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Abstract

The purpose of this paper is to give a necessary and sufficient condition for the existence and non-existence of global solutions of

the following semilinear parabolic equations \[ u_{t}=\Delta u+\psi(t)f(u),\,\,\mbox{ in }\Omega\times (0,t"{*}), \] under the
Dirichlet boundary condition on a bounded domain. In fact, this has remained as an open problem for a few decades, even for the

case $f(u)=u"{p}$. As a matter of fact, we prove:\\ \[ \begin{aligned} &\mbox{there is no global solution for any initial data

if and only if }\\ &\mbox{the function } f \mbox{ satisfies}\\ &\hspace{20mm}\int_{0}"{\infty }\psi(t)\frac{f\left(\epsilon
\,\left\| S(t)u-{0}\right\|-{\infty }\right) }{\left\| S(t)u_{0}\right\ |-{\infty} }dt=\infty\\ &\mbox{for every }\,\epsilon>0\,\mbox{
and nonnegative nontrivial initial data }\,u-{0}\in C_{0}(\Omega). \end{aligned} \] Here, $(S(t))-{t\geq 0}$ is the heat semi-
group with the Dirichlet boundary condition.
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1 | INTRODUCTION

Summary

The purpose of this paper is to give a necessary and sufficient condition for the exis-
tence and non-existence of global solutions of the following semilinear parabolic
equations

=Au+w(@)f(w), inQx(0,r"),
under the Dirichlet boundary condition on a bounded domain. In fact, this has
remained as an open problem for a few decades, even for the case f(u) = u”. As a

matter of fact, we prove:

there is no global solution for any initial data if and only if
the function f satisfies

S
/ ol e Isonl.)

IS@wuoll

for every € > 0 and nonnegative nontrivial initial data uy € Cy(L2).
Here, (S(?)); is the heat semigroup with the Dirichlet boundary condition.
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The phenomena of the global existence and nonexistence for nonlinear parabolic equations have received much attention due to
their applications in physics, chemistry, and biology. Although many researchers have been studied long-time behaviors of the
solutions to the following semilinear parabolic equations

u, = Au+y@u’, in Qx(0,1"), (1)

a necessary and sufficient condition for the existence and non-existence of global solutions has remained as an open problem
for a few decades (see survey articles®!2). In his seminal paper’, Fujita firstly studied the equation (T) for the case y = 1 and
Q = R" and obtained the following statements:

(i) if 1 < p < p*, then there is no global solution for any initial data,
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(i) whereas, if p > p*, then there exists a global solution whenever the initial data is sufficiently small (less than a small
Gaussian),

where p* = 1 + = is called the critical exponent.
In his pioneering paper'#, Meier considered the equations (T)), where Q is a general (bounded or unbounded) domain in R,
under the Dirichlet boundary condition and proved the following:

Theorem 1 (1%). Assume that p > 1 and w € C[0, o).
(i) If lim sup, o, [|S®uo|”, ! fot w(r)dt = oo for all uy, € C,(Q), then there is no global solution for any initial data.

(i) If /0°° w(o) | S@ul||2 "dr < oo for some u, € Cy(Q), then there exists global positive solution for sufficiently small
initial data.

Here, (S(#)),( is the heat semigroup with the Dirichlet boundary condition on 0€2.

Since it was not given in a form of a necessary and sufficient condition, the criterion in Theorem|I]is not satisfactory. More
precisely, Meier’s criterion cannot deal with every source terms, such as the critical case p = p* when y = 1. Obviously, there
are lots of y and p satisfying that

[} t

/ w(@) | S@ug||”s" dr = oo and limsup || S@)v, " / w(t)dr < o0 2)
0 e 0
for every u, € Cy(€2) and for some v, € C,(£2). That is to say, the existence and nonexistence of the global solutions for the
case of (2)) are crucial problems.

In fact, for the cases y(t) = 1, w(t) = e/, or w(t) = t°, the necessary and sufficient condition for the existence of the global
solution to the equation (T) have been studied (see ™ 1415 However, for a general source term y (1)u”, there is no paper which
discuss the necessary and sufficient condition for the existence and nonexistence of the global solutions. Because of this fact,
recent researches for the existence and nonexistence of global solutions have been studied based on Meier’s criterion which were
not the necessary and sufficient condition (for example, see®).

