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ON A NON-LOCAL NON-HOMOGENEOUS FRACTIONAL
TIMOSHENKO SYSTEM WITH FRICTIONAL AND

VISCOELASTIC DAMPING TERMS

SAID MESLOUB, EMAN ALHAZZANI, GADAIN HASSAN ELTAYEB

Abstract. We are devoted to the study of a non-local nonhomogeneous
time fractional timoshenko system with frictional and viscoelastic damping
terms. We are concerned with the well-posedness of the given problem.
The approach relies on some functional analysis tools, operator theory, a
prori estimates and density arguments.

1. Introduction

Vibrations of beams are not always safe and welcomed because of their great
and irreparable damages effects. In this situation, researchers try to introduce
some damping mechanisms (viscous damping, thermoelastic damping, modal
damping, frictional damping, Kelvin-Voigt damping) in such a way that these
damaging and destructive vibrations are perfectly reduced. In other words,
an intensive investigation has been carried out to impose minimal conditions
to provide and guarantee stability of Timoshenko systems using several types
of dissipative mechanisms. Several authors studied and investigated problems
involving the previous mentioned type of dampings (local or global) where
different kind of stability have been showed. In this regard, we refer the reader
to the references [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62] and the references
therein.
As a classical and a simple model [1], Timoshenko studied the following

coupled hyperbolic system ρ1θtt − κ(θx − φ)x = 0, (x, t) ∈ (0, L)× (0,∞)
ρ2φtt = κ∗φxx + κ(θx − φ) (x, t) ∈ (0, L)× (0,∞),

(θx − φ) |x=Lx=0= 0, φx |x=Lx=0= 0,
(1.1)

describing the transverse vibration of a beam. where L is the length of the
beam in its equilibrium configuration. The function θ models the transverse
displacement of the beam and φ models the rotation angle of its filament. The
coeffi cients ρ1, ρ2, κ and κ

∗ are respectively the density, the polar moment
of inertia of a cross section, the shear modulus and the Young’s modulus
of elasticity. Timoshenko system (1.1) was generalized and studied by many
authors. As mentioned at the beginning of the introduction, different types
of dampings were added to the Timoshenko system for the purpose of its

Key words and phrases. Fractional Timoshenko system; memory term damping; frictional
damping; non local constraint; a priori estimate; Well posedness.
2010 Mathematics Subject Classification: 35B45, 35R11, 35L55.
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stabilization. For example, in [4], researchers investigated the exponential
stability for a Timoshenko system having two weak dampings ρ1θtt = κ(θx − φ)x − θt, in (0, L)× (0,∞),

ρ2φtt = κ∗φxx − κ(θx − φ)x − φt, in (0, L)× (0,∞),
θ(0, t) = θ(L, t) = φ(0, t) = φ(L, t) = 0, t > 0.

(1.2)

In [2], authors proved some exponential decay results for a Timoshenko
system with a memory damping term

ρ1θtt − κ1(θx + φ)x = 0, in (0, L)× (0,∞)
ρ2φtt − κ2φxx + κ1(θx + φ) + h ∗ φxx(x, t) = 0, in (0, L)× (0,∞)

θ(0, t) = θ(L, t) = φ(0, t) = φ(L, t) = 0,
θ(x, 0) = θ0, θt(x, 0) = θ1, φ(x, 0) = φ0, φt(x, 0) = φ1.

(1.3)

Authors considered and studied in [5] the effect of frictional and viscoelastic
dampings, and proved some exponential and polynomial decay results for the
system

θtt − (θx + φ)x = 0,

φtt − φxx + θx + φ+
t∫
0

g(t− s)(a(x)φx(x, s))xds+ b(x)h(φt) = 0,

θ(0, t) = θ(1, t) = φ(0, t) = φ(1, t) = 0, t > 0.

(1.4)

We also mention that in [43], the authors investigated the exponential stabi-
lization of a Timoshenko system by a thermal effect damping.

ρ1θtt − κ1(θx + φ)x = 0, in (0, L)× (0,∞)
ρ2φtt − κ2φxx + κ1(θx + φ) + γωx, in (0, L)× (0,∞)

ρ2ωtt − κ3ωxx + β
t∫
0

g(t− s)ωxx(x, s)ds+ γφttx, in (0, L)× (0,∞).

(1.5)
In [3], the author considered a Timoshenko linear thermoelastic system with
linear frictional damping and a distributed delay. He proved the well-posedness,
and proved that the system is exponentially stable regardless of the speeds of
wave propagation. There are many other papers in the literature dealing with
the stabilization of different version of Timoshenko systems. For more results
concerning the stabilization and controllability of Timoshenko systems, we
refer the reader to [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 31].
Recently, a generalization of the Timoshenko system (1.1) into fractional

setting is studied in [44] by using a fractional version of resolvents. The au-
thor established the well posedness of a fractional Timoshenko system, and
proved that lower order fractional terms can stabilize the system in a Mittag-
Leffl er fashion. More precisely, the author considered the initial boundary
value problem

ρ1∂
α
t (∂αt θ)− κ1(θx + φ)x = 0, in (0, 1)× (0,∞)

ρ2∂
α
t (∂αt φ+aφ)− κ2φxx + κ1(θx + φ), in (0, 1)× (0,∞)
θ(0, t) = θ(1, t) = 0, φ(0, t) = φ(1, t) = 0, t > 0

θ(x, 0) = θ0(x) , φ(x, 0) = ψ(x).
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For some other fractional and integer order Timoshenko systems, the reader
can refer to [63, 64, 65, 66, 67, 68]. Motivated by the above results on Tim-
oshenko systems, we consider a non local initial boundary value problem for
a non-homogeneous fractional Timoshenko system with a frictional damping
in the first equation and a viscoelastic memory damping term in the second
equation. The system is complemented with initial conditions and non lo-
cal purely boundary integral conditions. At the beginning of the year 1963,
Cannon [20] was the first researcher to investigate a non local problem with a

non local constraint (energy specification) of the form
l∫
0

χ(x)U(x, t)dt = τ(t),

where χ(x), and τ(t) are given functions. More precisely, he used the potential
method to investigate the well posedness of the heat equation subject to the
specification of energy. This type of conditions arise mainly when the data can-
not be measured directly on the boundary, but only their averages (weighted
averages) are known. Due to their importance, physical significance (mean,
total flux, total energy,..) and numerous applications in different fields of sci-
ence and engineering, such as underground water flow, vibration problems,
heat conduction, medical science, nuclear reactor dynamics, thermoelasticity,
and plasma physics and control theory, several authors extensively studied
this type of problems. We can cite for example [16, 21, 22, 23, 24, 25, 26,
28, 29, 30, 31]. Note that theoretical study of non local problems is connected
with great diffi culties, since the presence of integral terms in the boundary
conditions can greatly complicate the application of classical methods of func-
tional analysis method, especially when it comes to the fractional case . A
functional analysis method based on some a priori bounds and on the density
of the range of the unbounded operator corresponding to the abstract formu-
lation of the given problem is used to prove the well posedness of the posed
problem. This is shown through the introduction of some multiplier opera-
tors, some classical and fractional inequalities, and the establishment of some
properties, involving fractional derivatives.
To the best of our knowledge, the treated fractional system problem (2.1)-

(2.4) has never been studied and explored in the literature. This work can be
considered as a contribution in the development of the traditional functional
analysis method, the so called energy inequality method used to prove the well
posedness of mixed problems with integral boundary conditions. For some clas-
sical cases, the reader can refer for example to example [16, 17, 18, 19, 27], and
for some fractional cases, the reader should refer to [32, 33, 34, 36, 37, 38, 39, 40].
We should also mention here that there are some important papers dealing with
numerical aspects for Timoshenko systems, and having many applications, for
which the reader can refer to [46 47, 48, 49]. There are some papers dealing
with Timoshenko system with fractional operator in the memory [41, 42].
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2. Formulation of the problem and function spaces

Given the interval I = (0, L), we consider the non-homogeneous fractional
viscoelastic beam model with frictional damping of Timoshenko type

