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This paper introduce a numerical solution of time fractional stochastic advection-diffusion equa-
tion (FSA-DE) wherein time fractional derivative is described in Caputo sence of order a (0 < o < 1).
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1 Introduction

Based on [24], the question arises why one should learn more about stochastic calculus? Stochas-
tic partial differential equations (SPDEs) play an important role in a wide range of active research in
mathematics, chemistry, fluid mechanics, microelectronics, theoretical physic and finance.

Fractional differential equation has attracted increasing attention due to their application in several
field including mathematics, mechanics, physics, chemistry, engineering, control theory and finance.

In contrast, the huge number of studies in deterministic fractional differential equations, there have
been only a few papers in connection with fractional stochastic differential equations (FSDEs) especially
Caputo fractional time derivative. Previous studies have been limited to the existence and uniqueness of
mild solution. Interesting papers for existence and uniqueness are found in [3, 25, 28].

In recent years, there has been a big development in numerical solution of SPDEs. For example, au-
thors of [30] employed a compact finite difference method for solving stochastic space fractional advection-
diffusion equation of It6. They used Fourier analysis to prove stability and convergence of presented
scheme similar to [27]. In [33], a Galerkin finite element method is considered for time fractional stochas-
tic diffusion equation with multiplicative noise. A numerical scheme for the nonlinear time fractional
stochastic reaction-diffusion equation is carried out in [12] wherein mixed finite element and BDF2-0 is
considered to discretize in spatial and temporal directions, respectively. Kamrani [8] investigated the
numerical solution of FSDEs using Galerkin method based on Jacobi polynomials. The main aim of [34]
is to develop a fourth-order central difference scheme and the semi-implicit Crank-Nicolson scheme for
obtaining a new fully discrete scheme of space fractional wave equation by additive and multiplicative

*Email: zsoori@mail.kntu.ac.ir (Corresponding Author)
TEmail: ataei@kntu.ac.ir



noise. In [26], a nonlocal backward problem is proposed for fractional stochastic diffusion equations
wherein the eigenfunction expansion of the solution is reduced to an integral equation. Authors of [5]
considered an approximate controllability for fractional stochastic wave equation of Riemann-Liouville
type.

The POD technique has a long history. The POD method is derived from eigenvector analysis method
which was initially proposed by K. Pearson in 1901. The POD [6] is an effective technique to decrease
the degrees of freedom. The essential features of the POD-based reduced are in the following two aspects,
i.e., preserve the accuracy of numerical solutions and reduce the computational time. It has been used
to develop some POD-based reduced-order numerical computational methods for the time dependent
PDEs. Known studies are reduced-order finite differences, the reduced-order finite element methods and
reduced-order finite volume element methods which are found in the book [13]. The POD method are
needed more for scheme that are on fine grids. For example, there is more computation cost in the
Richardson extrapolation algorithms on fine grids. Hence, we able to use POD technique instead of
parallel computing to overcome with this problem.

A reduced-order finite element method based on POD scheme for fractional Tricomi-type equation is
considered in [11]. Authors of [1, 2, 32] presented some efficient compact finite difference schemes based
on POD for PDEs such as two-dimensional distributed-order Riesz space-fractional diffusion equation,
multi-dimensional parabolic equation and Korteweg-de Vries equation. Some reduced finite difference
schemes based on POD scheme for parabolic and hyperbolic equations are utilized in [16, 29]. Fu et
al. [4] investigated a reduced-order for time fractional diffusion equation based on POD technique and
disceret empirical interpolation method. Luo et al. [18] developed a reduced-order extrapolation and finite
difference scheme by POD for two dimensional time-space tempered diffusion-wave equation. Authors of
[9, 10] utilized a Galerkin POD for parabolic problems and general equation in fluid dynamics. For more
information about POD method, one can refer to [14, 15, 17, 19, 20, 21, 22].

