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Abstract

This paper is about the investigation of exact solutions of important economic model; Ivancevic option pricing model (IOPM)
with M-fractional derivative. To achieve this aim, three different methods; expa function method, extended Sinh-Gordon
equation expansion method (EShGEEM) and extended (G’/G)-expansion method are used. Obtained solutions consisting of
trigonometric, hyperbolic trigonometric, rational and exponential. The obtained solutions are new than the existing solutions in
the literature. The got solutions are also verified by using Mathematica tool. Graphically justification are also done by plotting
2-D,3-D and contour graphs. The importance of this paper is that M-fractional derivative is first time use for this model. On

the bases of achieved results it is suggested that these methods are simple, reliable and fruitful than the other methods.
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Abstract

This paper is about the investigation of exact solutions of important economic
model; Ivancevic option pricing model (IOPM) with M-fractional derivative. To achieve
this aim, three different methods; exp, function method, extended Sinh-Gordon equa-
tion expansion method (EShGEEM) and extended (G’/G)-expansion method are used.
Obtained solutions consisting of trigonometric, hyperbolic trigonometric, rational and
exponential. The obtained solutions are new than the existing solutions in the lit-
erature. The got solutions are also verified by using Mathematica tool. Graphically
justification are also done by plotting 2-D,3-D and contour graphs. The importance of
this paper is that M-fractional derivative is first time use for this model. On the bases
of achieved results it is suggested that these methods are simple, reliable and fruitful
than the other methods.

Keywords: Ivancevic option pricing model; M-fractional derivative; exp, function method;
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1 Introduction

Many mathematical models have been developed in these areas in the form of nonlinear
partial differential equations (NLPDESs). Numerous schemes are made to gain exact so-
lutions of NLPDEs like; generalized exponential rational function scheme (GERFS) [1-3],
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Liu’s extended trial function method (LETFM) [4], generalized unified method (GUM) [5],
sine-Gordon expansion technique (SGET) [6], enhanced modified simple equation scheme
[7],unified technique [8], extended tanh function scheme [9], Lie symmetry technique [10],
symbolic computational method, Hirota’s simple method and long wave technique [11], Ja-
cobi elliptic function expansion scheme [12], Elzaki transform decomposition technique [13],
(m + &)-expansion and adomian decomposition schemes [14], new generalized expansion
method [15], simplest equation and kudryashov’s new function techniques [16], modified
simple equation scheme [17], modified kudryashov simple equation technique [18], first
integral technique [19], Backlund transformation scheme [20], extended jacobi elliptic func-
tion expansion technique [21], extended (G/G)-expansion and improved (G'/G)-expansion
schemes [30] etc.

There are three other methods; exp, function, extended Sinh-Gordon equation expansion
(EShGEE) and extended (G’/G)-expansion methods. These methods have various appli-
cations. Likely, some new kind of analytical results of perturbed Gerdjikov-Ivanov model
(pGIM) has been achieved by using exp, function and extended tanh function expansion
methods in [31]. By applying exp, function and hyperbolic function methods, various
types of wave solutions of two non-linear Schrodinger equations are gained in [32]. New
trigonometry and hyperbolic function type soliton solutions of (2+1)-dimensional hyper-
bolic and cubic-quintic non-linear Schrédinger equations are achieved by applying extended
sinh-Gordon equation expansion scheme in [33]. Bright, dark and bright-dark soliton solu-
tions of generalized non-linear Schrodinger equation has been determined by implementing
extended sinh-Gordon equation expansion method in [34]. Some exact solitons of (2+1)-
dimensional improved Eckhaus equation have been calculated by using extended (G'/G)-
expansion technique in [35]. Various kinds of wave solutions of time-fractional parabolic
equations have been obtained by applying the extended (G’/G)-expansion scheme in [36].
Fractional calculus have gained much importance due to its various applications in differ-
ent fields. Therefore, different definition of derivatives have been used like; conformable
fractional derivative [37,38], beta derivative [39], caputo-Fabrizio fractional derivative [40],
truncated M-fractional derivative [41,42] etc.