L1(θ, φ) = ρ1∂
α+1
t θ − κ1(θx + φ)x + θt = F (x, t)

L2(θ, φ) = ρ2∂
α+1
t φ− κ2φxx + κ1(θx + φ) +

t∫
0

m(t− s)φxx(x, s)ds = G(x, t),

(2.1)
in the unknowns (θ, φ) : (x, t) ∈ I × [0, T ]→ R, the strictly positive constants
ρ1, ρ2, κ1 and κ2 satisfy the relation

ρ1
κ1

=
ρ2
κ2
,

and f , g , ϕ , ψ, F, and G are given functions, and m : R+ → R+ is a twice
differentiable function such that

κ2 −
T∫
0

m(t)dt = l > 0, m′(t) < 0, ∀t ≥ 0. (2.2)

The system (2.1) is complemented with the initial conditions{
Γ1θ = θ(x, 0) = ϕ(x) , Γ2θ = θt(x, 0) = ψ(x) ,
Γ1φ = φ(x, 0) = f(x) , Γ2φ = φt(x, 0) = g(x),

(2.3)

and the non local boundary integral conditions

L∫
0

θdx = 0 ,

L∫
0

xθdx = 0,

L∫
0

φdx = 0 ,

L∫
0

xφdx = 0. (2.4)

This system of coupled hyperbolic equations represents a Timoshenko model
for a thick beam of length L,where θ is the transverse displacement of the
beam and φ is the rotation angle of the filament of the beam. The coeffi cients
ρ1, ρ2, κ1 and κ2 are respectively the density, the polar moment of inertia of
a cross section, the shear modulus and the Young’s modulus of elasticity.
The integral conditions represent the averages (weighted averages) of the total
transverse displacement of the beam and the rotation angle of the filament of
the beam.
Our aim is to study the well posedness of the solution of problem (2.1),

(2.4). That is on the basis of some a priori bounds and on the density of the
range of the operator generated by the problem under consideration, we prove
the existence, uniqueness and continuous dependence of the solution on the
given data of problem (2.1), (2.4). We now introduce some function spaces
needed throughout the sequel. Let L2(QT ) be the Hilbert space of square
integrable functions on QT = (0, 1)× (0, T ), T <∞, with scalar product and
norm respectively

(Z, S)L2(QT ) =

∫
QT
ZSdxdt, ‖Z‖2L2(QT ) =

∫
QT
Z2dxdt. (2.5)
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We also use the space L2((0, 1)) on the interval (0, 1), whose definition is
analogous to the space on Q. Let B1

2(0, L) be the space obtained by completion
of the space C0(0, L) of real continuous functions with compact support in the
interval (0, L) with respect to the inner product

(γ, γ∗)B12(0,L) =

L∫
0

Ixγ.=xγ∗dx,

where Ixγ =
x∫
0

γ(ζ)dζ for every fixed x ∈ (0, L). The associated norm is

‖γ‖2B12(0,L) =
√

(γ, γ)B12(0,L) =
L∫
0

(Ixγ)2 dx. We denote by C(J ;L2(0, L)) with

J = (0, T ) the set of all continuous functions γ(., t) : J → L2(0, L) with norm

‖γ‖2C(J ;L2(0,L)) = sup
0≤t≤T

‖γ(., t)‖2L2(0,L) <∞, (2.6)

and C(J ;B1
2(0, L)) the set of functions γ(., t) : J → B1

2(0, L) with norm

‖γ‖2C(J ;B12(0,L)) = sup
0≤t≤T

‖Ixγ(., t)‖2L2(0,L) = sup
0≤t≤T

‖γ(., t)‖2B12(0,L) <∞. (2.7)

To obtain a priori estimate for the solution, we write down our problem (2.1),
(2.4) in its operator form: GZ = H with Z = (θ, φ), GZ = (S1(θ, φ),S2(θ, φ))
and H = (H1, H2) where S1(θ, φ) = {L1(θ, φ),Γ1θ,Γ2θ}

S2(θ, φ) = {L2(θ, φ),Γ1φ,Γ2φ}
H1 = {F, ϕ, ψ}, H2 = {G, f, g}.

, (2.8)

The operator G is an unbounded operator of domain of definitionD(G) consist-
ing of elements (θ, φ) ∈

(
L2(J ;L2(0, L))

)2
such that θx, φx, θt, φt, θtt, φtt, θxx, φxx

belonging to L2(J ;L2(0, L)) verifying initial and boundary conditions (2.3) and
(2.4). The operator G is acting from the Banach space B into the Hilbert space
E , where B is the Banach space obtained by completing D(G) with respect to
the norm

‖Z‖2B = ‖θ(., t)‖2
C(J ;L2(0,L))

+ ‖φ(., t)‖2
C(J ;L2(0,L))

. (2.9)

And E =
[
L2(QT )× (L2(0, L))2

]
×
[
L2(QT )× (L2(0, L))2

]
is the Hilbert space

consisting of vector-valued functions H = ({F, ϕ, ψ}, {G, f, g}) for which the
norm

‖H‖2E = ‖F‖2L2(QT ) + ‖ϕ‖2L2(0,L) + ‖ψ‖2L2(0,L) + ‖G‖2L2(QT )
+‖f‖2L2(0,L) + ‖g‖2L2(0,L). (2.10)

is finite.
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3. Preliminaries (Definitions and lemmas)

In this section, we provide some definitions and lemmas needed for estab-
lishing different proves in the sequel.
Definition 1. [50] The time fractional derivative of order β, with β ∈ (1, 2)

for a function V is defined by

C∂βt V (x, t) =
1

Γ(2− β)

t∫
0

Vττ (x, τ)

(t− τ)β−1
dτ , (3.1)

and for β ∈ (0, 1) it is defined by

C∂βt V (x, t) =
1

Γ(1− β)

t∫
0

Vτ (x, τ)

(t− τ)β
dτ

where Γ(1− β) is the Gamma function.
Definition 2. [50]. The fractional Riemann-Liouville integral of order

0 < β < 1 [52] which is given by

D−βt υ(x, t) =
1

Γ(β)

t∫
0

υ(x, τ)

(t− τ)1−β
dτ . (2.6)

Lemma 2.1 [35]. Let E(s) be nonnegative and absolutely continuous on
[0, T ], and suppose that for almost all s ∈ [0, T ], R satisfies the inequality

dE

ds
≤ A(s)E(s) +B(s), (3.2)

where the functions A(s) and B(s) are summable and nonnegative on [0, T ].
Then

E(s) ≤ exp


s∫
0

A(t)dt


E(0) +

s∫
0

B(t)dt

 . (3.3)

Lemma 2.3. [34] Let a nonnegative absolutely continuous function Q(t)
satisfy the inequality

C∂βt Q(t) ≤ b1Q(t) + b2(t), 0 < β < 1, (3.4)

for almost all t ∈ [0, T ], where b1 is a positive constant and b2(t) is an integrable
nonnegative function on [0, T ]. Then

Q(t) ≤ Q(0)Eβ(b1t
β) + Γ(β)Eβ,β(b1t

β)D−βt b2(t), (3.5)

where

Eβ(x) =
∞∑
n=0

xn

Γ(βn+ 1)
and Eβ,µ(x) =

∞∑
n=0

xn

Γ(βn+ µ)
,

are the MIttag-Leffl er functions
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4. A priori estimate and its Consequences

In this section, we establish an energy inequality from which we deduce the
uniqueness and continuous dependence of solution of problem (2.1)-(2.4) on
the given data.
Theorem 3.1. For any function Z = (θ, φ) ∈ D(G) the following a priori

estimates holds

‖θ(., t)‖2
C(J ;L2(0,L))

+ ‖φ(., t)‖2
C(J ;L2(0,L))

≤ F∗
(
‖ϕ‖2L2(0,L) + ‖ψ‖2L2(0,L) + ‖g‖2L2(0,L) + ‖f‖2L2(0,L)