In this paper, we study the time FSA-DE of order o (0 < e < 1) as follows:

dB(t), 0*u(z,t) n ou(z,t)

SDfule, 1) = 5+ ) 2 + 02T

+ f(z,t), (z,t) € [a,b] x[0,T], (1)
with the initial condition:

u(z,0) =¢(z), =z € la,b,
and the boundary conditions:

u(a7t) = 4101(15)) te [Ov T]a
u(b,t) = p2(t), t€][0,T],

where §D{ is the a — th Caputo fractional derivative defined by

G _ 1 /t82u(n;,t)  \-a
thu(x,t)—F(l_a) | o (t —s)~%ds,

here, f3,7,0 are real constants, 1(x),v1(t), p2(t) are the stochastic process defined on the propability
space (2, F,P), f(x,t) is a known function and u(z,t) is an unknown stochastic process which should
be estimated. The term B(t) denots one-dimensional standard Brownian motion process which satisfy in
the following properties :

1) B(0) = 0.

2) For all 0 < s < t < T, B(t) — B(s) is random variable with expectation zero and variance ¢t — s.
Therefore, B(t) — B(s) ~ v/t — sN(0,1) denotes normal distribution with expactation zero and variance
1.

3) For 0 < s <t<wu<wv<T, the increments B(t) — B(s) and B(v) — B(u) are independent.

We point that the Brownian motion is a function very commonly used in stochastic calculus. It is a
continuous process but it is not a differentiable function.

In this paper, first, we employ the classical L1 formula to approximate the Caputo fractional deriva-
tive of order a (0 < o < 1) and the second-order IFD scheme for discretization of spatial derivatives.



Then, combination of POD technique and IFD scheme is considered for FSA-DE wherein POD-IFD is
constructed. It can not be only reduced into a scheme with lower dimension number, but also gurantee
high accuracy. The error analysis is discussed as well. What distinguishes the current paper from previ-
ous works is its numerical solution aspect. To our knowledge, the POD-IFD scheme has never employed
to solve time FSA-DE.

the outline of this paper is as follows: In Section 2, the IFD scheme is employed to approximate spatial
derivatives and the classical L1 formula to discretize time Caputo fractional derivative. In Section 3, we
introduce the POD method and then we combine the POD technique with the IFD scheme. In Section 4,
The analysis of errors for the IFD and RIFD schemes are discussed. Two numerical examples have been
included in Section 5 to verify the accuracy and efficiency of our proposed method. Finally, concluding
remarks are given in Section 6.

2 Numerical scheme

In this section, we construct difference approximation to the Eq. (1). For this purpose, we define
r;, =a+1th,1=0,1,....,.M, t, =nr,n =0,1,...,N, wherein h = 1’_7“ and T = % are the spatial
and temporal step sizes, respectively, and M, N are some given positive integers. For any grid function
u={ulll <i< M,0<n< N}, denote

3oum — Uity — Uy 52" — Uity — 2u +uty dB _ Bn—Bn
o 2n 1 h? T T

Here, we employ the L1 formula [35] to approximate the Caputo fractional derivative as follows:

n—=1 ¢
1 k+1
DU, b) = o 3 / Qul,8) (g

(2)

I'l—a) = Ju 0Os
n—1 t
1 u(l'vthrl) —U(.’E,tk) / e —
~ t, —s) “ds
—a n—1
_ T _ 11—«
- 7“2 —a) I;)ak [u(m,tn_k) u(z, tn—k—l)] +O0(1 79, (3)

Lemma 1 The coefficients ar = (k+1)17% — (k)17 k=0,1,...,n — 1, satisfy
(Dl=ag>a1>as>...>a... — 0,

@)1 = a)(k+ 1)~ < ap < (1 —a)(k)~®.

Substituting Egs. (2) and (3) into Eq. (1), the IFD is obtained as follows:

n—1

ﬁ [U;l - Z(an—k—l — Gy )ul — an—1u?] =B+~
k=1

—Q

n n n
By — Bp_1 Uity — 2w +uit

e

Uiy — Uy n
—L 4 g 4
s T (4)

1<i<M-1, 1<n<N.