Our considering model is one of the important and interesting economical model named as;
Ivancevic option pricing model (IOPM). In the literature, few techniques have been used on
this model to get different exact solutions. For example, new solutions have been achieved
of this model by applying the fractional reduced differential transform technique in [43].
Dark, bright, dark-bright, complex, travelling, periodic, trigonometric ,hyperbolic function
solutions have been gained with the help of rational sine-Gordon expansion method and
modified exponential method in [44]. Rogue wave and dark wave solitons of Ivancevic op-
tion pricing equation have been obtained with the use of trial function technique in [45].
The basic focus of the work is to investigate exact wave solutions of truncated M-fractional
Ivancevic option pricing model based on exp, function method, extended Sinh-Gordon
equation expansion and extended (G’/G)-Expansion methods.

Paper have different sections; Section 2: truncated M-fractional derivative and its charac-



teristics, Section 3: model description, Section 4: description of methodologies, Section 5:
mathematical treatment of model and exact solutions of model. Section 6: Illustrations
with graphics. Section 7: conclusion.

2 Truncated M-derivative:

2.1 Definition:

Suppose u(t) : [0,00) = R, then truncated M-derivative of u of order € is given [22]:

. t B (tt179)) —u(t
DMQtu()zlimu( ot 7)) =ul®) 1, o0, (1)

T7—0 T

where F,(.) shows truncated Mittag-Leffler function of one parameter that is defined as [23]:

7 Zj
E = A a—— 0 d C. 2
=Sy 0 e )

2.2 Characteristics

Let € € (0,1]1,0 > 0,7, s € R, and g, f e—differentiable at a point ¢ > 0, then by [22]:

(1) Dy (rg(t) + sf(t)) = rDy7,9(t) + sDi7 f (2). (3)
(i1) Dyro(9(t).f (1)) = g() D37 f(t) + () Dyf,9(2). (4)
e gty f(t )vaftg( ) — g(t) D7, f (1)
() Piitel ) = (FOP ®)
(iv) D;’ft(A) =0, where A is a constant. (6)
‘ _ ot dg(t)
(v) Dif9(t) = Tot1) dt (7)
3 Model Description:

Let’s assume M-fractional Ivancevic option pricing model(IOPM) [45] given as follows:

L Dz’jjtq—i—é Dijﬁ%ﬂ—l—Q q\q|2 =0, .=+—-1L ()

2

This model was first time developed by Ivancevic [24] to fulfill both behavioral and efficient
markets. Where g = ¢(s,t) shows the option price wave profile. While t is the time variable
and s is asset price of model. Parameter 0 represents the volatility which shows either



stochastic process itself or only a constant. Where Q = Q(r,w) is called Landau coefficient
which describes adaptive market potential. In nonadaptive simplest case €2 and r become
equal which shows the interest rate while in adaptive case 2(r,w) may be connected to
market temperature and it depends on the set of tractable parameters {W;}. In third term
|q|* shows the probability density function which denotes the potential field.

3.1 Summary of exp, function scheme:

Here, we will give complete concept of this scheme.

Assuming the non-linear PDE;

G(q,4%qt, Qs Gtts Qo Gt ) = 0. (9)

Eq.(9) transformed in non-linear partial differential equation:
AQ,Q,Q",...,) =0. (10)
By using following transformations:
q(z, y, t) = Q((),( = ax + by + rt. (11)
Considering root of Eq. (10) is shown in [25-28]:

ap 4 andS + ... + apd™
Bo + BrdS + ... 4 Bpdm’

Q(¢) = d#0,1. (12)
where a; and $;(0 < i < m) are undetermined. Positive integral value of m is calculate
by utilizing homogeneous balance technique into Eq.(10). Putting Eq. (12) into Eq. (10),
gives

o(d°) = by + 01d° + ... + £,d* = 0. (13)

Taking ¢; (0 <i <t)in Eq. (13) equal to 0, a system of algebraic equations is achieved as
fellows.
l; =0, where 1 =0, ...,t. (14)

By using the got solutions, we achieve the exact results of Eq.(9).

