2
b2
(g ()]
I
since p& > b2, we deduce that

uui+2bum¢+£¢2>1{< —b2>u§+ <§—b2>¢2}
2 3 %

Consequently,

2 2
pul + 2bug ¢ 4 E¢° = lu (uz + qS) +& (qﬁ + buz>

1
E(t) > %/ {ouf + J¢7 + i + 007 + 6107
‘
-I—J/ k(t—s)d)?(s)ds}dm,
0

1 b2 1 b2 , ,
where & = 3 E—— ) and py = 5 — ) Then E(t) is non-negative.
1

4.1. Exponential stability. In this subsection, we establish an exponential decay
result of solutions the problem ([1.1]) in the case when (L.5)) holds. For that, we need
the following lemmas to achieve our goal.
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Lemma 3. Let (u,®) be a solution of system . Then, the functional

13

F)=J /1¢(¢t / <ts>¢t<>ds)d:c+/ ([ wa)as

1
+&/ gbzd:r,
2 Jo

satisfies for any ey > 0,

3J  b%p? !
< 2 _ 2 2
Fy (¢ (5/ ¢rdr 251/ o dx + { 5 4N250}/ prdx

+€0/01 dx+—/ (/kt—s@()ds)dx

Proof. By differentiating Fi(t) and integrating by parts, we obtain

—J/Old)?d:rﬁ—(]/olqﬁt (/Otk(t—s)@(s)ds)dz

1 1 1 1
- 5/ grdr — b/ uypdz — 26, | ¢*dw + b/ Uy pdx
0 0 0

IZ’ 6 (/0 ” (y)dy) da.

Using Young’s and Cauchy-Schwarz inequalities, we obtain

J/1¢t</tk(t—s)¢t(s)ds>dx
/¢>tdaz+— </0tk(t—s)¢f(s)ds>dx.

Using Young’s 1nequahty, we get

b xr
b [y, ( / w () dy>
K Jo 0

Inserting (4.7) and ( into ( , we obtain

Lemma 4. Let (u,$) be a solution of system (1.1). Then, the functional

t
Fy(t 5pb / dpurdr + b/ <¢)t +/ k(t—s) ¢t(s)d8> Uz,
0

satisfies, for any e1 > 0,

1
Fi(t) —/ udm—l—CEl/ ¢dm+51(2+k(0))/0 uldz

1
Zda +50/ uldz.
0

/dmd +— / (/ |k (¢ (s)ds) dz

+ *1/ prdx + jX Prugde,
J Jo 1% 0
52 b%k2%(0) ﬁ

where Cg, = i + = 57

(4.5)
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Proof. By differentiating F»(t), and integrating by parts, we obtain

1 2 rl 2 rl 1
F(t)= [/)f /¢>tumd$ {)]/uidm%-éi/ (bix—%/ dugdr

+b/01utx</0tk(t—s)¢t( > b’“/ drusdz.

Integrating by parts with respect to ¢ the last term of -,we have
1 t
b | U </ k(t—s) qzﬁt(s)ds) dx
0 0
1 t
= b/ Utz [k (0) ¢ (t) — k(t) ¢ (0) —I—/ K (t—s) qS(s)ds] dx
0 0
1 1
— bk (0) / e bada + bl (1) / wbs (0) da

0 0

—b/olut (/()tk’(t—s)qbw(s)ds) da.

Then, (4.10)) becomes

2
Fy /gbtutrdz 7/ 2dw+6b / P2dx

Bk (0 )/O ut@;dx—l—bk;()/o wi (0) dz — 2= /qbumdx

- b/o1 Uy </0t K (t—s) (i)m(s)ds) dx — 71/0 druzd.