+ o

After simplification, the above equation can be rewritten in the following form :

n B, — B,— no | . 2u B, — B,_ "
—7(54‘7("77”))—* Uiy + 1+7(ﬁ+7(7n1)) U;
h 2h h
n—1
12 Bn - Bn— MO\ n
F B (=) 4 By = S an ks — )l @l bl (5)
k=1

i=1,2,...,M—1,



where p = 7°T'(2 — ). In order to facilitate computations, the difference scheme (5) can be represented
to the following matrix-vector multiplication:

Kyu' = uFt + G, (6)
Kou" =ciu™ '+ eou 2+ . .+t P4 ap_1ul + pF" 4+ G, n>1,

where the tridiagonal matrices in (6) are given by

. 1% Bn - an pno B an 1% Bn - an Ho
o =t = (04 o) - B 1 B gy BBty L (g Be Py
T
Fn: |:f]Tl’f2nv"'7f]7kL{—1:| ’
” o B, —B,_1 Uo I B, —B,_1 uo r
¢ ={—h2(ﬁ+v())+2h,0,-~-,0,—h2(ﬁ+7())—2h :

and ¢, = ap—1—an(n=1,2,...,N). The approximate solutions {uf} (i =1,2,...,M —1) are obtained
from solving IFD scheme (6).

3 The RIFD scheme based on POD method

in this section, we employ the POD technique for creating the RIFD scheme. There exist different
interpretations for the POD method. Three of the most methods are Karhunen-Loeve decomposition
(KLD), the principal component analysis (PCA), and the singular value decomposition (SVD). In this
paper, we use the direct form of the POD based on SVD [16].

3.1 Formulate the POD basis

Step 1. Form snapshots

For this aim, we choose first L << N sequence of solutions {ul}L_; (i =1,2,...,M — 1) from the N
sequence of approximate solutions {u" (t=1,2,...,M —1) of IFD (6).

n 1

W b

S

1 2 L

Upnr Ups -+ Upg M—1xL

Step 2. apply the SVD form on Matrix S

SzU(DT O)VT,

0 0
where D, = diag(oy,09,...,0,). The singular values o; can be arranged as o1 > 03 > ... > o, >
0 and r = rank(S). U = Up—1xm—1 and V = V4 are orthogonal matrices. The matrice U =

(®1,Py,...,®p71) and V = (¢1,%9,...,%a_1) contain the orthogonal eigenvalues to the SST and
ST'S, respectively and \; = 02(i = 1,2,...,r). We define a projection Py by

P]\/I SL :Z(I)],Sl ij? (l:1a27"'aL)a (8)
j=1

where S! = [ull,ué7 e ,ulM_l], besides, m < r and (®;, S!) is inner product of vectors ¢; and St. The
following inequality for orthogonal projection are result:

}sl — Pm(.sl)|2 < Oma1 =V Ama1- (9)



The {®;}", is a set of optimal basis and & = (P, Po,...,P,,) is s matrix created by the orthogonal
eigenvectors such that ®7'® = I. Now, we construct a RIFD scheme, if u,, of (6) is substituted by

Pr(u") = u™ = ®w" = (1) xm (W )mx1, n=20,1,..., N. (10)
Considering ®7® = I, we obtain RIFD scheme as follows:
Huw' = pH®TF' + oTG1,
n n—1 n—2 n—1 0 T n T n (11)
Huw"™ = cqw + cow + ...+ cp_w 4+ ap_1w’ + pudt F" + ¢* G, n>1,
where H = ®T K®. Having computed w™ from (11), we obtain POD optimal solution u*" = ®w™. The
RIFD only contains m X N equations, while IFD contains (M — 1) x N equations (usually m < M —1).

In fact, the number of degrees of freedom in RIFD scheme (11) reduces in comparision with IFD (11).
Henece, we use RIFD method.

4 FError estimation

This section is devoted in analysing the errors of the IFD and RIFD solutions. First, we state the following
remark and that which is basic in the whole theory.