3.2 Presentation of EShGEEM:

In this part, there are some fundamental steps of this method:
Step 1:
Assuming the NLPDE shown as follow:

G(QyD?\Z}% QQCIx7Qy>ny7Q1rac7Qxyv~--) = 07 (15)



where g = q(z,y,t) represents wave function.
Supposing the wave transform given as follow:

o) = Q) C=w—vy+ O D e (16)

Inserting Eq. (16) into Eq. (15), resulting ordinary differential equation shown as follows:

AQ(0), Q*()Q(©),Q(¢), ) = 0. (17)
Step 2:
Let’s assume the root of Eq. (16) in the form:

Q(p) = ap + Z(ﬂi sinh(p) + a; cosh(p))’, (18)
where «ag, a;, B; (1 = 1,2,3,..., m) are undetermined. A new function p of ¢ that fulfill
the following equation:

dp _ .
T sinh(w). (19)

Positive integral value of m may be obtained with the use of homogenous balance method.
Eq. (19) is achieved from sinh-Gordon equation given as follows:

¢zt = ksinh(v). (20)

Resultantly given in [29], one may get the roots of Eq. (20) shown as:

sinh p(¢) = £ csch(Q) or cosh p(¢) = £ coth((), (21)
and
sinh p(¢) = ¢ sech(() or cosh p(¢) = +tanh((), (22)
where ¢ = /—1.
Step 3:

Substituting Eq. (18) along Eq. (20) into Eq. (17), result in the form of algebraic expressions
in p* €) sinh/ p(¢)cosh™p(¢) (k=0,1; 1=0,1; m=0,1,2,...). Putting each coefficient
of p'*(¢)sinh! p(¢) cosh™ p(¢ ) equal to 0, to obtain a set of algebraic equations having
v, k,ap,a; and B;(i =1,2,3,...,m).

Step 4:

By manipulating the gained set of algebraic equations by using Mathematica software, one
may get the results of unknowns, v, k, ag, o; and ;.

Step 5:



With the help of obtained solutions and Egs. (21) and (22), we may achieve the roots of
Eq. (17) shown as:

Q(¢) = ap + Y _(£Biesch(C) £ o coth(())". (23)
=1
and .
Q(¢) = ao+ > _(fuBisech(¢) + oy tanh(())'. (24)

=1

3.3 Presentation of Extended (G'/G)—expansion Method:

In this part, there are some fundamental steps of this method given in [30].
Step 1: Supposing the NLPDE shown as follows:

G(QaD?\Z}% QQQZ‘7Qy7ny7Q$$7q:Ey7"') = 07 (25)

where ¢ = q(z,y,t) show the wave function.
Assuming the wave transform shown as follows:

Step 2:
o) = Q). C=z—vy+ O D e, (26)
Putting Eq. (26) into Eq. (25), results in the form of ODE shown as:
AQ(). Q*(OQ(€).Q7(¢). ) =0. (27)
Step 3:
Considering toots of Eq. (27) in the form given as:
N, (GOY
Q=3 (%) (28)

In Eq. (28), ap and a4, (i = +1,£2,43,...,+m) are unknowns and «; # 0. Using ho-
mogenous balance method into Eq. (27), one can calculate positive integer m. Function
G = G(¢) fulfill the Riccati differential equation shown as follows:

dGG" — aG? — bGG' — ¢(G')? =0, (29)

where a, b, ¢ and d are constants.
Step 4:
Suppose Eq. (29) have results shown as:



Case 1: if b # 0 and b 4 4ad — 4ac > 0, then

(G’(C)> b
G(Q) 2(d—c¢)
V—dac + dad + b? C1 sinh (@) + C5 cosh <@>

2d
2(d — C) C} cosh (C\/ —4a(:2—54ad+b2> + Oy sinh <C\/—4a62—54ad+b2>
(30)

Case 2: if b # 0 and b? + 4ad — 4ac < 0, then

<G’(C)> _ b
G(<) 2(d = ¢)
Jiae —dad = ? C&Cos<gzgg%%g;ﬁ) _(jlﬁn(éléﬁzﬁﬂ:f> (31)

2d
2(d = c) (' cos (@) + Oy sin (@)

Case 3: if b # 0 and b? 4 4ad — 4ac = 0, then

G'(Q)\ b dD
<G(C)> T 2(d—¢)  (d—¢)(C-DC) (32)

Case 4: if b= 0 and ad — ac > 0, then

+

S afil_ac) + C5 cosh

(619 _ vai= (€ s

33
G(¢) (d—c) C cosh (C > aj_ac) + C5 sinh %)

7/ N/
sY

Case 5: if b =0 and ad — ac < 0, then

o~
i
[}
Q
ISH

— ) — (Csin (C\/m

(G/(C)) _ Vac—ad Cy cos(
G(C) d—c C} cos (C ad—ad) + Oy sin ( accl—ad

ﬂ&
o~

where a, b, ¢, d, C; and Cy are constants.
Step 5:
Substituting Eq. (28) along Eq. (29) into Eq. (27) and collecting coefficients of each power

of (%) Putting each coefficient equal to zero, we achieve a set of algebraic equations

involving v, k, ay, (i = 0,£1,+2,...,+m) and other parameters.

Step 6:

Solving the obtained set of equations by using Mathematica software.

Step T7:

Putting the gained solutions into Eq. (28) and we get exact solutions of Eq. (25).



4 Mathematical Treatment of the Model:

Let’s suppose the travelling wave transform given as follows;

['(o+ 1)86
€

F(le)te»? C:AT(QJUSG Plo+1),e

€

a(s,t) = Q(C) x exp(u(u +p + (35)
where Q(¢) shows the amplitude of wave function while p and 7 represent the time velocity.
Parameters p and A are obtaining from asset price of the product.

Inserting Eq.(35) into Eq.(8), result in the form of real and imaginary parts given as follows:
Real part:

20Q° + 6N*Q" — (6p® +2p) Q = 0. (36)

Imaginary part:

(Sur+7)Q = 0. (37)
From Eq.(37), we get the velocity of wave function given as follows:
T = —0uA. (38)

Applying the homogenous balance method into Eq.(36), we get m = 1
Now we will gain the exact solutions of Eq.(36) by using above mentioned three methods.

5 Exact Solutions Through exp, function Method:
For m = 1, Eq.(12) changes into:

ag + OzldC

Q) = Bo + Bl (39)

Inserting Eq.(39) into Eq.(36) and solving the system of equations, we obtain different
solution sets given as follows:
Set 1:

{ao _ _iﬁo\/j\)}gg(d)’al _ iﬁlf\)}gg(d)m _ _%5 (A2log(d) + 2M2)} . (40)

From Eqgs.(40), (39) and (35), we get

__ivoXlog(d) [ Bo — BudC
ek 2V (50 + 51d<> (41)
X exp(a(,uMs6 — %5 (A\?log?(d) + 2u?) F(Q:l)te)).



Set 2:

{ao:iﬁo\/j)‘\/ggu)’al :-W,pz—? (AQIOgQ(d)+2M2)}. (42)

From Eqgs.(42), (39) and (35), we get

(5.1) = iv/5Xlog(d) <ﬁo — 61d4>
N0 =90 Bo + B1dS

F(@: 1)86 o %5 ()\2 IOgQ(d) 4 2M2) F(Q:’ 1)t6)).

x exp(u(p

where ¢ = ALt ge 6;1)\7“9“)155.

