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Abstract

A parameter-uniform numerical scheme for a system of weakly coupled singularly perturbed reaction-diffusion equations of
arbitrary size with appropriate boundary conditions is investigated. More precisely, quadratic $B$-spline basis functions with
an exponentially graded mesh are used to solve a $\ell\times\ell$ system whose solution exhibits parabolic (or exponential)
boundary layers at both endpoints of the domain. A suitable mesh generating function is used to generate the exponentially
graded mesh. The decomposition of the solution into regular and singular components is obtained to provide error estimates. A
convergence analysis is addressed, which shows a uniform convergence of the second order. To validate the theoretical findings,

two test problems are solved numerically.
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1. INTRODUCTION

In many areas of science and engineering we are often faced with problems whose solution has a multi-scale
behavior, i.e., in some parts of the domain, the solution changes very rapidly, and in other parts, it changes
slowly. These problems are referred to as singularly perturbed problems (SPPs). The regions where the solution
changes rapidly are referred to as the layer regions, and the parts of the domain where the solution changes slowly
are referred to as the outer regions (or regular regions). A frequent occurrence of these problems can be seen in
many branches of science and engineering, such as fluid dynamics, quantum mechanics, chemical reactor theory,
elasticity, and porous gas electrodes theory. These problems contain small parameters multiplying the higher-order
derivative terms. The coefficient ¢ of the highest order derivative term characterizes the diffusion coefficient, and
the order of the differential equation reduces when ¢ is set to zero. In the layer region, the derivatives of the
solution are significantly large compared to those in the regular region, so classical numerical methods fail to
solve these problems, and unacceptably large oscillations occur in these regions (see [13,38,45] for reference). To
overcome this difficulty, one has to make use of a non conventional scheme. In particular, there are two popular
strategies for dealing with these problems. The first one is the use of fitted-operator methods that reflect the
nature of the solution in the boundary layers and can be implemented on an equidistant mesh, while the second
one is the use of layer-adapted meshes. Although fitted operator methods use a uniform mesh, they are easy to
implement, and their convergence analysis is simpler compared to methods based on non-uniform meshes. There is
a major drawback of these methods, one can not construct an e-uniform fitted operator method on an equidistant
mesh when there are parabolic boundary layers in the solution (see Chapter 11 of [38] for completion). Another
difficulty with this approach is the difficulty to extend these methods to multidimensional problems in complex
domains. Additionally, fitted mesh methods require to know the location and thickness of the boundary layers
to generate highly appropriate non-uniform grids. For several non-uniform grids such as Shishkin, Bakhvalov, or
Bakhvalov-Shishkin (B-S) meshes, the readers are referred to [16,17,23,24,27,41]. This phenomenon determines
the evolution of parameter-uniform numerical methods i.e., the methods in which the error constant is independent
of € and of the mesh parameter.

Various e-uniform numerical schemes such as the variational method, the finite difference methods (FDMs),
the rational spectral collocation methods, the finite element methods (FEMs), the adaptive mesh methods, and
the layer-adapted mesh methods have been developed in the literature for singularly perturbed boundary value
problems (SPBVPs) (readers are referred to [1,11-13,18-20,32] and the references therein). Although the Shishkin
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mesh is one of the simplest non-uniform meshes; it has a drawback, that is before one attempts to solve the
differential equation, significant information about the exact solution must be known. Often this information
is not available, especially for nonlinear problems. Thus, a different approach can be used, namely the use of
an adaptive non-uniform grid where the adaptivity is governed by the numerical solution. This approach does
not require a priori information about the solution of the problem. Due to this advantage, these grids (referred
to as solution-adaptive grids) have become extremely popular and have been successfully used in widespread
applications. In this paper, we construct an adaptive grid, namely exponentially graded mesh, sufficient to settle
the issue of the boundary layers.

Starting in the late 1960s, in this evolution process, several numerical methods (independent of ¢) have been
constructed for a scalar reaction-diffusion equation (see, [2,38,43,45] and the references therein). On the other
hand, less effort has been devoted to systems of reaction-diffusion boundary value problems. For a system of
two coupled singularly perturbed reaction-diffusion equations, with diffusion coefficients €1, €2, depending on the
relation and values of £; and ey three cases are of interest (i) €1,e2 arbitrary, (ii) e; = €,e0 = 1, and (iii)
€1 = g9 = € (see [47]). Some schemes and their corresponding convergence analyses for these particular cases
can be seen in [31,34,35], where a parameter-uniform convergence of the first order was established. We cite for
reference some works about systems of SPBVPs: Matthews et al. [36] proposed classical finite difference operators
with special piecewise-uniform meshes to solve a system of two coupled reaction-diffusion equations. Madden and
Stynes [32] suggested the first-order parameter-uniform central difference scheme with a variant of Shishkin mesh
for a coupled system of two singularly perturbed linear reaction-diffusion equations. Using the basic ideas of the
perturbation method, Valanarasu and Ramanujam [53] suggested exponentially fitted FDMs to solve a class of
weakly coupled systems of singularly perturbed reaction-diffusion equations. For a coupled system of equations
containing different magnitudes diffusion parameters Linfl and Madden [25] considered a central difference scheme
on layer-adapted piecewise uniform meshes. They established their scheme to be almost second-order parameter-
uniformly convergent, which is an improvement on the scheme proposed in [32]. Linfl and Madden [26] suggested
a FEM on general layer-adapted meshes (Shishkin and Bakhvalov meshes) for a system of two coupled reaction-
diffusion equations. They have shown that the method is of first-order and almost first-order (up to a logarithmic
factor) parameter-uniformly convergent with Bakhvalov and Shishkin meshes, respectively. Natesan and Deb [40]
devised a second-order uniformly convergent hybrid scheme for a singularly perturbed system of reaction-diffusion
equations. The scheme comprises a cubic spline scheme in the layer region and the classical central difference
scheme elsewhere. Clavero et al. [5] presented a non—monotone FDM of HODIE type on a Shishkin mesh for
the coupled systems of singularly perturbed reaction-diffusion equations. They have shown that the scheme is
parameter-uniformly convergent of orders two and three in the cases of different and equal diffusion parameters,
respectively. They have also addressed a hybrid FDM of HODIE type on a piecewise uniform Shishkin mesh for
the coupled systems of singularly perturbed reaction-diffusion equations [6]. They have shown that the discretized
operator satisfies the discrete maximum principle, and the scheme is almost third-order parameter-uniformly
convergent (except for a logarithmic factor).

