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Abstract
The hyporheic exchange below dune-shaped bedforms has a great impact on the stream environment. One of the most important
properties of the hyporheic zone is the residence time distribution (RTD) of flow paths in the sediment domain. Here we evaluate
the influence of an impervious layer, at a dimensionless sediment depth of d∗b = 2πdb

λ
where λ is the dune wavelength, on the form

of the hyporheic exchange RTD. Empirical RTDs were generated, over a range of d∗b values, from numerical particle tracking
experiments in which 10000 particles sinusoidally distributed over a flatbed domain were released. These empirical RTDs are best
represented by the Gamma, Log-Normal and Fréchet distributions over normalized bed depth of 0 <= d∗b ≤ 1.2,1.2 < d∗b ≤ 3.1,
and d∗b > 3.1, respectively. The depth dependence of the analytical distribution parameters is also presented, together with a
set of regression formulae to predict these parameters based on d∗b with a high degree of accuracy (R2 > 99.8%). These results
contribute to our understanding of the physical and mixing processes underpinning hyporheic exchange in streams and allow for
a quick evaluation of its likely impact on nutrient and contaminant processing (e.g., based on the magnitude of the Damköhler
number).

Keywords: Dunes, bedforms, residence times distribution, sediment depth effect, Hyporheic residence times, analytical repre-
sentation, two parametric distributions, Damköhler Number.
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Abstract

The hyporheic exchange below dune-shaped bedforms has a great impact on the stream environment. One
of the most important properties of the hyporheic zone is the residence time distribution (RTD) of flow
paths in the sediment domain. Here we evaluate the influence of an impervious layer, at a dimensionless
sediment depth of d∗b = 2πdb

λ where λ is the dune wavelength, on the form of the hyporheic exchange RTD.
Empirical RTDs were generated, over a range of d∗b values, from numerical particle tracking experiments in
which 10000 particles sinusoidally distributed over a flatbed domain were released. These empirical RTDs
are best represented by the Gamma, Log-Normal and Fréchet distributions over normalized bed depth of
0 <= d∗b ≤ 1.2,1.2 < d∗b ≤ 3.1, and d∗b > 3.1, respectively. The depth dependence of the analytical distri-
bution parameters is also presented, together with a set of regression formulae to predict these parameters
based on d∗b with a high degree of accuracy (R2 > 99.8%). These results contribute to our understanding
of the physical and mixing processes underpinning hyporheic exchange in streams and allow for a quick
evaluation of its likely impact on nutrient and contaminant processing (e.g., based on the magnitude of the
Damköhler number).

Keywords: Dunes, bedforms, residence times distribution, sediment depth effect, Hyporheic residence times,
analytical representation, two parametric distributions, Damköhler Number.

1. INTRODUCTION

The hyporheic zone is defined as the sediment immediately beneath and adjacent to streams, rivers, and
riverine estuaries where surface water and groundwater interact. It is a hot spot for physical, biological
and biogeochemical processes that control pollutant removal (Beaulieu et al., 2011; Grant et al., 2014),
stream nitrogen cycling (Galloway et al., 2019), particle transport and mobilization (Stewardson et al.,
2016), pathogen sequestration and mobilization (Grant et al., 2011), heat budgets (Sawyer et al., 2012;
White et al., 1987), oxygen consumption (Tonina et al., 2015), habitat quality (Baxter & Hauer, 2000; Wu,
2000) and stream health generally (Feminella & Walsh, 2005).

Experimental and modeling studies support the conclusion that small bedforms, such as ripples and dunes,
play an outsized role in the mixing of water across the sediment-water interface and through the hyporheic
zone (Gomez-Velez et al., 2015). A key characteristic of the exchange process is the distribution of travel
times over which water parcels cycle from the stream, through the hyporheic zone and back; i.e., the hy-
porheic exchange residence times distribution (RTD). RTDs and their statistical moments are key controls
on hyporheic metabolism in the streambed (Gomez et al., 2012; Harvey & Gooseff, 2015). For instance, the
Damköhler number, a dimensionless number that compares the median hyporheic residence time and the
characteristic biogeochemical reaction time, is a key predictor of nitrogen removal in streams by denitrificati-
on (Azizian et al., 2015; Grant et al., 2018; Zarnetske et al., 2012), and the emission of the potent greenhouse
gas nitrous oxide (N2O) (Marzadri et al., 2014; Marzadri et al., 2017). Gomez-Velez et al. (2015) included
the Damköhler Number in their analysis of N-cycling in the Mississippi River Basin.