+‖F‖2L2(0,t;L2(0,L)) + ‖G‖2L2(0,t;L2(0,L))
)
, (4.1)

and

Dα−1
(
‖θt‖B12(0,L) + ‖φt‖B12(0,L)

)
≤ F∗

(
‖ϕ‖2L2(0,L) + ‖ψ‖2L2(0,L) + ‖g‖2L2(0,L) + ‖f‖2L2(0,L)

+‖F‖2L2(0,t;L2(0,L)) + ‖G‖2L2(0,t;L2(0,L))
)
. (4.2)

where F∗ is a positive constant independent of Z =(θ, φ) given by

F∗ =Mωmax

{
1,

Tα

αΓ(α)

}
,

with

M = Γ(α)Eα,α(ωtα)

(
max

{
1,

Tα

αΓ(α)

})
ω = W∗(W∗eW∗T + 1),

and W∗ is given by (4.24).
Proof. Define the integro-differential operatorsM1θ = −I2xθt andM2φ =
−I2xφt, where

I2xθ(x, t) =

x∫
0

ξ∫
0

θ(η, t)dηdξ, I2xφ(x, t) =

x∫
0

ξ∫
0

φ(η, t)dηdξ,

and consider the identity(
ρ1∂

α+1
t θ,M1θ

)
L2(0,L)

− κ1((θx + φ)x,M1θ)L2(0,L) + (θt,M1θ)L2(0,L)

+(ρ2∂
α+1
t φ,M2φ)L2(0,L) − κ2((φxx,M2φ)L2(0,L) + κ1((θx + φ),M2φ)L2(0,L)

+

 t∫
0

m(t− s)φxx(x, s)ds,M2φ


L2(0,L)

= (F (x, t),M1θ)L2(0,L) + (G(x, t),M2φ)L2(0,L). (4.3)
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The standard integration by parts of each term in (4.3) and conditions (2.3),
(2.4) give (

ρ1∂
α+1
t θ,M1θ

)
L2(0,L)

=
ρ1
2

(∂αt (Ixθt), Ixθt)L2(0,L)

≥ ρ1
2
∂αt ‖Ixθt‖L2(0,L) , (4.4)

(
ρ2∂

α+1
t φ,M2φ

)
L2(0,L)

=
ρ2
2

(∂αt (Ixφt), Ixφt)L2(0,L)

≥ ρ2
2
∂αt ‖Ixφt‖L2(0,L) , (4.5)

− (θt,M1θ)L2(0,L) = ‖Ixθt‖2L2(0,L), (4.6)

κ1(θxx, I2xθt)L2(0,L) = κ1I2xθt.θx]L0 − κ1
L∫
0

Ixθt.θxdx = κ1

L∫
0

θtθdx

=
κ1
2

∂

∂t
‖θ‖2L2(0,L), (4.7)

and in the same manner, we have

κ2(φxx, I2xφt)L2(0,L) =
κ2
2

∂

∂t
‖φ‖2L2(0,L), (4.8)

κ1(φx, I2xθt)L2((0,L)) = κ1I2xθt.φ]L0 dt− κ1
L∫
0

Ixθt.φdx

= −κ1
L∫
0

Ixθt.φdx, (4.9)

−κ1(θx, I2xφt)L2(Qτ ) = κ1

L∫
0

Ixφt.θdx, (4.10)

−κ1(φ, I2xφt)L2(0,L)

= −κ1I2xφt.=xφ]L0 + κ1

τ∫
0

L∫
0

Ixφt.Ixφdxdt

=
1

2

∂

∂t
‖Ixφ‖2L2(0,L), (4.11)



ON A NON LOCAL NON-HOMOGENEOUS FRACTIONAL TIMOSHENKO SYSTEM 9

−

 t∫
0

m(t− s).φxx(x, s)ds, I2xφt


L2(0,L)

= −
L∫
0

 t∫
0

m(t− s).φxx(x, s)ds

 I2xφtdx
= −

t∫
0

m(t− s).φx(x, s)ds).I2xφt]L0 dx+

L∫
0

 t∫
0

m(t− s).φx(x, s)ds

 Ixφtdx
=

 t∫
0

m(t− s).φ(x, s)ds)

 Ixφt]L0 dx− L∫
0

 t∫
0

m(t− s).φ(x, s)ds

φtdx

= −
L∫
0

 t∫
0

m(t− s).φ(x, s)ds

φtdx. (4.12)

Substituting equalities (4.4)-(4.12) into ((4.3)),we obtain

ρ1
2
∂αt ‖Ixθt‖L2(0,L) +

ρ2
2
∂αt ‖Ixφt‖L2(0,L) +

κ1
2

∂

∂t
‖θ‖2L2(0,L)

+
κ2
2

∂

∂t
‖φ‖2L2(0,L) + ‖Ixθt‖2L2(0,L) +

1

2

∂

∂t
‖Ixφ‖2L2(0,L)

= κ1

L∫
0

φIxθtdx− κ1
L∫
0

θIxφtdx−
L∫
0

 t∫
0

m(t− s).φ(x, s)ds

φtdx

−
L∫
0

FI2xθtdx−
L∫
0

GI2xφtdx. (4.13)
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Replacing t by τ , integrating with respect to τ from zero to t and using the
given conditions, we obtain

ρ1
2
Dα−1 ‖Ixθt‖L2(0,L) +

ρ2
2
Dα−1 ‖Ixφt‖L2(0,L) +

κ1
2
‖θ(., t)‖2L2(0,L)

+
κ2
2
‖φ(., t)‖2L2(0,L) + ‖Ixθτ‖2L2(0,t;L2(0,L)) +

1

2
‖Ixφ(., t)‖2L2(0,L)

= κ1 (φ, Ixθτ )L2(0,t;L2(0,L)) − κ1 (θ, Ixφτ )L2(0,t;L2(0,L))
−
(
F, I2xθτ

)
L2(0,t;L2(0,L))

−
(
G, I2xφτ

)
L2(0,t;L2(0,L))

+
ρ1t

1−α

2(Γ(1− α)(1− α))
‖Ixψ‖2L2(0,L) +

κ1
2
‖ϕ‖2L2(0,L)

+
ρ2t

1−α

2(Γ(1− α)(1− α))
‖Ixg‖2L2(0,L) +

κ2
2
‖f‖2L2(0,L)

+
1

2
‖Ixf‖2L2(0,L) −

t∫
0

L∫
0

 τ∫
0

m(τ − s).φ(x, s)ds

φτdxdτ . (4.14)

The last term on the right-hand side needs to be evaluated as follows

−
t∫
0

L∫
0

 τ∫
0

m(τ − s).φ(x, s)ds

φτdxdτ

= −
L∫
0

 τ∫
0

m(τ − s).φ(x, s)ds

φdx]t0 +

τ∫
0

L∫
0

m(0)φ2dxdτ

+

t∫
0

L∫
0

 τ∫
0

m′(τ − s).φ(x, s)ds

φ(x, τ)dxdτ

= −
L∫
0

 t∫
0

m(t− s).φ(x, s)ds

φ(x, t)dx+m(0)‖φ‖2L2(0,t;L2(0,L))

+

t∫
0

L∫
0

 τ∫
0

m′(τ − s).φ(x, s)ds

φdxdτ. (4.15)

By replacing (4.15) into (4.14), and estimating different terms on the right-
hand side of (by using Cauchy ε inequality, a Poincare type inequality) (4.14)
as follows

κ1 (φ, Ixθt)L2(0,t;L2(0,L))
≤ κ1ε1

2
‖φ‖2L2(0,t;L2(0,L)) +

κ1
2ε1
‖Ixθτ‖2L2(0,t;L2(0,L)), (4.16)