Das and Natesan [9] proposed a second-order central difference scheme with the adaptively generated graded
mesh for a system of coupled singularly perturbed reaction-diffusion equations. In the system, they have taken
diffusion parameters with different magnitudes. Lin and Stynes [22] considered a FEM for a system of coupled
reaction-diffusion equations, where each equation has the same diffusion coefficient. The method was used with a
Shishkin mesh and showed an almost first-order convergent, independent from the magnitude of the diffusion pa-
rameter. Constructing an adaptive layer mesh using the equidistribution principle for a positive monitor function,
Das and Aguiar [10] proposed an accurate second-order scheme for a system of reaction-diffusion equations. Singh
and Natesan [49] applied the nonsymmetric discontinuous Galerkin FEM with interior penalties on a piecewise-
uniform Shishkin mesh to obtain the numerical solution of a system of reaction-diffusion equations. They have
shown that the method is k-th order uniformly convergent in the energy norm, where k is the polynomial degree.
In some of the above articles, the equations have diffusion parameters of different magnitudes, while in some work,
diffusion parameters of the same magnitudes were taken.

In this paper, we consider a £ x ¢ system of singularly perturbed reaction-diffusion equations in which the
equations have diffusion parameters of the same magnitudes. These systems of equations frequently arise in
several applications in science and engineering such as in electroanalytical chemistry [47], predator—prey population
dynamics [15], the turbulent interaction of waves and currents [44,52], chemical reactor theory [46], the classical
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linear double-diffusion model for saturated flow in fractured porous media [3], modelling of the diffusion process
in bones [8], and control theory [39]. Only a few articles have appeared dealing with arbitrarily sized systems; to
cite a few, Linf} and Madden [28] proposed a parameter-uniform central difference scheme on layer-adapted meshes
(Shishkin, Bakhvalov, and Equidistribution meshes). They have shown that the method is second-order accurate
on the Bakhvalov and Equidistribution meshes, while it is almost second-order accurate up to a logarithmic
factor on a Shishkin mesh. Linf suggested a FEM on arbitrary meshes (layer-adapted meshes) for a system of
£ > 2 singularly perturbed reaction-diffusion equations. Theoretically, he has shown that the error bounds for
the Shishkin meshes are inferior to those for the Bakhvalov meshes. Stephens and Madden [51] developed the
discrete Schwarz method on three overlapping subdomains for an arbitrarily sized coupled singularly perturbed
system. They have used standard FDM on a uniform mesh on each subdomain and proved that the method is
parameter-uniform when appropriate subdomains are used.

We propose and analyze a parameter-uniform numerical method that uses quadratic B-spline basis functions
with a special non-uniform exponentially graded mesh [7,48,50,55]. The proposed scheme extends the method
developed for a single singularly perturbed reaction-diffusion BVP [30] to a system of reaction-diffusion equations.

We contemplate the following singularly perturbed problem, which involves a system of ¢ weakly coupled
reaction-diffusion equations. We seek a solution u € (C?(0,1) N C[0, 1])¢ that satisfies

Lu(x) = —Eu'(z) + B(z)u(x) = g(z), =z € (0,1), (1.1a)
subject to the Dirichlet boundary conditions

u(0) = go, u(l)= e, (1.1b)
where £ = (Ly,...,L,)7T, € = diag(e?,€3,...,67) with e = &, k = 1,2,...,4, B(z) = (b;;j(x))exe, g(x) =
(91($)792($)7~-~7ge($))T, u(x) = (u1(z), uz(),. .. 7W(9€))T’ Qo = (90,1,---7Q0,£)T7 and g1 = (Q1,1,~--,01,6)T- We
assume that each column of the coupling matrix B : [0,1] — R and the function g : [0,1] — R belong to

C4[0,1]°. We assume the following inequality holds, to fulfill the condition of the strongly diagonally dominant
matrix along with the nonsingularity of B(z) Vx € [0, 1]

)
>
k=1
k#i

<1, fori=1,2,...,L (1.2)

bir
bZ’L

The paper is organized as follows: In Section 2, some preliminary results on the solution and its derivatives are
given. A decomposition of the exact solution is also given in this section. The scheme is proposed in Section 3,
which is divided into two subsections: in subsection 3.1, an exponentially graded mesh is constructed, and the
implementation of the collocation scheme is given in subsection 3.2. The comprehensive convergence analysis is
provided in Section 4. Numerical simulations and discussion on the results are exemplified in Section 5, while
some concluding comments and further research in this direction are included in Section 6.

Throughout the paper, matrices and vectors will be denoted by bold letters, while plain letters will be used for
scalars. A superscript T will be used for the transpose of a vector/matrix. When the domain D is obvious, the
standard notation ||.|| will be used (instead of ||.||p) for the infinity-norm (L°°—norm) e.g., for a scalar function U
defined on an interval I, we define ||U|| = max,¢; |U(z)| while for a vector valued function U = (Uy, Us, ..., Up)T €
R?, defined on I, the infinity-norm is defined as |U|| = max,er{|Ui(2)|, |Ua2(2)],. .., |Us(x)|}. For simplicity, for
any function U, we use U; for U(z;) and Uj for an approximation of U at x;. For a vector valued function
U = (U,Us,...,U)T € R’ applied to x; we use the notation (U17U2,...7UK)T(xj) = (Ul’j,Ugij..,Ugyj)T.
Furthermore, C = (C,C,...,C)T denotes a generic positive constant vector that is independent of the perturbation
parameter €, the nodal points z;, and the mesh parameter N,. A subscripted C (e.g., C1) is also a constant that
is independent of ¢, z;, and N, but whose value is fixed. Furthermore, we use C°(D) for the set of continuous
functions in D, and C*(D) for k times continuously differentiable functions in D. Moreover, C*(D)* is used for k
times continuously differentiable vector-valued functions (with ¢ components) in D.
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2. PRELIMINARY: PROPERTIES OF THE EXACT SOLUTION

In this section, we show some bounds on the solution u and its derivatives which will be used in the convergence
analysis.

Theorem 2.1. Assume that B satisfies the following conditions to be a strongly diagonally dominant matriz

<&<l, €€(0,1), fori=1,2,....4.

%

k#i
Then

|u£k)($)| < C’{l +ek <e_>‘””/6 —l—e_’\(l_m)/E)}, fork=0,1,2; i=1,2,....,¢,

where X = A(§) > 0 is given by
M=(1- i in_by(z).
(=8 mn |, min bul@)

Proof. Refer to proof of Theorem 2.4 given in [28]. O

In the study of numerical simulation of SPBVPs, stability estimates ensure the boundedness of the solution.
Note that we assumed that the coupling matrix B is an arbitrary matrix with positive diagonal entries. We give
the following stability criterion using the maximum principle (refer to Protter and Weinberger [42]).