Recently, Grant et al. (2020) unified two different descriptions for the unsteady transport of mass through the
hyporheic zone by exchange across bedforms, namely, an advective pumping model (introduced by Elliott
and Brooks (1997)) and a one-dimensional dispersion model, for which the dispersion coefficient decays
exponentially with depth. In both cases, key water quality end points (e.g., the time evolution of mass
concentration in the water column and interstitial fluids of the sediment bed, as well as mass flux across the
sediment-water interface) can be obtained by convolving the time history of solute mass in the water column
with either an RTD (advective model) or Green’s Function (dispersion model) that describes transport and
mixing in the streambed.

Many studies have been performed to investigate the RTD of water undergoing hyporheic exchange through
ripples and dunes. Boano et al. (2007) utilized the continuous random waking theory (CTRW) to represent
the RTDs in an infinite sediment bed. In such systems, and in the absence of an imposed groundwater flow,
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hyporheic exchange across dunes results in a strongly positively skewed (or “heavy tailed”) RTD, indicating
that most water parcels transit through the hyporheic zone relatively quickly, while a minority of water
parcels linger for a very long time. Horizontal groundwater flow induced by longitudinal pressure gradients
(so-called underflow) can reduce the RTD’s positive skew and heavy tail (Bottacin-Busolin & Marion, 2010).
Likewise, experimental (e.g., Fox et al., 2014) and modeling (Azizian et al., 2017) studies indicate that
vertical groundwater flow (in either gaining or losing configurations) can reduce hyporheic exchange flux and
residence times in the hyporheic zone, and thereby diminish key ecological functions (such as respiration and
nitrogen cycling) in streambed sediments (Gomez-Velez et al., 2014). Tonina et al. (2016) also demonstrated
that sediment heterogeneity decreases the mean, increases the median, and increases the positive skew of the
RTD.

Impermeable layers that limit the depth of hyporheic exchange also alter the hyporheic zone’s RTD (e.g.,
Morén et al., 2017). Although a finite streambed depth has been considered in previous studies (Packman
et al., 2000a), a systematic assessment of alluvium depth on RTDs in the hyporheic zone of dune-covered
streambeds has not yet been evaluated. The aim of this work is to address this knowledge gap by identifying
appropriate analytical representations of the hyporheic zone RTD for various streambed depths. The widely
deployed Transient Storage model (TSM) (Bencala, 1983) implemented in the USGS OTIS package (Runkel,
1998), for example, assumes that the hyporheic zone RTD can be represented by (Harvey & Gooseff, 2015)
an exponential distribution (EXP). Although the use of an EXP distribution for the hyporheic zone RTD
has been questioned (Knapp & Kelleher, 2020), Zaramella et al. (2003) claimed that it is a reasonable
approximation for shallow beds. Over the years, other analytical distributions have been suggested for the
hyporheic zone RTD, including the Gamma (GAM) (Kirchner et al., 2000), Log-Normal (LN) (Cardenas
et al., 2008; Wörman et al., 2002), and Fréchet (FR) (Grant et al., 2020) distributions. In this study we
systematically evaluate the sediment depth ranges under which these four distributions (EXP, GAM, LN,
and FR) apply, and develop a set of regression formulae for the distribution parameters that are likely to be
useful in practice.

2. METHODS

Candidate RTDs were evaluated for different streambed depths in three steps. First, a particle tracking
technique was used to generate empirical RTDs associated with bedform pumping through a hyporheic zone
of various depths. Second, each of the four candidate analytical distributions (EXP, GAM, LN, and FR)
were fit to the empirical RTDs, and parameter sets inferred. Finally, for each condition used to generate the
empirical RTDs the four candidate analytical distributions were ranked relative to goodness of fit. Details
for these three steps are described next.