−κ1 (θ, Ixφτ )L2(0,t;L2(0,L))
≤ κ1ε2

2
‖θ‖2L2(0,t;L2(0,L)) +

κ1
2ε2
‖Ixφτ‖2L2(0,t;L2(0,L)), (4.17)
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−
L∫
0

 t∫
0

m(t− s).φ(x, s)ds

φ(x, t)dx

≤ ε3
2

L∫
0

φ2(x, t)dx+
1

2ε3

L∫
0

 t∫
0

m(t− s)φ(x, s)ds

2

dx

≤ ε3
2

L∫
0

φ2(x, t)dx+
1

2ε3

L∫
0

 t∫
0

m2(t− s)ds

 t∫
0

φ2(x, s)ds

 dx

≤ ε3
2

L∫
0

φ2(x, t)dx+
T

2ε3
sup
0≤t≤T

m2(t)

L∫
0

t∫
0

φ2dxdτ , (4.18)

t∫
0

L∫
0

 τ∫
0

m′(τ − s).φ(x, s)ds

φdxdτ

≤ ε4
2

t∫
0

L∫
0

φ2dxdτ +
1

2ε4

t∫
0

L∫
0

 τ∫
0

m′2(τ − s)ds

 τ∫
0

φ2(x, s)ds

 dxdτ

≤ ε4
2

t∫
0

L∫
0

φ2dxdτ +
T

2ε4
sup
0≤t≤T

m′2(t)

t∫
0

L∫
0

 τ∫
0

φ2(x, s)ds

 dxdτ

=
ε4
2

t∫
0

L∫
0

φ2dxdτ +
T

2ε4
sup
0≤t≤T

m′2(t)

L∫
0

τ τ∫
0

φ2(x, s)ds

t

0

−
t∫
0

τφ2dτ

 dx
=

ε4
2

t∫
0

L∫
0

φ2dxdτ +
T

2ε4
sup
0≤t≤T

m′2(t)

L∫
0

 t∫
0

(t− τ)φ2(x, τ)dτ

 dx
≤ ε4

2

t∫
0

L∫
0

φ2dxdτ +
T 2

2ε4
sup
0≤t≤T

m′2(t)

L∫
0

t∫
0

φ2dτdx

=

(
ε4
2

+
T 2

2ε4
sup
0≤t≤T

m′2(t)

) t∫
0

L∫
0

φ2dxdτ , (4.19)

−
(
F, I2xθτ

)
L2(0,t;L2(0,L))

≤ ε5
2
‖F‖2L2(0,t;L2(0,L)) +

L2

2ε5
‖Ixθτ‖2L2(0,t;L2(0,L)), (4.20)

−
(
G, I2xφτ

)
L2(0,t;L2(0,L))

≤ ε6
2
‖G‖2L2(0,t;L2(0,L)) +

L2

4ε6
‖Ixφτ‖2L2(0,t;L2(0,L)), (4.21)
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Combination of (4.16)-(4.21) and (4.14), leads to
ρ1
2
Dα−1 ‖Ixθt‖L2(0,L) +

ρ2
2
Dα−1 ‖Ixφt‖L2(0,L) +

κ1
2
‖θ(., t)‖2L2(0,L)

+
κ2
2
‖φ(., t)‖2L2(0,L) + ‖Ixθτ‖2L2(0,t;L2(0,L)) +

1

2
‖Ixφ(., t)‖2L2(0,L)

≤ ρ1T
1−αL2

4(Γ(1− α)(1− α))
‖ψ‖2L2(0,L) +

κ1
2
‖ϕ‖2L2(0,L)

+
ρ2T

1−αL2

4(Γ(1− α)(1− α))
‖g‖2L2(0,L) +

(
κ2
2

+
L2

4

)
‖f‖2L2(0,L)

+

(
κ1ε1

2
+

T

2ε3
sup
0≤t≤T

m2(t) +
ε4
2

+
T 2

2ε4
sup
0≤t≤T

m′2(t) +m(0)

)
‖φ‖2L2(0,t;L2(0,L))

+

(
κ1
2ε1

+
L2

2ε5

)
‖Ixθτ‖2L2(0,t;L2(0,L)) +

(
κ1
2ε2

+
L2

4ε6

)
‖Ixφτ‖2L2(0,t;L2(0,L))

+
κ1ε2

2
‖θ‖2L2(0,t;L2(0,L)) +

ε3
2
‖φ(., t)‖2L2(0,L) +

ε5
2
‖F‖2L2(0,t;L2(0,L))

+
ε6
2
‖G‖2L2(0,t;L2(0,L)). (4.22)

The choice ε1 = κ1, ε5 = L2/2, ε3 = κ2/2, ε2 = ε4 = ε6 = 1, and cancellation of
the last term on the left-hand side of (4.22) reduce it to the following estimate

Dα−1 ‖Ixθt‖L2(0,L) +Dα−1 ‖Ixφt‖L2(0,L) + ‖θ(., t)‖2L2(0,L) + ‖φ(., t)‖2L2(0,L)
≤ W∗

(
‖Ixθτ‖2L2(0,t;L2(0,L)) + ‖Ixφτ‖2L2(0,t;L2(0,L)) + ‖θ‖2L2(0,t;L2(0,L)) + ‖φ‖2L2(0,t;L2(0,L))

+‖ϕ‖2L2(0,L) + ‖ψ‖L2(0,L) + ‖f‖2L2(0,L) + ‖g‖2L2(0,L) + ‖F‖2L2(0,t;L2(0,L)) (4.23)

+‖G‖2L2(0,t;L2(0,L))
)
,

where

W∗ = max

(
κ21
2

+
T

κ2
sup
0≤t≤T

m2(t) +
1

2
+
T 2

2
sup
0≤t≤T

m′2(t) +m(0),
3

2
,
κ1
2

+
L2

4
,
κ2
4
,

ρ1T
1−αL2

4(Γ(1− α)(1− α))
,

ρ2T
1−αL2

4(Γ(1− α)(1− α))

)
/min

(
ρ1
2
,
ρ2
2
,
κ1
2
,
κ2
2
,
1

2

)
. (4.24)

By omitting the first and second term on the left-hand side of (4.23), and
applying the Gronwall-Bellman lemma ( [45]), where

E(t) = ‖θ‖2L2(0,t;L2(0,L)) + ‖φ‖2L2(0,t;L2(0,L))
dE
dt

= ‖θ(., t)‖2L2(0,L) + ‖φ(., t)‖2L2(0,L),
Q(0) = 0.

(4.25)

we obtain

y(t) ≤ W∗eW∗t
(
‖Ixθτ‖2L2(0,t;L2(0,L)) + ‖Ixφτ‖2L2(0,t;L2(0,L))

+‖ϕ‖2L2(0,L) + ‖ψ‖L2(0,L) + ‖f‖2L2(0,L) + ‖g‖2L2(0,L) (4.26)

+ ‖F‖2L2(0,t;L2(0,L)) + ‖G‖2L2(0,t;L2(0,L))
)
.
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Then by omitting the last two terms on the left-hand side of (4.23), and using
(4.26), we have

Dα−1
(
‖Ixθt‖L2(0,L) + ‖Ixφt‖L2(0,L)

)
≤ W∗(W∗eW∗T + 1)

(
‖Ixθτ‖2L2(0,t;L2(0,L)) + ‖Ixφτ‖2L2(0,t;L2(0,L))

+‖ϕ‖2L2(0,L) + ‖ψ‖L2(0,L) + ‖f‖2L2(0,L) + ‖g‖2L2(0,L) (4.27)

+ ‖F‖2L2(0,t;L2(0,L)) + ‖G‖2L2(0,t;L2(0,L))
)
.

Now, Lemma 3.2, can be applied to remove the first two terms on the right-
hand side of (4.27), by taking

Q(t) = ‖Ixθτ‖2L2(0,t;L2(0,L)) + ‖Ixφτ‖2L2(0,t;L2(0,L))
C∂βt Q(t) = Dα−1

(
‖Ixθt‖L2(0,L) + ‖Ixφt‖L2(0,L)

)
Q(0) = 0.