Lemma 2.1 (Stability Estimate). Consider the differential operator
Lu = —1*u" + c(z)u + b(z)u,
with v > 0, b,c € C[0,1] and b(z) > 0 on [0,1]. Then

Ly
v <max{Hb y

We decompose the solution of problem (1.1) as u = ¢ +n, with ¢ = (¢1,...,9¢)7, and g = (91, ...,m.)T, where
the components satisfy the following BVPs, respectively

52(10;/( ) + b“(x)gol(x) = gl(x)a O<z< 17 807,(0) = 00, 901(1) = 01,i, 1= 1727 cee 767

V(0)], |V(1)|}, for all V € C?(0,1) N CI0, 1].

and
_5277;/( )+bu z szk , 0<x <1, 771’(0):771’(1):0» 1=1,2,...,4.
k;éi
Using Lemma 2.1, we obtain
¢
llopsl| < max{’ l;% ,QO,i|7|Ql,i|}7 and [|n;]| < Z |ug|| fori=1,2,... ¢
Vi

Now, since ||u;]| < ||@:l|l + ||7m:]|, we have
)

bik
sl = S| 2 el < max{H } fori—1.2, ..t
k=1
i
We consider the matrix
1 —[|bra/b11ll ... —[[bre/bual

—\|b21/b22|| 1 _Hb2Z/b22H

—[lber/beell  —lbea/beell - 1



A PARAMETER-UNIFORM SCHEME FOR SYSTEM OF SPBVPS 5

such that all entries of G~! are non-negative, then u is bounded for the given data.

Theorem 2.2. Assuming that the coupling matrix B has positive diagonal entries, the matriz G is inverse mono-
tone. Then the solution u of (1.1) satisfies

4
il < 3G m{\

k=1

9i
bi;

7|QO,i|7|Q1,'L}7 fO?"Z.:].,27...,£.

Proof. The condition (1.2) implies that the matrix G is a strictly diagonally dominant Lg-matrix and the inverse
monotonicity of G is directed by the M-matrix criterion. The proof obtained using Lemma 2.1. O

Remark 2.1. In general, the operator £ does not satisfy the mazimum principle but Theorem 2.2 suggests that
L is stable in the mazimum-norm sense.

Remark 2.2. The eristence and uniqueness of the solution u € C*[0, 1] is guaranteed by the following arguments:
(a) The stability estimates of the vector-differential operator L using the standard arguments given in [21] (b) The
coupling matriz B and the vector-valued function g belong to the space of twice continuously differentiable functions.

Due to the presence of boundary layers, we need to examine the solution in regular and layer regions. So, we
decompose u into three parts as follows:

U=v+wp+wWp,

where v is the regular component, wy, and wg are termed as the left and right singular components, respectively.
These components are the solutions of the following BVPs, respectively:

—&v"(z) + B(z)v(z) = g(z), z€(0,1), v(0)=B(0)"'g(0), v(1)=DB(1) 'g(1), (2.2a)
—&w’ (z) + B(x)wy(z) =0, x€(0,1), wr(0)=g00—v(0), wr(l)=0, (2.2b)
and

—Ewly(z) + B(z)wgr(z) =0, z€(0,1), wgr(0)=0, wg(l) =0 —v(1). (2.2¢)

Theorem 2.3. The components v, wr, and wg satisfy
WM <C fork=0,1,...,4; i=1,2,... 1 (2.3a)
\(wL)gk)| <CeFe /e fork=0,1,...,4; i=1,2,....¢, (2.3b)
((wr) | < Cehe =D/ for b =0,1,... 4, i=1,2,...,0 (2.3¢)
Proof. An explanatory proof is given in [6]. O

3. THE PROPOSED SCHEME

In this section, first, we give the detail of the construction of the non-uniform mesh. Then, we introduce and
implement the proposed scheme for problem (1.1).

3.1. Mesh construction. It is well-known that standard numerical schemes on an equidistant mesh fail to solve
SPBVPs and unexpectedly large oscillations appear near the layer region(s) when we use a classical numerical
scheme. In other words, no scheme can be generated on an equidistant mesh that converges at all mesh points
uniformly in the diffusion parameter unless an unacceptably large number of mesh points are used. This is not
practical at all, and thus, to resolve the layer(s), a non-uniform mesh is required. In this section, we construct an
exponentially graded mesh that generates more mesh points in the layer region as compared to the other part of
the domain.

To construct the exponentially graded mesh A = {z;| 0 < j < N, }, we split the interval [0, 1] into N, > 4 (with
N, a multiple of 4) subintervals I; = [z;_1,z;]. We denote by P,, the space of all polynomials of degree < p. In
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the construction of the mesh, we require a mesh generating function ¥(p) which belongs to a class of piecewise
continuously differentiable functions, monotonically increasing in nature, and defined as

U(p) = —In(1—2€,.p), pe0,1/2—1/N,], (3.1)

(p+1)e
interval [0, 1] into three subintervals such that [0,1] = [0,z ~, _JU[@ N, 4, Tan, JU[2sn, 4, 1]. The nodal points
4 4 4 4

where €, =1 — exp(—1> € R*. With the help of the transition points TN, , and Tang |, We split the
4 4

can be written in the following form

0+ D)W (py), J=0L N
x¥+1*$%_ . . N, 3N,
Tj=Txe g+ e 42 (U= Ne/d+1), =755
1—(p+1)e¥(1—p;), j= 41 N,

where p; = Ni for j =0,1,...,N,, and ﬁj =ux; —x;_1 for j = 1,2,...,N,;. The mesh points are distributed
equidistantly in [z n, _, Zsn, ] with N, /242 subintervals, and exponentially graded in [0,z ~, _,] and [van,  ,1]
4 4 4 4

with N, /4 — 1 subintervals in each. The mesh step lengths %j satisfy the following inequalities utilizing the mesh
characterizing function ® = exp(—¥) (see [7] for more details)

C(p+1)eN, max¥'(p;) < C(p+ 1)eN; ! max|<I>/(pj)| exp ((pf'l)e) , i=12,..., % -1,
hy < ON;L j=2 . 3 g,
C(p+1)eN; ' max ¥ (1 — p;) < C(p+ 1)eN;  max |® (1 — p;)| exp (ﬁ) . j=38 42 N,

Since max |®'| < 2, we can simply write the above inequalities as

CeNgtexp (i) d=12. % -1,

~ (p+1)e
h;j < { ON;Y j=e e 4 (3.2)
CoN; e (i), 7= e 42,0 Mo,

and the step lengths of this adaptive mesh satisfy the following estimates

eN;2 j=1,2,... 8 1,

- - 14
|hj+1 _hj| < C 07 ]: %,"'a%a (33)

eNg2, j=34+1,.. N,

Remark 3.1. Near the transition points the Shishkin and Bakhvalov meshes do not satisfy the inequality |]~7,i+1 —
hi| < CN;2. Thus, we cannot extend our analysis to these meshes.

3.2. Discretization of the problem. In this section, considering the collocation approach, we discretize problem
(1.1) using piecewise quadratic C'-splines. We denote the mesh intervals by I; = [z;_1,z;], and the collocation
points are chosen as midpoints of these intervals i.e.,

Tj—1 +$j ’];7] ﬁj

Xj:Z‘j,l/gZ: B Zl‘j_l—f— 9 =$j—?, fOI‘j:LQ,...,NI.

