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1 Introduction

In this paper, we investigate the existence and uniqueness of solutions to
the following fractional differential equations boundary value problems(BVPs)
involving the Riesz-Caputo derivative and multi-point boundary conditions:

(?CD?W(T) = f(T,OJ(T), OCDEW(T))7

G0 =0, W)= fule) W
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where 1 <a<2,0<8<1,3,>00<& <& <<€ <,0<7<1,
(I)%CDf‘ is a Riesz-Caputo derivative, g D? is the left Caputo derivative of order
B and f € C([0,1] x R2,R). B; and & (i = 1,2,...m) satisfying the following
condition:

A = iﬂzf?l <1.

In recent years, with the development of science and technology, there are lots
of works devoted to the study of fractional differential equations, see [1-4]
and the references therein. Fractional differential equations with Riesz-Caputo
derivative have been of great interest in recent years. This is because of both
the intensive development of the theory of Riesz derivative itself and the appli-
cations of such construction in various scientific fields. There are few papers
to study the fractional differential equations problems with the Riesz-Caputo
derivative[5-10, 12, 13]. The author of [8] applied a new fractional Gronwall
inequalities and some fixed point theorems to obtain some existence results
of solutions in a Banach space for a two-point BVPs involving Riesz-Caputo
derivative given by

ECDSw(r) = f(r,w(T)), T €10,T], a € (0,1],
w(0) =wp, w(T)=uwr,

where F¢D% is a Riesz-Caputo derivative. In [10], The authors studied the
existence of positive by using Leray-Schauder and Krasonselskii’s fixed point
theorem in a cone for the above BVPs in [8], where T' = 1. In [7], the authors
investigated the existence results of solutions by applying a new fractional
Gronwall inequalities and some fixed points theorems for the two-point anti-
periodic BVPs involving Riesz-Caputo derivative given by

[I?CD%(U(T) = f(r,w(1)), T€[0,T], @ € (1,2],
w(0)+w(T) =0, w(0)+w (T)=0,

where f:[0,7] x R — R is a continuous with respect to 7 and w.

To the author’s knowledge, no one consider the qualities of the solutions
for multi-point BVPs of fractional differential equation involving the Riesz-
Caputo derivative. In this paper, the purpose of this study is to establish some
existence and uniqueness results for the problem (1) by using Krasnoselskii’s
fixed-point theorem, Schauder fixed point theorem and the Banach contraction
principle. Though the tools used in this paper are standard, yet their expo-
sition in the framework of the given problem is new. Furthermore, instead of
f(7,w(T)), we consider the nonlinear term f(7,w(7),§ D?w(7)), which leads to
extra difficulties. Finally, the multi-point is involved in boundary conditions.

This paper is organized as follows. In Section 2, we introduce some basic
definitions and preliminaries results. In Section 3, we prove the main results
of this paper, which includes the existence and uniqueness of solution to the
problem (1). Some examples are given in Section 4.
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2 Preliminaries

In this section, we sum up some definitions, lemmas and preliminary facts will
be applied to this paper.

Definition 1 (see[11]) The fractional left, right and Riemann-Liouville fractional
integral of order n — 1 < a < n are defined as

(0I20)(0) = 15 | T — ) u(o)ds,

T
(- Iw)(r) = ﬁ / (6 — 1) Leo(e)de,

T
(0I8w)(r) = ﬁ /0 7 — ¢ " L(o)de,

where n € N, 0 < 7 < T, T' is the Euler gamma function defined by I'(a)) =
f+00 a—1 e~ Tdr.