2.1 Numerical Generation of the Empirical RTDs

To mimic the advective flow field associated with hyporheic exchange through stationary bedforms we adop-
ted the analytical two-dimensional laminar flow model published by Packman et al. (2000), which is based on
earlier analytical solutions of hyporheic exchange through streambeds by Elliott and Brooks (1997) and Vaux
(1968). These models posit a sinusoidal pressure variation over the sediment-water interface (mimicking the
static and dynamic pressure variations that develop on the surface of streambeds in a turbulent overlying
flow (Cardenas et al., 2008), isotropic and homogeneous hydraulic conductivity, constant sediment porosity
and fluid density, a so-called “Toth domain” for the upper boundary (Frei et al., 2019; Tóth, 1962), and an
impermeable lower boundary at depth db below the surface:

u∗= -cos( x∗) [tanh( db∗) sinh( y∗)+cosh( y∗)], (1)

v∗= -sin( x∗) [tanh( db∗) cosh( y∗)+sinh( y∗)], (2)

hm = 0.28 U2

2g {
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.

(
H
d

0.34

) 3
8 H

d ≤ 0.34(
H
d

0.34

) 3
2 H

d ≥ 0.34

(3)

um = k Kchm tanh(db∗) (4)

u∗ = u
um

, (5)

v∗ = v
um
, (6)

k = 2π
λ , (7)

x∗ = k X, (8)

y∗ = k Y, (9)

d∗b = k db, (10)

t∗ = kumt , (11)

here, u and v are the horizontal and vertical Darcy fluxes, respectively, H is the bedform height, d is the
stream depth,Kc is the hydraulic conductivity, um is the maximum Darcy flux at the bed surface, X and Y
are the horizontal and vertical coordinates, d∗b is the relative sediment depth, λis the bedform wavelength,
and k is the wavenumber of the bedforms. The vertical coordinate, Y , is centred at the SWI (Y = 0) and
oriented upward; i.e., depth into the bed corresponds to negative values of Y . The range of d∗b was chosen
between 0.1 and20 (Supporting Information) consistent with published experimental studies performed with
dune-like bedforms (Elliott & Brooks, 1997; Marion et al., 2002; Packman et al., 2000b, 2004; Packman &
MacKay, 2003; Rehg et al., 2005; Ren & Packman, 2004).

The volumetric water flux predicted by equation (2) varies sinusoidally with horizontal distance along the
SWI, forming well-defined upwelling and downwelling regions that are fully characterized by a repeating unit
cell, one of which occurs over the domain, x∗ ∈ [−π, π] (see figure 1b in Grant et al. (2020)). Thus, the RTD
associated with Packman et al.’s hyporheic exchange flow field can be fully characterized by tracking the
arrival times of particles released in the downwelling zone of a single unit cell. Accordingly, we released 10000
particles in the downwelling zone (0 ≤ x∗ ≤ π

2 ) of the unit cell centered on x∗ = 0, with a flux weighting
scheme that added particles in proportion to the local downwelling flux (to assure that roughly the same
number of particles entered the hyporheic zone along every streamline). The RTD for different choices of d∗b
in Packman et al.’s flow model was obtained by fixing the length of each particle step within the sediment
domain (s∗ = ks) to be5 ∗ 10−3. Then, the i -th time step (t∗) was calculated as:

t∗i = s∗√
u∗
i
2+v∗i

2
, (12)

where u∗i and v∗i denote the velocity components at the particle location at the end of i -th step. For each
particle the time at the end of the i -th step (t∗i ) within the sediment bed domain (y∗ < 0) is:

t∗i = t∗i−1 + t∗i , i = 1, . . . , N , (13)

where t∗0 = 0, N is the number of steps undertaken by each particle and the corresponding horizontal and
vertical particle displacements (x∗i and y∗i , respectively) of the i -th step are:

x∗i = u∗i
t∗i (14)

y∗i = v∗i
t∗i (15)

where is the sediment effective porosity. For each d∗b ,cumulative distribution function (CDF) and probability
density function (PDF) forms of the RTD were calculated from the observed residence times of the 10000
particles.