For m,p € N(m < p), we define

Sy(A) :=={r e C™[0,1]: 7|1, € Pp, for j =1,2,..., N, }.
To discretize (1.1), we consider a vector of splines whose components are in S3(A) and satisfies the BVP (1.1)
at certain points. It is known that the midpoints of I;, j = 1,2,...,N,, are the best choice for collocation
with quadratic C'-splines for regularly perturbed BVPs (see [4]). Next, we define the quadratic nonuniform and
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nonsmooth splines B;(x) € S3(A) for j =0,1,2,..., N, N, + 1 as follows:

o2
uv o < T < T,
Bo(z) = h3
0, otherwise,
72 o2 o 2
hl (fl x) ~(x~ xo’)v y 2o <z < Ty,
h? , hi(hy + ha)
%1(90) - 7@2 —2) T, <z < X9
hi(hi + ha)
0, otherwise,

and for j =2,3,..., N, — 1,

_(z—zi0)”
hj1(hj—1 +h;)’
r—zjo)(zj—x) (241 —x)(z—xj1)

Tj_o ST K Tj_1,

Tj—1 < X < Ty,

Bj(x) = hj(hj—1+ h;) hj(hj + hjy1)
(@ —w)? < r <
= = = 5 RS X Lj+1,
hj1(hj + hjt1)
0, otherwise,

while for j = N, N, + 1 these are given as

(x — N, 2)?

i, —1(hn,—1 + )
o h2 _ _ _ 2 _ 2
By, @)= My, —@ o) v -0
hn,(hn,-1+ hN,)

0, otherwise,

TN, —2 ST S TN,—1,

Po) ) TN, —1 <IE<$NI,
BN, +1(z) = hy,
0, otherwise.

The discretization consists of finding & whose components are in S3(A) such that

uy =u(0) = o, (Lu);_1/2=gj-1/2, un, =u(l)=01, j=12,...,N,. (3.4)
Using the component-wise form, it can be written as

(Ur)o = 0ok, (Lrlr)j—1/2 = (9r)j-1/2, (Urx)N, =01k, 7=1,2,...,Ng, k=1,2,... L (3.5)

We represent each component of the collocation solution % as

Ng+1
() = > ajBi(x), k=1,2,....1 (3.6)
j=0

where the coefficients «; , can be determined by solving the following system which is obtained by using (3.6) in
(3.4). This system can be written in the form

aok = 00k, [Lorlj—1/2=9j-1/2, J=1,2,...,Noy an,416 =01k k=1,2,....,4, (3.7)

where [Lay];j_1/o comes from the discretization of (£u);_1/o and is given by

Lal;_1/2 = — 2 {2(0%1,1@ —ajr) 2k — ajl,k)}
i1 i= itk ik
hj(hj + hjy1) hj(hj +hj-1)

¢
+ Z(bkm)j—1/2 |:q;'raj+1,k + (1 —-q - qj>aj,k + qj'ajl,k:|7 J=12,...,Ng,

m=1
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R _ R

+ . J - J st :
where ¢ ;= —2<—— and ¢; := —=2,——. Combining all the equations, we get the system
9 4(hj+hji1) K 4(hj+hj-1) & d ’ & v
Ap =6,
where
T
6 = <Qo,1,g1(X1)w-~,91(XNm),91,17Q0,2792(X1),-~~792(XN,T),01,2, ~~~~~~ »QO,Z»QZ(Xl)a~--7QZ(XNm)7QL£) ;
1St component 2nd component Zth component
T
P = (010,1, Q11553 N, 1, AN, 41,1, 70,2, X1,2,-- -, AN, 2, N, 41,25-+-,000, 01 £y, N, 1, OéNm+1,£> .
15 component 2ndcomp0nent Zthcomponent

The matrix A is given as

All A12 “ee Ale
A21 A22 “ee A2£
Agl AZQ e A[[

where each Ay, is a submatrix of order (N, + 2) x (IV; + 2). These submatrices are given by

1 0 0 0 .. . 0 1
a21,kk  G22,kk 023.kk 0 0
0 a32,kk  A33,kk  034.kk 0
Akk = . ’
0 AN, +1Ny kk ONy+1Ny+1,kk N, +1N,+2,kk
i 0 0 0 I
where
8e2q;_
1—1 —
Wii—1,kk = — —=p—— T bk (Xiz1)q; 1,
hi_,
8e2¢t 8e2q:”
1—1 i—1 —
Qi ok =—= - —= +oee(Xim1) (1 — g7 — gy )
h2 2
ie1 i1
8e2¢q:"
1—1
Qiit1,kk = — O + bk (Xi—1)q) 4,
i1

for i =2,3,..., N, + 1. Furthermore, for m # k, m=1,2,... ¢, k=1,2,...,¢ the submatrix A, is

0 0 0 0 - - 0 1
a21,km  @22,km  423.km 0 .. ... 0
0 32, km  A33,km  034,km . . 0
Akm = . ,
0 AN, +1N,,km ON,+I1Ny+1,km ON,+1N,+2,km
L 0 0 0 0 |

where
@ii—1,km = bem (Xiz1)g;_ 1,
@ii o = bem (Xi—1) (1 —q - qi_l)a
Qi1 km = bem (Xiz1)q 4,

fori=2,3,...,N, + 1.
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4. CONVERGENCE ANALYSIS

4.1. S9-interpolation. To find the interpolation Iy whose components are in S9(A), we solve the following
interpolation problem assuming that y;, € C°[0, 1]:

(IQOyk)j:(yk)ja jzovlﬂ"'szv and (IQOyk)j—l/QZ(yk)j—l/Zv j:1727"'7Nx7
where (yx); = ye(z;), (Yr)j-172 = yu(X;), k=1,2,.... 0

Theorem 4.1. Assuming b;j(x),g;(xz) € C*0,1], for i, j = 1,2,...,¢, the interpolation error u — ISu of the
solution w of (1.1) satisfies the following bounds:

Ju— Il <CN;* and € _max |- Bu)), | <CON*

Proof. First, we make use of Lagrange representation of the interpolation polynomial and Taylor expansions to
verify that for any y € C4]0,1]¢, the interpolation error on each I ; satisfies

h3 h?
Yk _Igyk < — yl(cg) ) (yk _Igyk);'lfl/Z < 2 yl(¢4) ) k= 1727"'76' (41)
, 2 .’ 18 .’