5.1 Exact Solutions Through EShGEEM:
For m =1, Eq. (23), Eq. (24) and Eq. (16) become:

Q(¢) = a = By esch(€) £ aq coth((). (44)
Q(¢) = ap = 1Bysech(C) £+ oy tanh((). (45)
Q(¢) = o + S sinh(p) + a1 cosh(p). (46)

where ag, a1 and 1 are unknowns. Subtituting Eq. (46) into Eq. (36), we obtain the
algebraic equations having «ag, a1, 81 and other parameters. Now with the help of software,
we get different solution sets given as:

Set 1:

{Oéozo,al :—ig\,ﬁlzo,pz—;(; (2)\24—#2)}. (47)

From Eqs.(47), (44) and (35), we get

i/ oA T(o+1)

q(s,t)=F /0 coth(¢) x exp(¢(p o+1) .

5¢ — %5 (2)% + 11?) F(et ))- (48)

€

From Eqs.(47), (45) and (35), we get

go(s,1) = :Fi\\/f‘g tanh(¢) x eXp(L(uF(Q: Ve %5 (202 4 1) F(le)te)). (49)
Set 2: »
{aozo,alzZ\\/fg\,ﬁlzo,p:—;é(Q/\2+ﬂ2)}, (50)



From Eqgs.(50), (44) and (35), we get

VoA Clo+1)

qi(s,t) =+ N coth(¢) x exp(u(p - — %5 (2)% + 11?) m’:l)te)). (51)
From Eqs.(50), (45) and (35), we get
q2(s,t) = Z%A tanh(¢) x xp(L(uF(Q:l)se - %6 (2)% + p?) F(Q:Uf))- (52)
Set 3:
{aozo,alz—;‘/\/gg,m: ;‘\Q p——5(/\2—|—2,u)} (53)
From Eqs.(53), (44) and (35), we get
VoA I'le+1) . (e+1) )

q1(s,t) = F Wisi (coth(¢) + esch(()) x eXp(L(MfS - 25 ()\2 + 2u2) HerD

From Eqgs.(53), (45) and (35), we get

0o (s,1) = qigjg(wech(g) + tanh()) x eXp(L(,LLF(Qj—l)SE - %5 (A2 + 24%) F(Q:Dtﬁ)).
(55)
Set 4: .
{aozo,alzg\\//gé\,ﬁlz 12\/\;2\ p——d()\2+2u)} (56)
From Eqs.(56), (44) and (35), we get

22‘/\/% (£ coth(¢) F cseh(C)) x eXp(L(uF(Q:_I)SE

From Eqgs.(56), (45) and (35), we get

t
(57)

nls.t) = Het D),

EESTCEP:
45(>\ +2,u)

q2(s,t) = 12\/\/%)\(:& tanh(¢) F ¢ sech(()) x (axp(b(ur(ge—i_l)s6

Set 5:

12 o [le+1)
—4(5()\ —I-QIUJ)i6

t9)).
(58)