Remark

Matrix K, in IFD scheme (6) is not a symmetric tridiagonal matrix. By Numerical computations, assume
that each product of off-diagonal entires is strictly positive b;c;.
A transform matrix D define as follows:

and

Based on [36], a symmetric tridiagonal matrix J can be obtained as follows:

ai sgnbyv/b1cy

sgnb1 vV b1 C1 a9 sgnbg vV b262
J=D7'TD = . . : ’

Sgnbnfl V bn,10n71
Sgnbn—l V bn—lcn—l 2%

(12)
For simplicity, we assume that th entires of K, define as follows:
ay b1
C1 as bg
T =
bn—l
Cp—1 G

Now, matrices of J and T have the same eigenvalues. Here, matrix K,, = T. Now, we can obtain the
eigenvalues of martix K, by Thomas algorithm [31]:

24 B,—Bn-—1 \/,u B,—Bn-1 n2o? T
(K =1+ H e L | NP VY o - (. 1
Xi(K) +h2<ﬁ+7( = )>+ h2( = ) 2 cos(M) (13)




Theorem 2 Let u™ be the solution of (6) and U™ the exact solution (6), then

U™ =™ < Cn Y On (B> +717%).
k=1

Proof. From (6), we get:

EnU" =Y (an—t-1 = an-)U" + anaU% + pF" + G" +T", 1<n<N, (14)
k=1
where T™ be the local truncation error. Let e® = U™ — u™ and e = 0. Subtracting (6) from (14), we
obtain:

n
Kne" =3 (an p1 —anp)eb +T", 1<n<N,
k=1

utilizing the inner product with e”, we get:

n—1

(Kpe™,e™) = Z(an_k_l —an_p)(e*, e+ (T,e"), 1<n<N. (15)
k=1

For any symmetric matrix R, we have the following properties of Rayleigh-Ritz ratio from [7] as follows:

() < T2 < (), (16)
which v is a vector in RM~! and v # 0. Hence, we have:
Amin (Kn)[|€" (13 = Amin (Kn)(e", €") < (Kne™,e").
From the above equation, Eq. (15) becomes:

n—1

> (an—k-1— an—g)lle]l2 + |T"||2>, 1<n<N.
k=1

1
n < -
len]ls < Am(m(

From (12), we have m <1425 ([3 + 7(B_Bl)> Therefore, we obtain:

T

n—1
el < o S (anres = an )l + 72 ), 1SN
k=1

T

where Cp, = 1 + 2/ (ﬂ + W(B”B"‘l)). By mathematical induction, we can obtain:

n—1
le™l2 < Co > OnillT*l2, 1<n <N,
k=1

where

3
d

On.;j Craj—1(An—(ktj—1)=1 = An—(j+j—1))0k+j—1,j-

1

=~
Il

From Eqgs. (2) and (3) , we obtain:

le"]| < Cy ZGn,k(lf + 7T,
k=1



Theorem 3 Let u™ and u*™ be the solution vectors of (6) and (11), respectively. If we consider the first
L < N sequence of solutions {u?}L_,,i =1,2,...,M — 1, from the N sequence solutions {u?}N_, i =
1,2,...,M — 1, as snapshots, then

*N

|l —u"l2 < omg1, n=1,2,...,L,
and
|lu* —u"||]s < CLopmy1, n=L+1,...,N.

Proof. Let e = u*” — u". From (9), we get:

e ]2 = |l = u"|l2 < omt1, n=1,2,...,L, (17)
once n=L+1,...,N, replacing v” in (6) by u*", we obtain:
n—1ln—1
K™ =3 Y (an—p-1 = an-p)u™ + ap_1u™® + pF" + G", (18)
k=1 k=1

By subtracting (18) from (6) and utilizing the inner product with e*™, we can obtain:

n—1

(Kpe™,e™™) = Z(an,k,l - an,k)(Kne*k, e™), n=L+1,...,N.
k=1

From (12), the above equation can be rewritten as:

1

(an-ret — an-i)lle”™ 2.
1

n

le™ ]2 <

L
Amin (Kn) P

From Lemmma 1, it follows that
p—f—1—Ank < @y g1 < ag < 1.

Now, From the above inequality and mathematical induction, we obtain:

n—1 L n—1
le™ 2 < Ca Y e e =< Cu Y e+ D lle™|
k=1 k=1 k=L+1

n—1
< CulLomint 3 ™) < Cu(CLow).
k=L+1

Therefore, the theorem is proved.