Using the linear property of I, the solution components u; can be decomposed in the following manner

wp — Iy = (v, — I3vp) + ((wL)k - IS(U)L)k) + <(wR)k - IS(wR)k)-

We start this analysis by finding the interpolation error in the regular component. For I C [zo, 2y, /4—1], We use
the bounds given in Theorem 2.3, to obtain

3z,
<CeN3exp| —2L —
: p(<p+ 1>s>

< ON, 3 exp (%)

3

< CN; % exp ((p + 1)‘1’(03'))

< CN; 3.
Similarly, using the same analysis in the right layer region I; C [z3n, /412, 2N, ], we obtain [|vg — ISvg||, < CN, 3.
Also, for I; C [z, /4, %3N, ja41], the bounds for h; (using Equation (3.2)) trivially give [jvy, — ISvg|l;, < CN;3

Thus, on combining all the estimates for the regular component, we get
lok — I3vr]| < CN;°.

Next, we consider the left singular component (wr)y. in I; C [zo,7n, j4—1]. Using Theorem 2.3 and the inequality
given in (3.2), we get

3
h;

24

(wr)y”

3T
< Ce3NPexp (J) 5_3|e_’\””/8|1j

I (p+1)e

< C’ngexp(xj _ %—1>
15 e



10 SINGH ET AL.

Now for I C [z, /4, 3N, ja+1], We obtain

h3
j’(wL)](CS) < CN;38_3|6_>\I/E‘IJ.
24 I

AT,
< C'N;?’&?*S exp (—le)
€

Using L’Hépital’s rule, it is easy to see that the term =3 exp(—mg‘l) is bounded in [z, /4, 3N, /a41]- Thus,
the above inequality gives

h3
2| (wz)

(3)
24 k

< CON; 3.
I

Similar bounds can be obtained for I; C [z3y, /442, Tn,] Dy using the same arguments as for [xo, zy, /4—1]. Thus,
[(wr)s — 13 (wr k|| < ONG2.

Now for the right singular component (wg)y in I; C [zo, 2y, /4—1] (using Theorem 2.3 and the inequality in (3.2)),
we get

(p+ 1) I
leﬂj>€3 exp <_ 02(1 — Ij_l))
e

< Ce®N, 3 exp <3$j>5_3|e_)‘(1_“)/5|1.
( 5

< CN3exp 03—xj il 33]‘_1))

x

N
Q
=
&
@D
”
ko)
o
S
_|_
=
5
5
&
i
<
s
=

Following the same approach as we have done for (wp ) in the intervals [y, /4, Z3n, ja41] and [23n, /442, TN, ], We
obtain

[(wr)k — I (wr)k|| < CN, 2.

X

Next, we find the bounds for uax [(ug — Iguk);'_l/z\. For this purpose, first, we consider vy in I; C
§=1,2,..,Ne

(%0, 2N, j4—1] as follows

< Ce2N2 exp( ) (using Theorem 2.3 and the inequality in (3.2))

2£Cj
(p+1e

)

L5
(p+ e
concten)

< CN 2

< C’Nc,j2 exp(
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Similar results can be obtained for the intervals [y, /4, 23N, ja41] and [23n, /442, 2n,]. Now for the left singular
component in I; C [zg, 2y, /4—1], we have

h2
| (wz)

(4)
48 k

2 .
< Ce’N, % exp ((p_’_le)g) e e,

< CEQN;Q exp(clgcj)a_4 exp(_c2xj_1)
5

g
< Ce?N-2 exp(c‘s(%—fﬂjlv
r €

B
< Ce 2N 2 exp(c‘o’gj>

< Ce™?N; %exp (C’g(p + 1)N,; ! max \II’(pj)>

I

< Ce 2N, 2

Using a similar procedure, the same bounds can be obtained for the intervals [z, /4, T3, /a41] and [T3n, sa12, TN, -
Thus,

0 " —2n7—2
jzlfgf_}i]vm |((wr )k — 13 (wL)k)j—1/2| < Ce™" N7

Furthermore, one can use a similar analogy to find the bounds for the right singular component (wg)g. Finally,
the use of the triangle inequality leads us to complete the proof. (Il

Lemma 4.1. Let s3, € SY(A) with (5k)j—12=0, j=1,2,..., Ny, k=1,2,...,4, then

8
[skllz; < mjax{|(sk)j,1|7 [(s1)51} Nlsillz; < ﬁmjax{\(sk)rﬂa |(sk);1}-
i

Proof. Refer to [48] for the comprehensive proof. O

4.2. Si-interpolation. To find the interpolation Iy, € S3(A) assuming that y, € C1[0, 1], we solve the following
interpolation problem:

(Iyk)o = (k)o,  (Iayk)j—172 = Wk)j—12: 3=1,2,..., Noy  (L3ye)n, = (Yk) N, (4.2)
where (yr)j—1/2 = yx(Xj;), for k=1,2,... L.
Let A : S3(A) — RM=+1 be the operator defined by

[Ask]; = a;j(sk)j—1 + 3(sk); + ¢;(sk)j+1,

where a; = %?ﬁ and ¢;j =1—a; = Ej:£j+1' Then from [14,33], we have
[Asilj = aj(sk)j—1 +3(sk); + ¢j(sk)j+1 = 4aj(sk)j_1/2 +4cj(sk)jr172, 5=1,2,..., Np — 1, (4.3)

Lemma 4.2. The operator A in (4.3) is stable, with (s;)o = (sk)n, =0,
1
max \(sk)j|§§ | Inax I[Asi)il, k=1,2,...,¢,
j=1,

j=1,2,....N,—1 2., Ny—1

for s € RN=F1,

Proof. Refer to Lemma 3 given in [30]. O



12 SINGH ET AL.

Theorem 4.2. Assume that b;;(z), gj(x) € C*0,1], for i, j =1,2,...,£, then the interpolation error u — I3u of
the solution w of (1.1) satisfies the following bounds

j_dnax | |(w = Lu); SON,, (4.4a)
[ — I3ul| < CN,; 3, (4.4b
Sj:lrr;a.u.)'(N |(u — I%u)3’71/2| <CN; 2 (4.4c)

Proof. For the interpolation error y — I3y, we consider an arbitrary function y; that satisfies

Using the definitions of S3-interpolation and the operator A given by (4.2) and (4.3), respectively, we have

Ty = [Nyk = Tauk)); = aj(ur)j—1 — 4a;(yr)j-1/2 + 3(yn); — 4 (yn) 172 + ¢ (Ur) 41, (4.5)
forj=1,2,...,N,, k=1,2,...,¢. Furthermore, we use the Taylor series expansions, to get
1- = 7 7 " 5 T4 T4 (4)
|Tyk7j| < Ehjhj-‘rl'hj-l-l - h]”(yk )j|1j + %max{hj’hj-i-l}u(yk )jHIjUIj+1' (46)