(4.28)

From (4.27), it follows that

Q(t) ≤ M
{
D−1−α

(
‖F‖2L2(0,L) + ‖G‖2L2(0,L)

)
+ ‖ϕ‖2L2(0,L) + ‖ψ‖L2(0,L) + ‖f‖2L2(0,L) + ‖g‖2L2(0,L)

}
, (4.29)

where

M = Γ(α)Eα,α(ωtα)

(
max

{
1,

Tα

αΓ(α)

})
,

with
ω =W∗(W∗eW∗T + 1).

Now since

D−1−α
(
‖F‖2L2(0,L) + ‖G‖2L2(0,L)

)
≤ Tα

Γ(α + 1)

t∫
0

(
‖F‖2L2(0,L) + ‖G‖2L2(0,L)

)
dτ ,

(4.30)
then, we infer from (4.29), (4.30), and (4.23) the following inequality

Dα−1 ‖Ixθt‖L2(0,L) +Dα−1 ‖Ixφt‖L2(0,L) + ‖θ(., t)‖2L2(0,L) + ‖φ(., t)‖2L2(0,L)
≤ F∗

(
‖ψ‖2L2(0,L) + ‖ϕ‖2L2(0,L) + ‖f‖2L2(0,L) + ‖g‖2L2(0,L)

+‖F‖2L2(0,T ;L2(0,L)) + ‖G‖2L2(0,T ;L2(0,L))
)
. (4.31)

The first estimate (4.1) follows, if we disregard the first and second term on
the left-hand side of (4.31), and pass to the supremum with respect to t over
(0, T ). The second estimate (4.2) follows from (4.31) if we drop the last two
terms on the left-hand side of the inequality (4.31).
Since the range of the operator G is subset of E , that is R (G) ⊂ E , so we

extend G so that inequality (4.31) holds for the extension, and R
(
G
)

= E . We
can easily show that the following
Proposition 3.2. The unbounded operator G : B → E admits a closure G

with domain of definition D(G ).
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Definition 3.3. The solution of the equation G Z =H = ({F, ϕ, ψ}, {G, f, g})
is called a strong solution of problem (2.1), (2.3), (2.4).
The a priori estimate (4.1), can be extended to

‖Z‖2B ≤ F∗‖G Z‖2E , ∀Z ∈D(G ). (4.32)

The estimate (4.32) shows that the operator G is one to one and that G −1 is
continuous from R(G ) onto B. Consequently if a strong solution of problem
(2.1), (2.3), (2.4) exists, it is unique and depends continuously on the input
data ϕ, ψ, f, g and the external forces F and G. Also as a consequence of
(4.32), the set R(G ) ⊂ E is closed and R(G ) = R(G).

5. Existence of solution

Theorem 4.1. Problem (2.1), (2.3), (2.4) admits a unique strong solu-
tion Z =

(
G
)−1

({F, ϕ, ψ}, {G, f, g}) = G−1({F, ϕ, ψ}, {G, f, g}),which de-
pend continuously on the given data, for all F,G ∈ L2(0, T ;L2(0, L)),and
ϕ, ψ, f, g ∈ L2(0, L).
Proof. It follows from above that in order to prove the existence of the

strongly generalized solution of problem (2.1), (2.3), (2.4), it suffi ces to prove
that R(G) = E . To this end, we first prove the density in the following special
case.
Theorem 4.2. If for some functionW (x, t) = (Λ1(x, t),Λ2(x, t)) ∈ (L2(0, T ;L2(0, L)))2

and for elements Z ∈ D0(G) = {Z : Z ∈ D(G) and Γiθ = Γiφ = 0 , i = 1, 2 }
we have

(S1(θ, φ),Λ1)L2(0,T ;L2(0,L)) + (S2(θ, φ),Λ2)L2(0,T ;L2(0,L)) = 0, (5.1)

then W (x, t) = (Λ1(x, t),Λ2(x, t)) = (0, 0) a.e in QT .
Proof. The identity (5.1) is equivalent to

T∫
0

(ρ1∂
α+1
t θ,Λ1)L2(0,L)dt− κ1

T∫
0

(θxx,Λ1)L2(0,L)dt− κ1
T∫
0

(φx,Λ1)L2(0,L)dt+

T∫
0

(θt,Λ1)L2(0,L)dt

+

T∫
0

(ρ2∂
α+1
t φ,Λ2)L2(0,L)dt− κ2

T∫
0

(φxx,Λ2)L2(0,L)dt+ κ1

T∫
0

((θx,Λ2)L2(0,L)dt

+κ1

T∫
0

(φ,Λ2)L2(0,L)dt+

T∫
0

(

t∫
0

m(t− s)φxx(x, s)ds,Λ2)L2(0,L)dsdt (5.2)

= 0.

Assume that the functions ξ(x, t), η(x, t)and satisfy the boundary and the
initial conditions (2.3), and (2.4) and such that ξ, η, ξx, ηx, Itξ, Itη, ItI2xξ,
ItI2xη, I2t ξ, I2t η and ∂

β+1
t ξ, ∂β+1t η ∈ L2(0, T ;L2(0, L)), we then set

θ(x, t) = I2t ξ =

t∫
0

s∫
0

ξ(x, z)dzds, φ(x, t) = I2t η =

t∫
0

s∫
0

η(x, z)dzds, (5.3)
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and introduce the functions

Λ1(x, t) = Itξ + I2xItξ, Λ2(x, t) = Itη + I2xItη. (5.4)

Equation (5.2) then reduces to

T∫
0

(ρ1∂
α+1
t I2t ξ, Itξ + I2xItξ)L2(0,L)dt− κ1

T∫
0

(I2t ξxx, Itξ + I2xItξ)L2(0,L)dt

−κ1
T∫
0

(I2t ηx, Itξ + I2xItξ)L2(0,L)dt+

T∫
0

(Itξ, Itξ + I2xItξ)L2(0,L)dt

+

T∫
0

(ρ2∂
α+1
t I2t η, Itη + I2xItη)L2(0,L)dt− κ2

T∫
0

(I2t ηxx, Itη + I2xItη)L2(0,L)dt

+κ1

T∫
0

((I2t ξx, Itη + I2xItη)L2(0,L)dt+ κ1

T∫
0

(I2t η, Itη + I2xItη)L2(0,L)dt

+

T∫
0

(

t∫
0

m(t− s)I2sηxx(x, s)ds, Itη + I2xItη)L2(0,L)dt

= 0. (5.5)

Invoking boundary integral conditions and carrying out appropriate integra-
tions by parts of each inner product term, we have

(ρ1∂
α+1
t I2t ξ, Itξ + I2xItξ)L2(0,L)

= (ρ1∂
α
t Itξ, Itξ) + (ρ1∂

α
t IxItξ, IxItξ)L2(0,L), (5.6)

−κ1(I2t ξxx, Itξ + I2xItξ)L2(0,L)

=
κ1∂

2∂t
‖I2t ξx‖2L2(0,L) +

κ1∂

2∂t
‖I2t ξ‖2L2(0,L), (5.7)

−κ1(I2t ηx, Itξ + I2xItξ)L2(0,L)
= −κ1(I2t ηx, Itξ)L2(0,L) + κ1(I2t η, IxItξ)L2(0,L), (5.8)

(Itξ, Itξ + I2xItξ)L2(0,L)
= ‖=tξ‖2L2(0,L) − ‖Ix=tξ‖2L2(0,L), (5.9)

(ρ2∂
α+1
t I2t η, Itη + I2xItη)L2(0,L)

= (ρ2∂
α
t Itη, Itη) + (ρ2∂

α
t IxItη, IxItη)L2(0,L), (5.10)

−κ2(I2t ηxx, Itη + I2xItη)L2(0,L)

=
κ2∂

2∂t
‖I2t ηx‖2L2(0,L) +

κ2∂

2∂t
‖I2t η‖2L2(0,L) (5.11)
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κ1(I2t ξx, Itη + I2xItη)L2(0,L)

= κ1(I2t ξx, Itη)L2(0,L) − κ1(I2t ξ, IxItη)L2(0,L), (5.12)

(

t∫
0

m(t− s)I2sηxx(x, s)ds, Itη + I2xItη)L2(0,L)