Theorem 4 Under the conditions of Theorem 3, let u*™ be the solution vector of the RIFD scheme (11)
and u™be the solution vector of the IFD scheme(6), then we have:

[u™ —u"| < opmpr + Cu(R®+7'7%), n=1,2,...,L,
and
[u™ —u"|| < Cp(CLOp41) + Cp(B* +7'7%), n=L+1,2,...,N,

where m is the number of POD bases.

5 Numerical experiments

In this section, we present two experiments to verify the feasibility and efficiency of the RIFD scheme
based on the POD method.



Experiment 1:

Consider the time fractional stochastic advection-diffusion type equation as follows:

Crmer _ (1  dB() Ou(x,t)  Ou(x,t)
oD ule;t) = <7T2 T 0z? oz

with the initial condition:

+ f(x,t), () €[0,1] x [0,1],

(19)

u(z,0) =0,
and the boundary conditions:
u(0,t) =0,
u(]-a =Y
where f(z,t) = % + (71_12 + $>W2t2 sin(rz) — wt? cos(rx). The exact solution is u(z,t) =
t? sin(7x).
Table 1: Comparison of exact and approximate solutions with h =7 = Wlo of Experiment 1.
T Exact Approximate
a=0.2 a=04 a=0.6 a=0.8
0.1 0.30901699 0.30904178 0.30904202 0.30904760 0.30903757
0.2 0.58778525 0.58783269 0.58783312 0.58784369 0.58782973
0.3 0.80901699 0.80908265 0.80908321 0.80909770 0.80908988
0.4 0.95105652 0.95113401 0.95113470 0.95115169 0.95116014
0.5 1.00000000 1.00008110 1.00008256 1.00010037 1.00013076
0.6 0.95105694 0.95113489 0.95113536 0.95115226 0.95120253
0.7 0.80901694 0.80908400 0.80908435 0.80909869 0.80915854
0.8 0.58778525 0.58783420 0.58783441 0.58784480 0.58789851
0.9 0.30901699 0.30904287 0.30904297 0.30904842 0.30908019

Eq. (19) is solved with the help of IFD scheme (6) with the M, N = 100 wherein exact and approximate
solutions for different values of @ = 0.2,0.4,0.6 and 0.8 are tested. Table 1 confirms that the approxi-
mate solutions are colse to exact solutions. Figure 1 verify the above mentioned solutions for values of

a=0.2,0.4,0.6 and 0.8.

Table 2: The maximum absolute errors and CPU time in scheme (6) of Experiment 1.

N M a=0.25 a=05 a=0.75

25 50 3.45 x 1074 4.05 x 1074 720 x 1074
0.28s 0.24s 0.23s

50 100 7.94 x 10~° 6.04 x 1075 7.10 x 1075
6.08s 6.38s 6.48s

100 200 2.03 x 1075 1.06 x 10~4 7.10 x 10~°
39.01s 36.30s 41.66s




Table 3: The maximum absolute errors and CPU time in scheme (11) of Experiment 1.

(N, L,m) M a=0.25 a=05 a=0.75

(25,5,4) 50 3.45 x 107* 4.05 x 101 729 x 1077
0.09s 0.14s 0.1s

(50, 5,4) 100 7.94 x 1075 6.04 x 107° 7.10 x 107°
1.10s 1.12s 1.06s

(100, 5,4) 200 2.03 x 1075 1.06 x 10~ 7.10 x 107°
2.71s 3.02s 2.93s

What extracts from Tables 2 and 3 is that in RIFD scheme the computational time is less than IFD

scheme while the accuracy is preserved. The above tables confirm preference of the RIFD than IFD.
Figure 2 shows this fact for m =4 and L = 7.

T T T T T T T T T T T T T T T T T T 0 T T T T T T T T T
01 02 03 04 03 06 07 05 0% 20 01 02 03 04 03 06 07 05 09 0 01 02 03 04 05 06 07 08 09

O Exact * Approxmate| O Exact * Approxmate| O  Exact * Approxmate|

ot 02 03 04 05 0% 07 08 0%

O Exact * Approximate

Figure 1:

Plots of the exact solution and numerical solution at T'=1 with h =7 = Wlo of Experiment 1.