By using Young’s inequality, we arrive at

—bk()/lut¢xdx<51/ol 2dz +b2k2 /¢d

b
“1/ ¢furdz<—/ 2dz+“1/ P2da

1 1 2
bk (1) / wb (0) dz < ek (1) / w2dy + R / 62 do

0 0 45 1

1
< Elk(O)/ wy
0

Young’s and Cauchy-Schwarz inequalities leads to

—b/olut</0tk’(t—s)¢m(s)ds)dm
§51/01ufdx+b2fgl /(/ |K' (t — s)| p2(s)d ) .

By using Young’s and Poincaré inequalities, we have

1 2 rl 2
_%/0 ¢uxdx§%/udx+g/¢dm

and

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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By substituting (4.12))-(4.16]) in (4.11) and taking into account that x =0 , we get
) 0

Lemma 5. Let (u,d) be a solution of system (1.1). Then, the functional

1
Fs5(t) = —/ uurde,
0
satisfies,
1 b2 1 3,LL 1
Fi(t) < —p/ ufdx—kf/ qﬁidm—kf/ urdz. (4.17)
0 2p Jo 2 Jo

Proof. Differentiating F5(t) and integrating by parts, we obtain

1 1 1
Fi(t) = —p/o ufdw—l—u/o uidm—b/o upydx,

Young’s and Poincarré inequalities give (4.17]). (I

Lemma 6. ([25])Let (u,d) be a solution of system (1.1)). Then, the functionals

Fi(t) = e /0 1 ( /O e (- s) ¢§(s)d8> da,
B [ 1 (f L (1) 225)ds) .

F, (t) = —Fy (t) + H; (0) /01 Pz — /01 </0t E(t—s) ¢§(s)ds> dr,  (4.18)

satisfy, Vt > 0,

FL6) = —rFs () + B 0) [ e / 1 (/ W o) G2e)is) o, (119

where Hy (t) = [ e** |k (s)|ds and Ha (t) = [ e |k (s)| ds.
Now, we define the Lyapunov functional L(t) by

L(t) = NE (t) + N1Fy (t) + NoF5 (t) + F3(t) + N3Fy (t) + NoF5 (t) (4.20)
where N, N1, No, N3 and N, are positive constants.

Theorem 3. Let (u,¢) be a solution of (L.1). Then, there exist two positive
constants k1 and ko such that the Lyapunov functional (4.20) satisfies

k1 (B (8) + Fy () + F5 (£) < L(E) < w2 (B (t) + Fy (£) + F5 (£)), ¥ >0, (4.21)

and

1
L'(t) < —B1 (E(t) + Fy (1) + Fy (t))+02k(t)+zv2%bx / brtgadz, By > 0. (4.22)
0
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Proof. From (4.20)), we have
|L(t) — NE (t) — N3Fy (t) — NaF5 ()|

1 t
gNlJ/ |¢\.¢t+/k(t—s)¢t( ds dat—i—Nl—/ $2de
0

b “ oplb
3 22 o ([ s wa) e+ 0220 [,
0 nd - Jo

1
t 1
+ N, \b|/ ] |60 +/ k(t— ) du(s)ds| da + p/ ] [ d.
0 0 0
By using Young’s ,Cauchy-Schwarz and poincarré inequalities ,we obtain
|L(t) — NE(t) — N3Fy (t) — NoF5 (1) < M E(t).

Therefore,
(N = X1) E(t)+ N3Fy (t)+ NyF5 (t) < L(t) < (N + A1) E(¢t)+ N3 Fy (t)+ NoF5 (t),
by choosing N (depending on Ny, Na, N3, Ny) sufficiently large we obtain
with

k1 =min{N — Ay, N3, Ny},

ko = max {N + A\, N3, Ny} .