Definition 2 (see[11]) The classical Riesz-Caputo derivative of order a > 0 is given
by

T (n)
RC na _ 1 w\™ (<)
0" Dre(r) = I'(n—a) /o [ e

= SED2 4+ ()" DR)r), meEN, 0<T<T,

where g DY is the left hand side Caputo derivative, 9 DF is the right hand side
Caputo derivative, which are respectively given by

§ DSw(r) =

T (n)
(1 )/ ( @ ) . men o0<r<m

IR T — g)a—i-l—n

(§ _ T)aJrlfn
and w(r) € C[0,T], then

1
S(§ D2~ CDF)(r).

T (n)
SD%w()— E Dl )/ ©) ds, neN, 0<7<T.
In addition, if 1 < o < 2

0 Djw(r) =

Lemma 1 (see[ll]) Let n—1 < a<n, ne€N, w(T) € C"[0,T], then

—

n—
w

)i

aC
OITO TW
=0

and

[

n—1., zw(z) .
5 Dfu(r) = (1" (wr) - T ELEE D ),

=0
Thus, we have

RC c
olfy  Dfw(r) = 2(0170 DY + - I35 DY)w(r) + (-1)" 2( 012D + - 1£E DG Yw(7)



Springer Nature 2021 BTEX template

4 Well-posedness for multi-point boundary value problem for fractional

1
50175 DY + (~1)"+ 1§ DF)uo(r).

In addition, if 1 < a < 2 and w(r) € C1[0,T], then

0I5 D) = w(r) = 3 (@(0) +w(T)) — 31 O & (T)T ~ 7).

Lemma 2 Suppose that A := Z:r;l ,Bsz‘fl <1,B;>0,0<& <€ < <E&m <1,
1<a<2,0<7<1,thenfor he Ll[O, 1], the following boundary value problem

{ §¢ DYw(r) = h(r), 7€ 0,1],
w(0) =0, w(l)=3" Biw(E)

has a unique solution

/ G(T,9)h d§+7251/ (&iss)h(s)ds,

where
27(1 — )t

G(r,5) = g(1,6) — m7

g(r,¢) = @[a O R e S C B L R A e L

Proof From Lemma 1, we have

’

’ —w T T - a—1
w(r) _w(0) ;w(l) LY (0)r 2(1)(1 ) +/O ( 1‘(2) h(<)ds
+/1 (Gl _F(Tozjilh(c)dg.

Furthermore, we have

’ w T — 1 i a—2
w (1) = (O + / (T=9" " (afl )dg—/r %h(q)dg.

Using the boundary condition w(0) = 0, (3) and (4), we have
1 B 1 1 (1 _ g)ocfl
iw(l) = 5w (0) +/0 Ta)h(g)dg

, , 1 o ya—2
w(l)= %w (0) +/0 %h(g)ﬁ

N =

, , 1 - a—1
wlr) = 300) + 36 O - =)+ [T —hou

’ 1 _ a—1 1 _ a—2 _r
w(T) =w (0)T—|—/O %h(g)dc—/o %h(g)ds’

T (7__ g)ocfl 1 ((—T)ail
e G A o

, 1
=w (0)T+/O g(7,$)h(s)ds

(2)
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By w(1) = 37" Biw(&;), combining with (6), we obtain
1 2(1 _ c)a—l
1A Zﬁz/ (&, 9)h(s) §—/O mhk)d(. (7)
Substituting (7) into (6), we obtain

/ G(1,9)h d§+ 251/ (& s)h(s)ds

The proof is completed. O

3 Main results

Let X = C([0,1]) be a Banach space with the maximum norm |w|x =
max,co,1] |w(7)|, and the Banach space Y = {w : w € C[0,1], §D%w €
C[0,1],0 < o < 1} with the norm
wly = max |w + max DIw .
ol = max [w(r) |+ max |§ DZu(r) |
Denote
1 a—2 a—1 1 a—2
1-9 2(1 - ¢) } / |7 =<
= - d —_ d
# /O { Tla— 1) (- &)@ fO%| T38| )| Ta-1 #O%)
2 5
I/—Tlél%Xl/|GT§ |d +( 2 5Zﬁl/|g§u |d§7
! |(1—A)21_“—2|+ 1 ( 2-a(l=4) 5 )+
XTTat+1) " 1-AT(a+1) TE-AH\A-A)T(a+1)  Tlat+n)"”’

where p is defined in (H4). In order to obtain our main results, we give some
conditions on the function f:

(H1) f:]0,1] x R x R — R is continuous;
(H2) There exists a nonnegative real-valued functions ¢ € L[0, 1] such that
| f(Tu,0) [S () +Fy | u | +ke | v,

where k1, ko > 0 are constants and k; + ko < x 1

(H3) There exist two constants [y, 3 > 0 such that
| f(ryur,v1) — f(7,u2,v2) [< 11 | ur —ug | +l2 [ v1 — 2

for all 7 € [0,1] and all uy,ug,v1,v2 € R;
(H4) The constant

_ 1+T(2-5) S a1 (1. a e
p—(kA)F(aH)F(%IB);ﬂZ(ll (1—&)a| +& + (1 - &)%)

and I1 + 1y < p~ L
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Define an operator T': Y — Y by

1
(Tw)(r) = / G(7,) (6, 0(<), § DPu(<))ds
(®)

T

m 1
FITE A | 96 e DO

Obviously, fixed point of operator 7" is solutions of the problem (1).
Now, we present the first result of this paper by applying Krasnoselskii
fixed theorem.

Theorem 1 Suppose that (H1), (H2), (H3) and (H4) hold. Then the fractional
boundary value problem (1) has at least one solution in'Y .

Proof Consider a ball
mo={weY :|wly <r,T€][0,1]}.
where
v+ 4p(r(2 - 8) !
1— (k1 + k2)x
Obviously, €2y, is a closed, convex and bounded set.

Next, we subdivided the operator T into two operator 11, T% : €, — R as
follows:

T Z

(Trw)(r /Gch(c w(6),§ D2u(s))ds

(Tow) (T

/ (€,9) (5, w0(6), § DEw(s))ds.

If w € Qp,, by the condition (H2)7 then we have that
0<fw(r) [< max |w(7) <[ w [y <71,
T€[0,1]

0| §DFw(r) < max |§DPw(r) |<]wlly<r,.
T

)

Hence,
Frw(r),§ DEw(r)) < o(1) + (k1 + k2)r1
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The proof is divided into several steps.
Step 1. Tiw + Tow € Qp,. For any w € Qy,, we have

1
| (Tyw)(r) \:\ | 6 r(s(s). § Dts))as

1
/|GT7 o) | ds + (k1 + ka)r1 /|G(T7<)|d§
0

IG( )y (<)|d<+(/€1+k2)7“1[|013() (L=7)ol7 " (1) |

+loli'(T) - %13;(1) \ }
/ | G(1,5) |d§+(k1+k2)rl[%
G ek 2 H
Fla+1) (1 - A (a+1)
_ l—a
/ el |d<+(k1+k2)n( (a1+1)+|((i—i))2r(a+1§|)’
and
| (Thw) (7) |

et fa—er
_‘7 | a0 Do + | G (6.6 Do)

r a2 1 _7_04—2
+f %f«,w()opﬁ - [ %f(c,w(c),ochw(c))

1 ya—2 1 — et T(r—¢)* 2
<[ Tty | e | [ Tty s
1 _ )2 _ _
_/ %w(g)dg + (k1 + k2)ri (o8 ~1 (1) — 1_2AOI$(1)|+0[? )

<u o (R Y e )

2—a(l-A) 5
<p+ (k1 +k2)7"1((1 — AT (a+1) + I(a+ 1)>'

which means that

1
IThwllx < max / | G(r,)p(s) | de + (1 + ka)r1
7€(0,1] Jo

1 [(1— A2t~ -9
X (F(a+1)+ A)Fa—i—l))

I Tie)” it (b <( ; A)(F( = T F(oc5+ 1)>'
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Similarly, we have

‘ (TQW (T = 57,7 (),0 D.,-w( ))d§

517 | ds

=y
i/

IN
Ms
\
o
§“
E
+
=
—
_|_
|>§?
3
NgE
>

and
| (Tow) () |= ’—AZ@ 9(&,9) (s, w(<), § DEw(s))ds
k1 +k
,1 AZﬁz/ |g£17 |d<+(11772)7ﬂ1

which means that

T2l <7Zﬁz/ |9l )p(e) | ds + LRI
[1-(-&a "
XZ/B’L( Oc-i—l) +F(a+1)(fz (1-&) ):
1) 1x <52 Z@/ |9l )p(e) | ds + LRI