Now, the interpolation error can be decomposed as

. s = (o= fo) + (e = Bwn)e) + (e - Bwn ),

Tur,d = Tord T Twr)e,d T T(wr)wg-

To find the error, we start considering the regular component. For I; C [zo, 2y, /4—1], We use Theorem 2.3 and
the inequality (4.6), to get

|To.i] < C<Ej%j+1|ﬁj+1 — hj| + maX{E?aE?+1})'
Now as %j < Ej_i'_l holds in [z¢,z, 4—1], SO
| To,i] < C(h?+1|hj+1 —hy + h’?-ﬁ-l)

_ 21 1 _ 4$' 1
<CO(eNex J+> +etNtex (ﬁ))
( : p(<p+1>e = P e

_ 441
< ON4 gl
. eXp<<p+1>e

< Nz texp (1% )
< ON; 4

x

Moreover, for z; € [zn, 4, %3N, /a+1], it is obvious to prove |7, ;| < CN;*. Similarly, one can prove for z; €
[T3n, /a+2, TN, ]. Therefore, using the application of Lemma 4.2, we obtain

— I < oNTA
jzor’rll?;_c,le(vk 2Uk)j| < CN,
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Now in the process of finding the bounds for (wr);, we use the fact that l~1j < EjJrl for x; € [xo, 2N, /a—1], which
yields

"

1~~~ = 5 y
Moyl < g5hitserlhyer = hill(WL)kglz + 5o max{hd, ity w1 or

S C(}Nli—ﬂmj—&-l - }Nlj|573|€7)\x/6|1j + E?+154|6M/6|1NQ+1)

_ 2z _ _ 4z, _
SC(Nw‘Lexp((in-;g)ha Ax/e|1j+N$4eXp(Wf45€)le Ax/sl[ju]j+1)
gCNI—éxeXp(Clth)

3

< CON;*exp (Cl(p + 1)N, * max \I/I(pj+1)>
< CN; %

Similar bounds can be obtained in |23y, /412, %n,]. Moreover, it is easy to prove 7(,,), ; < CN;* for T; €
[N, /4, T3N, /a+1]. Therefore, an application of Lemma 4.2 gives

- max  |((wp)e — I (wr)e);| < ON; ™
7=0,1,...,Nz

Similar arguments can be used to derive the bounds for the right singular component (wg); (we skip the analysis
here). The estimate given in (4.4a) can be attained directly by combining all the interpolation errors for three
components. To prove (4.4b), we use the triangle inequality as

lu — Lul| < flu — 9] + [[13u — Tyu|

<= Bul+ _max |(u - u)).
-

sdyeeydVa

Now make use of the fact (I3u); = u;, j = 0,1,...,N,, Lemma 4.1, Theorem 4.1, and (4.4a), we obtain the
estimate (4.4b). Furthermore, to obtain the inequality (4.4c), we use the same approach as we have used for
(4.4b). For this purpose, we write

[(u = Tyur)f_y ol <|(us = k) _y ol + |(Tug — Lyug)j_y ol

8
< — Duy)” ~|(up, — Ijug),|.
S = Bu)joapel + max o oo (ue = Lu),|

Hence, the proof is completed by using Theorem 4.1 and the inequality (4.4a). |
Theorem 4.3. We assume that there exists a constant p > 0 such that

maX{le+1,71j_1} 2 ,U,’}vlj, ] = 1,2,. .. ,NI — ]., El 2 ‘LLEQ, and TLNT 2 NENm—l-
Then the operator Ly is stable in the maximum-norm i.e.,

[LiYe]j—1/2

, k=1,2,...,¢, for allvyy € R(])V’+2 ={reRM*"2 .y =71y, 41 =0},
nj—1/2,k

<
yell < 3j:1r,r21§}_>_<,Nz

¢
where nj_y /9 = Z(bkm)j_l/Q(l —q; — qj>, j=1,2,...,Ny, k=1,2,...,¢.

m=1

Proof. Note that ¢}, ¢; € (0,1/4), therefore n;; > 0, j = 1,2,..., N,. For arbitrary vectors 4 € Ry, we
define the operators A; by

e {2(%“,1@ —Yik) 20k = Vi—1.k)

iz L by (hy +hyn) Tyl +Tyoa)
The operators Ay, are well defined because of the positivity of all n;_; /5 . Following the idea of [30], we get the
required result. 0

[Aklyk]j—l/Z = - +’Yj,k7 .7 = ]-727‘ .. 7Nm~
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Theorem 4.4. Let u be the exact solution to (1.1) and @ is its approzimation on the exponentially graded mesh,
then

lu — & < CN;2.

Proof. Using the triangle inequality
lur — k]| < [fur — Tyupl + [ 13w — ],
for k =1,2,...,¢. Making use of B-spline functions, we write the interpolant I3uy as

Ngz+1
Lug(x) = > BixBi(x), fork=1,2,...,¢
7=0

[L(a — Bi)lj—1/2 = Li(te — Iyug)j—1/2 = 2 (Iyup —ug)j—1y2, j=1,2,..., Ny, k=1,2,... L.
Finally, Theorem 4.2 and 4.3 give

llok — Bill < CN, 2.
Since each B; > 0 and the sum of all basis functions equals 1, so
113w — @ < flex — Bl < ON2.

We now apply Theorem 4.2 to complete the proof. (Il

5. NUMERICAL OUTCOMES AND DISCUSSION

In this section, we examine the verification of the theoretical estimates provided in the previous section by
considering two numerical examples. The error estimates (in the maximum norm) are obtained by utilizing the
double mesh principle [11]. The maximum pointwise error is computed as

epr = max | (25-1) — W (xj-1/2)|,

where 4 and 4y represent the computed solutions by considering N, and 2NN, mesh partitions, respectively. We
also compute, the corresponding order of convergence as

Ny /2N,
e — In(e 2 /ei ")
ke In2
Furthermore, we calculate the e-uniform maximum pointwise error eliv = and the corresponding e-uniform order of
convergence n,iv = as follows

Ny _ Ny
ey =maxeyz,

N = In(ey” /ej)
k In2
Remark 5.1. All the above estimates are calculated for k =1,2,...,¢.

N,

We have also calculated the overall error e*'= as follows:

No _ N,
e’ = mgx(meaxekﬁ).

Finally, the corresponding orders of convergence are given by
N, _ In(eMe /e2e)
In2

From a practical point of view, we have calculated the uniform errors over a finite range of ¢ values (¢ =
1,107%,...,10719).
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In the test problems, for simplicity we take ¢ = 2 in the first problem and ¢ = 3 in the second problem. The
solution components are denoted as uy, (exact solution) and @y (numerical solution), respectively. Moreover, the
solution in the vector form is denoted by bold letters.

Example 5.1. In this ezample, we consider the following system of 2 equations:

—%u 4+ 2(1 + 2)*u; — (1 + 2®)ug = 2¢%,
—eul) — 2cos<7r4x>u1 + (14+V2)euy = 10z + 1,

uy (O) = ul(l) = O7 UQ(O) = UQ(l) =0.