2.2 Analytical Distribution Parameter Inference.

4
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. Separate particle tracking RTDs were generated for 125 dimensionless bed depths ranging from d∗b = 0.1 to
20. Each of these RTDs was fit to the four analytical distributions (EXP, GAM , LN, and FR, see Table
1) described earlier using Maximum Likelihood Estimation (Mathematica, Wolfram). EXP is characterized
by a decreasing monotonic function and parametrized by a single parameter (ρ). The parameters for the
GAM distribution, α and β, control the shape and scale characteristics of the distribution, respectively. The
parameters of LN, µ and σ, determine the mean of the log-transformed random variable and its standard
deviation, respectively. The FR distribution is a three-parameter distribution (shape parameter s, scale
parameter q, and location parameterm), but for the sake of parsimony and for consistency with the other
distributions considered in this study, the FR distribution with two parameters was chosen by fixing s = 1, as
assumed by Grant et al. (2020). To determine which of these distributions best represents the empirical RTD
at each dimensionless depth d∗b , the candidate analytical distributions were ranked using the Kolmogorov-
Smirnov (KS) test, which measures the difference in the CDF between the particle tracking RTD and the
assumed distribution:

KS = sup
t

∣∣∣F̂ (t∗)− F (t∗)
∣∣∣ (16)

Where supt is the supremum over t,F̂ (t∗) is the CDF form of the empirical RTD for a certain d∗b , and F (t∗)
is the CDF form of the candidate analytical distribution. A set of regression formulae for each distribution
was then prepared to correlate the analytical distribution parameters with d∗b , using the “Curve Fitting”
tool in Matlab.

[Insert Table 1]

2.3 Application of analytical representations on predicting N-cycling.

Hyporheic zone denitrification ranges between 1-200% of denitrification in the stream water column (Harvey
et al., 2013). The Denitrification in streambed sediments depends on the presence of nitrate, labile organic
carbon, and anaerobic zones within the sediment bed (Gomez-Velez et al., 2015; Zarnetske et al., 2012). In
the downwelling zone, the movement of oxygen rich water from the stream into the sediments favors aerobic
conditions which are generally (with the exception of anaerobic microzones (e.g., Zarnetske et al., 2011,
2012) unfavorable to denitrification (Azizian et al., 2015). As water parcels continue their journey through
the hyporheic zone (i.e., at relatively long t∗) heterotrophic respiration of organic matter (associated with
in-sediment microbial biofilms) leads to a progressive depletion of oxygen and an eventual shift to nitrate
reducing (i.e., denitrifying) conditions (Azizian et al., 2015; Harvey et al., 2013; Zarnetske et al., 2011, 2015).

The boundary between aerobic and anaerobic zones is delineated by the Damköhler number for aerobic
respiration (Darp) (Zarnetske et al., 2012). It is defined as the ratio between the median residence time of
all flow paths (t50) and the characteristic time necessary for oxygen consumption (τrp ∼ 1 h; Gomez et al.,
2012; Gomez-Velez et al., 2015; Zarnetske et al., 2011). At Darp < 1, aerobic conditions are dominant and
denitrification is inhibited, while atDarp >> 1 anaerobic conditions prevail and denitrification is likely (i.e.,
provided that the other two requirements, the presence of nitrate and labile organic matter, is satisfied)
(Zarnetske et al., 2012). When flow paths exhibit residence times longer than a characteristic denitrification
timescale (τdn ∼ 10 h; Gomez-Velez et al., 2015; Harvey et al., 2013; Zarnetske et al., 2015), they tend
to be fully anaerobic, and all or most of the nitrate is removed (Dadn >> 1). Correctly representing the
residence time scales in the hyporheic zone, and therefore the Damköhler Numbers for aerobic respiration
and denitrification, can lead to more accurate assessments of the link between the hyporheic zone RTD and
key ecological functions, such as stream metabolism, generally, and denitrification, in particular (Mulholland
et al., 2009).

The hydraulic and morphological properties of the Embarras River (Table 2) located 15 km south of Urbana-
Champaign, east-central Illinois, USA (Sukhodolov et al., 2006) was considered in this study to demonstrate
how the analytical framework introduced in this paper can be applied for predicting Da. This river was
chosen due to the existence of a dunes-like bedform as its predominant morphology.
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. [Insert Table 2]

3. RESULTS AND DISCUSSIONS

3.1 Influence of Streambed Depth on the Empirical RTD

The hyporheic zone RTDs generated by the particle tracking algorithm (empirical RTDs, see Methods)
become progressively heavy tailed as the dimensionless depth is increased systematically from d∗b =0.5 to 8
(Figure 1A). For dimensionless depths greater than,d∗b > 6.2 , the shape of the empirical RTD converges
to that for an infinitely deep bed (see variations in RTD quantiles in Figure 1B), consistent with the depth
threshold reported by Wörman et al. (2002) of db

λ = 1 (equivalent tod∗b = 2π).