Now, by differentiating £ (t), exploiting (4.2), (&.5), (&.9), (4.17), (#.18), (& 19) and
P

. P
£t =L g=—2M™"F t
setting g¢ R £1 N, 21 R (0)) we ge
3J  b*p?
L'(t) < — |:NH1N1 <2+4M250) NSHl ]/ ¢td$

1
+NJ(kD¢)() ’2’/ u,?dfongl/ H2da
0

— N,H, (0 }/ 2 dx

2

[(5N1 NoCoy — 2—

b2
4

-(
<N3—2]:71> (/kt—sqﬁt()ds)da:
R —

b2N 2 k: pb
2k(0) (25 / $2.da + NP2y / druugpde.
p Ko Jo

We select our parameters appropriately as follows
First, we choose Ns large enough such that
b2 3u
— Ny — — > 0.
4777 2

Ny — 2”) uide — cN3Fy (t) — TN4F5 (t)

We pick Ny large such that
N2b2K(0) (2 + k(0))
p

> 0.

Ny —
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We select Ny large enough such that :

2

SNy — NoCs, — S—M — N4H5 (0) > 0.

We choose N3 large such that

Jk

—N .
5 1 >0
Finally, we take N large enough (even larger so that (4.21) remains valid ) such
that

Ns —

3J b2p?
Npp — Ny (+ L

2

3 M1
—— | — N3H — No— .
2 4u250> 3t (0) > >0

All these choices leads to
1 1 t
L(t) < —al/ (67 + 62 + uf + u2 + ¢°) dz — / (/ k(t— s)¢f(s)ds) da
0 0 0

1 b 1
+ ask(t) / ¢2 dx — ¢N3Fy (t) — NyTF; (t) + N2%X / bugpdr,  (4.23)
0 0

where aq, as > 0.
On the other hand, from Eq. (4.1)) and by using Young’s inequality, we obtain

1
BO< 5 [ (o0 + 68+ (ut o)+ 662 + (& + b)) 67) o
0

+‘2’/ (/Otk@—sm?(s)ds)dx

1
m(/ (uf + 7 +u + &2 + ¢°) da
0

+/01 (/Otk(t—s)(ﬁf(s)ds)dm), o1 > 0,

which implies that

1 1 ¢
—/ (uf + ¢7 +ul + ¢2 + ¢°) da:—/ </ k(t—s)qbf(s)ds) dx < —paF (t), 02 > 0.
0 o \Jo
(4.24)
The combination of (4.23) and (4.24)) gives (4.22) with Cy = a9 fol @2 dr. O

We are now ready to state and prove the following exponential stability result

Lemma 7. Let (u,d) be a solution of (L.1) and assume that (1.2), (H1)-H(2)

hold and x = 0. Then, there exist two positive constants T and T2 such that

IN

E(t) < me ™ Vt>0. (4.25)
Proof. By using (4.22)) and the right side of (4.21)), we get
L'(t) < —C1L(t) + Cak(t), (4.26)

where C7 = & > 0.
K
Multiplying (4.26) by exp (C1t), we obtain

% (L) exp (C1t)) < Csexp (Cht) k(1) (4.27)
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Integrating over (0,7) the inequation (4.27) and choosing C; smaller than ¢, we
have

T
L(T) exp (C1T) < £(0) + Cs /O exp (ct) k(t)dt

< L(0) + Cy /00 exp (st) k(t)dt.
0

Thanks to the hypothesis (H2), we can write
,C(T) < (s exp (—ClT), Cs3 > 0,

which yields the serial result (4.25)), using the fact that Fy (), F5 (t) are positive and
the other side of the equivalence relation (4.21)) again. The proof is complete. [

4.2. Polynomial stability. Here, we prove a polynomial decay result of solutions
of the problem when does not holds by assuming that the function k
verifies the same hypotheses (H1)-(H2) and the additional assumption

e (H3) —wk (¢t) < k' (¢t) <0, where w is a positive constant.
In order to establish the desired result of this subsection, we need to use the second-
order energy Fs (t) which has been calculate by using the multiplier technique as
in the case of E (t). For that, by differentiating 1 and 2 with respect to

time, we obtain the following new system
PUttt = HUggt + b(bztv MRS (Oa 1) 5 t> Oa
t
J¢ttt + J (/ ki (t — S) ¢t (S) dS) = 5¢xzt — buxt — f(bt + M1¢tt, T € (07 1) s t > 07
0 tt