On the other hand, we note that the polynomial function f(u) = u? is multiplicative. i.e. f(uv) = f(u)f(v) foru > 0 and
v > 0. In general, multiplicative property of the source term is strongly used to obtain the existence and nonexistence of global
solutions in the parabolic equations (for example, see?#1%). For a general source term y(¢) f (u), there is no paper on necessary
and sufficient condition for the existence of global solution. Here, one of our purpose is to deal with a general function f(u)

F(I5@uoll.,) -

which is not multiplicative. In fact, we provide a formula 50| instead of || S(Hu, ”1;‘ Lo give a criterion of the existence
0lle

of the global solution when the source term is y(¢) f (u).

In conclusion, there has been no progress in research on necessary and sufficient conditions for the general source term
w(t)f(u). That is to say, to give the necessary and sufficient condition for the general source term y(¢) f(#) has been unsolved
problem for a few decades and so it is necessary to consider a new methodology.

From the above point of view, the purpose of this paper is twofold as follows:

(i) to obtain the necessary and sufficient condition for the existence and nonexistence of the global solutions for general
source term y (¢) f (u).

(i1) to introduce a new method, so called a minorant method, to overcome a multiplicative property of source term.

Consequently, we discuss the following semilinear parabolic equations for more general source term y(¢) f (1) instead of y (¢)u?:

u,(x,t) = Au(x,t) + w(t) f(u(x, 1)), (x,1) € Qx(0,1"),
u(x,t) =0, (x,1) € 0Q x (0, 1%), 3)
u(x,0) = uy(x) >0, x € Q,

where Q is a bounded domain of RN (N > 2) with a smooth boundary 0Q, u, is a nonnegative and nontrivial C,()-function,

and y is a nonnegative continuous function on [0, o0). Throughout this paper, we always assume that f satisfies the following
conditions:
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- f 1 [0,00) = [0, o) is a locally Lipschitz continuous function,

- f(0)=0and f(s)>O0fors >0,

. % is nondecrasing on (0, o).

In fact, it is well-known that the local existence of the solutions of the equation (3) and the comparison principle are guaranteed
by the first condition. Also, the third condition is the necessary condition for blow-up solutions (see81%),

In order to solve the open problem mentioned above for more general source term f(u) instead of u”, we need to introduce
the minorant function f,, and the majorant function f,, as follows:

. (e o f(aw)
Tnl = 00 Ty I = e Ty

Then the function f satisfies the following inequality:
S f(a) < flua) < fy@)f(a), u>0, 0<a<l

To discuss blow-up and global phenomena using the minorant function f,, and the majorant function f,,, it is necessary to
assume

o

ds
/ ()

Finally, we obtained the following results to see ‘completely’ whether or not we have global solutions:

< 0. “

Theorem 2. Let y be a nonnegative nontrivial function and f satisfy the assumption (@). Then the there is no global solution
u to the equation (3] for any initial data u, if and only if the function f satisfies

oo

/w(t)e'lo’f (ee™™")di = o0
0
for every € > 0, where 4, is the first Dirichlet eigenvalue of the Laplace operator A.

Then Theorem [2]is the form of a necessary and sufficient condition for global solutions of the equation (3)). It means that the
open problem mentioned above is solved with more general source term y (¢) f (u).

As far as authors know, there is no paper which discuss the necessary and sufficient conditions (or Fujita’s blow-up solutions)
on the source term f(u) instead of u”. From this point of view, this paper and the minorant method will be clue to study long-
time behaviors (especially, necessary and sufficient conditions) for solutions to PDEs with general type functions. Moreover, we
hope that the minorant method will help to discuss the general functions in various research fields.

We organized this paper as follows: In Section[2] we discuss Meier’s criterion. We introduce the multiplicative minorants and
majorants and discuss main results in Section 3]

2 | DISCUSSION ON MEIER’S CONDITIONS

In this section, we discuss Meier’s conditions for the existence and nonexistence of the global solution to the equation (). If the
domain Q is bounded, then it is well-known that ||S(t)ug||, ~ e~*" for 7 > 1, for every nonnegative and nontrivial initial data
uy € Cy(Q2). Therefore, Theorem [I|can be understood as follows:

- If

t

(C1) : limsup e ?=DA! / w(r)dt = o,

t—o00

0
then there is no global solution to the equation (T]) for any nonnegative and nontrivial initial data.

- If

oo

(C2) : / w(t)e PV g1 < oo
0



4 | Soon-Yeong Chung ET AL

then there exists a global solution to the equation (T)) for sufficiently small initial data.