[1-(1—&)o| a
E 1-¢& .
X ﬁz( (a+1) + F(CM 1) (51 ( &)
Furthermore, from Definition 2, we have

1 i - ’
D)) | < g [ =97 10 O |

I(Thw) || x
= T@2-8)
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and
D)) | < e [ =977 1) s |

I(Tow) |l x
(1-Br1-p)

N

which means that

| (§ DET1w) | x< %

| (§ DETyw) ||x < %

Therefore,
ITwlly =[Twlx + [I§ DL Twl|x

< Tiwlx + | Tewllx + I§ DETiw| x + 1§ DETow|| x
o

<v+ T2 —4)

+ (k1 + k2)r1x

<ri )

which yields that Thw + Tow € Q.
Step 2. The operator 77 compact and continuous.
From condition (H1), the operator 77 is continuous. According to Step 1, we have

1
IThwllx < max / | G(r,)p(s) | ds + (kn + ka)r1)
7€[0,1] Jo

1 |(1— A2t~ — 9]
X (F(a+1) T S ATt ) )
I(T1) |l x
re-a -

C
16 PP 1) (n)x <
Thus, for Yw € 2, , we have

C
IT1wlly =IT1wllx + 11§ DFTiw) (1)l x

1
Sfen[%ﬁ]/o | G(7,9)¢(<) | ds + (karf* + kord?)
1 |(1—A)2l=> 9
% (r(a+1) T ATt )
M &1 8o 2 — a(l — A) 5
tre_g TR )<(1 “A)atD) r(a+1)>’

which means that 77 is uniformly bounded on Q.
Next we prove the compactness of the operator T7.
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Forany0 <71 <71 <1l,w € Qyp,,let M = max, e(0,1],weQ,, f(T,w(T),OCDEw(g))
+1, we have

1
| (Thw) (1) = (Tww)(72) IS/0 |G(71,6) = G(72,9)| | F(s,0(5),§ DFw()) | ds

1
gMAMmﬁ, Glr,¢)|ds
Uany - m)(1- 90 (1= 9" m - )
<M{/ -vi@ T Ta-y
1 1
‘ /\Tz slds — (Ol)/o |T1—<|d<}
<M{L + I},

where

I ds

+

/1 2 —m)(1—9)*"'  (1-9*3*(n—7)
1=V)T(a) T(a—1)

I2=’ /|7'2 |*~ 1c—i/lﬁ—gl

Obviously, it is easy to see that I; — 0 as 72 — 71.
On the other hand, we have

% /Tl[(fz — ) — (1 =) Vds + ﬁ /: (12 — ) ds

/ IG — (s —m)* Nds + ﬁ /:2 (¢ —m2)* ds

1

m[ T1 +(1—T1) (1—T2)a—(7'2—Tl)a—(Tl—TQ)a]
tending to 0 as 70 — 7.
Furthermore, we obtain

I D2 (Tyw) (1) —§ D2 (Thw)(m2)|

L (M -9 () (e)ds — —

*’mo

||<T1w|>’x’ N S e D
Sil‘(z—ﬁ) /o (11 —¢) Pds /0 (2 —¢) "ds
I(Twl)x  1-5  _1-p
=Tte-pn

tending to 0 as 79 — 71. So, T} is relatively compact on §2,. Hence, T} is compact
on Qr, by the Arzela-Ascoli Theorem.
Step 3. The operator T3 is a contraction mapping.
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For any w, v € Qp,, 7 € [0,1], from (H3), we have

|(Tow)(7) — (Tov)(7)]
S Z / l9(&i, I f (s, w(s), ODB () — £(s, (§)7OCD£I/(§))dg
S1—1A§ /|9§u NN +) ||w—v]y ds

S%Zm (=g | €7+ (L&) lw—v v
On the other hand,
(Tow) (7) = Z / (€9 (,0(s), § DEeo(e))de,

and

|(T2w)/(T) — (To) (7))

