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Abstract

We use an analytical gravitational model that describes the local motion of stars near the central region of a barred galaxy. By

integrating and classifying large sets of starting conditions of trajectories we manage to determine how the important parameters

of the bar, such as its mass, strength, scale length, and angular velocity influence the motion of stars. For the orbit taxonomy,

we combine traditional dynamical methods such as the classical Poincare surface of section along with modern chaos indicators

such as the Smaller Alignment Index (SALI). Our results of the local galactic model are compared with previous studies using

global gravitational models.
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Summary

We use an analytical gravitational model that describes the local motion of stars near
the central region of a barred galaxy. By integrating and classifying large sets of start-
ing conditions of trajectories we manage to determine how the important parameters
of the bar, such as its mass, strength, scale length, and angular velocity influence the
motion of stars. For the orbit taxonomy, we combine traditional dynamical methods
such as the classical Poincaré surface of section along with modern chaos indicators
such as the Smaller Alignment Index (SALI). Our results of the local galactic model
are compared with previous studies using global gravitational models.
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1 INTRODUCTION

It is a well-known fact that instabilities in rotating disks usually give birth to barred structures, especially when a massive central
mass concentration is absent1. Moreover, from an observational point of view, it is estimated that about 67% of spiral galaxies
are in fact barred galaxies. Our ownMilkyWay galaxy along with the neighbor LargeMagellanic Cloud are both barred galaxies
(see e.g., Refs.2,3,4). As for the morphology of the barred structures it varies between large barred structures with extended semi-
major axes (of the order of 10 kpc) and weak barred structures with tiny semi-major axes (of the order of 10 pc)5. In addition, we
can also categorize galactic bars according to their pattern speeds and light profiles. Specifically, we have flat and exponential
types of barred structures that usually exist in early-type and late-type barred galaxies, respectively6.
The vast majority of gravitational models that describe the orbital properties of barred galaxies are in fact mass-models

corresponding to the several components of the galaxy, such as the bar, the central bulge, the disk, and the halo7. Since the
pioneer work of8 almost all analytical approximations regarding the shape of galactic bars are based on spheroids or ellipsoids
(see e.g.,9), or logarithmic potentials (see e.g., Ref.10, or even empirical models obtained through N-body simulations (see e.g.,
Ref.11). All these analytical models have an important common feature that is the effect of the bar’s angular velocity on both
the properties and also the position of the main orbital resonances12.
In two earlier works, we numerically investigated the character of orbits in two different types of barred galaxy models. In

particular, in13 we introduced a new gravitational mass-model for barred galaxies, while in14 we performed an orbit classification
in the classical Ferrers’ triaxial bar model8. Both these models are global models that can describe the motion properties of stars
at large galactocentric distances. On the other hand, in15 they introduced another mass-model for galactic bars which however
is a local model and therefore it can replicate the orbital properties of stars relatively close to the central region of the galaxy.
In the present study, we advance the work initiated in15 by performing a detailed orbit classification for understanding the

influence of the bar features (such as mass, strength, scale length, and angular velocity) on the orbits of stars. Our paper has the
following structure: Section 2 describes the mathematics of the local model, while the next Section 3 contains all our numerical
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outcomes. The article ends in Section 4 where we emphasize the main conclusions, while we also compare our results with
those of the two earlier papers of13 and14.

2 THE GALACTIC MODEL

Let us briefly remember the model potential introduced in15.
It is well known, that near the central region of a barred galaxy one can represent the gravitational effects of the nucleus using

the potential of a simple harmonic oscillator2. Therefore, for modeling the nucleus of the galaxy we adopt the following potential

Φn(x, y) =
�20
2
(

x2 + y2
)

, (1)

where �0 is a parameter required for the consistency of the units.
The potential of the galactic bar is

Φb(x, y) =
−GMb

√

x2 + b2y2 + c2b

, (2)

whereG is the gravitational constant, whileMb, b, and cb are the mass, the strength, and the scale length of the bar, respectively.
Therefore, the total gravitational potential is Φt(x, y) = Φn(x, y) + Φbx, y. Once more, we have to stress out that this total

potential applies only locally, near the central region of the galaxy.
Moreover, we assume that the galactic bar rotates, with a constant angular velocityΩ, around the vertical z-axis. This directly

implies that in a rotating frame of reference we can use the effective potential

Φeff (x, y) = Φt(x, y) −
Ω2
2

(

x2 + y2
)