Then we are interested in the function y and the constant p > 1 don’t satisfy both conditions (C1) and (C?2). That is,
t 3]

lim sup e~ =D / w(r)dr < oo and / w()e P Dt = oo, (3)

t—00

0 0

Let us consider the function y defined by w(?) := (t + 1)"?eP~D% for 0 < § < 1. Then it follows that
t t
lim sup e~ D! / w(r)dz =limsup e P~ D4’ /(r + )PP Dhrgr
t—oo t—o0
0

0
t

< lim sup e~ P~ DA’ / oP~DoT g 1

=00

0
- s
(p— D4y
and . -
/ w(t)e P~ Dhigr = / (t+ 1)7%dt = .
0 0

This implies that the function y(¢) := (t+ 1)"%e?~D%! for 0 < § < 1, for which (@) is true, has not been dealt in Meier’s results.
Therefore, we don’t know whether are global solution or not.

In particular, we consider the simple example of the functions y and f defined by w(¢) := (t + 1)_%8'10’ and f(u) :=u?in
the equation (3)). Then the equation (@) follows that
w(x,0) = Au(x, D)+ (t + 1722, (x,1) € Q% (0,1%),
u(x,1) =0, (x,1) € 0Q % (0,1%), 6)

u(x,0) = ug(x) > 0, x € Q.

Now, we consider the eigenfunction ¢, to be sup, . ¢odx = 1, corresponding to the first Dirichlet eigenvalue A,. Suppose that
the solution u to the equation (6)) exists globally. Multiplying the equation (6) by ¢, and integrating over Q, we use Green’s
theorem and Jensen’s inequality to obtain

/ u,(x, Hpy(x)dx

Q
5/@@MMmmu+a+nﬁd{/f%@wx
Q

Q
2

=—%/¢wm%WMx+a+wﬁwﬂ/ﬁuﬁ%qu,
Q Q
for all # > 0. Putting y(¢) := fg u(x, 1)¢o(x)dx, for t > 0, then y(¢) exists for all time ¢ and satisfies the following inequality

V(1) 2 =Aoy(t) + (t + 173 52(0), 1> 0,
y0) =y, := fQ u(x)o(x)dx > 0.
Multiplying e’ by the inequality (7)), then we have

[y >+ )73 [ yo)] 2 0,

@)

for all # > 0, which implies that J
Llerryn] ™ < =t +1)73
o [eh'y)] " <-@+1)72
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for all # > 0. Solving the differential inequality, then we obtain that

oot

1 9
- fot(r + 1) 2dr
for all ¢ > 0, which leads a contradiction. Hence, the solution u to the equation (6)) blows up in finite time.
The above example implies that the condition (C1) is no longer necessary condition for the nonexistence of global solution.

In fact, the main part of this paper is focused on the condition (C2) to see whether (C?2) is necessary and sufficient condition of
the existence of the global solution.

@) =

On the other hand, if the function f in the equation (3] is not multiplicative, then we cannot apply Meier’s results. For example,
let us consider the function f(u) = wtu . Then it is easy to see that u < f(u) < u?foru > landu® < f(u) <ufor0 <u < 1.

u+u

Therefore, we cannot determine p in the case of f(u) = in Theorem From this point of view, we have to consider a new

method, so called the minorant method to deal with a function f which is not multiplicative. In conclusion, we provide a formula
s([ls 010

50wl instead of ||S(t)u0||p to give a criterion of the existence of the global solution when the source term is y(¢) f ().

3 | MAIN RESULTS

In this section, we firstly introduce the minorant function and the majorant function. Next, we prove the main theorem by using
the minorant function and majorant function.

First of all, we discuss multiplicative minorants and majorants of the function f, which will play an important role in this
work.

Definition 1. For a function f, functions f,, : [0, 00) = [0, o) and f,, : [0, c0) — [0, o0) are defined by

ACL)
fulw) 1= il = .
= ’}i o 2

Here, it is quite natural to f,, and f,, a multiplicative minorant and majorant of a function f respectively, considering the
following properties:

- f@f@) < flauw) < f(a)fpy@),0<a<1,u>0.
- If g and A be functions satisfying that
f@gw) < flau) < f(@)hw), 0 <a <1, u>0,
then it follows that g(u) < f,,(w) and f,,(u) < h(u), u > 0.