For this example, the matrix B, g(x), g0, and g1 are as given below
2(1+xz)? —(1+423%)

B= 2(:0s<”4””> (14 V2)e!— |

g(x) = (2¢, 102+ 1)T, 0o = (0,0)", o1 =(0,0)".

Example 5.2. In this ezample, we consider the following system of 3 equations:

—e%u! 4 3uy + (1 — ) (ug — u3) = €%,

—e?ulf + 2uy + (4 + x)up — uz = cos,

—e%uly 4 2uy + 3uz = 1 + 22,

ul(O) = ul(l) = O7 UQ(O) = ’LLQ(l) = 0, U3(0) = U3(1) = O

For this example, the matrix B, g(x), g0, and g1 are as given below

3 11—z —(1-ux)
B= |2 4+x -1 ) g(l‘) = (ez,cosx, 1+ x2)T’ Qo = (OaOaO)Ta 01 = (OaOaO)T'
2 0 3

The solutions of the system exhibit twin boundary layers in the neighborhoods of x = 0 and = 1. As explained
above, the uniform mesh is not suitable to resolve these layers, and one cannot obtain parameter uniform estimates
on this mesh. So, the numerical results for both examples are obtained by using the exponentially graded mesh
(eXp mesh). Tables 1 and 2 show the parameter uniform results for the solutions %; and @9 in Example 5.1, which
are second-order uniformly convergent. Similarly, for Example 5.2, we obtain the parameter uniform estimates of
order O(N_2) for @1, @2, and 13, respectively (refer to Tables 3, 4, and 5). We have also computed the results
for the Shishkin mesh and Bakhvalov-Shishkin (B-S) mesh, and compared the results on these meshes in Tables
6 and 7. This comparison suggests the parameter uniform convergence of orders O(N_?2), O(N, 2 In® N,.), and
O(N;2), respectively. To support this, we have also calculated e-uniform orders of convergence and e-uniform

x
error constants (see [13] for the computation of CV+).

Furthermore, we combine the mesh plots of the considered meshes (eXp, Shishkin, and B-S) in a single plot
that shows the distribution of mesh points in the layer regions and regular regions. Since the eXp mesh and the
B-S mesh differ by a small change in the choice of the mesh generating function ¥(p), the mesh points of both
meshes coincide in the plot. We have displayed the presence of boundary layers in the solution by plotting the
2-D graphs. From Fig. 2 it is observed that the boundary layers for ¢ = 10~ are stiffer (see Figs. 2b and 2d) as
compared to the boundary layers for ¢ = 10~2 (see Figs. 2a and 2c) which confirms the theory that for SPBVPs
the width of the boundary layer decreases as € decreases.

Remark 5.2. In Fig. 2, ua,, represents the k™ component of the numerical solution on the partition /.

6. CONCLUDING REMARKS

A numerical scheme that uses the quadratic B-spline functions on an exponentially graded mesh has been
developed for a weakly coupled system of ¢ singularly perturbed reaction-diffusion equations. The main reason to
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TABLE 1. Maximum pointwise errors ef{g in the solution %7 for Example 5.1

Ny
€ 64 128 256 512 1024 2048 4096
1072 3.4414e — 03 8.7439¢ — 04 2.1556e — 04 5.2958¢ — 05 1.3095¢ — 05 3.2550e — 06 8.1124¢ — 07
1.9766 2.0202 2.0252 2.0158 2.0083 2.0045
107*  3.457le — 03 8.782le — 04 2.1656e — 04 5.3212¢ — 05 1.3159¢ — 05 3.2708¢ — 06 8.1520e — 07
1.9769 2.0198 2.0249 2.0157 2.0083 2.0045
1076 3.4573e — 03 8.7825¢ — 04 2.1658¢ — 04 5.3215e¢ — 05 1.3159¢ — 05 3.2710e — 06  8.1529¢ — 07
1.9769 2.0198 2.0249 2.0158 2.0083 2.0045
1078  3.4573e — 03 8.7826e — 04 2.1658¢ — 04 5.3215e¢ — 05 1.3159¢ — 05 3.2760e — 06  8.2269¢ — 07
1.9769 2.0198 2.0249 2.0158 2.0083 2.0045
10710 3.4573e — 03 8.7826e — 04 2.1658¢ — 04 5.3215e — 05 1.3159¢ — 05 3.2765¢ — 06 8.2278¢ — 07
1.9769 2.0198 2.0249 2.0158 2.0083 2.0045
ef[” 3.4573e — 03 8.7826e — 04 2.1658e — 04 5.3215e — 05 1.3159e — 05 3.2765e — 06 8.2278e — 07
77{\’z 1.9769 2.0202 2.0252 2.0158 2.0083 2.0045
C{V*' 14.16 14.38 14.19 13.95 13.79 13.74 13.75
TABLE 2. Maximum pointwise errors eé\j “ in the solution %y for Example 5.1
N
€ 64 128 256 512 1024 2048 4096
1072 7.0349¢ — 03 1.7946e¢ — 03 4.4247e — 04 1.0926e — 04 2.7095e¢ — 05 6.7447¢ — 06 1.6824¢ — 06
1.9709 2.0200 2.0178 2.0117 2.0062 2.0032
10=%  7.1101e — 03 1.8146e — 03 4.4739¢ — 04 1.1048¢ — 04 2.7400e — 05 6.8205¢ — 06 1.7013e — 06
1.9702 2.0200 2.0177 2.0115 2.0062 2.0032
1076 7.1109¢ — 03 1.8148¢ — 03 4.4744e — 04 1.1049¢ — 04 2.7403e — 05 6.8213e — 06 1.7016e — 06
1.9702 2.0200 2.0177 2.0115 2.0062 2.0032
1078  7.1109¢ — 03 1.8148¢ — 03 4.4746e — 04 1.1048¢ — 04 2.7411le — 05 6.8213e — 06 1.7160e — 06
1.9702 2.0200 2.0177 2.0115 2.0062 2.0032
10719 7.1109¢ — 03 1.8148¢ — 03 4.4746e — 04 1.1048¢ — 04 2.7414e — 05 6.8220e — 06 1.7169¢ — 06
1.9702 2.0200 2.0177 2.0115 2.0062 2.0032
eéVm 7.1109¢ — 03 1.8148e — 03 4.4746e — 04 1.1048e — 05 2.7414e — 05 6.8220e — 06 1.7169¢ — 06
néVz 1.9702 2.0200 2.0178 2.0117 2.0062 2.0032
C’éV” 29.12 29.73 29.32 28.96 28.74 28.61 28.60

choose the exponentially graded mesh is its advantage over other meshes like Shishkin and Bakhvalov-type meshes
as it does not require prior information about the transition parameter i.e., it is independent of the transition
point(s). The estimated theoretical bounds on the spline interpolation error show that the method is second-order
convergent irrespective of the value of £. The numerical results presented in the tables validate the theoretical

estimates regarding the orders of convergence and the errors estimated in Section 4.
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TABLE 3. Maximum pointwise errors ef{g in the solution %7 for Example 5.2