. (3)

A test particle (star) moves near the central region of the galaxy according to the equations

ẍ = −
)Φeff
)x

− 2Ωpy, (4)

ÿ = −
)Φeff
)y

+ 2Ωpx. (5)

During the motion of the test particle, its total orbital energy E is conserved, due to the Jacobi integral

H = Φeff (x, y) +
1
2
(

ẋ2 + ẏ2
)

= E. (6)

For all the involved parameters, we use the system of galactic units that has been also used in15. During our computations the
value of �0 remains constant at 10, while all the other parameters are treated as variables. However, whenMd = 3000, b = 5,
cb = 1.5, and Ω = 1.25 we have the so-called Standard Model (SM).

3 MOTION CLASSIFICATION

In what follows we shall demonstrate how the several parameters of the bar affect the motion of the test particle (star) when it
moves near the central region of the galaxy. For this purpose, we will construct two-dimensional basin diagrams in which grids
each pixel corresponds to a unique set of initial conditions, thus following the pioneer graphical technique of16,17. In all cases,
the density of the two-dimensional grid is 500 × 500
All trajectories start with y0 = 0, while the initial value of py is always computed through the energy integral (6). Furthermore,

the total integration time for all starting conditions is 104 time units, using a variable time step.
In our study, the total orbital energy of the test particles remains constant at E = 250 which corresponds to a maximum local

motion of about 4.5 kpc from the galactic center.
Our aim is to distinguish between chaotic and ordered starting conditions and for this task, we deploy several dynamical tools,

such as the classical (x, ẋ) Poincaré surface of section (PSS), as well as the Smaller Alignment Index (SALI) method18,19,20.
At the end of the numerical integration, one can determine the nature of a trajectory by inspecting the final value of SALI.
Specifically, if SALI > 10−4 we have the case of an ordered orbit, while if SALI < 10−8 we have the case of a chaotic orbit.
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For all the intermediate values where 10−8 < SALI < 10−4 we have the scenario of a sticky orbit and for this case, additional
numerical integration is needed (with higher total time) for unveiling the true chaotic character of the trajectory.
Our preliminary analysis suggests that the orbital structure of the model is very interesting containing a very rich mixture of

resonant orbits. In Fig. 1 we present the shapes of the parent periodic orbits of the most important resonant orbits that exist in
our local galactic model. Here, it should be explained that for the n ∶ m notation of all resonant orbits we follow the nomenclature
of21.

3.1 Influence of the mass of the bar
We begin by investigating how the mass of the bar influences the local motion of stars, when Mb ∈ [500, 5000], while the
values of all the other parameters are according to SM. In Fig. 2 (a-f) we preset, for three characteristic values of Mb, the
corresponding PSSs and the respective distributions of SALI (red colors indicate regular motion, while blue colors correspond
to chaotic motion). In the first row of Fig. 2 , whereMb = 500, we see that the vast majority of the phase space is covered by
starting conditions of regular orbits. A thin chaotic layer is present at the outer regions of the phase plane and contains several
embedded islands of secondary resonant motion. In panel (b) of the same figure, it becomes evident that the SALI basin diagram
is much more efficient than the classical method of PSS. This is true because we can clearly identify tiny stability regions which
are almost invisible in the classical black-and-white PSS. The second row of Fig. 2 corresponds to the SM withMb = 3000.
Now we see that the area of the central regular region of 1:1 simple resonant orbits has been reduced, while at the same time
the areas corresponding to chaotic motion and secondary resonant orbits have been increased. WhenMb = 5000, we see at the
last row of Fig. 2 that a further reduction of the 1:1 area has occurred, while the regions of secondary resonant orbits have also
been reduced, thus giving more room to the unified chaotic sea.

3.2 Influence of the strength of the bar
We proceed with the next parameter which is the strength of the bar b. Our results are given in the diagrams of Fig. 3 (a-f).
In the first row, we present the case of a weak barred structure with b = 1.5. It is seen that almost the entire phase plane is
occupied by initial conditions corresponding to regular trajectories. Nevertheless, a thin chaotic layer exists mainly at the central
region, while it also encircles the invariant curves of the 1:1 resonance. The second row displays again (for comparison reasons)
the standard model, in which b = 5. In this case, the chaotic regions are much more extended, while a plethora of islands of
secondary resonances is present, inside the chaotic regions. The third row corresponds to the scenario of a strong bar with b = 8,
where the increase of the chaotic reasons has a result the reduction of the areas corresponding to secondary resonant orbits. In
general terms, we may conclude that the influence of the strength of the bar follows a similar pattern as the mass of the bar that
was already discussed in the previous subsection. In other words, the percentage of chaos increases with increasing mass and
strength of the bar.

