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Abstract

The paper is concerned with the following Schr\”{o}dinger-Poisson system $$ \left\{\begin{array}{ll} -\Delta u4u+\phi
u=|u|"{p-1}u+|u|"4u, &x\in \mathbb{R}"3, \\[0.25cm] -\Delta\phi=u"2, &x\in \mathbb{R}"3, \end{array} \right. $$
where $3
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NONEXISTENCE OF GROUND STATE SIGN-CHANGING
SOLUTIONS FOR AUTONOMOUS SCHRODINGER-POISSON
SYSTEM WITH CRITICAL GROWTH

YING WANG* AND RONG YUAN

ABSTRACT. The paper is concerned with the following Schrédinger-Poisson system
—Au+u+¢u = [uP"lu+ |julfu, xeR3,
—A¢ =2, z € R3,

where 3 < p < 5. With the help of an odd Nehari manifold and “energy dou-
bling” property, we prove the nonexistence of ground state sign-changing solutions
on H!(R3). In this sense, our result explains why the existing literature can on-
ly consider the existence of the ground state sign-changing solutions in the radial
Sobolev space H}(R?).

1. INTRODUCTION

In the present paper we are interested in the following Schrodinger-Poisson system

—Au+u+ ou=|ulP"tu+ |[ul*u, inR3,
—A¢p =u?, in R3,

where 3 < p < 5. Due to its physical relevance as described in [4], system or its
more general form has been extensively investigated via the variational methods in the
past decades, such as [1}3},5,/12,/18] and the references listed therein.

Recently, many authors began to focus on sign-changing solutions for Schrodinger-
Poisson system. For this topic, there are many interesting works for the case that the
nonlinearity is of subcritical growth, such as [2}9l[10,[13[15] and the references mentioned
therein. Due to the lack of compactness of H'(R?) — LS(R?), the investigations on
Schrédinger-Poisson system with critical growth are more complicated and challenging
from the mathematical point view. For this case, as far as we know, only [6L(8{11}[14}/16]
17,/19] dealt with the existence of sign-changing solutions. Meanwhile, it must be pointed
out that, in [14L[17], to verify the (PS) condition conveniently, the radial space H}(R?®)
is a good choice for autonomous case as the energy space due to the compactness of the
embedding H}!(R3) < L4(R?), ¢ € (2,6). Therefore, it is a very interesting problem
whether there exist ground state sign-changing solutions for autonomous system in
the usual Sobolev space H!(R3).

The aim of this paper is to supplement the existing results in [14,|17] and give a
negative answer to the above problem. In fact, our main result is stated as follows.

(1.1)

Theorem 1.1. Assume that p € (3,5), then system does not possess ground state
sign-changing solutions in H'(R?).

As is known to all, weak solutions of system ([1.1) can be obtained as critical points
of the energy functional

1 1 1 1
I(u) = 5/}quw? + ) + /R Guutds — m/ﬂ@ P da — 6/R3 lufda,
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where ¢,, is the unique solution satisfying —A¢ = u? obtained by the Lax-Milgram theo-
rem. Recall that u is a weak solution of system if u € HY(R3) satisfies (I'(u), ) =0
for any » € H*(R?). Moreover, if u is a solution of system with u* # 0, then u
is called a sign-changing solution (nodal solution), where u*(z) = max{u(x),0} and
u™ (z) = min{u(z),0}. A solution is called a ground state solution if its energy is mini-
mal among all nontrivial solutions.

To find ground state sign-changing solutions of system , the usual strategy is to
deal with the following minimizing problem

CM = ijr\l/lfl(u), (1.2)

where M is the corresponding sign-changing Nehari manifold

M= {u € HY RO} : (I'(w),ut) = 0 = (I'(w), u™),u* # 0},

In our context, to reach the conclusion, we not only need to consider the Nehari manifold
N but also seek for the help of an odd Nehari manifold N,qq defined as Nygq := N N
H!,,(R?). Here, N is the usual Nehari manifold given by N := {u € H'(R3)\{0} :
(I'(u),u) = 0} and H},,(R3) is the Sobolev space of odd functions respect to the third
component (introduced in |7]) denoted by H},,(R?) := {u € H'(R*)\{0} : u(2’, —z3) =
—u(x',x3), Vo = (2',23) € R3}. At this point, define the corresponding levels on A" and
Noda by

eN = i}\lff](u) and  coqq = /\ifnf I(u), (1.3)

odd

respectively. Then, by contradiction and discussing the relationship among these three
levels caq, car and coqq, We are able to accomplish the proof of Theorem