(4.28)
with boundary conditions

Ugt (07t) = Ugt (Lt) = (bt (07t) = ¢t (Lt) = Oa t> 07
and initial data

{ ’UJ(J},O)ZILO(QT), ut(mao):ul (LE), utt(xao =
¢ (2,0) = ¢o (z), ¢ (2,0) = ¢1 ()

Note that
(/Otk(t )64 (s) ds)tt

([ k5000t s)as
(f ),

_ (/otk (s) Gut (t — 5) ds + k(1) (0)>

t
- /O B (t = 5) 61t () ds + k{t)6us (0) + K ()6 (0)

Then, the system can be rewritten as follows
PUstr = 'uumft + by, x€(0,1), t>0
Jrie + J/ k(t—s)due (s)ds + Jk(t)p2 + JE (t)d1 (4.29)

0
= 6¢w$t - bua:t - gd)t - ,Ufl(btta T € <Oa 1); t> 07
where ¢o = ¢4 (0) and ¢ = ¢ (0) are depend on z.
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Lemma 8. The second-order energy Es (t) associated to the system (|1.1)) is defined

by
1
Bat) = 5 [ (ouh + 0% + 607+ 00+ i + 2oor,) da
J 1 t
+ 5/0 (/0 k(t —s) @2 (s) ds) dz, (4.30)
satisfies
1 1
By () < ~IK(0) | éndudo—n [ dhdo -+ 5 (00u) 0, (4.31)
and
By (t) <1, ¥t > 0. (4.32)

Proof. By multiplying (4.29)1 by wus, (4.29)2 by ¢4, integrating over (0,1) and
summing up, we obtain

1d [!

1 1
+ Jk(t) A ¢tt¢2dz + Jk/(t) A ¢tt¢1d$

(pui: + J¢t2t +E0° + 5(15315 + Muit + de)tuta:) dx

1 t 1
+ J/ fom (/ kE(t—s) (bm(s)ds) do = —ul/ o2, de. (4.33)
0 0 0
By using again the result in lemma to estimate the last term of (4.33)), we get

J/O1 (o </Ot k(t—s) ¢ttt(8)d8> dx

Jd 1 t ) 1
=—— / k(t—s)¢; (s)ds | dx — Jk(t)/ Padpdr
Jk(t) ! J
+ 20 [ e - 2 00 ). (4.34)
0
By using the positivity of k(t) and the combination of (4.33) with (4.34)), we have
[{30) and (E31).
Now, by using the hypothesis (H3) and Young’s inequality, we can write
1 1 1
Jwk(t
- Jk/(t)/ P1¢1dr < J51Wk'(t)/ ¢pdz + 25( )/ ¢1dz, (4.35)
0 0 1 Jo

1
letting 6; = o and because £’ (¢t) < 0, then, (4.31) becomes
w

B0 < 280 [ 2z = Ch(1),
0

2
Jw? !
where ( = - | #2dz > 0. A simple integration over (0,7) and by the hypothesis
(H1), we obtain (4.32). O

We introduce the following functional

. b 1
FZ(t) = _%X/ ¢tuzd$7
0
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that satisfies ) )
~ b b
FZ/(t) = _&X/ Utz¢td$ - &X/ ¢ttuzdx~
Hw 0 12 0

By using Young’s inequality, we get

pb ! b ! 2 ! 2
—— Ldr < — d C dx.
ﬂx/o o) 55_&]/0%304' 0/0 oy dr

Then

)

~ b2 1 1 pb 1
Fi(t) < —/ uida?—i-C’o/ 2 dr — —X/ U GrdT.
8J Jo 0 B Jo
We define the following Lyapunov functional as follows
ﬁl(t) =N (E (t) + Eg(t)) + N1 F} (t) + No (F2 (t) + Fg(t)) + F3 (t)
+ N3 Fy (t) + Ny F5 (t) . (436)