= −(

t∫
0

m(t− s)I2sηx(x, s)ds, Itηx)L2(0,L) + (

t∫
0

m(t− s)I2sη(x, s)ds, Itη)L2(0,L)

= − d

dt

L∫
0

I2t ηx

 t∫
0

m (t− s) (I2sηx)(x, s)ds

 dx

+

L∫
0

I2t ηx

 t∫
0

m′ (t− s) (I2sηx)(x, s)ds

 dx+

L∫
0

m (0)
(
I2t ηx

)2
dx

+(

t∫
0

m(t− s)I2sη(x, s)ds, Itη)L2(0,L). (5.13)

Insertion of equations (5.6)-(5.13) into (5.5), and using Lemma 2.2, yields

ρ1
2

C

∂αt ‖Itξ)‖
2
L2(0,L) +

ρ1
2

C

∂αt ‖IxItξ)‖
2
L2(0,L) +

κ1∂

2∂t
‖I2t ξx‖2L2(0,L)

+
κ1∂

2∂t
‖I2t ξ‖2L2(0,L) + ‖Itξ‖2L2(0,L) +

ρ2
2

C

∂αt ‖Itη)‖2L2(0,L)

+
ρ2
2

C

∂αt ‖IxItη)‖2L2(0,L) +
κ2∂

2∂t
‖I2t ηx‖2L2(0,L) +

κ2∂

2∂t
‖I2t η‖2L2(0,L)

+

L∫
0

h (0)
(
I2t ηx

)2
dx

≤ κ1(I2t ηx, Itξ)L2(0,L) − κ1(I2t η, IxItξ)L2(0,L) + ‖IxItξ‖2L2(0,L)
−κ1(I2t ξx, Itη)L2(0,L) + κ1(I2t ξ, IxItη)L2(0,L)

+
d

dt

L∫
0

I2t ηx

 t∫
0

m (t− s) (I2sηx)(x, s)ds

 dx

−
L∫
0

I2t ηx

 t∫
0

m′ (t− s) (I2sηx)(x, s)ds

 dx

−(

t∫
0

m(t− s)I2sη(x, s)ds, Itη)L2(0,L). (5.14)

By using Cauchy ε -inequality, we estimate each term of the right-hand side
of previous relations to get
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κ1(I2t ηx, Itξ)L2(0,L) ≤
κ1
2
‖I2t ηx‖2L2(0,L) +

κ1
2
‖Itξ‖2L2(0,L), (5.15)

−κ1(I2t η, IxItξ)L2(0,L) ≤
κ1
2
‖I2t η‖2L2(0,L) +

κ1
2
‖IxItξ‖2L2(0,L), (5.16)

−κ1(I2t ξx, Itη)L2(0,L) ≤
κ1
2
‖I2t ξx‖2L2(0,L) +

κ1
2
‖Itη‖2L2(0,L), (5.17)

κ1(I2t ξ, IxItη)L2(0,L) ≤
κ1
2
‖I2t ξ‖2L2(0,L) +

κ1
2
‖IxItη‖2L2(0,L), (5.18)

−
L∫
0

I2t ηx

 t∫
0

m′ (t− s) (I2sηx)(x, s)ds

 dx

≤ 1

2
sup
0≤t≤T

|m′|
(

1 +
T 2

2

)
‖I2t ηx‖2L2(0,L), (5.19)

−(

t∫
0

m(t− s)I2sη(x, s)ds, Itη)L2(0,L)

1

2
sup
0≤t≤T

|m| ‖Itη‖2L2(0,L) +
T 2

2
sup
0≤t≤T

|m| ‖I2t η‖2L2(0,L). (5.20)

By combining equality (5.14) and inequalities (5.15)-(5.20), we obtain

C∂αt ‖Itξ)‖
2
L2(0,L) +C ∂αt ‖Itη)‖2L2(0,L) +C ∂αt ‖IxItξ)‖

2
L2(0,L)

+C∂αt ‖IxItη)‖2L2(0,L) +
∂

∂t
‖I2t ξx‖2L2(0,L) +

∂

∂t
‖I2t ηx‖2L2(0,L)

+
∂

∂t
‖I2t ξ‖2L2(0,L) +

∂

∂t
‖I2t η‖2L2(0,L) +

L∫
0

(
I2t ηx

)2
dx+ ‖Itξ‖2L2(0,L)

≤ W
(
‖Itξ‖2L2(0,L) + ‖Itη‖2L2(0,L) + ‖IxItξ‖2L2(0,L) + ‖IxItη‖2L2(0,L)

+‖I2t ξx‖2L2(0,L) + ‖I2t ηx‖2L2(0,L) + ‖I2t ξ‖2L2(0,L) + ‖I2t η‖2L2(0,L)
)
,(5.21)

where

W =
max

{
κ1
2

+ (1 + T 2

2
)1
2

sup |m′| , κ1
2

+ T 2

2
1
2

sup |m|
}

min
{

1, ρ1
2
, ρ2
2
, κ1
2
, κ2
2
, h(0)

} . (5.22)

By discarding the last two terms from the left hand side of (5.21), replacing t
by τ in (5.22) and then integrating with respect to τ over the interval (0, t),
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we obtain

Dα−1
t ‖Itξ)‖2L2(0,L) +Dα−1

t ‖Itη)‖2L2(0,L) +Dα−1
t ‖IxItξ)‖2L2(0,L)

+Dα−1
t ‖IxItη)‖2L2(0,L) + ‖I2t ξx‖2L2(0,L) + ‖I2t ηx‖2L2(0,L)

+‖I2t ξ‖2L2(0,L) + ‖I2t η‖2L2(0,L)
≤ W

(
‖Itξ‖2L2(0,t;L2(0,L)) + ‖Itη‖2L2(0,t;L2(0,L)) + ‖IxItξ‖2L2(0,t;L2(0,L)) + ‖IxItη‖2L2(0,t;L2(0,L))

+‖I2t ξx‖2L2(0,t;L2(0,L)) + ‖I2t ηx‖2L2(0,t;L2(0,L)) + ‖I2t ξ‖2L2(0,t;L2(0,L)) + ‖I2t η‖2L2(0,t;L2(0,L))
)
.(5.23)

If we omit the first four terms on the left hand side of (5.23), and use Gronwall-
Bellman lemma, by taking

R(t) = ‖I2t ξx‖2L2(0,t;L2(0,L)) + ‖I2t ηx‖2L2(0,t;L2(0,L))
+‖I2t ξ‖2L2(0,t;L2(0,L)) + ‖I2t η‖2L2(0,t;L2(0,L)),
∂R(t)
∂t

= ‖I2t ξx‖2L2(0,L) + ‖I2t ηx‖2L2(0,L)
+‖I2t ξ‖2L2(0,L) + ‖I2t η‖2L2(0,L),

R(t) = 0,

(5.24)

we obtain

R(t) ≤ TeTW
(
‖Itξ‖2L2(0,t;L2(0,L)) + ‖Itη‖2L2(0,t;L2(0,L)) + ‖IxItξ‖2L2(0,t;L2(0,L))

+‖IxItη‖2L2(0,t;L2(0,L))
)
. (5.25)

Next, if we disregard the last four terms on the left-hand side and take into
account the inequality (5.25), we end with

Dα−1
t ‖Itξ)‖2L2(0,L) +Dα−1

t ‖Itη)‖2L2(0,L) +Dα−1
t ‖IxItξ)‖2L2(0,L)

+Dα−1
t ‖IxItη)‖2L2(0,L)

≤ W
(
TeTW + 1

) (
‖Itξ‖2L2(0,t;L2(0,L)) + ‖Itη‖2L2(0,t;L2(0,L))

+ ‖I2t ξ‖2L2(0,t;L2(0,L)) + ‖I2t η‖2L2(0,t;L2(0,L))
)
. (5.26)