17

Ny
€ 64 128 256 512 1024 2048 4096
1072 1.8695¢ — 03 4.7469¢ — 04 1.1770e — 04 2.9012e — 05 7.1840e — 06 1.7866e — 06 4.4546¢ — 07
1.9776 2.0119 2.0204 2.0138 2.0076 2.0038
107*  1.8675e — 03 4.7416e — 04 1.1756e — 04 2.8978¢ — 05 7.1757e — 06 1.7845¢ — 06 4.4494e — 07
1.9777 2.0120 2.0204 2.0138 2.0076 2.0038
1076 1.8675e — 03 4.7416e — 04 1.1756e — 04 2.8978¢ — 05 7.1757e¢ — 06 1.7845e — 06 4.4496e — 07
1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
1078  1.8675e — 03 4.7416e — 04 1.1756e — 04 2.8978¢ — 05 7.1757¢ — 06 1.7845¢ — 06  4.4496e — 07
1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
10710 1.8675e — 03 4.7416e — 04 1.1756e — 04 2.8978¢ — 05 7.1757e — 06 1.7845¢ — 06 4.4496e — 07
1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
ef[” 1.8675e — 03 4.7469e — 04 1.1770e — 04 2.9012¢e —05 7.1840e —06 1.7845e —06 4.4496e — 06
77{\’z 1.9776 2.0120 2.0204 2.0138 2.0076 2.0038
C’fvl' 7.64 7.76 7.70 7.59 7.52 7.48 7.49
TABLE 4. Maximum pointwise errors eé\{ ¢ in the solution iy for Example 5.2
Nz
€ 64 128 256 512 1024 2048 4096
1072 7.266le — 04 1.9713e — 04 4.8933e¢ — 05 1.2064e — 05 2.9843¢ — 06 7.4152¢ — 07 1.8478e — 07
1.8820 2.0103 2.0201 2.0152 2.0088 2.0047
107%  7.2739¢ — 04 1.9735e — 04 4.898%¢ — 05 1.2078¢ — 05 2.9877e — 06 7.4238¢ — 07 1.8500e — 07
1.8820 2.0102 2.0201 2.0153 2.0088 2.0046
1076 7.2740e — 04 1.9735e¢ — 04 4.8989¢ — 05 1.2078¢ — 05 2.9878¢ — 06 7.4239¢ — 07  1.8500e — 07
1.8820 2.0102 2.0201 2.0153 2.0088 2.0046
1078 7.2740e — 04 1.9735e — 04 4.898% — 05 1.2078¢ — 05 2.9878¢ — 06 7.4239¢ — 07 1.8500e — 07
1.8820 2.0102 2.0201 2.0153 2.0088 2.0046
10719 7.2740e — 04 1.9735e — 04 4.8989¢ — 05 1.2078e — 05 2.9878¢ — 06 7.423%¢ — 07 1.8500e — 07
1.8820 2.0102 2.0201 2.0153 2.0088 2.0046
eév“” 7.2740e — 04 1.9735e — 04 4.8989¢ — 05 1.2078¢ — 05 2.9878¢ — 06 7.4239¢ — 07 1.8500e — 07
név’" 1.9702 2.0200 2.0178 2.0117 2.0062 2.0032
C’QNm 2.97 3.23 3.21 3.16 3.13 3.11 3.10
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TABLE 5. Maximum pointwise errors eévg in the solution u3 for Example 5.2

Ny
€ 64 128 256 512 1024 2048 4096
1072 1.4829¢ — 03 4.1205¢ — 04 1.0335¢ — 04 2.5429¢ — 05 6.2959¢ — 06 1.5641e — 06 3.8974e — 07
1.8475 1.9953 2.0230 2.0140 2.0091 2.0047
107%  1.4837¢ — 03 4.1227¢ — 04 1.0340e — 04 2.5442e — 05 6.2991e — 06 1.5648e — 06 3.8993e — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
1076 1.4838¢ — 03 4.1227¢ — 04 1.0340e — 04 2.5442e — 05 6.2991e — 06 1.5648¢ — 06 3.8993e — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
1078  1.4837e — 03 4.1227e — 04 1.0340e — 04 2.5442e — 05 6.2991e — 06 1.5648¢ — 06 3.8993e — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
10719 1.4837e — 03 4.1227e — 04 1.0340e — 04 2.5442e — 05 6.2991e — 06 1.5648¢ — 06 3.8993¢ — 07
1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
eé\[m 1.4837¢ — 03 4.1227¢ — 03 1.0340e — 04 2.5442e — 05 6.2991e — 06 1.5648¢ — 06 3.8993e — 07
77:],)\” 1.8475 1.9954 2.0230 2.0140 2.0091 2.0047
C’évl' 6.07 6.75 6.77 6.66 6.60 6.56 6.55
TABLE 6. Uniform maximum pointwise errors comparison in the solution for Example 5.1
eXp mesh Shishkin mesh B-S mesh
N, elNe e CNe elNe N C'Ne elNe pN= C'Ne
128  1.814(-3) 2.019 29.73 6.114(-3) 1.622 16.41 1.784(—3) 2.006 29.23
256  4.474(—4) 2.018 29.32 1.986(—3) 1.672 16.42 4.440(—4) 2.013 29.10
512 1.104(—4) 2.010 28.96 6.232(—4) 1.706 15.86 1.100(—4) 2.008 28.84
1024 2.741(-5) 2.006 28.74 1.910(—4) 1.774 14.97 2.734(=5) 2.001 28.67
2048 6.821(—6) 1.990 28.61 5.584(—5) 1.921 1347 6.828(—6) 1.994 28.64
4096 1.716(—6) - 28.60 1.474(-5) - 10.95 1.714(=7) - 28.61
TABLE 7. Uniform maximum pointwise errors comparison in the solution for Example 5.2
eXp mesh Shishkin mesh B-S mesh
N, elNe Ve ON elNe Ve ONe elNe Ve ON
128  4.741(—4) 2.012 7.76 1.442(-3) 1.563 2.92 4.672(—4) 2.002 7.65
256 1.175(—4) 2.020 7.70 4.878(—4) 1.672 2.92 1.166(—4) 2.014 7.64
512 2.897(—5) 2.013 7.59 1.530(—4) 1.707 2.71 2.886(—5) 2.010 7.56
1024 7.175(—6) 2.007 7.52 4.685(—5) 1.768 2.45 7.161(—6) 2.004 7.50
2048 1.784(—6) 2.003 7.48 1.375(=5) 1.891 2.12 1.785(—6) 1.994 7.48
4096  4.449(-"7) - 7.49 3.706(—6) - 1.70 4.446(—7) - 7.49
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