Throughout this paper, we denote by C' a positive constant whose value may change
from line to line, by || - || the norm of H'(R3), and by z = (2/,z3) the point in R3. For
any R > 0 and any x € R3, Bg(z) is the ball of radius R centered at x. The rest of the
present paper is organized as follows. In Section 2 we state two useful lemmas related
to the energy functional and the Nehari manifold. In Section 3, we give the proof of
Theorem [[11

2. PRELIMINARIES

Firstly, we present a technical lemma which is essentially related to the energy func-
tional.

Lemma 2.1. Define ¢5 : RS — R by 95(t) = at? + Bt* — 4P+ — ¢85, ¥t > 0, where
«, B,7,6 be positive constants and p > 3. Then

(i) Vg has a unique critical point t* corresponding to its mazimum. Moreover, 15(t)
is strictly increasing in (0,t*) and strictly decreasing in (t*,400);
(ii) if B1 > B2 > 0 and Py, (t]) = ¥, (t3) = 0 with t7,t5 > 0, we have t] > t3.

Proof. A direct calculation gives the derivatives of 13 up to five order:
1/);3( ) = 2at + 45t% — (p + 1)yt? — 66t°,
Pat) = 200+ 12882 — (p + 1)pyt? " — 306t*,
v (1) = 246t — (p+ 1)p(p — 1)yt"~2 — 1200¢%,

() =248 — (p+ Dp(p — 1)(p — 291"~ — 3600¢2,

D) = —(p+ plp — 1)(p — 2)(p — 3)yt"~* — T200t.
Since p > 3, it is obvious that 1/1(5)( t) < 0 for any t € (0,+00), which means that w(4)( t)
decreasing on the interval [0,+00). Note that wgl)(O) = 2483 > 0, then there exists a
unique t4 > 0 such that ¢(4)(t4) =0 and 1/);34) (t)(tg —t) > 0 for t # t4. As for 1?/(33) (1),
since 1/1/(33)( ) =0 and 1/)(4)( t)>0,Vte (0,t1), 1/1[(33)@) increases and takes positive values
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for t € (0,t4]; 1/);33) (t) decreases for t > t4 and tends to —oo thanks to wgl) (t) <0, VYt > ty.
Then, there exists a unique t3 > t4 such that wég)(tg) = 0 and 1/);3) (t)(ts —t) > 0 for
t #ts.

Repeating the argument for 17 and 1} as we did for wg;) and ¢§33), we can conclude
the existence of t* > 0 such that ¢}5(t*) = 0 and ¢5(¢)(¢* —t) > 0 for t # t*. Therefore,
t* is the unique critical point of ¢g corresponding to its maximum. Moreover, 13(t) is
strictly increasing in (0,¢*) and strictly decreasing in (t*, 400).

Next, we turn to (ii). Note that ¢} (t) = 2at 4+ 46t> — (p + 1)yt — 65t°. Clearly, the
assumption Bz < B implies that ¢j (t]) < v (17) = ¥5,(t3) = 0. As a direct result of
(i), it brings that ¢7 > t3. O

Next, we show some properties related to the Nehari manifold N.

Lemma 2.2. The following statements are true:

(i) there exists p > 0 such that |u|| > p for any u € N;

(ii) for each u € H*(R®)\{0}, there exists a unique t, > 0 such that t,u € N and
I(t,u) = maxg>o I(tu). Moreover, the map H*(R3)\{0} — (0,+00) : u +> ¢, is
continuous;

(iii) if u € HY(R3)\{0} satisfies I'(u)u < 0, then there exists a unique t, € (0,1)
such that tyu € N;

(iv) cpr > 0.

Proof. (i) For any fixed u € NV, using Sobolev inequality, we have

ul? < / (Va4 ul?)dec+ / puda = / P+ / fulPdz < C(lulP* + u]l®)-
R3 R3 R3 R3

The above inequality indicates that there exists p > 0 independent of u € A such that
l[ull > p.