Experiment 2:

Consider the time fractional stochastic advection-diffusion type equation as follows:

sDpule.n) = (14 0 Talel) , 2

+ + f(x,t t)e 0,1 0,1 20
dt 02 ox ( ’ )’ (CU, ) [ ’ ] x [ ’ L ( )
with the initial condition :

u(z,0) = 23sin®(x), 2z € [0,1],
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Figure 2:
The error curves RIFD (right) and IFD (left) schemes at 7 =1 with h = 7 = 555 of Experiment1.

and the boundary conditions:

u(0,t) =0,

u(1,t) = (t +1)%sin?(1), t € 0,1].

The exact solution is u(x,t) = (t + ) sin

2

Table 4: Comparison of exact and approximate solutions with h =7 = ﬁ of Experiment 2.

x Exact Approximate
a=0.2 a=04 a=0.6 a=0.8

0.1 0.01326569 0.01326496 0.01327203 0.01327957 0.01254461
0.2 0.06819635 0.06819635 0.06821064 0.08822284 0.06688063
0.3 0.19186883 0.19185156 0.19187281 0.19188511 0.19039249
0.4 0.41611839 0.41608838 0.41611604 0.41612591 0.41512638
0.5 0.77573986 0.77569711 0.77572984 0.77574066 0.77543421
0.6 1.30589132 1.30583877 1.30587406 1.30589462 1.30592716
0.7 2.03897571 2.03891953 2.03895351 2.03899038 2.03930321
0.8 3.00114581 3.00109540 3.00112301 3.00117005 3.00218402
0.9 4.20868958 4.20865723 4.20867307 4.20870845 4.20996679

In Table 4, exact and approximate solutions for different values of a = 0.2,0.4,0.6 and 0.8 for M, N = 100
are tested. Table 4 confirms that the approximate solutions are colse to exact solutions that this fact is
shown in Figure 3.

Table 5: The maximum absolute errors and CPU time in scheme (6) of Experiment 2.

N M a=0.25 a=0.5 a=0.75

50 50 2.38 x 1074 3.58 x 10~4 8.29 x 1074
4.82s 5.00s 5.14s

100 100 1.70 x 1072 3.79 x 1075 3.69 x 1075
29.95s 27.18s 28.45s
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Table 6: The maximum absolute errors and CPU time in scheme (11) of Experiment 2.

(N, L,m) M a=0.25 a=0.5 a=0.75

(50,10, 6) 50 2.38 x 1071 3.58 x 10~* 8.29 x 1071
2.15s 2.10s 1.81s

(100,11, 7) 100 1.70 x 1075 3.79 x 107° 3.69 x 107°
5.53s 5.64s 5.425s

From Tables 5 and 6, we conclude that RIFD scheme is better than in sence that time taken is less
compared with IFD scheme.

o=0.2

i
]
) 8
34 & 5]
g

01 02 03 04 03 06 0T 08 0% 10 01 02 03 04 03 06 07 08 09 10 01 02 03 04 03 06 07 08 09 10

a=0.8

01 02 03 04 03 06 07 08 0% 10

O  Exact * Approxmate|

Figure 3:
Plots of the exact solution and approximate solution at T'=1 with h =7 = 21% of Experiment 2.

Figure 4 shows the error curves for the IFD scheme with h =t = 2—(1)0 and with L = 11,m = 7 for
RIFD scheme which are observing alike.

6 Conclusions

In this paper, we have benefitted from the POD technique to derive reduced IFD scheme for FSA-DE in
order to make the proposed scheme better and useful than previous studies. The main features of the
paper is to introduce a new scheme for FSA-DE in order to preserve accuracy and alleviate cpu time. We
have tested the correctness of our scheme with two numerical experiments. Tables and figures confirm
the efficiency of the presented scheme.

11



0.00003 4

00000354
o=0.75

0.00004 4
0.000041

0.00003- 0.00003 4

0000024 0.00002 1

0.00001{ g 0.00001

o=0.25

01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09
X X

Figure 4:

The error curves RIFD (right) and IFD (left) schemes at T =1 with h = 7 = 555 of Experiment 2.
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