Now, we are able to apply lemma 2.2, by letting

Q(t) = ‖Itξ‖2L2(0,t;L2(0,L)) + ‖Itη‖2L2(0,t;L2(0,L))
‖I2t ξ‖2L2(0,t;L2(0,L)) + ‖I2t η‖2L2(0,t;L2(0,L)),

C∂αt Q(t) = Dα−1
t ‖Itξ)‖2L2(0,L) +Dα−1

t ‖Itη)‖2L2(0,L)
+Dα−1

t ‖IxItξ)‖2L2(0,L) +Dα−1
t ‖IxItη)‖2L2(0,L) ,

Q(0) = 0,

(5.27)

we infer from (5.26) that

Q(t) ≤ Γ(α)Eα,α(W
(
TeTW + 1

)
tα)D−αt (0) = 0. (5.28)

We conclude from (5.28), and (5.27) that ξ = 0, η = 0. Consequently,W (x, t) =
(Λ1(x, t),Λ2(x, t)) = (0, 0) a.e in QT .
We now consider the general case for density
Since E is a Hilbert space, then R(G) = E ⇔ R(G)⊥ = {0} ⇔ (GZ,K)E = 0,

for all Z ∈ B , and K ∈ E ,then K = (K1,K2) = {(J1, J3, J4), (J2, J5, J6)} =
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(0, 0), that is J1 = J2 = J3 = J4 = J5 = J6 = 0. So suppose that for some
element K = (K1,K2) = {(J1, J3, J4), (J2, J5, J6)} ∈ R(G)⊥

(GZ,K)E

= ({S1(θ, φ),S2(θ, φ}, {K1,K2})E
= ({S1(θ, φ),Γ1θ,Γ2θ}, {S2(θ, φ),Γ1φ,Γ2φ}}, {{J1, J2, J3}, {J4, J5, J6}})E
= (S1(θ, φ), J1)L2(QT ) + (Γ1θ, J2)L2(0,L) + (Γ2θ, J3)L2(0,L)

+(S2(θ, φ), J4)L2(QT ) + (Γ1φ, J5)L2(0,L) + (Γ2φ, J6)L2(0,L)

= 0, (5.29)

where Z runs over the space B, we have to prove that K = 0.
Let Z ∈ D0(G), then equation (5.29) becomes

(S1(θ, φ), J1)L2(QT ) + (S2(θ, φ), J4)L2(QT ) = 0. (5.30)

Hence, by virtue of Theorem 4.2, it follows from (5.30) that J1 = J4 = 0.
Consequently, equation (5.29) takes the form

(Γ1θ, J2)L2(0,L)+(Γ2θ, J3)L2(0,L)+(Γ1φ, J5)L2(0,L)+(Γ2φ, J6)L2(0,L) = 0. (5.31)

Since the four terms in (5.31) vanish independently and since the ranges
R(Γ1), R(Γ2) of the trace operators Γ1,Γ2 are everywhere dense in the space
L2(0, L), then it follows from (5.31) that J2 = J3 = J5 = J6 = 0. Consequently
K = 0, that is R(G)⊥ = {0}. Thus R(G) = E .

Conclusion: In this paper, we investigated a non-local non-homogeneous
fractional Timoshenko system with frictional and viscoelastic damping terms.
This fractional order system is supplemented with some initial conditions and
classical and non local boundary conditions of integral type. The well posed-
ness of the given non local initial boundary value problem is established. The
used approach relies on some functional analysis tools, operator theory, a prori
estimates and density arguments. To the best of our knowledge, the treated
fractional Timoshenko system problem has never been studied and explored
in the literature. This work can be considered as a contribution in the de-
velopment of the traditional functional analysis method, the so called a priori
estimate method or the energy inequalities method used to prove the exis-
tence, uniqueness and stability of initial boundary value problems with non
local boundary conditions such as integral conditions.
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[9] Ma Z, Zhang L, Yang Ẋ Exponential stability for a Timoshenko-type system with
history J. Math. Anal. Appl. 2011., 380, 299-312.

[10] Messaoudi SA, Pokojovy M, Said-Houari B. Nonlinear Damped Timoshenko systems
with second sound. Global existence and exponential stability. Math. Meth. Appl. Sci.
2009., 32, 505-534.

[11] Messaoudi SA, Said-Houari B. Energy decay in a Timoshenko-type system with history
in thermoelasticity of type III. Advanced Diff. Equa. 2009., 14, 375-400.

[12] Munoz Rivera JE, Racke R. Mildly dissipative nonlinear Timoshenko systems-global
existence and exponential stability. J. Math. Anal. Appl. 2002., 276, 248-276.

[13] Munoz Rivera JE, Racke R. Timoshenko systems with indefinite damping. J. Math.
Anal. Appl. 2008., 341, 1068-1083.

[14] Guesmia A, Messaoudi SA. Some stability results for Timoshenko systems with coop-
erative frictional and infinite-memory dampings in the displacement. Acta Math. Sci.
2016., 36, 1—33.

[15] Messaoudi SA, Hassan JH. General and optimal decay in a memory-type Timoshenko
system, J. Integral. Equations and Appl. Volume 30, Number 1, Spring 2018.

[16] Mesloub S. A nonlinear nonlocal mixed problem for a second order parabolic equation.
J. Math. Anal. Appl. 2006., 316, 189-209.

[17] Mesloub S. On a singular two dimensional nonlinear evolution equation with non local
conditions. Nonlinear Analysis. 2008., 68, 2594-2607.

[18] Mesloub S, Bouziani A. On a class of singular hyperbolic equations with a weighted
integral condition. Internat. J. Math. & Math. Sci. 1999., Vol 22. N◦3, 511-519.

[19] Yurchuk NI. Mixed problem with an integral condition for certain parabolic equations.
Differ. Uravn. 1986., 22, 12, 2117-2126.

[20] Cannon JR. The solution of the heat equation subject to the specification of energy.
Quarterly of Applied Mathematics. 1963., vol. 21, no. 3, pp, 155—160.

[21] Beilin SA. Existence of solutions for one-dimensional wave equation with nonlocal con-
ditions. Electron. J. Differential Equations. (2001)., 76, 1—8.

[22] Cushmand JH, Xu H, Deng F. Nonlocal reactive transport with physical and chemical
heterogeneity: localization error. Water Resources Res. 1995., 31, 2219—2237.

[23] Gordeziani DG, Avalishvili GA. On the constructing of solutions of the nonlocal initial-
boundary value problems for one-dimensional oscillation equations. Mat. Model. 2000.,
1294—103.

[24] Ionkin NI. Solution of boundary value problem in heat conduction theory with non-
classical boundary conditions. Differ. Uravn. 1977., 13, 1177—1182.



ON A NON LOCAL NON-HOMOGENEOUS FRACTIONAL TIMOSHENKO SYSTEM 21

[25] Mesloub S. On a nonlocal problem for a pluriparabolic equation. Acta Sci. Math.
(Szeged) 2001., 67, 203—219.

[26] Mesloub S, Bouziani A. Mixed problem with a weighted integral condition for a para-
bolic equation with Bessel operator. J. Appl. Math. Stochastic Anal. 2002., 15, 291—300.

[27] Pulkina, L. S, Beylin A. B. Nonlocal approach to problems on longitudinal vibration
in a short bar. Electron. J. Differential Eqns. 2019., Vol. 2019, No. 29, pp. 1—9.

[28] Ionkin NI. Solution of boundary value problem in heat conduction theory with nonlocal
boundary conditions. Differentsial’nye Uravneniya 1977; 13:294—304.

[29] Muravei LA, Philinovskii AV. On a certain nonlocal boundary value problem for hy-
perbolic equation. Matematicheskie Zametki 1993; 54(9):8—116.

[30] Shi P, Shillor M. Design of Contact Patterns in One Dimensional Thermoelasticity in
Theoretical Aspects of Industrial Design. Society for Industrial and Applied Mathe-
matics: Philadelphia, PA, 1992.

[31] Samarskii AA. Some problems in differential equations theory. Differentsial’nye Urav-
neniya 1980; 6(11):1221—1228.