In fact, the values of f,, and f,, are determined strongly depending on the value of f near zero, since for each u > 1,

S (aw) S (aw)
f — =2
Sfn@) < in T(a and fM(u)_0<a<‘ 7@

0<a<- )

Also, if % is nondecreasing, then it is easy to see that the function f, the minorant f,,, and the majorant f, satisfy the following
properties:

(@) f ) < Z8 < fo () foru 2 0.

@) £, ( >_f§l;_fM( )for0<a<1
(i) £, (D)= fy() =1

@iv) % and % are nondecreasing in (0, 1).
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flaw) _ f(au) a
< < < —u<u.
V) fw) <uand fj,(u) <ufor0 <u<1,since =— 7@ o T@U S

. o ds © ds © ds
(vl)/” f(s)_f()/ f(s)_f f()forn>1

— [lds _
(Vi) /0 f(S) /0 f(_;) /0 fM(v)

We obtain from the property (vi) that fn ® fd:) < oo implies f” fdis)

fact, examples and detailed properties the minorant function f,, and the majorant function f,, were discussed in.

< oo. However, the converse is not true, in general. In

Now, we introduce the definition of the blow-up solutions and global solutions.

Definition 2. We say that a solution « blows up at finite time #*, if there exists (x,, t,) with ¢, — t*, such that |u(x,,t,)| = oo.
On the other hand, a solution u exists globally, if ||u(-, 1)||, is bounded for each time ¢ > 0.

Finally, we prove Theorem 2}

Proof. First of all, we consider the eigenfunction ¢, to be sup, ., $podx = 1, corresponding to the first Dirichlet eigenvalue 4.
Suppose that the solution u exists globally, on the contrary. Multiplying the equation (3 by ¢, and integrating over €, we use
Green’s theorem and Jensen’s inequality to obtain

/u,(x, t)¢0(x)dx=/¢0(x)Au(x, t)dx+¢(t)/f(u(x, D) do(x)dx
Q Q

Q

=—/10/u(x, Noy(x)dx +w (@) f /u(x, Npy(x)dx |,
Q Q

for all # > 0. Putting y(t) := fQ u(x, t)py(x)dx, for t > 0, then y(¢) exists for all time ¢ and satisfies the following inequality

{y’(r) > —Ao)(t) +y O f (Y1), 1> 0,
y0) =y, := fg uo(x)po(x)dx > 0.
Then the inequality can be written as

[e*'y)] = w(ner' f(y1) 2 0, ®)
for t > 0 so that e’y(¢) is nondecreasing on [0, c0). On the other hand, by the definition of fm» We can find v; € [0, 1] such
that f,, = Oon [0,v,) and f,, > O on (v;, 00). Then there exists € > 0 such that y(0) > ev,. i.e. v; < %0) < # fort > 0.
Combining all these arguments, it follows from (8] and the definition of f,, that

0]
> Ly et flee ),

e y(t)
I (222)

for all # > 0. Now, define a function F,, : (v, 00) — (0,v,) by

F,(v) :=

where v, = 1lim,_, [~ fdé”)

bijection with its inverse Fm and lim,_,  F,,(v) = 0. Integrating the inequality (8] over [0, 7], we obtain

Then it is easy to see that F,, is well-defined continuous function which is a strictly decreasing

t

Aot
Fm <y(0)> _ Fm < Y(t)> /u/(r)e’lorf(ee }.OT)dT
€ € €
0

t

y(t) > ee™F 1 F, <y (0)> l / w(2)eh f(ee 7)dr

€

for all t+ > 0. Hence, we obtain

0
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for all # > 0, which implies that y(¢) cannot be global.

We note that there exists a max1mal interval [0, m*) on which f, is finite. Then it is true that the integral /U f ( 5 is finite
% _ m* dw . s
for each v € (0, m*), hmv_,of f ( - = co,and lim,_, . /; 7 = 0- Then a function Fy, & (0,m") — (0, co) defined by
dw
Fy@) := | ———, ve 0,m")
" fu(w)

is a well-defined continuous function which is a strictly decreasing bijection with its inverse Fz\_41- Now, take a number z,, such
that

(o)

0<zy<F;/ / w()eh' f (e7™') dt

0
and define a nondecreasing function z : [0, 00) — [z, ) by

t

2(1) 1= F;,' | Fp(zo) — / w(2)eh" f (e™7) dr |, 1>0.
0
Then z(f) is a bounded solution of the following ODE problem:

Z/(1) = w(n)e™' f (e7h') [ (2(1)), 1> 0
z(0) = z,.