The Lyapunov functional £; defined by (4.36) is not equivalent to the energy func-
tional E, but it is equivalent to E + Es + Fy (t) + F5 (t) . Indeed by using (4.36]),
Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we have

|L1(t) — N (E(t) + E2(t)) — NaFy (t) — NaF5 (1)
<ME(t) + A2 Ea ()
S ﬁ (E (t) —+ EQ(t)) 5 ﬁ = max ()\1, )\2) s

(N = B) (E(t) + E2(t)) + NaFy (t) + NaFs (2)

< Li(t) < (N +B8) (E(t) + E2(t)) + N3Fy (t) + NaF5 (1) .
Now by choosing N sufficiently large, we obtain

prL(E () + Ea(t) + Fy (6) + F5 (1) < £1(0) < pa (B (1) + Ea(t) + Fa (0) + F5 (1)
where
p1 =min{N — B, N3, Na}, po = max {N + 3, N3, Na}
Therefore,
Li(t) ~ E+ Ey+ Fy+ F5.

Now, we are ready to state and prove the polynomial stability result

Lemma 9. Let (u,¢) be a solution of (1.1) and assume that (1.2), (H1)-H(3)
hold and x # 0. Then, there exits a positive constant Cs such that

E(t) < %, t>0.

Proof. First, note that when y # 0, we have

B 2 rl 2 27.2 2 1
Fj(t) + Fy(t) < fb—/ uldr + (&Jr r (0 +£— / P2 dx
8J 0 2J 0

wd 4e4q
1 2 1 2 1
bk (¢
+51(2+k(0))/ wldz + ()/ qsgxdﬁﬂ/ $2dz
0 de1 o J Jo

451

+ bzk(o)/ol (/Ot K (t—s) ¢§(s)ds) d:c—l—Co/Ol(ﬁftdx. (4.37)
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By differentiating £1 and using (4.2)), (4.5), (4.37), (4.17), (4.18) and (4.19), we
get

3J  b*p?
Ly(t) < — |:N,U1N1 (2+4,UQ€0> N3Hi (0 }/ o7 da

1
+ % (K'O¢y) (t) — g/ ulde — 2ng1/ d*dx

b2
1—7—N4H2 }/ P2da

b2 3 !

N3—N1>/ (/ k(t—s)é )ds)da:
- [ - B )p”’“ 2] / (/ (¢ = )| 2(6)ds ) da

VEN2E(t (2+E(0
- (B /¢0wdm (N1 — N2Co) / o7, d

p
+ L (K000 (1) + NCk(r).

We select our parameters as follows First, we choose N» large enough such that

b2 3u
— Ny — — > 0.
s/ 2 7
We pick Ny large such that
N2b2k(0) (2 + k(0))
P

Ny — > 0.

We select Nj large enough such that :

2

b -
ON7 — NQCEI — ﬂ — N4Hy (O) > 0.

We choose N3 large such that

Jk
Ng—?Nl > 0.

Finally, we take N large enough (even larger so that (4.21) remains valid ) such
that
3J b?p?

Npy — N1 | —
H1 1(2 +4/i250

~ M2
) — N3H, (0) — Ngjl >0,

and
N/Ll — NQCQ > 0.

Which leads to
L1(t) < —woE(t) + wik(t),
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and by integrating over (0,7, we get

T
WoB(T)T < —L1(T) + £1(0) + w1 / k() dt,
0

< £1(0) + w1 /OOO k(t)dt = 1.

So o
E(T) < =2
( ) —_ T ’
with l
C3=—.
wo
The proof is complete. U
Conclusion

In this paper, we studied the asymptotic behavior of the solution of porous-elastic
system in the presence of neutral delay. Introducing a single damping mechanism
given by this type of delay makes our problem different from those considered so
far in the literature and under some assumptions imposed on the kernel of delay,
we have been able to prove an explicit energy decay rate that depends of the wave
speeds of propagation.
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