{aozo,a1 zfAB NG

1

10



From Eqgs.(59), (44) and (35), we get

q(s,t) = 12\55 (£ coth(¢) F esch(()) x exp(a(,uF(le)sE - %5 (A2 +2p%) F(le)te)).
(60)
From Egs.(59), (45) and (35), we get
q2(s,t) = _12\/\/%\ (£ tanh(¢) F tsech(()) x exp(L(uF(le)sE - 3(5 (A2 +242) F(Q:Ute)).
(61)
Set 6:
{Oéo:0,0q ;\Q,Bl 22\53 = —i& ()\2—|—2,u2)}, (62)
From Eqgs.(62), (44) and (35), we get
a1 (s,1) = i;\/\/gﬁ)\ (coth(C) + esch(C)) x eXp(L(MF(Q:_l)Se Lo (Q:’ Doy,
(63)
From Eqgs.(62), (45) and (35), we get
q2(s,t) = i;\/\/gﬁ)\ (tsech(¢) + tanh(()) x exp(L(,uF(le)sE - 1(5 (A% +2p%) F(Q: 1)t€)).
(64)
Set 7:
{aon,m:O,ﬁl: “\/fﬁ)\,p— (5()\ uQ)}. (65)
From Eqgs.(65), (44) and (35), we get
q(s,t) = '\\;Acsch( ¢) x exp(L(,uMs€ + 16 (A2 — p?) F(Q:_l).te)) (66)
From Eqgs.(65), (45) and (35), we get
q@(s,t) = & sech(¢) x exp(¢ (MMs6 + %(5 (A2 — 1i?) F(Q: 1)t6)) (67)
Set 8: .
ag=0,a; = :Z\/\fg)\,p:;5()\2u2)}. (68)
From Eqs.(68), (44) and (35), we get
q(s,t) = ii\\/[%)\csch(g‘) X eXp(L(,uF(Qe+ D s¢ + %5 (A2 — p?) F(Q: 1)t6)) (69)

11



From Eqgs.(68), (45) and (35), we get

2) F'(o+1)
2

€

aa(s,t) = :ngsech@) X exp(u(u ). (70)

where ( = ADlerD) ge 5u)\7r(9+1)t6.

€ €

5.2 Exact Solutions Through Extended (G’/G)-expansion Method:
For m =1, Eq. (28) becomes:

w0 () e (59). m

where a_1, a9 and «q are unknowns.

Inserting Eq. (71) along Eq. (29) into Eq. (36) and solving the system for a_j, a, a1 and
other parameters, we gain different solution sets given as:

Set 1:

{ iav/ O\
a_1 = — =

— o= ————, a1 =0,p = —
wa 0T g T, 442

From Egs.(72), (71), (30) and (35), we get

ibV/aA 5 (4aX>(d — ) + V222 4 2d%1%) } 2)

iV b b
$,t) = ———=(zs talz75——=
q(s,1) dm(2 (2(d_c)
V—dac + dad + 12 . C; sinh(C—H“C*‘M*bz) + O, cosh(C—HMQZW)

2d -1
2(d = ¢) CICOSh(NW)—FCQSiHh(NW))) )
T(o+1) . 6(4aX*(d—c)+ 02N +2d°p*) T (o + 1) ,
x exp(e(p (e )S - ( 5 ) L(e )t ). (73)
€ 4d €
From Eqgs.(72), (71), (31) and (35), we get
VoA b b
a0 == T sa—g
VAdac—4ad—b2 . Vaac—dad—b2
Zac — dad — b2 [ Cacos (CT) — C1sin (CT> 1)
2(d—c) Cy cos (@) + Cy sin (@)
T(o+1 § (4aX*(d — c) + b*A? + 2d2p*) T(o + 1
v explu(ul@t D o SUN(@=9 + PA+ 28 Dot 1) ) 0y

€ 4d? €

12



From Eqgs.(72), (71), (33) and (35), we get

(s.8) = _1aVOX [ Vad —ac i snly (ST | o (/)
o e o = COSh<C@) +Czsmh<4\/W)

T(o+1) . 6(4aX*(d—c)+2d*u) T(p+1
« exp(t(y ( : ) g ( = ) (E )

From Eqgs.(72), (71), (34) and (35), we get

t)). (75)