(i) For any given u € H'(R?)\{0}, consider the fibering map g, : R* — R defined
by

t2 9 t4 9 tp+1
W(8) = I(tu) = = |Jul]® + — da —
ault) = 100) = Sl + 5 [ e - 2 [

Therefore, apply Lemma (i), g. has a unique maximum point ¢, > 0 such that
g (ty) = 0 and gy (t,) = max;>o g, (t). Namely, t,u € N and I(t,u) = max;>o I (tu).

To show the continuity of t,, suppose u,, — u in H'(R3) as n — +oco. Note that,
for each u,, there exists a unique ¢,, > 0 such that ¢, u, € N. Since u, — u # 0
and (I’ (ty, un),ty, un) = 0, we infer that {t,, } is bounded. Up to a subsequence if
necessary, still denoted by {t,, }, there exists ty > 0 such that ¢, — to as n — +oc.
In fact, using (i), we deduce that |y, un|| = p, which implies that ¢y > 0. Then,
from (I'(tou), tou) = 0 = (I'(t,u), t,u) and the uniqueness of t,, we readily derive that
ty = 1o-

(iii) In view of t,u € N, we have

2w + ti/ puudr — tﬁ'H/ lu[PH dx — tﬁ/ |u|®dx = 0,
RS RS RS

which equals to

1
t—2||u||2 + / puude — tﬁ*?’/ lu[P T dx — ti/ |u|Sdz = 0. (2.1)
u R3 R3 RS

Since I'(u)u < 0, there exists

i+ [ ude— [ o= [ pupeas <o,
R3 R3 R3
from which and (2.1)), it immediately yields that

1
T 1)/ e — (12 — 1)/ lufSdz > 0.
tz R3 R3

t6
|u|PTtda — E/ |u|®dx, t > 0.
R3
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If t, > 1, the above inequality is meaningless. Thus, it must be 0 < ¢, < 1.
(iv) To show ¢ > 0, it is sufficient to notice that

1 1 1 1
) =10 = 37 @ = gl + (3 = 57 ) [ e 55 [ oo > 1,
and use (i). O

3. PROOF OF THEOREM [L1]

In this section, we are dedicated to finishing the proof of Theorem [I.1} To accomplish
this purpose, we use the “energy doubling” property and estimate the level c,qq defined
in . To make the proof clear, we divide it into two steps.

Proof of Theorem 1.1.

Step 1. If c is achieved, then caq > 2cpr.
Assuming that there exists some @ € M such that I(4) = ca, from the definition of
M, we have

0= I'(i)i* = / (VEEP + 0% + dos (05)° + daz (@5)? — [0 P — |0%[)da
R3

> / (VA + 0% 2 + das (@5)% — [a2PH — [a*]6)de
R3
= I'(a%)a*.

Then, using Lemma we get the existence of tz+ € (0,1) such that tzza® € N.
Therefore, we deduce that

I(a) =I(a) 1<I'(a) a)

1 1 1 1
1 1
Z/ (tas Vit |? + |tar 't |?)da + <4—>/ |tu+u+|p+1dm+ 12/ |tarat|Sda

/ [t Vi~ ? + [t 0" "dz + (—)/ ta-a~ "+ dz + 12/ to- i~ |°da

=I(tgr0h) + I(ta-17) > 2ep,
which indicates that cay > 2cpr.

Step 2. coqq < 2cp.
The idea here is to find an element in N,gq such that the value of I is less than or
equal to 2car on this element. We firstly observe that

=inf{I(u) : v € NNCX(R3) and u > 0 in R3}. (3.1)

Actually, if u € N, then |u| € N and it holds that ¢y = inf{I(u) : v € N and u >
0 in R3}. Since C2°(R?) is dense in H'(R3), for each u € N with u > 0, there exists a
sequence {u,} C C°(R?) with u, > 0 such that u, — u in H*(R3). For each u,, by
(ii) of Lemma there is a unique t,,, > 0 such that t,, u, € N. In view of u, = u
H'(R3) and the continuity of ¢,,, we see that t,, — 1 as n — +o0. Therefore, we obtain
a sequence {t,, u,} C N N CX(R3) satisfying t,, u, > 0 and t,, u, — u as n — oo.
Based on this point, is verified. Consequently, for any € > 0, we can find a positive
function u € N'N C(R3) such that (I'(u),u) = 0 and I(u) < ¢y + €. Namely, one has
1