[Insert Figure 1]

3.2 Analytical Representations of the Empirical RTD.

Because the RTD becomes progressively heavy tailed with increasing streambed depth, no single analytical
distribution represents the RTD over the full range of d∗b tested here (Table S1, Supplemental Material).
Instead, the RTD is best approximated by different analytical distributions over different depth ranges,
including: (1) GAM for shallow streambeds (0 ≤ d∗b ≤ 1.2, Figure 2); (2) LN for streambeds of intermediate
depth (1.2 < d∗b ≤ 3.1, Figure 3); and (3) FR for deep streambeds (d∗b > 3.1, Figure 4). Contrary to previous
reports (e.g., Zaramella et al., 2003), the EXP distribution appears to be a poor representation of the
empirical RTD across all streambed depths tested in this study. LN has been recommended as a surrogate
for the hyporheic zone RTD in many studies (e.g., Cardenas et al., 2008; Alessandra Marzadri et al., 2016).
Our results demonstrate that LN is a good representation for an intermediate range ofd∗b , consistent with
Wörman et al. (2002) who reported that the RTD is well fit by LN at db

λ = 0.25.

[Insert Figures 2 and 3]

For deep beds d∗b (> 3.1), FR appears to be the best representation distribution of the empirical RTDs,
consistent with Grant et al. (2020) who found that FR was a close approximation of the RTD predicted by
the bedform pumping model in a quasi-infinite streambed (Figure 2 in their paper).

[Insert Figure 4]

3.3 Predicting the distribution parameters.

The parameters values fitted for each distribution are a function ofd∗b (Figure 5). For the GAM, α decreases
andβ increases with higher d∗b (Figure 5A) as the distribution shape shifts from unimodal to monotonically
decreasing ford∗b >∼ 3 . For LN, both µ and σ increase with d∗b as the thickness of the tail increases to
describe longer t∗ at higher d∗b values (Figure 5B). For FR,β increases and µ decreases (Figure 5C), as the
distribution flattens and its peak shifts towards longer t∗ and, lastly, for EXP, ρ decreases with d∗b . For all
distributions, the parameters attain constant values for highd∗b , reflecting the convergence to the RTD for a
quasi-infinite streambed. The regression formula for each of these parameters (Table 3) capture a very large
fraction of the variance in the parameter values with dimensionless depth (R2 ≥ 99.8%with small Root Mean
Square Error in all cases). These formulae are applicable over the whole range d∗b considered in this study
(from very shallow to quasi-infinite d∗b), and hence provide a useful tool for future modelling studies.

[Insert Table 3]

[Insert Figure 5]

3.4 Analytical RTD Predictions of the Damköhler number.

The previously published properties of the Embarras River (Sukhodolov et al., 2006) were used to normalize
the residence times (τrp ∼ 1 h and τdn ∼ 10 h, respectively) using eq. 11. Then, for different d∗b , the empirical
Darp and Dadn were calculated as the ratio between the empirical t50 and the normalized respiration and
the denitrification time scalesτ∗rp and τ∗dn, of ∼ 1 h and ∼ 10 h respectively. The correspondingDarp and
Dadn were calculated for each of our four analytical representations of the hyporheic zone RTD (GAM, LN,

6
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. FR, EXP), and then compared to the Da values estimated from the empirical RTD (which was assumed
here to be the gold standard) (Figure 6). It should be noticed thatDarp and Dadn are simply proportional
to each other (because they differ only by the reaction timescale), so the comparison between empirical and
analytical representations of Da does not depend on the specific reaction considered.

Damkhöler Numbers generated from the empirical RTD (asterisks in Figure 6) decline more-or-less monoto-
nically with increasing dimensionless streambed depth. This pattern is best represented by GAM ford∗b < 1.2,
and by FR over the full range of d∗bevaluated here. The LN and EXP distributions under- and over-estimate
the Da for dimensionless depthsd∗b < 1.0 andd∗b > 1.0, respectively. This result–that FR provides the best
estimate of the Damkohler Number over the two-order of magnitude change in dimensionless sediment bed
depth evaluated here—is surprising given that this analytical distribution is not the best representation of
the empirical RTD for d∗b <3.1(see above). The explanation is that, even for shallow depths, the optimized
FR CDF intersects the empirical CDF at a cumulative probability of 0.5 across all dimensionless depth
ranges evaluated here (compare green curve and asterisks, left panels, Figures 2-6). Hence, the analytical
distribution’s estimate for t50 (and hence the Damköhler Number) is accurate, even for shallow bed depths
where FR is a relatively poor representation of the empirical RTD.