vac—ad Vva d
" t)——mﬂ)\ Vac—ad C cos (Ci) C’lsln <
7 dvQ d—c C1COS(CV“C “)+C'281H C d
To+1) . 6(4ar*(d— d22 +1),
x exp(¢(p (QE )S - ( ( 4d Ile (76)
Set 2:
iaV/oA ibV/OA § (4aX*(d — c) + b*\? + 2d2p?)
a1=——, 0= ——, a1 =0,p= — 5 . (77)
dvQ 2dVQ 4d
From Egs.(77), (71), (30) and (35), we get
VoA b b
s, t +
o) = 223+ alg
vV —4ac + dad + b2 ,Cy sinh(c—vf‘m‘?d‘mw)) + Cf cosh (&Y —act dadtb2 4ac+4ad+b )))_1)
2(d — C) cy COSh(C\/ 74ac24&4ad+b ) O Sinh(c 4a02~54ad+b2)
T(o+1) . 6(4aX*(d—c)+ 02N +2d°u*) T(o+ 1) ,
x exp(e(p ( - )S - ( i ) I ; )t)) (78)
From Egs.(77), (71), (31) and (35), we get
VoA b
q(s,t) = ( a5
NG 2(d—c¢)
4ac—4ad—b? . V4ac—4ad—b?
N Vaac — dad — b2 [ Cacos (C 2d ) — C1sin (C 2d ) )_1>
2(d — c) C4 cos (ciwl;;dfb) + Cysin (giw,>
§ (4ar?(d — b2N2 + 2d% 2
SO S O e B G Yoo I (R A

€ 4d2 €

13



From Eqgs.(77), (71), (33) and (35), we get

iav/ox [ Vad—ac [ C1 sinh( ad— ac) 4Oy Cosh( wd ac>
q(s,t) = dvQ (d=¢) \ ¢ cosh ( ) + Cysinh (CW)

-1

T(o+1) 6_5(4 aX2(d — ¢) +2d212) T(o + 1)

x exp(¢(p ; 12 . t)). (80)
From Eqgs.(77), (71), (34) and (35), we get
vac—ad . \/ac ad
o(5.0) = iav/or [ Vac—ad C'5 cos (67) -1 sm C
’ dvQ d—c C’lcos(cvac“)—i—Cgsm CV“C“
I(o+1 § (4aX?*(d — 2d% 2 1
X eXp(L(,LL (Q+ )SE _ ( a ( C + Q+ (81)
€ 4d?
Set 3
zbf)\ VoA (c—d) § (4aX*(d — c) + b\ + 2d%p?)
a1 =0,a0 = — = P == 3 .
22" NG 4d
(82)
From Eqgs.(82), (71), (30) and (35), we get
—ivVoX b b
Q(Svt) = (7 - (7
a2 2
vV —4ac + 4ad + b2 ,Cy sinh(c—wmrw) + O cosh ( Sy —dactdadtb” _4ac+4“d+b2 ) M)
2 Cl COSh(C\/—4ac+4ad+ 2) + C Slnh(C\/—4ac+4ad+b )
To+1) . 6(4aX?(d—c) +*N* +2d*u*) T(o+ 1) ,
x exp(e(p s 7 - t)). (83)
From Eqgs.(82), (71), (31) and (35), we get
VoA b
Q(Svt) = (7
dvQ 2
(e — d)( b N Vdac — 4ad — b% ,Cy cos(cimcg;ml#) - sin(cimcng))))
2(d = ¢) 20d—c) "y cos(SYAaeted"Py | (o gin (S Aoe_dad Bt
T(o+1 § (4aX*(d — c) + b*A2 + 2d2p*) T(o + 1
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From Eqgs.(82), (71), (33) and (35), we get
m Vad—ac
sty — e =DV (Vad—ac (€1 sinh (/8702 40, cosh (/e
) d\/ﬁ (d — C) Cl cosh (@) + 02 sinh (Cm)