I(u) = I(u) — ZI'(u)u

_ L (Lo Pl / 6 (3:2)
= Ll +( p+1>/| drt oo [ JulPd

<cn +e



For this u, we assume its support is contained in Br(0) for some R > 0, that is, supp(u) C
Bgr(0).
Secondly, for each r > 0, we define the function @, (x) : R* — R by
() = vp(z) — vy (2),

where v,.(z) := u(z’, 23 + R+r) and 9,(z) :== u(2’, —23 + R+71), Vo = (2/,23) € R3. Tt
is clear that supp(v,) Nsupp(v,) = @ and @, € H!,,(R?). From Lemma (ii), there
exists a unique t5, > 0 such that ¢z, @, € N, that is,

t2 |ul>+t2 (/ ¢uu2dx+/ ¢vrﬁfdx)t§+1/ u[PH da—t8 / |ulSdz = 0. (3.3)
" " R3 R3 T Jrs " Jr3

Combining with Sobolev inequality, we derive that
£l < [ ulrtides e, [ ultde < Ol + 2, ul),
R3 R3

which indicates that there exists 7, > 0 such that ¢z, > 7.
Thirdly, we talk about the monotonicity of fn@ bo, v2dx respect to r. Notice that

1 2 =2
/ o, D2dr = — / / we @) W) g
R3 47T R3 JR3 ‘Q; — y‘

:i/ / Wt RETe W, —ys R4
R3 JR3 lz —yl

2 2
_ i/ / u®(z)u*(y) ddy
4r Jrs Jrs [(@' 23 — R—71) — (¢, —y3 + R+ )|

_ 1 / / u?(2)u’(y)
AT JBr©0) JBr(0) V12 =y + |23 +ys — 2(R +7)[?

and |z’ — /|2 +|x3+y3 —2(R+7)|? is strictly increasing about 7 > 0 for any z,y € Bg(0).

We see that fR3 ¢o, v2dz is strictly decreasing about r > 0. Hence, the application of
Lemman 2.1 (ii) s1gn1ﬁes that ¢4, is strictly decreasing with respect to r, which guarantees
the existence of ¢ > 7, such that ta, — tasr — +oo. Meanwhile, taking into account

dist(supp(v;.), supp(v,-)) > 2r and (3.2)), we have

2 =2
/ Qﬁvrﬂzdﬂﬁ — i/ / UT’ (.’:C)'UT (y) dxdy
R3 4m supp(vr) Jsupp(o;) |z =yl
1 2
8rr R3

< 2(00 + 6)2

rdy

—0asr— +oo.
r

Therefore, based on (3.3)) and (3.4)), we are led to
f2/ (|Vul* + |ul?)dx + f4/ puude — f”'H/ lu[PH dx — fﬁ/ |ul®dx = 0.
R3 R3 R3 R3

Since u € N, it immediately gives that £ = 1. Thus, t5, — 1 as 7 — +00. As a result,
due to tg, 4, € N, we deduce that

1 1
I(ta, i) = 113, /R (Vi + [ + <4 ) ! / o+ ot / [0 de
1 1
=12 / (|Vu|* + |ul?)dz + ( — ) ﬁ“/ \u|p+1dx+ / |u|®dx
2 4 R3 2 r

1 s 1 2
— d P P+1d 7/ Gd
_>2/RS(|Vu\ +u|)x+<2 p+1)/RS|u x+6 R3|u\ x
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as r — 4o00. This together with implies that for any € > 0 there exists r. > 0 large
enough such that
I(ta, ty) < 2cpn +3€, Vr>re. (3.5)

Since @, € H!;,(R?), equivalently, ¢, @, € Nogq. Therefore, taking the limit in , we
deduce that coqq < 2¢pr.

Taking into account Step 1 and Step 2, we readily reach to the following contradic-
tion

2cn < cpm < Codd < 2wy

by observing that N,qq C M implies coqq > caq. Naturally, we complete the proof of
Theorem [L1] O
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