3.3 Influence of the scale length of the bar
In the diagrams of Fig. 4 (a-f) we provide the information on how the scale length cb of the bar influences the regular or chaotic
character of the orbits of the stars. The first row corresponds to cb = 0.5, that is a case of a rather dense and compact bared
structure. We see, that chaos prevails, as it covers more than 70% of the phase plane. The only surviving regular orbits are the
simple 1:1 and some additional secondary resonances. On the other hand, the outcomes are completely different when cb = 3
(third row), that is a case of a very loose barred structure. The PSS in panel (e) of Fig. 4 suggests that the entire phase plane
is dominated by starting conditions of regular trajectories. However, the SALI basin diagram of panel (f) of the same figure
indicates that some extremely weak chaotic layers (corresponding to separatrix structures) are still present. Nevertheless, we
may conclude that dense barred structures correspond to highly chaotic phase spaces, while in the case of loose barred structures
almost all starting conditions lead to regular trajectories. Moreover, we should also note that in the case of dense galactic bars
stars may develop high velocities, mainly approaching the central region, while in the case of loose bars the corresponding
velocities are much lower.
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FIGURE 1 Collection of characteristic parent resonant periodic orbits that appear in SM. (a): 1:1, (b): 1:2, (c): 1:3, (d): 1:4,
(e): 1:4, (f): 2:3, (g): 3:5, and (h): 3:7. The outermost solid line is the curve of zero velocity.

3.4 Influence of the angular velocity of the bar
The last parameter under investigation is the angular velocity of the bar Ω. In Fig. 5 (a-f) we present the structure of the phase
space for three characteristic values of Ω. In the first row, we have the scenario of a slow rotating bar with Ω = 0.1, where we
see that about 80% of the phase plane corresponds to regular motion, while chaos is confined to a chaotic layer surrounding the
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FIGURE 2 Diagrams showing the influence of the mass of the bar Mb. (Left): PSS and (right): the corresponding SALI
distributions. (First row):Mb = 500, (second row):Mb = 3000 (SM), and (third row):Mb = 5000.

1:1 resonant orbits. Things however are quite different in the third row which corresponds to the case with a fast rotating bar
with Ω = 3. Now the percentages have almost reversed and about 65% of the phase plane is covered by a unified chaotic sea,
while regular motion corresponds to the basic resonant orbits. Thus, we may conclude that the angular velocity of the galactic
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FIGURE 3 Diagrams showing the influence of the strength of the bar b. (Left): PSS and (right): the corresponding SALI
distributions. (First row): b = 1.5, (second row): b = 5 (SM), and (third row): b = 8.

bar has a profound influence on the motion of stars. Specifically, as the rotational speed increases the chaotic percentage of the
phase space increases significantly.
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FIGURE 4 Diagrams showing the influence of the scale length of the bar cb. (Left): PSS and (right): the corresponding SALI
distributions. (First row): cb = 0.5, (second row): cb = 1.5 (SM), and (third row): cb = 3.

3.5 Overview analysis
The diagrams presented in the previous subsections correspond to specific values of the parameters associated with the properties
of the galactic bar. However, in order to obtain a more complete view on how these parameters affect the local motion of stars we
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FIGURE 5 Diagrams showing the influence of the angular velocity of the bar Ω. (Left): PSS and (right): the corresponding
SALI distributions. (First row): Ω = 0.1, (second row): Ω = 1.25 (SM), and (third row): Ω = 3.

need to study a continuous spectrum of values. Therefore, in Fig. 6 (a-d) we present the nature of trajectories with y0 = ẋ0 = 0,
with ẏ0 > 0, whenMb ∈ [500, 5000], b ∈ [1, 8], cb ∈ [0.5, 3], and Ω ∈ [0.1, 3].
In the diagram of panel (a) of Fig. 6 we see that for relatively low value of the mass of the bar regular motion dominates. With

increasing value ofMb the region between −2 < x < 2.5 remains regular, containing the stability islands of 1:1 resonant orbits.
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FIGURE 6 Diagrams showing the influence of the (a): massMb, (b): strength b, (c): scale length cb, and (d): angular velocity
Ω of the bar, on trajectories starting from the x-axis with y0 = ẋ0 = 0, and ẏ0 > 0.