Now, consider a function v(x, 1) := e~%’¢(x) on Qx [0, ) which is a solution to the heat equation v, = Av under the Dirichlet
boundary condition. Let u(x, t) := z(¢)v(x, t) for (x,t) € Qx [0, 00). Then since — A0 ( ) is nondecrasing on (0, 1), it follows that

f( h ’)
u,(x, 1) =Au(x, 1) + y([Ov(x, 1) Sm(z(D)

f (v(x, 1)

> Au(x, 1) + w(Hu(x, ) [ o(x. 1)

2Au(x, 1)+ w (@) fu(x, 1)
for all (x,7) € Q X (0, 00). It follows that u is the supersolution to the equation (3), which implies that u exists globally. [

] S (z(®)

Remark 1. Since || S(®)upl|, ~ e~%! fort > 1, for every nonnegative and nontrivial initial data u, € C,(2) when Q is bounded,
the statement

/l//(t)e'lutf (ee_'lot) dt = ©
0
is equivalent to
/ o LI5S0l
1S @uo |

for every € > 0 and nonnegative nontrivial imtlal data u, € C,(€2) when Q is bounded. From this observation, we may expect
that the form in the second condition of Theorem I]is the form of the necessary and sufficient condition for the existence of the
global solution on a general domain.

On the other hand, we can obtain the following valuable corollary immediately by using the fact ||.S(1)uyl|,, ~ e™*" for
sufficiently large # > 1:

Corollary 1. Let the function y be a nonnegative continuous function and the function f be a nonnegative continuous and
quasi-multiplitive function. i.e. there exist y, > y; > 0 such that

nf(@fw) < flau) <y, f(a)f W), ®

for 0 < @ < 1 and u > 0. Then the following statements are equivalent:

(i) [y wner f (e=') di = oo
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() 5 (t)%dt oo for every wy € Cy(€2).

(111) -A W(t) F( —Am) = 0, where F(U) = /Uoo %.

(iv) There is no global solution to the equation (3) for any initial data.
Proof. Theorem [2]says that (i), (ii), and (iv) are equivalent, by using the following inequality:
rfEf([SOug| ) < fle [|SOug|| ) < raf @ (|SOug)|)s

for every € > 0. Therefore, we now discuss (iii).
()< (ii) : Let F(v) = [~ 4@ Then the assumption (9) follows that

v fw)’
/;dss dw_ _/;ds,
/ 1 f(2)f(s) fw) nf(@rGs)
for z > 0. This implies that
Mz cpp< Bz
v f2) n f@
ie. F(z) ~ z > 0. Therefore, the proof is complete. O

)
Remark 2. In 2014, Loayza and Paixdo'? studied the conditions for existence and nonexistence of the global solutions to the

equation (3) under the general domain and obtained the following statements:

(1) for every w, € Cy(£2), there exist 7 > 0 such that

o T

dw
Fw) < 0/ V(oMo 1o

sl

then there is no global solution u for every initial data,

(i1) the solution u exists globally for small initial data, whenever
[ SOwly)
/y/(t)Mdt <1, (11)
/YO TS0
for some w, € Cy(Q).

In fact, their results were not given in a form of a necessary and sufficient condition. Moreover, the conditions (10 and (1))
don’t seem to be lots of relevant. However, Corollary [T]imply that the conditions (I0) and (TT)) have a strong relation, whenever
f satisfies the condition (9) and Q is bounded.

Also, by using Corollary [T} the example in Section [Z] can be characterized completely as follows:

Remark 3. Let the domain Q be bounded in RN, w(¢) := (t + 1)7%¢", and f(u) := u” where 6 € R, k € R, and p > 1. Then
the following statements are true.

(1) If £ > (p — 1)A, then there is no global solution u to the equation for any nonnegative and nontrivial initial data
ug € Cy(Q).

(ii) If k < (p — 1)4,, then there exists a global solution to the equation (I) for sufficiently small initial data u, € C,(<Q).

(iii) If k = (p—1)4, and o < 1, then there is no global solution u to the equation (I]) for any nonnegative and nontrivial initial
data u, € Cy(2).

(iv) If k = (p — DAy and 6 > 1, then there exists a global solution to the equation (I)) for sufficiently small initial data
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