Z@/ (&) (f(5,w(s), § DEw(s)) = f(s,v(<),§ DEv(s)))ds
< ﬂzﬁi/ l9(&, )|l +12) || w—v |y ds

g(l_l%zﬂz — (=g + (A=) lw—v ]y -
Furthermore, we have
|§ D2 (Taw)(1) — § D2 (Tow) (7))
- \ﬁ [ =97t @ - s [ =97 @) s
(Tow) — (o) ||x [T 8
S R AU
(i+b)|w=y i

(- AT(a+ 12— B) &

Bill 1= (1= &a | +&" + (1 —&)%).
Thus, it follows that

[ Tow = Tov |ly < (h+l2)p | w—vlly, and (li +12)p <1.
This means that T5 is a contraction.
It follows Krasnoselskii fixed point theorem that the BVP(1) has at least one

solution w € Y. O
We change the condition (H2) to the following conditions:
(H2)/ There exists a nonnegative real-valued functions ¢ € L[0,1] such that

| f(rou, o) [S () + ko | u ™ 4k o |

where ki, ko > 0 are constants and d1,02 € (0,1); or
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)| Flm ) |< o(r) 4+ ki | w % +ko | v |%2, where ky, ks > 0 are constants
and 41,02 € (1, 400);

Remark 1 In Theorem 1, the function f is required to satisfy the conditions (H2)
and (H3). If (H2)/ or (HQ)H is satisfied, the function f generally does not meet the
condition (H3). Thus, if the conditions (Hl)—(H2), or (Hl)—(H2)N are satisfied, we
apply Schauder fixed theorem to obtain the existence result of to (1). Meanwhile, if
the conditions (H1)-(H2) are satisfied, we can also obtain the existence of the solution
of (1) through the Schauder fixed theorem.

Theorem 2 Suppose that (HZ)—(HQ)/ hold. Then the fractional boundary value
problem (1) has at least one solution in'Y .

Proof Define
Qry i={weY :|w|ly <re,7€][0,1]}.

where A
’7F(2ﬁﬂ) (4k1x) %1, (dkax) %2 = }
Obviously, {2, is a closed, convex and bounded set. Consider the operator 1" defined
in (8) on Q,. Similar to the Step 1 in the proof process of Theorem 1, we know that
T(Qr,) C Qpy, ie., T(y,) is a uniformly bounded set.

Next, we will show that 7T is completely continuous.

In view of the continuity of f and G, the operator T is continuous. Let 7,
T2 € [0,1] and w € Qy,, then we have

(Tw)(1) = (Tw)(72)]
s‘ﬁ 72‘251 / 9(8i, ) F(5,0(), § DEw(s)) | ds+ | (T1w)(11) — (T1w)(72) |

ro > max {4u

| /\

M | 1 —T2 | 257/ 9(&5,9) | de+ | (Thw)(11) — (Thw)(72) |

tending to 0 as 7 — 7. That is, T} is equicontinuous.
6 D7 (Tw)(71) = § D (Tw)(72)]
1 m By 1 " By
<ls—— m—5) "(Tw cdc—i/ T —¢) P (Tw) (g)ds
i [0 s g [T o7 @

Tow ' + ||[(Thw ; 1— 1—
< [(Tow) |l x _||( )HX|T1 B _ 1)
I'(2-p)

— 0 as 11 — .

Therefore, we have || (Tw)(71) — (Tw)(72) |[y— 0 as 71 — 72 for w € Qp,. According
to the Arzela-Ascoli theorem, we claim that 7' is completely continuous. Thus, the
Schauder fixed point theorem implies the existence of a solution in €2, for the BVPs
(1). O
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Theorem 3 Suppose that (H])—(HQ)H hold. Then the fractional boundary value
problem (1) has at least one solution in'Y.

Proof The proof is similar to that of Theorem 2, so it is omitted. O

Theorem 4 Suppose that (H1) and (H3) hold. If Iy +ly < x ™1, then the boundary
value problem (1) has a unique solution.