However, near the two edges of the phase space, chaotic regions emerge, and the respective areas grow with increasing value
ofMb. We should also point out that the mass of the bar has also an effect on the zero-velocity. Specifically, the energetically
allowed region of motion increases as the galactic bar gains mass.
In panel (b) of the same figure, we see that when b = 1 the entire phase space is regular due to the integrability of the system.

The first indication of chaos appears at about b = 1.2 and then chaos is always present through the limit b = 8. Furthermore,
the chaos evolution in panels (c) and (d) is almost opposite
Looking at all four diagrams of Fig. 6 one can deduce the fact that the type of motion inside the region with 0 < x < 2.5

seems to be almost unaffected by the change of the values of the bar parameters. Indeed, inside this region, all starting conditions
correspond to regular 1:1 resonant orbits, regardless of the values of the involved parameters.
Finally, in Fig. 7 (a-d) we display the evolution of the chaotic percentage of the basin diagrams shown in Fig. 6 (a-d). Now

it becomes clear how the four bar parameters affect the character of motion of stars. We see that for the mass as well as the
scale length of the bar we have an almost monotonous increase or decrease of the chaotic percentage. On the other hand, for the
strength of the bar, we see that for b > 6 the chaotic percentage seems to saturate at about 22%. Moreover, regarding the angular
velocity the chaotic percentage increases when 0.1 < Ω < 1.2, then it drop and then it continues its increase, while for Ω > 2.3
it seems to saturates at about 42%.
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FIGURE 7 Evolution of the chaotic percentage as a function of the (a): massMb, (b): strength b, (c): scale length cb, and (d):
angular velocity Ω of the bar. The data correspond to the basin diagrams of Fig. 6 .

4 DISCUSSION AND CONCLUSIONS

In this study, we adopted the model potential introduced in15 which consists of a simple harmonic oscillator for the central
nucleus and a mass-model for the galactic bar. This model is a local model and can describe the motion of stars moving in the
near vicinity of the central region of a barred galaxy. Our aim was to elucidate how the most important parameters of the bar,
such as its mass, strength, scale length, and angular velocity influence the local motion of stars. For this task, we integrated
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and classified large sets of starting conditions of orbits. Specifically, for the orbit taxonomy, we combined traditional dynamical
methods, such as the classical Poincaré surface of section along with modern chaos indicators, such as the Smaller Alignment
Index (SALI).
We concluded to the following results:

• The chaotic percentage increases with increasing mass of the bar. Moreover, light-weighted bars favor simple 1:1 orbits,
while higher resonant orbits appear at relatively heavy bars.

• In the same vein, the rate of chaotic orbits increases as the strength of the bar grows. Once more, simple resonant orbits
dominate at weak bars, while higher resonant orbits appear mostly at strong bars.

• At dense and compact bars chaos is very prominent, while the motion becomes completely regular at relatively loose
barred structures.

• Slow rotating bars favor regular orbits, while the chaotic rate significantly increases at high rotating bars.

The use of SALI allowed us to detect not only small stability islands but also weak chaotic layers (acting as separatrix) that
both are hardly visible in a classical PSS. In addition, SALI gave us the ability to determine the KAM limits of the stability
islands where usually sticky orbits live, thus corresponding to intermediate values of SALI.
In two previous papers13 and14, we also explored the orbital dynamics in barred galaxies, using two different types of model

potentials. However, both these potentials were global potentials, while the one used in the current work is a local potential. On
this basis, it would be very interesting to check whether the behavior of the involved parameters is the same or not between these
models. After comparing the corresponding results (basin diagrams, chaotic percentages, types of motion, etc) we report that
all four parameters of the bar act similarly between our local model and the global model of13. On the other hand, in the case
of the global model of14 there is one noticeable difference. While the mass and the strength of the bar seem to influence in the
same manner the chaotic percentage in our local model and the model of14, the angular velocity displays a different pattern. In
particular, in our local model, we found that the percentage of chaos increases with increasing angular velocity of the bar. This
is also the case in the global model of13. However, in the global model of14 the rate of chaos seems to be reduced as the galactic
bar gains speed.
It is in our future plans to continue the current work and focus more on the regular trajectories of the system. Specifically,

we would like to demonstrate how the parameters of the bar affect the periodic orbits of the system by presenting the complete
network of periodic orbits for each case.
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