[Insert Figure 6]

5. CONCLUSIONS

The hyporheic zone RTD associated with bedform pumping across dunes is well represented by one or
more analytical distributions, depending on the dimensionless streambed depth. From Kolmogorov-Smirnov
ranking of the distributions we find that the empirical RTD is well represented by a Gamma distribution for
shallow streambeds (d∗b ≤ 1.2), a Log Normal distribution for intermediate streambed depths (1.2 < d∗b ≤
3.1); and the Fréchet distribution for very deep streambeds (d∗b > 3.1). Values of the distribution parameters
are a function of the dimensionless streambed depthd∗b , and can be predicted to a high degree of accuracy
using simple regression formulae. The results presented in this study should prove useful for modelling
hyporheic exchange and assessing nutrient processing in the hyporheic zone. Even though the FR cannot
capture the whole shape of the RTD in shallow beds, it still accurately represents the median residence time,
t50. Therefore, the optimized FR distribution is best able to represent Damköhler Numbers estimated from
the empirical RTD over the > 2 order of magnitude range of streambed depths evaluated in this study.
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TABLES

Table 1: A list of the adopted analytical distributions in this study with their associated pdf formulae and
parameters.

Table 2: Embarras River properties used for normalizing the respiration and denitrification time scales. +
Porosity was obtained from Figure 5 in Urumović and Urumović Sr (2014) by considering the referential
grain size = Dm. ++ The hydraulic conductivity was calculated with the Kozeny–Carman equation.

Table 3: Regression formulae to predict the values of the distribution parameters as a function of the value
of the relative sediment depth (d∗b).

FIGURE LEGENDS

Figure 1: A) Variations in empirical pdf of the log transferred residence times for different relative sediment
depth (d∗b) values. B) the change in empirical RTD quantiles (10%, 50%, and 90%) versus d∗b values.

Figure 2: Empirical CDF (A) and pdf (B) produced for a shallow relative sediment depth (d∗b = 0.5) fitted
to different CDFs and pdfs of the selected analytical distributions. The best-fitting analytical distribution
(GAM) is found using the Kolmogorov-Smirnov test.
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. Figure 3: Empirical CDF (A) and pdf (B) produced for a shallow relative sediment depth (d∗b = 1.5) fitted to
different CDFs and pdfs of the selected distributions. The best-fitting analytical distribution (LN) is found
using the Kolmogorov-Smirnov test.

Figure 4: Empirical CDF (A) and pdf (B) produced for a shallow relative sediment depth (d∗b = 8) fitted to
different CDFs and pdfs of the selected distributions. The best-fitting analytical distribution (FR) is found
using the Kolmogorov-Smirnov test.

Figure 5: Values of distributions parameters (Gamma (A), Log-Normal (B), Fréchet (C), and Exponential
(D)) as a function of the relative sediment depth (d∗b). The estimated parameters (markers) are found using
a Kolmogorov-Smirnov test and predicted values (lines) are calculated with the formulae in Table 2.

Figure 6: Comparison between the Damköhler number of respiration and denitrification (Darpand Dadn,
respectively) calculated at different d∗b from the empirical RTD (DaEmp), and the ones calculated by different
analytical representations (DaGAM,DaLN, DaFR, andDaEXP).
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∗ ). The 

estimated parameters (markers) are found using a Kolmogorov-Smirnov test and predicted values (lines) are calculated with the formulae in Table 2.
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Figure 6: Comparison between the Damköhler

number of respiration and denitrification 

(𝐷𝑎𝑟𝑝and 𝐷𝑎𝑑𝑛, respectively) calculated at 

different 𝑑𝑏
∗ from the empirical RTD (𝐷𝑎𝐸𝑚𝑝), 

and the ones calculated by different analytical 

representations (𝐷𝑎𝐺𝐴𝑀, 𝐷𝑎𝐿𝑁, 𝐷𝑎𝐹𝑅, and 

𝐷𝑎𝐸𝑋𝑃).
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Table 1: A list of the adopted analytical distributions in this study with their associated pdf formulae 

and parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Distribution pdf parameters 