Proof By condition (H3), we obtain following estimate:

| (Tw)(r) — (Tw)(r) |
1
s/ | G(r.6) || £(s,0(6),§ DEw(s)) — £(s.1(6). § DEU(s)) | ds

AZ@/ 9(6,) || £(5,0(5), 6 DFw(6)) = F(6,1(),5 DFw(9)) | ds

s<zl+12>||w7u||y(/ol|<Ts|d<+ Zﬁz/ @,>|d<)

1 |(1—A)2 —2\ 1 |1— &a
S(r(a+1) + (1—-AT(a+1) AZ@( 1)
L CEm et —&)“)(lmz) vy,
and
| (Tw) (1) = (Tv) (7) |=| (Thw) (1) = (T1w) (7) + (Tow) (1) = (Tav) (7) |
< [(Tww) (7) = (T1w) (7) | + | (Tow) (7) — (Tov) (7) |
(bt + e )+ e -v Iy
ll-‘rlg Ui a «@
T AeTD A)F(Hl)zl Bi|1—(1—&)a|+&+1-&)) |w—vy .
1§ DE(Tw)(r) — § DE(T) (7)) < ﬁ /0 -9 (Tw) () — (Tw) (5) | ds
sﬁ I (Tw) = (Tv) |1x .

Thus, we obtain that

I(Tw) (7) = (T) (P)lly < (i +12)x | w—v ||y and (b +12)x < 1,

which means that 7" is a contraction. Therefore, the boundary value problem (1) has
a unique solution. 0
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4 Examples

Example 1 Consider the following BVP
RCD% . C s
0 1w(T)7f(T7WT)7ODTw(T))7 T€[071]7 OLE(LQ],
1. 3 3 .5 7 )

w(0) =0, w(l) = 1)+ 2w() + (D),

141 i
512(2171)(%) ; 61:17(%), i=1,2,3,

flrw,v) = 27'2(51112(;@(4) + :1))) + my—l— 1)

By computation, we deduced that

Taking

f(rw,v) < 4r? +1+—|z/\

| f(r,w1,v1) — f(T,w2,v2) | w w2|+ |V1*l/2

< 100 100
Let (1) =472 4+ 1, ky =0, ko = Iy = 250 11 = 105 Furthermore7

3
A=>"Bg ! 205774 <1, pa 48782,

1=1
3
i+l = 100 (I1 +12)p ~ 0.4598 < 1,
k14 ko = %, X & 15.6467, (k1 + k2)x ~ 0.9831 < 1.

Hence, the conditions (H1)-(H4) are satisfied. By Theorem 1, the BVPs (1) has a
solution.

Ezample 2 Consider the following BVP

FEDFw(r) = f(r,w(r),§ D2w(r)), 7 €[0,1], a € (1,2],

(
11,1 1. 1 3 (10)
2

w(0) =0, w(l)= W(1)+ZW(§)+1W(Z)5

where 0 < 8 < 1. Taking
(i —1)! i

ﬂi: 91 3 674:17 i:172737
7Y eAT Ao sin T Aze™ VT 5
Flro) = T Tl =
+ 7 \/7r+| A+ | v

where v, \;(i =1,2 3) > 0. By computatlon we deduced that

A= }:@“1 §j“ MO ()

Frww) <o)+ ki |w | +ka | v %2,

A
1‘;7:2 ki = f, ko =

holds and for §1, d2 > 1, the condition (H2) holds. Hence, from Theorem 2 and 3,
the BVPs (1) has a solution.

where (1) = = >‘3 . For 0 < 41, 02 < 1, the condition (H2)
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Example 3 Consider the following BVP

(I)QCD?W(T) = f(va(T)»gDéuJ(T)), T€[0,1], @ € (1,2,
w(0) =0, w(1) = 2w(3)+ 20) + Sw(),
Taking ) o i1
61=7, 5223, B3 = o7 fi=— =123
e AT (Wt
fnwv) = G+ 256—(A:)L(1)+ wtv)

For w1, v1, w2, v2 € R, by computation,

1
b - b < on /— 1 or - - b
| f(m,wirn) = f(T,wav2) | 30\/E+25(‘ wi —w2 |+ v —v2)
1 =1y = m. Hence, the condition (H3) is satisfied. Furthermore,

L+l = x ~ 19.2545, (I + l2)x ~ 0.4926 < 1.

2
30/ + 25

Thus Theorem 4 guarantees the uniqueness of a solution for the BVPs (1).
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