[32] Mesloub S, Gadain H. E. A priori bounds of the solution of a one point IBVP for a
singular fractional evolution equation. Advances in Difference Equations, 2020., Issue
1, pages 1-12.

[33] Mesloub S, Aldosari F. Well posedness for a singular two dimensional fractional initial
boundary value problem with Bessel operator involving boundary integral conditions.
AIMS Math. 2021., Vol 6, 9786-9812.

[34] Alikhanov, A. A. A. Priori Estimates for Solutions of Boundary Value Problems for
Fractional Order Equations. 2010., 46, 660—666.

[35] Ladyzhenskaya, O.L. The boundary value problems of mathematical physics. Springer-
Verlag , New York, (1985).

[36] Kasmi L, GuerfiA, Mesloub S. Existence of solution for 2-D time-fractional differential
equations with a boundary integral condition. Adv. Differ. Equ. 2019., 2019, 511.

[37] Akilandeeswari A, Balachandran K, Annapoorani N. Solvability of hyperbolic fractional
partial differential equations. J. Appl. Anal. Comput. 2017., 7, 1570—1585.

[38] Liu X, Liu L, Wu Y. Existence of positive solutions for a singular nonlinear fractional
differential equation with integral boundary conditions involving fractional derivatives.
Boundary Value Probl. 2018., Vol 24.

[39] Li H, Liu L, Wu Y. Positive solutions for singular nonlinear fractional differential equa-
tion with integral boundary conditions. Boundary Value Probl. 2015., 232.

[40] Bashir A, Matar M. M, Agarwal R. P. Existence results for fractional differential equa-
tions of arbitrary order with nonlocal integral boundary conditions. Boundary Value
Probl. 2015., 220.

[41] Astudillo M, Portillo Oquendo, H. Stability results for a Timoshenko system with a
fractional operator in the memory. Appl. Math. Optim. (2019).

[42] Dridi , Djebabla A. Timoshenko system with fractional operator in the memory and
spatial fractional thermal efect. Rendiconti del Circolo Matematico di Palermo. 2020.,
Series 2.

[43] Djebabla A. Tatar N. Exponential stabilization of the Timoshenko system by a thermal
effect with an oscillating kernel, Mathematical and Computer Modelling. 2011., 54,
301—314.

[44] Tatar N. Mittag-Leffl er stability for a Timoshenko prblem. Int. J. Appl. Math. Comput.
Sci., 2021., Vol. 31, No. 2, 219—232.

[45] Garding L. Cauchy problem for hyperbolic equations. University of chicago, Lecture
notes, 1957.

[46] Peradze J. The existence of a solution and a numerical method for the Timoshenko
nonlinear wave system. Mathematical Modelling and Numerical Analysis. 2004., M2AN,
Vol. 38, No 1, pp. 1—26.



22 SAID MESLOUB, EMAN ALHAZZANI, GADAIN HASSAN ELTAYEB

[47] Peradze J, Kalichava Z. A numerical algorithm for the nonlinear Timo-
shenko beam system. Numerical Methods for Partial Differential Equations 2020.,
DOI:10.1002/num.22475, (2020).

[48] Raposo C. A, Chuquipoma J. A. D, Avila J. A. J, Santos M. L. Exponential decay and
numerical solution for a Timoshenko system with delay term in the internal feedback.
International Journal of Analysis and Applications. 2003.,Vol. 3, No. 1, 1-13.

[49] Bchatnia A, Hamouda M, Ayadi M. A. Numerical solutions for a Timoshenko-type
system with thermoelasticity with second sound. 2021., 14(8): 2975-2992.

[50] Gorenflo R., Kilbas A., Mainardi F, Rogosin S. Mittag-Leffl er Functions, Related Topics
and Applications. 2014., Vol. 2, Springer, Heidelberg.

[51] Podlubny I. Fractional DifferentialEquations: An Introduction to Fractional Deriva-
tives, Fractional Differential Equations, to Methods of Their Solution and Some of
Their Applications, vol.198. Elsevier, Amsterdam, 1998.

[52] M. Chen, W. Liu and W. Zhou, Existence and general stabilization of the Timoshenko
system of thermo-viscoelasticity of type III with frictional damping and delay terms,
Adv. Nonlinear Anal. 2018; 7(4): 547—569.

[53] J.E. Munoz Rivera and R. Racke, Global stability for damped Timoshenko systems,
Discrete and Continuous Dynamical Systems 9(6) (2002).

[54] S. Mesloub, F. Aldosari, On a Nonhomogeneous Timoshenko System with Nonlocal
Constraints, Journal of Function Spaces Volume 2021, Article ID 6674060, 12 pages.

[55] M. Elhindi T. EL Arwadi, Analysis of the thermoviscoelastic Timoshenko system with
diffusion effect, Partial Differential Equations in Applied Mathematics, 100156, 4, 2021.

[56] Malacarne A, Rivera J. Lack of exponential stability to Timoshenko system with vis-
coelastic Kelvin—Voigt type. Z Angew Math Phys. 2016;67:67—77.

[57] Tian X, Zhang Q. Stability of a Timoshenko system with local Kelvin—Voigt damping.
Z Angew Math Phys. 2017;68:20—35.

[58] Messaoudi S, Hassan J. General and optimal decay in a memory-type Timoshenko
system. J Integral Equations Appl. 2018;30:117—145.

[59] Keddi A, Messaoudi S, Benaissa A. General decay result for a memory-type
Timoshenko-thermoelasticity system with second sound. J Math Anal Appl.
2017;456:1261—1289.

[60] Elhindi M, Zennir K, Ouchenane D, Choucha A, El Arwadi T. Bresse-Timoshenko type
systems with thermodiffusion effects: well-possedness, stability and numerical results.
Rend. Circ. Mat. Palermo, II.. 2021:1—26.

[61] Liu K, Liu Z. Exponential decay of energy of the Euler—Bernoulli beam with locally
distributed Kelvin—Voigt damping. SIAM J. Control Optim. 1998., 36, 1086—1098.

[62] Zhang Q. Exponential stability of an elastic string with local Kelvin-Voigt damping. Z.
Angew. Math. Phys. 2010., 6, 1009—1015.

[63] Dassios I, Baleanu D. Optimal solutions for singular linear systems of Caputo fractional
differential equations. Mathematical Methods in the Applied Sciences. 2018 Vol 44,
issue.

[64] Matar M. M, Skhail E. S. A, Alzabut J. On solvability of nonlinear fractional differential
systems involving nonlocal initial conditions. Mathematical Methods in the Applied
Sciences 2019.,Volume 44, Issue 10.

[65] Padhi S, Bhuvanagiri S.R.V. P, Mahendru D. System of Riemann-Liouville fractional
differential equations with nonlocal boundary conditions: Existence, uniqueness, and
multiplicity of solutions. Mathematical Methods in the Applied Sciences. 2019.,Volume
44, Issue 10.

[66] Pirrotta A, Cutrona S, Di Lorenzo S, Di Matteo. A Fractional visco-elastic Timoshenko
beam deflection viasingle equation. International Journal for Numerical Methods in
Engineering. 2015.,Volume 104, Issue 9.

[67] Liu D, Chen Y, Shang Y, Xu G. Stabilization of a Timoshenko Beam With Disturbance
Observer-Based Time Varying Boundary Controls. Asian Journal of Control. 2017.,
Volume 20, Issue 5.



ON A NON LOCAL NON-HOMOGENEOUS FRACTIONAL TIMOSHENKO SYSTEM 23

[68] Li P, Du S, Shen S. L, Wang Y. H, Zhao H. H. Timoshenko beam solution for the
response of existing tunnels because of tunneling underneath. International Journal for
Numerical and Analytical Methods in Geomechanics. 2015., Volume 40, Issue 5.

Mathematics Department, College of Science, King Saud University, P.O.
Box 2455, Riyadh 11451, Saudi Arabia
E-mail address: mesloub@ksu.edu.sa; gadain@ksu.edu.sa; esalhazani@imamu.edu.sa