Plet+1) . 0(4a(d—c)+2d%2) T(o+ 1)

x exp(t(p - e c t)). (85)
From Eqs.(82), (71), (34) and (35), we get
ac—ad . ac—ad
e e R
’ dvQ d—c Clcos<C ac—a ) + Cysin (C a;—ad)
To+1) . 6(4aX?(d—c)+2d*u*) T(o+1) .
x exp((u— L - ). (s6)
Set 4
ibV/oX ivVoNc — d) & (4aX?(d — ¢) + b*N? + 2d%p?)
0471:0,04): y Ol = ——————, 0= — 2 . (87)
2dVQ dvQ 4d
From Eqs.(87), (71), (30) and (35), we get
iVox b b
s,t) = —d)(=——
V—4dac + 4ad + b2 C4 Sinh(C—W“achW) + Cs cosh(C—‘J‘aC;gW) M)
2(d — c) Cl COSh(C\/ —4ac+4ad+ 2) + 02 Sinh((\/ —4a62-54ad+b2)
Flo+1) , o (4a)\2(d )+ N2+ 2d2u2) T(o+1)
x exp(e(p s 7 - t)). (88)
From Eqgs.(87), (71), (31) and (35), we get
VoA b b
alst) = TG+ e~ d) gy
Vdac — 4ad — b% ,Co 008(47%‘““1_1’2) -4 sin(cimcgfd_lﬂ) M)
2(d — C) o)) COS(C\/ALac;;ladfb?) 1Oy sin( C\/4ac;;1ad7b2)
T(o+1 § (4aX*(d — VA2 + 2d* ) T(p + 1
X eXp(L(,LL (Q+ )SE _ ( a ( C) + + /’L ) (Q+ )te)) (89)

€ 4d2 €
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From Eqs.(87), (71), (33) and (35), we get

i(c — d)VoA [ vad—ac ( Crsinh (C@) 4 Oy cosh (NW)

d
q(s,t) = —_— —_—
dv/Q (d—c) C cosh (C “fil_“c) + Cy sinh (C afll_“c)
To+1) . 6(4aX?(d—c)+2d%u*) T(o+1) .
x exp(¢(p ( )S - ( e ) I ; )t ). (90)

From Eqs.(87), (71), (34) and (35), we get

(vVac—ad . (vac—ad
q(st)_i(c—d)\/g)\ ac — ad CQCOS( d )—C’lsm( d )
7 dvQ d—c C cos (C v agfad) + Cs sin (7@ “ffad>
P(e+1) , 0(4aN*(d—c) +2d°0%) T(o+1)
x exp(¢(p i P - t)). (91)
where ( = pRaCan) U 5uAMtE for all above mentioned solutions.

€ €

6 Illustrations with graphics

Here, we show some two-dimensional and three-dimensional figures to help clarify the
solutions we presented. Figures 1-3 depict some of the analytical solutions. In Figure
1, we use our method to introduce the graph of (41) at 6 = 0.5,A = 0.3,0 = 0.1, =
2,92 =076 =0.1,8, = 0.1,d = 0.1,¢e = 1. In addition, Figure 2 shows the graph of
(48) 6 = 0.5,A = 0.1,0 = 05,0 = 1,Q2 = 0.1,e = 1. Finally, the graph of (73) at 6 =
0.3, A=04,0=05,0=6,Q2=04,d =0.17,a =0.1,¢ = 0.01,6 =04,C1 = 0.4,C2 = 0.5
presented in Figure 3.

7 Conclusion

We have succeed to obtain the modernistic exact solutions of M-fractional Ivancevic option
pricing model by utilizing exp, function, extended Sinh-Gordon equation expansion and
extended (G'/G)-Expansion methods. The gained solutions are also verified and demon-
strated through graphs by using MATHEMATICA software. The obtained results are also
explained graphically by 2-D,3-D and contour plots. Finally, it is suggested, to deal the
other non-linear PDEs, the exp, function, extended Sinh-Gordon equation expansion and
extended (G'/G)-Expansion methods are very helpful, reliable and straight forward. Re-
sults achieved in this paper may useful for the progress in the supplementary analyzing of
this model. Fractional derivatives (local, comformable, truncated M-fractional, beta frac-
tional, caputo-Fabrizio fractional derivative,...) have attracted extensive attention in the
field of mathematical physics. How to apply the proposed methods to study the fractional
PDEs will be the focus of our future research.
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