Gamma 
ⅇ
−
𝑡∗

𝛽 𝑡∗−1+𝛼𝛽−𝛼

Gamma[𝛼]
𝑡∗ > 0 

𝛼, 𝛽 

Log-Normal 
ⅇ
−
(−𝜇+Log[𝑡∗])2

2𝜎2

√2𝜋𝑡∗𝜎
𝑡∗ > 0 

𝜇, 𝜎 

Fréchet  

 

  

ⅇ−
𝑞

𝑡∗−𝑚𝑞

(𝑡∗ −𝑚)2
𝑡∗ > 𝑚 

𝑠 = 1, 𝑞,𝑚 

Exponential 𝜌ⅇ−𝑡
∗𝜌 𝑡∗ ≥ 0

 
𝜌 
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Table 2: Embarras River properties used for normalizing the respiration and denitrification time scales. 

† Porosity was obtained from Figure 5 in Urumović and Urumović Sr (2014) by considering the 

referential grain size = 𝐷𝑚. ‡ The hydraulic conductivity was calculated with the Kozeny–Carman 

equation.  

 

 

Embarras River Properties 

mean grain size (𝐷𝑚) 1 𝑚𝑚 

stream depth (𝑑) 0.35 𝑚 

mean stream Velocity (𝑈𝑚𝑒𝑎𝑛) 0.44 𝑚 𝑠⁄  

Dune wavelength (𝜆) 1 𝑚 

Dune height (𝐻) 0.1 𝑚 

Dune roughness (𝐻 𝑑⁄ ) 0.29 

Porosity (𝛳) † 0.32 

Hydraulic conductivity (𝐾𝑐) ‡ 4.4𝐸
− 3 𝑚 𝑠⁄  
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Table 3: Regression formulae to predict the values of the distribution parameters as a function of the 

value of the relative sediment depth (𝑑𝑏
∗ ). 

 

 

Distribution Formulae 𝑹𝟐 RMSE 

Gamma[𝛼, 𝛽] 𝛼 = (0.47 ± 0.002) + (1.76 ± 0.01) 𝑒(−0.37±0.007) 𝑑𝑏
∗ (1.37±0.02)

 

  β=

{
(48.4 ± 0.46) + (−46.91 ± 0.46)𝑒(−0.02±2𝐸−4) 𝑑𝑏

∗ (2.31±0.003)

     𝑑𝑏
∗ ≤ 3.5 

(40.82 ± 0.01) + (−32.81 ± 0.19)𝑒(−0.004±2𝐸−4) 𝑑𝑏
∗ (3.36±0.02)

  𝑑𝑏
∗ ≥ 3.5

 

99.9% 

 

99.9% 

0.017 

 

{
0.004
0.065

 

LogNormal[𝜇, 𝜎] 𝜇 = (1.58 ± 5𝐸 − 4) + (−0.7 ± 0.002) 𝑒(−0.38±0.004) 𝑑𝑏
∗ (1.58±0.009)

 

𝜎 = (1.39 ± 5𝐸 − 4) + (−0.63 ± 0.001) 𝑒(−0.2±0.002) 𝑑𝑏
∗ (1.74±0.009)

 

99.9% 

 

99.9% 

0.003 

 

0.003 

Fréchet[1, 𝑞, 𝑚] 𝑞 = (3.18 ± 5𝐸 − 4) + (−1.22 ± 0.002) 𝑒(−0.39±0.002) 𝑑𝑏
∗ (1.84±0.005)

 

𝑚 = (−0.39 ± 1𝐸 − 4) + (0.28 ± 5𝐸 − 4) 𝑒(−0.28±0.002) 𝑑𝑏
∗ (2.1±0.01)

 

 

99.9% 

 

99.9% 

0.002 

 

0.001 

Exponential[𝜌] 𝝆 = (0.05 ± 3𝐸 − 4) + (0.28 ± 0.002) 𝑒(−0.4±0.006) 𝑑𝑏
∗ (1.3±0.01)

 99.9% 0.002 
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